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Abstract We relate the classes of unitary and calibrated representations of cyclotomic Hecke algebras,
and, in particular, we show that for the most important deformation parameters these two classes coincide.
We classify these representations in terms of both multipartition combinatorics and as the points in the
fundamental alcove under the action of an affine Weyl group. Finally, we cohomologically construct these
modules via BGG resolutions.

Introduction

Unitary representations play a fundamental role in the representation theory of real,
complex and p-adic reductive groups [4, 55, 23, 6]. Unitary representations are often the
most important representations appearing ‘in nature’ via quantum mechanics [56] and
harmonic analysis [42]. Furthermore, they tend to admit nice structural and homological
properties, such as explicit eigenbases and resolutions by Verma modules.

In this paper, we study unitary representations of a family of infinite discrete groups:
the affine braid groups. These are groups BE* of n braids on the cylinder (see [29]) and
project onto the usual Artin braid groups by “flattening” the cylinder. Of course, the
representation theory of the group By® is extremely complicated and the problem would
be intractable without imposing certain conditions on our representations. The condition
we impose is that our representations factor through an affine Hecke quotient of the group
algebra CB*®, that is, the following skeinlike relation is satisfied

(Ti—)(Ti+1)=0 (t)

for some ¢ € C* and every i = 1,...,n — 1, where T; is the overcrossing of the ith and
(i41)-st strands. The algebra H3"(n) := CB.*/(T; — q)(T; 4+ 1) is known as the affine
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Hecke algebra. Besides being interesting in and of itself, the algebra H3(n) appears in
the theory of knot invariants, categorification and the representation theory of p-adic
reductive groups. Let us now discuss our methods and results in more detail.

First main result

First, we relate the unitary representations of ’Hgff(n) to the class of calibrated repre-
sentations. These are a well-studied class of representations of ’Hgff(n) that are defined
by the condition that the Jucys—Murphy subalgebra A C Hgff(n) acts semisimply; see
[46, 45, 50, 40]. Calibrated representations exhibit many of the properties that make
unitary representations interesting (for example, by definition they come equipped with
an A-eigenbasis, which for simple calibrated representations is unique up to scalar
multiplication), and it easily follows that, in fact, every unitary representation is
calibrated. The converse is of course not true, but it turns out that if we restrict
to certain representations (in a sense, the most complicated ones), then the story
changes. To be more precise, every irreducible representation of Hzﬁ(n) factors through
a cyclotomic quotient, Hq @, ,...,q,(n) which depends on several parameters ¢,Q1,...,Q;.
The representation theory of H, g,,..0,(n) is most interesting when we specialise the
parameter ¢ to be a root of unity and the parameters @Q; = ¢° for 1 <17 < /.

Theorem A. Let e > 2 and s1,...,8¢ be integers. Let g = exp(2my/—1/e) and Q; = ¢*.
A representation of the algebra Hq g, ,....q, is unitary if and only if it is calibrated.

Second main result

Next, we use Theorem A to combinatorially classify the unitary representations. Given
an integer e > 1 and s = (s1,...,s¢) € Z* a charge, we denote the algebra H, q,,...q,(n) as
above simply by Hs(n). The definition of the algebra Hs(n) depends only on the reduction
modulo e of the charge s, so we can assume that s; < so <... < sp < s1+e. Our choice
of charge allows us to provide a particularly simple classification of unitary modules in
terms of multipartition combinatorics.

Theorem B. Let ¢ =exp(2mv/—1/e), and fix a charge s = (s1,...8¢) such that s1 < s3 <
... <sp<s1+e. The simple ’H;ﬁ(n)—module Dg(A) is unitary if and only if the following
equivalent conditions hold:

o X is cylindric, its right border strip has period at most e and its reading word is
mcereasing;

o X c Fy the fundamental alcove under an s-shifted action of an affine Weyl group
of type A;

e Dg(A) is calibrated.

Precise definitions for the terminology in the first two conditions are given in Sub-
sections 3.1 and 5.1.

Theorem B gives the first classification of calibrated representations for the algebra
Hs(n) in terms of Young diagrams of multipartitions. Note that other combinatorial
classifications in terms of weights and skew-Young diagrams are given in [45, 46]. Theorem
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B can be seen as the analogue of [37, Theorem 4.1] for calibrated representations—both
results provide the first closed-form description of the given family of irreducible modules
in terms of multipartitions.

Third main result

The combinatorial description of the unitary representations in Theorem B leads to our
third main result, a multiplicity-free character formula for these representations and their
cohomological construction by way of BGG, or Berstein-Gelfand-Gelfand, resolutions.

If we consider formal parameters ¢,Q1,Q2,...,Q¢ and define the algebra H, o,,...0,(n)
over the field of rational functions C(q,@1,...,Q;), then the algebra H, o, . q,(n) is
semisimple and the simple Specht modules S(u) are indexed by the set of f-multipartitions
 of n, cf. [2, Proposition 3.10]. For e > 1 and s € Z*, one can place a corresponding integral
lattice on each Specht module S(u), obtaining a family of (nonsemisimple) Hs(n)-modules
Ss(p) by specialisation of the parameters ¢ = exp(27v/—1/e) and Q; = ¢*. Our choice of
s € Z* allows us to construct the unitary simple Dg(\) as the head of the Specht module
Ss(A) for A as in Theorem B. A BGG resolution of Dg(A) is a resolution of Dg(A) by a
complex whose terms are direct sums of Specht modules Ss(u).

Given a unitary simple module Dg(\), we consider the set of multipartitions
dominating A and having the same residue multiset as A (with respect to the charge s).
For such p, we write g > A; see Section 1. The affine symmetric group éh, where h is
the number of rows of A, acts naturally on this set of multipartitions, endowing it with
the structure of a graded poset in which A is the unique element of length 0. We then
construct a BGG resolution of Dg(A) as follows.

Theorem C. Associated to each unitary simple module, Ds(\), we have a complex
Co(A) = @D oa Ss(m){l(p)) with differential given by an alternating sum over all
“imple reflection homomorphisms’. This complex is exact except in degree zero, where
Hy(Co(A)) = Ds(X). The underlying graded character is as follows:

[Ds(N)] = Y (=) P[Ss () (E(p)))- (1)

[T

Moreover, the module Dg(X) admits a characteristic-free basis {cs®zk|S € Pathg()\)}

where Pathi()\) C Pathy,(N\) is the subset of paths which never leave the fundamental
alcove Fy.

In the case of the unitary representations of the Hecke algebra of the symmetric
group, the resolutions of Theorem C were the subject of the authors’ previous work [13]
and Theorem C reproves a conjecture of Berkesch—Griffeth-Sam [7]. Theorem C vastly
generalises this work to all unitary representations of all cyclotomic Hecke algebras. We
remark that we concentrate on the roots of unity case in this paper. When ¢ is not a root
of unity, unitary simple representations admit BGG resolutions, which were constructed
by Cherednik in [19]. Our results and those of [17, 18, 31] intersect in a few special cases.

