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Abstract

A regular double p-algebra L satisfying (i) A(x"(**); n < w) for every | # x € L and (ii) L is not
subdirectly irreducible, is constructed. The construction is purely topological and the desired result is
obtained via the known Priestley duality. The notion of an auxiliary regular double p-algebra is
introduced and the algebras having this property are characterized.

1980 Mathematics subject classification (Amer. Math. Soc.): primary 06 D 15, 06 D 30; secondary
06 E 15,08 B 15.

1. Introduction

By H. Priestley [9] every distributive (double) p-algebra can be associated with a
special totally order disconnected compact topological space, and vice versa. By
means of this topological duality theory of distributive double p-algebras it is
possible to dualize every fact and every concept, converting algebraic facts and
concepts into topological ones. So, in [4], B. Davey presents a topological
characterization of subdirectly irreducible double p-algebras. In {7], the same
algebras are characterized by algebraic means as follows:

THEOREM A ([7, Theorem 4]). Let L be a distributive double p-algebra and let
| L|= 3. Then L is subdirectly irreducible if and only if
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(i) L is nearly regular; that is to say, for every a € L,
|Gla]|=}{x €L:x*=a*and x* =a* }|<2;

(i) C(L) = {0, 1};

(iii) If L is regular then there exists 1 + d & D(L) such that

xn(+*) <d

forall 1 # x € D(L) and some n < w;
(iv) If L is not regular then for all 1 #* x € D(L) with | G[x]|= 1 there exists
d € D(L) satisfying | G{d]|# 1 such that

x"*M<d

for some n < w.
The conditions (1)-(iv) are independent.

Furthermore, in [7], the following is also shown.

THEOREM B ([7,Lemma 7]). Let L be a distributive double p-algebra and let
| L|= 3. Then L is subdirectly irreducible if and only if L satisfies the conditions (i),
(iii), (iv) from Theorem A and the condition

@) AN(x"*®,n<w)=0foralll1 #x € L.

The aim of the present note is twofold. First, it is shown that the conditions of
Theorem B are independent. The crucial example of a regular double p-algebra
satisfying (i), (ii") and (iv) but not (iii) is constructed by topological means (see
Lemmas 1-5). This example also demonstrates the importance of the Priestley’s
duality. Furthermore, the connections between (ii) of Theorem A and (i) of
Theorem B are investigated. Independently, R. Beazer (see [2],{3]) has considered
the interrelationship of conditions similar to those given here. In particular, see
[3], he characterized the finitely subdirectly irreducible distributive double p-alge-
bras. He then raises the question of whether every finitely subdirectly irreducible
regular double p-algebra is subdirectly irreducible; we show that this is not the
case. Second, the notion of an auxiliary regular double p-algebra is introduced.
The auxiliary algebras are characterized and, as will be seen, provide another
instance of the dual rdle occupied by the conditions (ii) and (ii’) of Theorems A
and B.

2. Preliminaries

A distributive double p-algebra (L; N\, V,* *,0,1) is a bounded distributive
lattice (L; V, A,0,1) with two unary operations. Fora € L, a A x = 0 if and
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only if x < a* (that is, a* is the pseudocomplement of a) and, dually, a V x = 1 if
and only if x = a* (that is, a* is the dual pseudocomplement of a). Further,
D(L) = {x € L: x* =0} and C(L) is the set of all elements of L that have a
complement. In a pseudocomplemented distributive lattice, the relation x = y(y)
if and only if x* = y* is a congruence called the Glivenko congruence. Similarly,
in a dually pseudocomplemented distributive lattice the dual relation x = y(¥) if
and only if x* =y* is a congruence. For any distributive double p-algebra
x =y(y AN¥) if and only if x* = y* and x* = y* is a congruence called the
determination congruence. Moreover, for a € L, a¥*® =g, a* * = (a*)*, and
forn = 0, a(n+l)(+*) — an(+*)+ *

An algebra L is finitely subdirectly irreducible if and only if the equality relation
is meet irreducible in the congruence lattice Con( L) of L. Observe that, since an
algebra is subdirectly irreducible if and only if the equality relation is completely
meet irreducible in Con(L), every subdirectly irreducible algebra is finitely
subdirectly irreducible.

For further information on distributive double p-algebras, see R. Beazer [1}],
B. A. Davey {4] or [7].

Since one of the constructions presented here is better described by an ordered
topological space, we briefly describe the topological duality for distributive
double p-algebras as given in H. A. Priestley [9]. A topological space T with a
partial ordering is fotally order disconnected if and only if, for x, y € T, whenever
x # y there exists a clopen order-ideal X C T such that x € X and y & X. H. A.
Priestley established a duality between the category of bounded distributive
lattices and the category of compact totally order disconnected topological spaces.
Under this duality, the elements of a bounded distributive lattice correspond to
the clopen order-ideals of a compact totally order disconnected space. Such a
space is the dual space of a distributive double p-algebra if and only if [ X) is
clopen for every clopen order-ideal X and (X] is clopen for every clopen
order-filter. For further information, see H. A. Priestley [9] or B. A. Davey [4].

3. The conditions (ii) and (ii")

We begin with the construction of a compact totally order disconnected space
that will be needed in the proof of Theorem 1.

Let C denote the Cantor discontinuum set; that is to say, the set of all real
numbers 0 < ¢ < | which can be written in the form

(1) t=4/3+1t,/3+ - +1,/3"+ -+ wheret, € {0,2).
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It is known (see, for example, J. L. Kelley [8]) that C is a compact and totally
disconnected metric space. More precisely, the sets
(2) P, =[0,1/3] N C, P, =[2/3,1]1 N C,

P,=[0,1/9]NnC, P,=[2/9,1/3]NnC,...

are clopen and they form a base of the topology on C. It is easy to see that
P, =[a, b] N Cif and only if (i) a,, b, € {0,2} for every n < w, (ii) there exists
an integer k = 1 such that a, = b, for all n < k, and (iii) @, = 0 and b, = 2 for
every n > k. If there is no danger of confusion we shall write plainly [a, b] for
{fa, b] N C, whenevera, b € C.

For every n < w there is a mapping 7,: C — C defined in the following way:

@) forx, =2,1(x) = x,

(ii) for x, = 0, (1,(x)), = x; for every i < n, (7,(x)), = 2,
and (7(x)); = x;_, for every i>n. It can be readily proved that 7, is a
continuous mapping for every n < w.

For two elements x, y € C we have x = y if and only if x, =y, for every
n < w. Moreover,

(3) x <y if and only if x; <y, for the first i < w with x, # y,.

For more details on the set C, see J. L. Kelley [8].

Denote by C a homeomorphic image of C satisfying C N C = @. We shall
construct a new partially ordered topological space S = CU C. A set X C S is
said to be open in S if X = X, U X, such that X, and X, are open in C and C,
respectively. Evidently, S is again compact and totally disconnected. We shall
define a partial order on S as follows: Let

t=1,/3+1,/3%+ - +1,/3"+ .-+ withs,=1¢, foralli<w

denote the corresponding element from C associated with 7 € C (see (1)). The
mapping ¢ — 1 is a homeomorphism between C and C. The partial order C * on S
can be introduced in the following way:
(@)1 C *tforeveryt € C,
(ii) having p, t € C we say that p C *tif p = 7,(¢) for some r,
(iii) for t, z € S and ¢t # 2, t C * z if and only if it can occur by (i) or (ii).

LEMMA 1. Let U be an open (clopen) set of the partially ordered topological space
S =(S; C*). Then (U] and [U) are open (clopen).