Aspects of this story should be very familiar to the experts: We have an algebraic
object (in this case a cyclotomic or affine Hecke algebra) for which there exists a ‘nice
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family’ of irreducible representations (in this case, the unitary representations) which
can be combinatorially classified and constructed via explicit bases and BGG resolutions.
Analogous stories exist for ladder representations of p-adic groups [5], finite-dimensional
representations of (Kac-Moody) Lie algebras [8, 38] and homogeneous representations of
antispherical Hecke categories [12].

We remark that, while the definition of a unitary module depends crucially on the
ground field being C, the condition to be calibrated makes sense for arbitrary fields. In
this manner, Theorems B and C both admit characteristic-free generalisations which are
proven in this paper.

Regular p-Kazhdan—Lusztig theory. The coefficients in equation ({f) are equal to
‘regular’ (or ‘nonsingular’) inverse (p-)Kazhdan-Lusztig polynomials. In fact, the proof
of Theorem B involves passing from the cyclotomic Hecke algebras to the setting of Elias—
Williamson’s diagrammatic category for ‘regular’ Soergel-bimodules. For the general
linear group, GLp, the ‘regular’ Soergel-bimodules control the representation theory
of the principal block (the block containing the trivial representation k = A(k") for
n = kh) if and only if p > h. On the other side of Schur-Weyl duality, this means that
‘regular’ Soergel-bimodules control the representation theory of the Serre subcategory
of k&,-mod corresponding to the poset {\ | A > (k") for n = kh}, and we remark
that the simple k&,-module labelled by the partition (k") is calibrated providing
p>h.

For higher levels ¢ > 1, one can ask ‘to what extent is the cyclotomic Hecke algebra
controlled by regular (p-)Kazhdan—Lusztig theory?’ Of course, the Schur—Weyl duality
with the general linear group no longer exists. However, one can speak of calibrated
representations of the cyclotomic Hecke algebra. In fact, the largest Serre subcategory of
(a block of) the cyclotomic Hecke algebra controlled by regular p-Kazhdan—Lusztig theory
is given by the poset {p | > A}, where Dg(\) is the minimal calibrated simple module
in the block (under the order ). Thus, the Serre quotients carved out by calibrated
representations of cyclotomic Hecke algebras play the same role as that of principal blocks
of algebraic groups for p > h.

Structure of the paper. Section 1 introduces the combinatorics that will play an
important role in this paper. Then we study unitary representations in Section 2 where
we prove Theorem A; see Theorem 2.21. Sections 3 and 4 are devoted to the proof of
Theorem B, which involves intricate combinatorial constructions. In Section 5, we recall
previous work of the first author together with A. Cox and A. Hazi [10] that will allow
us to prove Theorem C. We do this in Section 6. In this section, we also discuss the
consequences of our work in the representation theory of rational Cherednik algebras;
see Remark 6.31. Finally, in Appendix A, we use our techniques to give a complete
classification of unitary representations of the Hecke algebra of the symmetric group.
While this has mostly appeared in the literature, see [52]. We believe it gives a good
feeling for the usage of calibrated representations in this setting and corrects an oversight
of [52].
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1. Combinatorics

1.1. Charges, multipartitions and tableaux

Fix e € Z>» throughout this paper.

Definition 1.1. We call an {-tuple of integers s = (s1,s2,...,5¢) € Z° an f-charge or
simply a charge. Given e € Z>2, we say that s is cylindrical if s; <52 <. <5< 51 +€.

We define a composition A of n to be a finite sequence of nonnegative integers (A1, Aa, .. .)
whose sum |A] = A\ + A2 +... equals n. We say that A is a partition if, in addition,
this sequence is weakly decreasing. We let A! denote the transpose partition. An /(-
multicomposition (respectively f-multipartition or simply f-partition) A = (AL, A%,... A
of n is an ¢-tuple of compositions (respectively partitions) such that |A| := |\ +|A\2|+
...+ |\| = n. We will denote the set of /-multicompositions (respectively {-partitions) of n
by %s(n) (respectively by Zy(n)). Given A = (AL, \2,...,\) € P(n), the Young diagram
of X is defined to be the set of boxes (or nodes),

{(re;m) [1<ce< A, 1<m< /(.

We do not distinguish between the multipartition and its Young diagram. We draw
the Young diagram of a partition by letting ¢ increase from left to right and r increase
from top to bottom. We refer to a box (r,¢,m) as being in the rth row and cth column
of the mth component of A. We draw the Young diagram of a multipartition by placing
the Young diagrams of A',...,\’ side by side from left to right as m runs from 1 to
{. Finally, a tableau T on a multipartition X is a bijection from the set of boxes of A
to {1,2,...,|A|}. The tableau T is called standard if it is increasing along the rows and
columns of each component. We let Std(A) denote the set of all standard tableaux on A.
If T € Std(A) is a standard tableau, then Shape(Tlyy  ,}) is the multipartition whose
Young diagram consists of all the boxes with labels < k. Finally, we denote by @ the empty
multipartition.

Example 1.2. Let £ =3 and A = (A,A2)0%) = ((2,1),(4,2,1),(5)). We draw the Young
diagram of X as follows:

| L L[]

Definition 1.3. A charged f-partition is the data of an f-partition A together with
an (-charge s € Z*. Given a box b= (r,c;m) € X, we define its charged content to be
co®(b) = sy, + ¢ —1r and we define its residue to be res®(b) := co®(b)(mod e). We refer to a
box of residue i € Z/eZ as an i-box (or i-node).

Note that the residue of a box in A depends on the choice of the charge s € Z¢. For a
tableau T on A, we let res(T) denote the residue sequence consisting of res(T~*(k)) for
k=1,...,n in order.
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Example 1.4. Let /=3 and A = (A1,A%\%) = ((2,1),(4,2,1),(5)). Let s = (—1,2,0) € Z3.
The Young diagram of A with its boxes labelled by their charged contents looks as follows:

1[0 2[3]4]5] [o]1][2]3]4]
-2 1]2
10]

Now, take e =4, then labelling the boxes of the Young diagram of X their residues, we
have:

3[o] [2]3]o]1] [o]1][2]3]0]
2 12
9]

and we have that res(Ty) = (0,2,1,0,3,2,1,3,2,0,2,0,3,1,0) € (Z/eZ)'®, where Ty is the
reverse column-reading tableau on A; see Example 1.10 below.

Definition 1.5. Given s € Z‘ and two i-boxes (r,c,m),(r’,c’,m’) € X for some i € Z/eZ,
we write (r,c,m) > (r',¢/,m') if co®(r,c;m) > co(r’,¢/;m’) or co®(r,c,m) = co®(r’,¢’,m’) and
m < m'. For \,u € Py(n), we write g < X if there is a residue preserving bijective map
A:[A] = [p] such that either A(r,c,m) <s (r,¢,m) or A(r,c,m) = (r,c,m) for all (r,c,m) € A.
When s € Z* is cylindrical, we often write > instead of .

Remark 1.6. The ordering of Definition 1.5 is one of many possible cellular orderings
on the Hecke algebra. It is important (and useful for this paper) because it is the only
ordering for which we have a closed combinatorial description of the indexing set of simple
modules; see [27, 9] for more details.

Definition 1.7. Given a partition A = (\1,...,A) such that A, > 0, we set h(\) to be
the height of the partition, that is A(A\) = h. Given a multipartition A = (A}, \2,... \%),
we set h(A) = (hq,...,he) to be the £-composition formed of the heights of the component
partitions. Given XA = (AL, \?,...,\Y), we define the height of the multipartition to be the
integer hy = h1+---+ hy.

Definition 1.8. Fix s € Z‘. We say that a composition h = (hi,...,hs) of h is s-admissible
if hy < 8p—8m_1 for 1 <m < { and hy < e+ sy —sy and with at least one of these
inequalities being strict. We refer to any value 1 <m < ¢ for which the inequality is strict
as a step change. For an s-admissible h € N¢, we let 22, (n) denote the set of all X € Z(n)
such that h(A) = h.

Definition 1.9. Let h € N® be s-admissible, and let 1 <m < £. Given X € &,(n), we
define the reverse column reading tableau, Ty, x), to be the standard tableau obtained by
filling the first column of the (m — 1)th component then the first column of the (m —2)th
component and so on until finally filling the first column of the mth component and then
repeating this procedure on the second columns, the third columns, and so on. Here, we
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take the ‘cyclic’ convention that the (m — 1)th component for m =1 is simply the ¢th
component.

Example 1.10. Definition 1.9 is best illustrated via an example. Let s = (0,3,4) with
e ="T. We have that A = ((2,1),(4,2,1),(5)) € Z(2,3,1)(15) and that hy =2 <7+0—-4=
e+s1 —sp and so m =1 is a step change (one can check that this step change is unique).
The reverse reading column reading tableau Ty, is given by filling the first columns of
the third component, second component, first component and then the second columns
of these components...hence obtaining

8 [12[14]

5110
Taxn =g ‘,

. [1T7s[is

’%C}Ol\')
©

Given A € &), (n), we let Addy, () (respectively Remy (X)) denote the set of all addable
(respectively removable) boxes of the Young diagram so that the resulting Young diagram
is the Young diagram of a multipartition belonging to &2, (n+1) (respectively &), (n—1)).
We let Add} () (respectively Rem! (X)) denote the subset of nodes of residue equal to
i €Z/el. Dropping the subscript h, we obtain the usual sets of addable and removable
i-nodes of a multipartition.

Definition 1.11. Given 1 <k <n and a standard tableau T on a multipartition A, we let
At (k) (respectively Rt(k)) denote the set of all addable res(T~!(k))-boxes (respectively
all removable res(T~"(k))-boxes) of the multipartition Shape(T|; ) which are more
dominant than T~!(k). We define the degree of T € Std(X) for A € & (n) as follows:

n

deg(T) =Y (JAT (k)| = [Rr(k)]).

k=1

Remark 1.12. Let h € N¢ be s-admissible and 1 <m < ¢ be a step change. We have that
degS(T(m,)\)) =0for Ae :@Q(n)

1.2. The E[e-crystal

Ariki proved that the ;[e—crystal explicitly realises the modular branching rule of the
cyclotomic Hecke algebra [3]. We now recall the combinatorics of this construction. Fix
e>2 and a charge s € Z. The gle—crystal is a simply directed graph on the set of vertices
consisting of all ¢-partitions. Its arrows are given by a rule for adding at most one box
of each residue i € Z/eZ to a given f-partition. We define the crystal operators €; and fi,
which remove and add (respectively) at most one box of residue .

Definition 1.13 [27, Theorem 2.8]. Fix i € Z/eZ, s € Z* and an (-partition .

e Form the i-word of X by listing all addable and removable i-boxes of A in increasing
order from left to right (according to I>5) and then replacing each addable box in
the list by the symbol + and each removable box by the symbol —.
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e Next, find the reduced i-word of A by recursively canceling all adjacent pairs
(—+) in the i-word of A. The reduced i-word is of the form (+)*(—) for some
a,b € Zzo.

e Define f; as the operator that adds the addable i-box to A corresponding to the
rightmost + in the reduced i-word of A. If the reduced i-word of A contains no +,
then we declare that f;A = 0. Likewise, define €; as the operator that removes the
removable i-box from A corresponding to the leftmost — in the reduced i-word of
A. If the reduced i-word of A contains no —, then we declare that é;A = 0.

The directed graph with vertices all {-partitions and arrows A BN p if and only if p = fi)\,
i € Z/eZ, is called the sl.-crystal. We have f;u = X if and only if & = p.

Definition 1.14. The i-box that is added by fi, if it exists, is called a good addable
i-box of A. Similarly, the box that is removed by é€; is called a good removable i-box of A.

Remark 1.15. Given i € Z/eZ, if A has only one removable i-box b and no addable
i-box of charged content greater than or equal to co®(b), then &;(A) = A\ {b}. We will use
this observation without further mention.

The ;[e—crystal is in general disconnected, and we will be interested in its connected
component containing the empty multipartition &. The vertices in this connected
component of the gle—crystal do not, in general, admit closed formulas (one must instead
search for a sequence of good nodes by repeated use of Definition 1.13). However, for our
choice of cylindric charge s € Z¢ (as in Definition 1.1), we have the following combinatorial
description from [27].

Definition 1.16. An /-partition A with charge s € Z¢ is named FLOTW, after Foda,
Leclerc, Okado, Thibon and Welsh, if the following conditions hold:

(1) The charge s is cylindrical,
(2) The multipartition A is cylindrical, that is:

(a) A > )\fcfs 1os, forall je{l,....¢—1} and for all k > 1,
(B) Xy > Noyops, s, forall k>1,

(3) For all o > 0, the residues modulo e of the rightmost boxes of the rows of size a do
not cover {0,...,e—1}.

2. Unitary representations

2.1. The affine Hecke algebra

Let us recall that the (extended) affine braid group, BE* has generators T1,...,T,_1,
x1,...,Ty subject to the following relations:

(a) T;Tj1 Ty = Ty TiTipy and TyT; = TT; if |i— 5] > 1.
(b) z;z; = xjz; for every 4,5 =1,...,n.
(¢) Tyx;,T; = xip1, Tixj =a;T; 1f] #z,i—&—l.
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e L \
3 \

Figure 1. The braid generators x; and T;. We remark that these are braids on a cylinder, so the left and
right sides of the rectangles are to be identified.