PRrOOF. First we shall assume that U is a base set of C, that is U = [a, b] with
a,=b,forn<kanda,=0,b, =2 forn > k.Itis easy to check that

(Ul=vvuouyg,u---ul,
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where 1 <, < ... < k1sthesetofalll<j<kw1tha—OandU
['rij(a), 'r,.’(b)] for every ] =1,...,r. (Note that U, = [¢, d] is the clopen base set
corresponding to U; = [c, d 1) Therefore (U ] is clopen in S. Since

P, .., P,..;P, .. P,... form a base of S (see (2)), (U] is an open set
whenever U is open. For U clopen, there is a finite family of Pi‘,. I P,... ’P;;
such that

U=P,U---UP, UP U---UP,

because U is compact. Hence (U] is also clopen.

For the second part of the proof take first U = P for a base set P = [a, b] with
a and b as above (see also (2)). Evidently, for every ¢ € C with ¢, = 2 and

¢,+1 = 0 there is a unique ¢ #*d € C with 7(d) = ¢, that is, d = 'r“(c) Now,

two cases can arise:

(@W)a,=b,=0o0r

(i) a, = b, = 2.
In the first event we obtain

[Uy=PUPUP U---UP,

where 1 <j, < ---<j <kisthesetofall l <i/<kwitha, =2, 4, ,=0 and
P, =1 l(a) '(b)] for every i = 1,...,s. Similarly in the second case

[U)—PUPUP. U---UP UP,

where P, fori = 1,...,s are the same as in the first case and P, = [7; (a), I71(b)]
deflmng b =0 and b, = b, for n # k + 1. Therefore [U) is clopen. The rest
of the proof can be left to the reader.

LEMMA 2. The partially ordered topological space S = (S; C *) is compact and
totally order-disconnected.

PrOOF. We have only to prove that for all x, y € S with x * y there exists a
clopen order-ideal U of § withy € U and x # U. Two cases can arise:

(i)x,y ECorx,y€ Corx € Candy € C,

(i)x € Candy € C.

In the first event we can set U as follows: U = V U C for x, y € C, where V is
a clopen subset of C satisfying y € V and x € V; U = V, where V is a clopen
subset of C satisfyingy € Vandx & V; U= C.

In the second case we can assume ¥ € C, y € C and ¥ Z* y. Again two cases
can occur: x <y ory < x.

For x <y there exists a clopen set P from the base of C (see (2)) such that
y€ Pand[0, x] N P = &. By Lemma 1 (P]is clopen in S. Hence, x < y implies
X & (P]and (P} = U is the required set.
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Suppose now y < x. Then there exists k such that y, = x,, for every n < k and
Yi < Xy, that is y, = 0 and x, = 2. Since X ¢* y, we have r = 1,(y) # x. There
exists again r such that 7, # x, and ¢, = x,, for every n < r. Evidently r > k. Now,
take a clopen set P = [a, b] from (2) defined as follows:

a,=b,=y, foreveryn<r,
a,=0 and b,=2 foreveryn=r.

Clearly, y € P and x € P. By Lemma 1, (P] is clopen in S. We have only to
show that X & (P ). This is equivalent with: 7.(p) = x for no p € P and no
n < w. Suppose to the contrary that 7,(p) = x for some integer m and some
p € P. Clearly, p; = y; for every j<r — 1 and p,, = 0. Since p, # x,, we have
m< k. But m <k is impossible, as p, = x,. The last case m = k is also
impossible, because

(n(p),=p =y = (ny), =1, #x,
by hypothesis. Thus x & (P] and the proof is complete.

A distributive double p-algebra is regular if and only if every totally ordered set
in its dual space has length < 1. Thus, it follows from Lemmas 1 and 2 that the
partially ordered topological space S = (S; C *) is a dual space to a regular
double p-algebra.

Denote by C, the set of all x € C satisfying the following property: x, = 2 for
all but finitely many indices n. Analogously, the definition of C_’Z

LeMMA 3. The set C, is dense in C.

PROOE. Let x € C and an integer  be given. Take y = G, as follows:
y;=x; foreveryi<n, y,=2 fori>n.

Therefore y — x < 1 /3" and every neighbourhood of x contains an element from
G,.

LEMMA 4. Let U # S be a clopen order-ideal of the ordered topological space
S=(S;C*). Then N\(U"*®; n<w)= @.