We may think of BS® as the braid group on the cylinder. The element 7; corresponds
to the usual braid generator that crosses two adjacent strands, and the element z;
corresponds to looping the ¢th strand around the cylinder so that it comes back to the
1th position; see Figure 1 below.

The affine Hecke algebra is the quotient of the group algebra of BS* by a skein-type
relation.

Definition 2.1. Let R be a domain and g € R*, ¢ # +1. The (extended) affine Hecke
algebra Hgff(n, R) is the quotient of the group algebra RBE® by the relations

(T; +1)(T; —q) =0

for i=1,...,n—1. When the domain R is clear from the outset, we will simply denote
the affine Hecke algebra by H2(n).

Remark 2.2. It is customary to define the elements X; := ¢'~%z; so that in Hzﬁ(n) we
have the relation T3 X;T; = ¢X;41.

Remark 2.3. The finite Hecke algebra H,(n) can be realized as a subalgebra of H2(n)
generated by T1,...,T,—1. It can also be realized as the quotient H3"(n)/(X; —1). This
is akin to the finite braid group B,, being both a subgroup and a quotient group of Bg®.

Remark 2.4. We remark that we are working with the so-called Bernstein presentation
of the affine Hecke algebra; see, for example, [20, Chapter 7]. We will refer to X;,..., X,
as the Jucys—Murphy elements of ’H?Iﬁ(n)l. Accordingly, we will call the algebra A :=
R[Xlil7 L XEC ’Hgff(n) the Jucys—Murphy subalgebra. It is isomorphic to the algebra
of Laurent polynomials in n variables, and we have a vector space decomposition ’Hf’]fr(n) =
Hq (’I’L) QR A.

When R is a domain of characteristic zero it is known (see, for example, [20, Proposition
7.1.14]) that the center of H3(n) is Z(H3(n)) = A®», the algebra of symmetric Laurent
polynomials in the Jucys-Murphy elements. Thus, H3(n) is finite over its center, and,
when R is a field F of characteristic zero, every irreducible representation of ’H,;fr(n)
is finite-dimensional. If moreover F is algebraically closed it follows, looking at the

IThe reason for this terminology is that, under any cyclotomic specialization, the elements
Xi1,...,X, are mapped to the Jucys—Murphy elements of the corresponding cyclotomic Hecke
algebra; see [44]
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eigenvalues of Xi, that every irreducible representation of H3"(n) factors through an
algebra of the form

H(alff(n)
(Hf(xl - Qi)) -

This is known as the cyclotomic Hecke algebra, or the Ariki-Koike algebra. 1t is a finite-
dimensional F-algebra, of dimension precisely n!¢™, [1].

,H%Qh-quz (n) =

2.2. Unitary representations

For this subsection, we let R = C, the complex field. We make the convention that a
Hermitian form on a finite-dimensional complex vector space is linear on the first variable
and conjugate-linear on the second. Recall that we have defined the affine Hecke algebra
’H;ff(n) as a quotient of the group algebra CB;?, so the following notion makes sense.

Definition 2.5. We say that a finite-dimensional Hgff(n)-representation is unitary if it
admits a positive-definite B?-invariant Hermitian form.

Note that all affine Hecke algebras admit a one-dimensional unitary representation,
where all elements T; act by —1. However, unless ¢ is a root of unity this may be the only
unitary representation, as the following result shows.

Lemma 2.6. Assume that H2"(n) admits a unitary representation M, such that there
eristi=1,....n—1 and m € M with Tym = gm. Then, ¢ € C* lies in the unit circle.

Proof. Let m € M and i be as in the statement of the lemma. Then,
0% g(m.m) = (Tim,m) = (m, T, 'm) = ¢~ (m,m)

so that ¢ = ¢—1. Thus, ¢ is in the unit circle. O

Remark 2.7. We remark that Lemma 2.6 follows from the following more general result.
Let G be any group, and let M be a finite-dimensional unitary representation of G. Then,
every eigenvalue of g on M lies in the unit circle, for any g € G. Note that this statement
is obvious when G is a finite group as in this case every eigenvalue of ¢ is, in fact, a root
of unity. The proof in the general case is just as that of Lemma 2.6.

Since every cyclotomic Hecke algebra H, 0,....0,(n) is a quotient of the affine Hecke
algebra, it makes sense to speak about unitary representations of Hy g,,....0,(n). Just as
in Lemma 2.6, we have that if H, g,...0,(n) admits a unitary representation, then all
complex numbers ¢,Q1,...,Q¢ € C* must lie in the unit circle.

Let us remark that the cyclotomic Hecke algebra H, ¢,,..,g,(n) is a quotient of the
group algebra of a different braid group: the braid group B(¢,1,n), which is defined as
follows. Let G(¢,1,n) := S, x (Z/¢Z)™ be the cyclotomic group. If we think of this group
as the group of n X n permutation matrices whose nonzero entries are ¢-roots of unity, we
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get an action of G(¢,1,n) on b :=C". Let h™9 be the locus where this action is free. It
can be shown that this is the complement of a hyperplane arrangement in C™. Then,

B, 1,n) :=m1(h"9/G(¢,1,n)).

For example, when ¢ =1, the group B(1,1,n) is the usual Artin braid group on n
strands. It is clear from the definitions (see, e.g., [16]) that a H,, q,..... g, (n)-representation
is unitary if and only if it admits a positive-definite B(¢,1,n)-invariant Hermitian form. On
the other hand, Rouquier has shown using the representation theory of rational Cherednik
algebras, [51, Proposition 4.5.4], that every irreducible H, q,.... g,(n)-representation
admits a (unique up to R*-scalars) nondegenerate B(¢,1,n)-invariant Hermitian form.
Thus, the question of unitarity is that of positive-definiteness of this form.

2.3. Unitary representations via x-operations

In [6], Barbasch and Ciubotaru define a class of representations that are closely related
to the unitary representations we study in this paper. The goal of this section is to
explore this relation. In order to do so, throughout this subsection R = C[q,q~!] and
Hgfr(n) = "Hgfr(n,R).

Definition 2.8. A x-operation on ’Hgff(n) is a conjugate-linear, involutive antiautomor-
phism of ’Hgff(n). Given a *-operation on 'Hgff(n), a representation M of Hgﬁ(n) is called
s-unitary if it admits a positive-definite Hermitian form which is Hgfr(n)—invariant in the
sense that

{am,m’) = (m,a*m’)
for every m,m’ € M, a € H2(n).
In [6], the authors define x-operations on Hgﬁ(n) and study the notion of unitary

representations for these *-operations. These are the first two *-operations of the following
proposition.

Proposition 2.9. The following formulas define x-operations on H:fr(n).

(1) TP =T, X? =X;,9°=q.

(2) Ti* = Ti, Xz* = Ton;—li—i-lTu_)ol)q* =dq, where ng = T1T2-“Tn,lTlTQ-"Tn,Q'--
Ty 15T .

@) =177, X/ =Xx7" qf=q7 ",

K3

Proof. For e and x, see [6, Definition 2.3.1]. For {, note that the relation (T;+1)(T; —q) =
0 is equivalent to (T, ' +1)(T; ' —q~') =0, so this is preserved under t. It is also clear
that T preserves the relations among the X;, as well as the braid relations among the T;.
Finally, we have

(TXT) =T XIT = T X717 = (TXGT) ™ = a7 ' X = (aXap)

which finishes the proof. O
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Remark 2.10. In [6, Definition 2.4.1], the authors term an x-operation admissible if
q*=qand T =1T; for i=1,...,n—1. So the *-operations e and % of Proposition 2.9
are admissible, while { is not. It is conjectured, [6, Conjecture 2.4.2] that e and * are
essentially the only admissible x-operations on Hgff(n).

It is clear that a representation M of Hgﬁ(n) is unitary in the sense of Definition 2.5
if and only if it is f-unitary in the sense of [6]. Representations that are *-unitary and
e-unitary have been studied in loc. cit., where they are shown to be related to unitary
representations of general linear groups over p-adic fields. Note that both e and * commute
with the action of q, while  does not. Nevertheless, the x-operations e and 1 are closely
related, as witnessed by the following result.

Proposition 2.11. The map ¢ defined on generators by (T;) = T[l,L(XZ-) = X[l and
t(q) =q~ ! extends to a C-linear involutive algebra automorphism of Hgff(n). Moreover,

tot=e="7ou.

Remark 2.12. From the formulas, it may seem that ¢ and { coincide. Note, however,
that ¢ is an automorphism while T is an anti-automorphism. Also, ¢ is C-linear while 1 is
conjugate-linear.

Proof. That ¢ defines a C-linear involutive algebra automorphism is easy to check from
the relations on Hgff(n). Since ¢ is C-linear while t is conjugate linear, both compositions
tof and fo: are conjugate linear. Also, since ¢ is an automorphism while T is an
antiautomorphism, both tot and {o¢ are antiautomorphisms. Thus, it suffices to check
the equality ot = e =1to. on generators T;, X; and q.

L(TJ) = L(Ti_l) =T;= Ti.aL(XiT) = L(Xi_l) =X;= Xi.aL(qT) = L(qil) =q=q°
T = () =T =T (X)) = (X, ) =X =X (@) = (a7 ) =q=0¢",
and the result follows. O

We remark, however, that we do not obtain an equivalence between categories of
t-unitary and e-unitary representations. To do this, we must find an automorphism ¢
of ’Hf;ff(n) satisfying potop~! = e. It is unlikely that such an automorphism exists,
at least in the algebraic setting. Roughly speaking, if an irreducible representation is
t-unitary, then we must have that q acts by a complex number of norm 1 while, if a
representation is e-unitary then q must act by a real number. It is possible that one may
obtain equivalences between f-unitary and e-unitary representations by working with
representations of the formal affine Hecke algebra [35] so that we can take exponential
and logarithms of the variable & (that should be thought of as log(q)), but we do not do
it here.

2.4. Unitary representations are calibrated

We go back to the setting of R = C. Moreover, throughout this section, we let ¢ € C* be
in the unit circle. Let us recall the following important notion from the representation
theory of affine Hecke algebras [46].
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Definition 2.13. A 72 (n)-representation M is called calibrated if the Jucys-Murphy
subalgebra A acts semisimply on M.

Lemma 2.14. Let M be a unitary and finite-dimensional ’H;ff(n)—module. Then M is
semisimple and calibrated.

Proof. Let N C M be an ’Hgff—submodule of M. It is immediate to see that the Hermitian
orthogonal N+ is a complement to N in M. Thus, every submodule of M splits. The
proof of semisimplicity for the A-action is the same, after observing that { preserves the

Jucys-Murphy subalgebra. O
For a 12 (n)-module and a vector a= (ay, ...,a,) € (C*)", we define the a-weight space
to be

My :={me M| X;m=aymfor everyi=1,...,n}.
Thus, every unitary ’Hgff(n)—module is the direct sum of its weight spaces.

Lemma 2.15. Let M be unitary, with invariant Hermitian form (-,-). Then,

(1) My =0 unless |ar|=---=la,| =1.
(2) M, is orthogonal to My, whenever b # a.

Proof. Statement (1) is clear; see, for example, Remark 2.7. To prove (2), assume that
both M, and My, are both nonzero; let my € My, ms € My, and i such that a; # b;. Then,

a;(my,ma) = (X;m1,ma) = (my, X, 'ma) = b (my,ma).

Since a; # b; and, by (1), |a;| = |b;| = 1, we obtain @; # b; *. Thus, we have (m,ms) =0,
as required. O

2.5. When are calibrated representations unitary?

The purpose of this section is to obtain necessary and sufficient conditions for a calibrated
representation to be unitary. We have seen one condition a calibrated representation must
satisfy in order to be unitary: All the weights appearing in it must have values in the unit
circle. This necessary condition is, however, not sufficient. To obtain a complete answer,
we must first recall the classification of irreducible calibrated representations in terms of
the weights that appear in them. This is from [46], and we follow loc. cit closely.

Definition 2.16 [46]. We say that a weight a = (ay,...,a,) € (C*)" is calibrated if the
following condition holds:

For every i < j such that a; = aj,qai,qflai €{ait1,...,a;-1}.

Since we are assuming that ¢ # +1 note, in particular, that if a is a calibrated weight,
then a; # a;q1, a; # a; o for every i. We denote by ¢ C (C*)™ the set of all calibrated
weights.
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For a calibrated weight a € ¢ we say that s; = (i,i +1) € S,, is an admissible
transposition if a; 11 # ¢ a;. Note that, if s; is an admissible transposition, then s;a € €2,

Definition 2.17. Define the equivalence relation ~ on €* by saying that a ~ b if a can
be reached from b by applying a sequence of admissible transpositions.

The following result is due to Ram, [46]. It can be thought of as asserting the existence
of a Young seminormal form for calibrated representations.

Theorem 2.18. Let [a] € €*/ ~ be an equivalence class. Then, there exists an irreducible
calibrated module My, whose weights are precisely [a]. More precisely, M has a basis wp,
b € [a], and the action of Hzﬁ(n) is given as follows:

bit1(q— ow

bi+1 - bz

+ (1 - 5qbi,bi+1)(1 - 5q’1bi,bi+1) |:—C] +

Xiwp = bjwp, Tiwy =

bir1(g—1)
bit1—b; sib»

where we define wg,, =0 if s; is not an admissible transposition for b. Moreover, every
irreducible calibrated module is of the form M for a unique equivalence class [a] €
¢aff /.

We will characterize the calibrated weights a for which M, is indeed unitary.
Since every unitary representation is semisimple, this would give us all the unitary
representations of ’H;ff(n). First, we have seen in Lemma 2.15 that a necessary condition
is that a € (S1)", where S* C C is the unit circle. Note that Theorem 2.18 tells us that
every weight space in M, is one-dimensional and, as we have seen in Lemma 2.15,
different weight spaces must be orthogonal under an invariant, positive-definite Hermitian
form.