PROOF. It is known that W* = (S\W] and W* = S\[W) for every clopen
order-ideal of S. Denote by K = N(U™**); n < w) the set-theoretical intersec-
tion of {U™*™®; n <w). First we prove that [K) C K. Take d C *¢ with
dEKNC, ceC. If c€S\U"™™ for some n, then d € (S\U"**®] and
consequently d & U*D+% which is impossible. Thus ¢ € K. (K] C K is
trivial,
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Suppose to the contrary that there exists a clopen order-ideal V = @ with
V C K. Hence, there exists P = [a, b] C V from the base (2). We can assume
a, = b, for every n < k and a, = 0, b, = 2 for every n > k. We claim that there
exists e € C such that [0, e] C V. Without loss of generality we can assume
a, = b, = 0. Namely, for a, = b, = 2 take a new element a < b’ < b defined as
follows:

b, = b, for every n #* k + 1 and b, ,, = 0. Evidently [a, '] C P, a, = b, for
n<k+1l,a,,,=b,,,=0anda,=0,b,=2forn>k+ 1. Let a # 0. Define
the elements ¢, d € C as follows:

Let m be the largest integer with a,, = b,, = 2. Clearly, m < k. Put

c,=d,=a, forn<m and
Cp = d,iys d,=b,., forn=m.

Since x — 7,(x) is a homeomorphism between O = [¢, d] and P, we see that
Q C K. As Q is clopen, we have (Q] clopen (Lemma 1) and consequently
(Q] C V. Repeating this procedure we obtain finally [0, e] C V.

Let us start with [0, e] C V, where k = 2 is the smallest integer with e, = 2 for
all n = k. We claim that [0,e'} C Vfore, =2 ande,=¢, foralln*k — 1.
Really, [0, 7, ,(e)} C V, because x — 7, _,(x) is a homeomorphism between [0, ¢]
and [7,_,(0), (&), [K)(K1C K and [0, e] U [1,_,(0), 7 (e)] =
[0. 7, _ (e)]. Continuing in this way we get a sequence e™ for n = 1 with

eV =e,eP=1_(eV),.. 6"V =1q_ . (eM),....

It is easy to see that e € K and e — ¢’ in C. Since K is closed, we have
e’ € K. Therefore, [0, ¢’] C K and consequently [0, '] C V as claimed. Repeating
this procedure we obtain [0, 1] = C C ¥, and this implies S C V, a contradiction
with S = U D V.

LEMMA 5. If U+ S is a clopen order-ideal of the ordered topological space
S = (85 C *) then there exists a clopen order-ideal D of S such that

Dn(+*) Z U

for all n < w.

PrROOF. By hypothesis I = C N (S\U) #* @ and clopen. There exists b € I N
C, (Lemma 3). We need two more elements a'V, a® € C:

a® = b, for i < k and a'" = 0 for i = k, where k is the smallest integer with
b, =2foralli =k,

a® = 1,(a™). Two cases can arise: (i) there exists a largest » with b, = 2 and
b,y = 0 (in fact r << k) or (ii) there exists no such r. In the first event consider
the element ¢ € C, defined as follows: ¢; = b, for i <r, ¢, =0 and ¢, = 2 for
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i > r. Evidently, ¢ < a™ < a® < b. Take the clopen set R = [0, c] U [a®, 1] in
C. Therefore S # D = (R] is a clopen order-ideal of S (Lemma 1). In the second
case we take S = D = ([a*?, 1]].

First we make some observations. For an element e € G, let /,(e) (that is to
say, the zero-length of e¢) denote the number of all indices n with the property
e, = 0. We claim that

x€GC,, Iy(x)=1,(b) impliesx € D.