So let (-,-) be an invariant, nondegenerate Hermitian form on My, and assume that
ac (SY)". By [51, Proposition 4.5.4], such a form exists. By our discussion in the previous
paragraph, there exist numbers Ay, € R, b € [a] such that

(wp, W) = Apdb,b, (2.19)

and our job is to find conditions on [a] guaranteeing that all numbers Ay, can be chosen
to have the same sign. We separate in several cases, and we make heavy use of the Young
seminormal form of Theorem 2.18.

Case 1. b’ # b, s;b. In this case, we have (Tjwp,wy) = (wp, T} *wps) = 0.

Case 2. b’ =b. In which case,

b; q—1
(T ) = Ay 5220550

On the other hand, since T;l = q (T, +1—q) then, using the fact that g=¢ !, b1 =

b;_s_l1 and b; = 6;17 we have that
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(wo, T} wyp) = q(wp, (T; +1 - q)wp)
_ i 1)
=qAp |: b+_'1_1q b; + (1 - ):|

i+1—b

— Ay, bit1(1—q)

bi—bit1
== <Ewb7wb>-

Case 3. b’ = s;b. Since in this case s;b is defined, we have that b, # ¢q*'b;, so

bi — bi—b;
(Tiwn,wa) = Aup (—a+ 52150 ) = A (P55,

bit1

On the other hand,

—1

(wp, T; " ws,b) = q{wp, Tiws,b)
_ b (q 1)
- b —bit1

[t

bi—bit1

_ i+1—qbs

= 4o [ bi—bit1 }

_ bz_qb'H»l

— A, (ﬁl_bi .

And we see that, if the form (-,-) is to be H;ff(n)—invariant, we must have

As, b; — qb; — (b /b
b _ qYi4+1 _ q ( / +1) ’ (220)
Ab  gbi—qbiv1 1—q(bi/bit1)

and, if the form (-,-) is to be positive-definite, we must have A;,p/Ap > 0 (note that

manifestly Ag,/Ap € R, as needed). Set 2 = b;/b; 1. Now,
v (-7 R -R()
1—qx [1—qx|? |1 —qx|?

50 As,b/Ap >0 if and only if R(b; /biy1) < R(q), where (z) denotes the real part of z € C.

So, assume that every b € [a] satisfies that R(b;+1/b;) < R(q) for every pair b;,b;11
with b;/b;y1 # 1,¢T1. Start with any b € [a]. Any other b’ € [a] is reachable from b by a

sequence of admissible transpositions. We declare (wp,wp) = 1. By [51, Proposition 4.5.4],
there is an invariant Hermitian form on Mg satisfying this, and we can see that we have:

)

q(sit—l s Silb)ir‘rl B (Sit—l ce Silb)it
(Sit71 s Silb)irH - Q<5it71 cee silb)it

<wsit...s,~1bywsit...silb> —

<w$7',t,1--~8i1b7w3it,1---8i1b>'
We have arrived at the following result.

Theorem 2.21. An irreducible Hgff(n)—module M is unitary if and only if there exists a
calibrated weight a = (ay,...,a,) € € satisfying the following conditions.
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(1) ae (SH)", ie., |ai| =1 for everyi=1,...,n.
(2) For every b € [a] and every i,i+1, R(b;/bi+1) < R(q).
(3) M= M[a]'

The following easy lemma will be useful in the future.

Lemma 2.22. Leta=(ay,...,a,) € € be a calibrated weight such that |a;| =1 for every
i and R(a;/a;) < RN(q) whenever a; # aj. Then My is unitary.

Proof. We need to check that the class [a] satisfies (2) of Theorem 2.21. Since every
weight in [a] can be obtained by applying transpositions to a, this is immediate. O

We now focus on representations that factor through a fixed cyclotomic quotient of

Ha (n).

2.6. Unitary modules for the cyclotomic Hecke algebra

Now, we seek to classify unitary representations of the cyclotomic Hecke algebras:
' (n)

—

(ITiza X1 — Qi)

We may and will assume that all complex numbers ¢,Q1,...,Q¢ live in the unit circle.

Similarly to the case of the finite Hecke algebra H,(n), we can see that if M is a calibrated

representation of Hy g,....0,(n) and a is a weight of M, then, for every i =1,...,n there

exist j €1,...,¢ and m; € Z such that a; = @ ;¢"¢. This implies the following result, which
is Theorem A from the introduction.

He,Q1,...Q0 (1) =

Lemma 2.23. Assume that q = exp(2myv/—1/¢e) for some e > 2 and that there exist
S1,...,80 € Z such that Q; = ¢% for everyi=1,...,L. Then, a Hq q,,...,0,(n)-representation
is unitary if and only if it is calibrated.

Proof. Under the assumptions of the lemma, if a is a weight of a calibrated represen-
tation, then every coordinate of a is a power of ¢. Since R(q°) < R(q) unless ¢* = 1, the
result follows from Lemma 2.22. O

The parameters ¢,Q1,...,Q¢ of the form appearing in Lemma 2.23 are the most
interesting ones from a representation-theoretic point of view. They are those for which
the representation theory of the algebra H, g,,....0,(n) cannot be broken up into smaller
pieces. More precisely, let us define an equivalence relation on the set of parameters
Q1,...,Q¢ by declaring Q; ~ Q; if Q;/Q); is an integral power of ¢. Let &i,...,& be the
different equivalence classes. Thanks to work of Dipper and Mathas (see, e.g., [2, Theorem
13.30]), we have a category equivalence

k
My 01,...,Q,(n)-mod = @ ®7{q75i(ni)—mod, (2.24)

ny+tng=n i=1
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where Hy ¢, = anQa17~~-»Qa]~ if & ={Qa,,...,Qq, }. Since we are interested in irreducible,
unitary representations, it is enough to restrict to a single direct summand on the right-
hand side of equation (2.24).

It follows from the crystal-theoretic characterization of calibrated representations (see
Theorem 4.4 below) that a representation ®f:1 M; of ®f:1 Hq,e;(n;) is calibrated if
and only if each tensor factor M; is a calibrated representation of H, g, (n;). Similarly,
if ®f:1 M; is unitary, then M, is a unitary representation of Hg g, (n;) for every i
The converse, however, is not true. For example, in the most generic case when each
equivalence class &; consists of a single element, a representation

k k
®D(/\i) € ®'H,q,Qi (n;)-mod

i=1 i=1
is unitary if and only if D(A;) is a unitary representation of H, g, (n:) = Hy(n,;) and, for
1#£7, %(QiQ]flq“_b) < R(q), where a ranges over the contents of all boxes in the partition
Ai, and b ranges over the contents of all boxes in the partition A;.

Remark 2.25. More generally, in the notation of [45], the partition of {Q1,...,Q¢} into
different equivalence classes induces a partition on a weight of a calibrated representation
into pages. Different pages do not interact, so a representation @ M; of Hg 0,.....0,(n)
is unitary if and only if each M; is a unitary for every ¢ and R(a;/a;) < R(q), whenever
aj,a; are components of the weight a corresponding to different pages.

Since checking the condition on Remark 2.25 quickly becomes unwieldy when there
are many pages, we will restrict our attention to cyclotomic Hecke algebras of the form
stated in Lemma 2.23. We remark, however, that, thanks to the decomposition (2.24),
many of the results we prove for unitary representations, including the construction
of BGG resolutions, can be extended to the general setting. For a fixed parameter
q,Q1,--.,Q¢ of the cyclotomic Hecke algebra, we will find all the ¢-partitions labelling
unitary representations. We define this set in Section 3 and prove that it indeed labels
the unitary representations in Section 4.

3. The set of multipartitions Cali®*(¢)

3.1. The right border multiset of an /-partition with respect to an /-charge

We define the right border multiset B$(X) of A with respect to the charge s to be the
collection of integers co®(b) for each b the last box of a row of A, with multiplicities. As
in writing partitions, we will record right border multisets using exponential notation,
that is, if XA has m rows whose last boxes b satisfy co®(b) = a, then we will write BS(\) =

{..;a™...}.

Example 3.1. Let /=3, A= ((22),(2),(3,2)), and s = (0,1,4). Then BS(X\) = {6,4,2,1,0}
(see Figure 2 for a visualisation). In this example, BS(A) is multiplicity-free.

If /=1 so that A is a single partition A and s € Z, then B*()) is always multiplicity-free.
However, for ¢-partitions with ¢ > 1 this need not be the case as the next example shows.
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o[1] [1L][2] [4]5]6 o|1] [1]2] |4]5]6
-1 3]4 -1]0 1| [3]4
-1 2

Figure 2. The 3-partitions from Examples 3.1 and 3.2 together with their contents. We have highlighted
the boxes at the end of each row in the Young diagram of A.

Example 3.2. Let ¢ =3, XA = ((2?),(2%1),(3,2,1)), and s = (0,1,4). Then BS(A) =
{6,4,22,12,0,-1}.

We define the reading word of B5(\) to be the sequence of integers given by listing the
elements of B*1(\!) in increasing order, then the elements of B*2(\?) in increasing order
and so on. Thus, the reading word is a preferred order of listing the elements of BS(A).
Let w = (aj,as,...,an) be the reading word of BS(A) (here, h is the number of rows of A).
We say that w is increasing if a1 < as <... < ap. In Example 3.1, the reading word is
(0,1,2,4,6) and is increasing. In Example 3.2, the reading word is (0,1, — 1,1,2,2,4,6) and
is not increasing.

3.2. The set Cali*(¢)

We now define a set of multipartitions that, as we will see below in Theorem 4.5, provides
a combinatorial description of the calibrated irreducible representations of an appropriate
cyclotomic Hecke algebra.

Definition 3.3. Fix e > 2. Let s € Z¢ be a cylindrical charge. Define Cali®(¢) to be the
set of all /-partitions A satisfying the following conditions:

(1) (a) B5(A) C[z,2+e—1] for some z € Z (in which case we say that it has period at
most e);

(b) The reading word of B(\) is increasing;
(2) A is cylindrical in the sense of Definition 1.16 (2).

It is immediate that A € Cali®(¢) implies that A is FLOTW; see Definition 1.16.

In the case that X satisfies Definition 3.3(1), it is easy to check whether X is cylindrical.
Given A = (ALAZ... X9, if M # (), then define bfnin to be the box of smallest content
in M. That is, b’ is the leftmost box of the bottom row of A. For each j=1,...,¢
such that M # 0, let h; be the number of nonzero rows of M. For A # ), we have
COS(bj ):*hj+1+5j-

min

Lemma 3.4. Suppose s € Z* is cylindrical and X satisfies Definition 3.3(1). Then X is
cylindrical, and thus X € Cali®(¢), if and only if the following two conditions hold:

(1) For each j=2,....0, if N # 0, then we have s;_1 < cos(bj

min)'

(2) Let j € {1,2,...,0} be minimal such that X # 0. Then sy < co®(b’ . ) +e.

Proof. First, we show that any A satisfying (1) and (2) is cylindrical. We have that (1)
holds if and only if —s; > —co®(b/11) = hj 1 —1—s;11, if and only if 5,1 —s; > hj1— 1.

min
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Thus, (1) holds if and only if for all k> 1 we have i1, =0, which is 1.16(2)(a). If
A' =0, then it automatically holds that A\j, > AL, ., _,, for all k> 1, that is, 1.16(2)(b)

holds. So assume A! # (). Then (2) holds if and only if s, < —h; +1+ 51 + e if and only if
hy < e+s1—sg, implying that Aj ., ., =0 for all k> 1. Thus, 1.16(2)(b) holds.

For the converse, suppose that A is cylindrical. Suppose j € {1,...,£ — 1} such that
NTL £ (). To verify condition (1), we need to show that h;i1 < sj41 —s;. Suppose not,
then there exists £ > 1 such that hj 1 =s;j11 —s; + k. Definition 1.16(2)(a) tells us that

ML=

J+1 sj+1—s;+k < >\‘17€ < )\jl

Since B®() is increasing, the charged content of the rightmost box of the bottom row of
M1 is greater than the charged content of the rightmost box of the top row of A7. This
yields the inequality:

J o Jj+1 R S b o
)\1 +SJ 1< )\hj+1 +SJ+1 h]+1 = )\hj+1

j+1
841 = (Sj41—8+k) S N7 4851
giving )\{ < )\ij'jl, a contradiction.
Next, we verify condition (2) by a similar argument. If A\! = (), then using that s is
cylindrical together with condition (1) that was just proved, we have sy < s1+e <s;_1+

e < co®(b’ . )+e, where j > 2 is minimal such that A/ # (). So we can assume j = 1, that
is, Al # (). We want to show that s, < coS(bl. ). We have coS(bl. )= —h;+1+s1+e, so

we need to show that hy < s — sy +e. Suppose not, then we can write hy =s1 —sp+e+k
for some k > 1. By the assumption that X is FLOTW, we have A{ > A1, .., ., > A} >0.
Thus, A\’ # (). On the other hand, by the assumption that X\ satisfies Definition 3.3(1), it
holds that the largest element of BS(A) is less than the smallest element of B%(A) plus e.
Thus, \{ +s,—1< )\}Ll —hi+s1+e. But )\,111 —hi+s1+e= )\,111 —(s1—s¢t+e+k)+s1+e=
)\}Ll +si—k< )\}Ll +s¢—1. So we get )\f{ < )\,111, a contradiction with )\{ > )\,111 that followed
above from A being FLOTW. This concludes the proof. O

Corollary 3.5. If XA € Cali®({), then h(X) is s-admissible.