Really, let us consider the first event, thatis b, =2 and b,,;, =0, x € C,, x # b
and [o(x) = [o(b). Let j be the smallest integer with x, # b;. If j < r then x € D.
If j = r then x < ¢ and, hence, x € D. Assume j > r and x; = 0. Hence, b, = 2.
However, j < k is impossible, because b, _, = 0 and this yields a contradiction
with r < j. Therefore j = k. This case cannot occur since /y(x) = /(). Conclud-
ing we have j > r and x = 2. Hence x = b and, consequently, x € D, as claimed.
The second case is trivial.

It is easy to check that x € C, implies /j(x) = Iy(7,(x)). Similarly, 7,(y) = x
implies /o( y) = [(x), that is [o( x) = [o(7,'(x)). Summarizing, we can say that D
contains all elements x € C, U C_‘2 with the property: /,(x) = I(b).

We claim that x € C, U C, with I(x) = [(b) implies x € D"**® for every
n < w. For n =0 (recall D*** = D) it is true. Suppose that D"** possesses
this property. Therefore, D™**®* = (§\ D™**] does not contain elements of
zero-length equal to /(). The same is also true for [ D™*** ). Since

DR = g\[ pr+ot),

we see that D" X*% contains all elements of zero-length /(b), as claimed.
Concluding, we have b € D™**® for all n < w. Since b & U, we see that DM+
g U for all n < w and the proof is complete.

In answer to Beazer’s question:

LEMMA 6. There exists a regular double p-algebra that is finitely subdirectly
irreducible but not subdirectly irreducible.

PrOOF. Consider the regular double p-algebra dual to the topological ordered
space S of Lemmas 1-5. By Lemma 4, it is finitely subdirectly irreducible (see R.
Beazer [3, Theorem 11]). However, by Lemma 35, it is not subdirectly irreducible
(see Theorem B).

THEOREM 1. The conditions (i), (ii’), (iii) and (iv) from Theorem B are indepen-
dent.
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PROOF. The five-element chain satisfies (ii’), (iii), (iv) but not (i).

In order to show the independence of (ii’) let us consider a subdirectly
irreducible regular double p-algebra K with | K|> 3. Take the regular double
p-algebra L = 2 X K, where 2 is the two-element chain. Evidently L is regular
double p-algebra. Take a = (1,0) € L. It is easy to check that a"**) = a # 0 for
every n. Since D(L) = {(1, x) € L: x € D(K)}, we have

(1, x)""™<(1,d)

for some n and every 1 = x € D(K), where d € D(K) is the element from K
satisfying (1i1). Thus L satisfies (i), (ii), and (iv) but not (ii’).

The regular double p-algebra dual to the topological ordered space S consid-
ered in Lemmas 1-5 satisfies (1), (ii") and (iv) but not (iii).

Finally, we demonstrate that condition (iv) is independent of (i), (ii") and (iii).
We need the algebraic construction of regular double p-algebras from [6]. Let B
denote the Boolean algebra of all finite and cofinite subsets of N (that is {n:
n < w}). Set

p(a)={xEN:xE€aandx + 1€ a},

Y(a)={xEN:x€aorx—1€a)},
for every a € B. It is easy to verify that : B — B is a {0, 1, A }-homomorphism,
y: B - Bisa {0, 1, V}-homomorphism and both satisfy

We(a))<a, o(y(a))=a

for every a € B. Then K = {(x, y) € B* ¢(x) = y)} is a {0, 1}-sublattice of B2.
Moreover, K is a regular double p-algebra (see [6, Theorem 2]) in which for
t=(x,y)€K

= (x,9(x) and "= (y(y), )

is true. First we shall show that KX satisfies (ii’). Let us consider t = (x, y) € K.
Therefore,

= ((v(») e ((¥(y)))-

It is not difficult to see that @((y(y")) C(Y(»")) Cy for every @ # y # N.
Therefore, t* * <t for every 0 # t # 1. Now it is easy to see that A("*¥; n <
w) = 0 for y finite. Assume y cofinite. Let r be the smallest integer such thatn = r
implies n € y. Hence r — 1, r € Y(»y’) and consequently r — 1, r & (Y(»")Y. Two
cases can arise: there exists a largest integer k with k € y and kK + 1 &€ y or there
is no such integer. In the first event k + 1 & (Y(y")). Therefore k & p((¢(y"))).
Proceeding in this way one can show in both cases that

"N < (N\{0,...,r+ n—1},N\{0,...,r + n—1})
for n = k + 2. Therefore A\ (t™*®; n < w) = 0 for every 1 # 1.
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Now we shall construct a nearly regular double p-algebra L with L/(y N ¥) =
K. It is easy to check that D(K) = {(N, y) € K: y € B} = B. Let R be an ideal
of K generated by {(¥, y) € K: y finite}. Since

RN D(K)={(N, y) € K: y finite}

is a prime ideal of D(K), there exists a filter R of K such that (R, R) is an
ideal-filter pair of K (see {7, Corollary to Theorem 3]). By [7, Theorem 2] there
exists a nearly regular double p-algebra L with L/(y N ¥) = K such that, for
x € L,|G[x]|=2if and only if G[x] ER N R. Clearly, L satisfies (i), (ii’) and
(iit). Take x = (N, N\ {0}) € D(K). By induction,

x"*® = (N\{0,...,n}, N\{0,...,n})

in K for every n. Therefore x"(** < d for all n and every d € R N D(K ). Thus,
(iv) is not satisfied by L and the proof is finished.

LEMMA 7. Let L be a distributive double p-algebra. Let a = /\(x"**®; n < w)
for some x € L. Then a € C(L).

PROOF. It is well known (see [7]) that

x=xT*= ...=2x"t% = ... =q.
Therefore g* = x("H DT %% — yn(F#)+ xx > xn(+ 5+ for every n. Hence
a*+ < xn(+*)++< xn(+*)

for every n < w. Thus, a** < A(x™**; n < w). In a distributive double p-alge-
bra we have (see [7])

a<a*<g*t and a*<a’

for every element a. Therefore a = a** and a* is a complement of a in L, that is
a e C(L).

THEOREM 2. The condition (it') from Theorem B implies the condition (ii) from
Theorem A. The converse implication is not true.

PROOF. Since a"** = g for every a € C(L), the first statement follows from
Lemma 7 and (ii’). The regular double p-algebra L(2w) from [7, pages 209, 210] is
an example with C(L(2w)) = {0, 1} such that L(2w) does not satisfy the condi-
tion (ii’).
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4. Auxiliary algebras

Motivated by [7] and the last example in the proof of Theorem 1, we make the
following definition.

DEFINITION. A regular double p-algebra L is said to be auxiliary if there exists a
subdirectly irreducible distributive double p-algebra K such that L = K/(y N\ ).

Clearly, by way of example, every subdirectly irreducible regular double
p-algebra is auxiliary.

The following theorem characterized the auxiliary algebras and, interestingly
enough, again exhibits the dual rdle played by (ii) and (ii") of Theorems A and B.

THEOREM 3. A regular double p-algebra L is auxiliary if and only if it satisfies the
following conditions:

(i) there exists a prime ideal P of D(L) such that for every 1 + x € D(L) there
exists d € P and an integer n with

x"F*) < d;

(i) C(L) = {0, 1} (or (i) N\ (x""*: n < w) = 0 for every 1 # x € L).

PrOOF. Let L be auxiliary. Then there exists a subdirectly irreducible distribu-
tive double p-algebra K with L = K/(y N ¥). If K is regular, then L = K and
there exists 1 = d € D(L) satisfying

x"W < d

for every 1 = x € D(L) and some n (see Theorem A). Take P a prime ideal of
D(L) with d € P. Then (i), (ii) and (it") follow from Theorems A and B. Suppose
now that K is not regular. Then K is nearly regular. By [7, Lemma 4] there exists
an ideal-filter pair (R, R) on L. We can take a prime ideal P of D(L) satisfying
P DO RN D(L). Since L = K/(y N ¥), we see by Theorems A and B that (ii) and
(11’) are true for L. It is known (see [7, Lemma 4]) that | G[x]|# 1 in K if and only
if x € RN R in L. By hypothesis and Theorem A (or Theorem B) for every
1 # x € D(L)\R there exists d € R N D(L) C R N R such that x"** < d for
some n. This is of course true of x € R N D(L) since, for any 1 #x € L,
x = x"**®_Thus the condition (i) holds.

Conversely, let L satisfy (i) and (ii) (or (i) and (ii")). Put R = (P] in L. By the
Corollary to [7, Theorem 3] there exists an ideal-filter pair (R, R) of L. By
[7, Theorem 2} there exists a nearly regular double p-algebra K such that K/(y A
¥) = L. It remains to show that X is subdirectly irreducible. This can be easily
done by Theorem A or Theorem B.
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COROLLARY. Let L be a subdirectly irreducible regular double p-algebra. Then
there exists a subdirectly irreducible distributive double p-algebra K such that K = L
and K/(y Ny¥) = L.

PROOF. L is auxiliary. There exists a prime ideal P of D(L) satisfying the
condition (i) of Theorem 3. As above, there exists an ideal-filter pair (R, R) of L
(see the Corollary to [7, Theorem 3]). By [7, Theorem 2] there exists a proper
nearly regular double p-algebra K which is the desired algebra.

ExAMPLE. An example of a regular double p-algebra that is auxiliary but not
subdirectly irreducible is the algebra L dual to the topological ordered space
S =(S; C *) from Lemmas 1-5. By Lemma 4, L satisfies (ii) from Theorem 3. It
is easy to see that D(L) = {U: U is a clopen order-ideal in S and C C U}. Let
a € C,, that is, a, = 0 for all but finitely many indices n. Take R = {U: Uis a
clopen order-ideal in § and a  U}. Evidently R is a prime ideal of L. Put
P = R N D(L). Clearly, P is a prime ideal of D(L). Now we shall show that for
1 # x € D(L)\ P there exists d € P with x"** < d for some n. Take a clopen
order-ideal U in S with @ € U and C € U. Evidently U € D(L)\ P. Assume
U # S. We claim that there exists n such that a @ U"*¥, that is U"(*® € R,
Suppose to the contrary that @ € A(U"*®; n < w). We shall show that C, C
AU ®; n < w). Since Cyis densein C, U D U™ *..., and U™** are clopen
order-ideals in S, we get U = S, a contradiction. By a straightforward calculation
it can be seen that, for x € C,

x € N(U™®; n<w) implies 7,(x), 77 (x) € AN (U, n < w).
Using this fact we show first that a € A\(U™**); n < ) implies 0 € /\(U™ %
n < w). Assume that & is the largest integer with a, = 2. Therefore 7, '(a) € C,,
(17'(a)), = a, for n # k and (7,'(a)), = 0. Evidently, 7,'(a) € AN(U"*®; n <
w). Repeating this procedure we obtain 0 € \(U™**; n < w) by finitely many
steps. It is not difficult to show that every x € C; can be obtained from 0 € C,
by superposition of finitely many functions 7,. Namely, let 1 </ < --- </ _be
the only indices j with x; = 2. Then

x = Tis(‘ .. (,,’_I(O)) )
Therefore, C, C A\(U"**; n < w) and the proof is complete. Thus L is auxiliary
by Theorem 3.

Concerning the independence of the conditions in Theorem 3, 2 X 3 is, for
example, a non-trivial example of a regular double p-algebra that satisfies (i) but
fails to satisfy either (ii) or (ii’). By Theorem 3, L(2w) (see the proof of Theorem
2) is an example of a regular double p-algebra that satisfies (ii) but does not

https://doi.org/10.1017/51446788700024769 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700024769

58 M. E. Adams and T. Katriftak [13]

satisfy (i). Furthermore, by Theorem 2, (ii’) implies (ii); however, whether (i)
implies (i) is, as yet, unresolved.

PROBLEM. Find a regular double p-algebra L such that, for every 1 # x € L,
A(x™* % n < w) = 0 which is not auxiliary.
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