Proof. Conditions (1) and (2) of 3.4 together with the condition that BS(\) C [z,z+e—1]
implies that A(A) is s-admissible. O

Example 3.6. Let £ =3 and X = ((2%),(2),(3,2)) and s = (0,1,4) as in Example 3.1.
Suppose e > 7. Then s = (0,1,4) is FLOTW. We have B$(\) ={0,1,2,4,6} C [0,e— 1], and
the reading word is (0,1,2,4,6), which is increasing. Thus, Definition 3.3(1) is satisfied.
To check that A is cylindrical we apply Lemma 3.4. We have s; =0 < 1 = co®(bZ,,)
and sp =1 < 3 =co%(b3,), verifying Condition (1) of Lemma 3.4. Also, s3 =4 <6 <
—1+e=co%(bl;,)+e, verifying Condition (2) of Lemma 3.4. Therefore, A is cylindrical,
and A € Cali®(3).

3.3. Multiplicity-free right border sets and semi-infinite Young diagrams

Let Z C Z be a finite subset of the integers. Write Z = {ij, < ip_1 <... <iy < i1}. We
define the semi-infinite Young diagram with right border set I to be the set of boxes

b= (z,y), 1 <z <h and y <i,+=z, and we denote it by Y (Z). We will think of = as the
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=
=

Figure 8. The diagram ?(I) as in Example 3.7 and its truncation at the column whose topmost box has
content 0 to obtain the Young diagram of A = (7,6,5%).

o $1

o s1 i

Figure 4. Illustration of the first step of producing a calibrated multipartition from a semi-infinite Young
diagram.

row and y as the column and will draw the rows as descending as in our convention for
ordinary Young diagrams. The content of a box b= (z,y) € Y(Z) is coZ(b) :=y —z.

Example 3.7. Suppose Z ={0,1,2,4,6}. This determines Y (Z) as in the leftmost diagram
in Figure 3. Truncating at the column whose topmost box has content 0, we obtain the
Young diagram of A = (7,6,5%) with charge 0 as depicted in the rightmost diagram in
Figure 3.

Fix Z={i1,...,in} C Z and some e € N such that e > i, —i;, and e > h. In Example 3.7,
we may take any e > 7. For any ¢ > 1, we will construct a particular set of charged ¢-
partitions A with cylindrical charge s and such that B$(A) =Z. First, we choose s; € Z
such that s; <i,. Then, we choose a box by = (x1,y1) € }7(1) such that co?(b) = s;. Thus,
by lies on or to the left of the northwest-southeast diagonal ending at the bottom-right
box of the diagram Y (Z). The box by will be the top left corner of AL. We then take A!
to be the partition consisting of all boxes in ?(I) below and to the right of b;. That is:

We then mark the boxes in Y (Z) of content v, where o = co® (bL . ). Here, bl is the
bottom-leftmost box of A!, its box of smallest content. A choice of s; and b is illustrated
schematically in Figure 4 below, with ij, and « also indicated.

If by is in the top row of ?(I), then we stop here: We have constructed a charged
L-partition with right border 7 as above. Otherwise, we go to the next step. We choose

some $o such that s; < sa < a+e. Observe that since Y(Z) has less than e rows, this
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a S1 S2|83 S4 i1 ‘
a S1 s2s3 S4 72
o S1 S2(83 S4 3
a S1 82|83 S4
o $1 S2 |83 S4
a $1 s2|83 S4
a S1 82|83 S4
o S1 s2|83
a s1 So |83 i

Figure 5. Constructing a charged 4-partition in Cali®(4) with a given border set {i1,%2,i3,...,ip}.

is always possible. On the diagonal of boxes with content sy, we pick a box by = (z2,y2)
such that co(bg) = s9, 9 < x1, and yo > y1. If s5 = a+e— 1, then we require that xo =1,
that is, that by is in the top row. We then take the partition A% to consist of those boxes
of ?(I) lying below and right of by and strictly above A':

A2 = {b=(z,y) € }N/(I) |z <z <21,y>Y2}

If x5 # 1, that is, if by is not in the top row of the diagram, then we continue the
process with step 3 choosing s3 and A3.. At step i of this process, which occurs if b;_;
is not in the top row of Y (Z), we choose s; such that s;_1 < s; < a+e, and we choose
b; = (z;,y;) € Y(I) satistying co(b;) = s;, x; < x;—1, and y; > y;—1. We require that z; =1
if s; = a+e—1. We then define \¢ as

N={b=(z,y) YD) |w; <x<wii1,y>yi}.

The process terminates after ¢ < h steps since ?(I) has h rows, and each step chooses

a box b; in a row above the row containing b;_;. We take A = (A1, A2,... \) and s =
(s1,82,...,5¢). Then s satisfies s1 < 59 <... < sy < a+e < s1+e sois cylindric, and each
M is nonempty, 1 < j < /4.

The result of constructing (', A7, A% ... 0\), (5 1,50,85,...,5) for £ =4 from the semi-

infinite Young diagram of some Z = {iy,...,i5} C Z is depicted schematically in Figure 5
below. The partitions must be stacked in such a way that they make a staircase shape.

For X € Cali®(¢), removing all empty components X = {) yields a charged m-partition
obtained from Y (Z) by the procedure of Section 3.3 with Z = B$(A) and where
m = {—#{N = 0}. Conversely, for a given Z C Z such that Z C [z,z+e—1] for some z
and |Z| < e, we can start from some A € Cali®(¢) produced from Y (Z), then insert empty
components to obtain some p € Cali® ("), ¢' > ¢, with cylindrical charge s’ € Z* such
that {s1,...,8¢} C{s1/,...,8¢}. The components of the charge for the empty components
must be chosen so that the ¢-partition remains cylindrical, that is, by respecting the
conditions in Lemma 3.4.

Example 3.8. Let =3, s=(0,1,4) and A = ((22),(2),(3,2)) as in Example 3.1. Suppose
e > 7. Then A € Cali®*(3), as was shown in Example 3.6. We can construct A with charge
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-1{0]1 314|5|6
-110)1(12(3|4
-110(1(2

-110]1
-110

Figure 6. Realizing A = ((22),(2),(3,2)) € Cali(®%14)(3) inside the semi-infinite Young diagram associated
to its border set {0,1,2,4,6}.

4]5]6] 4[576
34 34
1]2 1]2
1 1
1] 0 -1]0

Figure 7. The diagram for X = ((22),(2),(3,2)) for s = (0,1,4) and the skew-shape obtained by ‘forgetting
components’.

s from )7({0,1,2,4,6}) as depicted in Figure 6. Then by inserting empty components
following the conditions of Lemma 3.4 on their charges, we can, for example, obtain a
6-partition p € Cali® (6) having three nonempty components by taking s’ = (—2,0,1,2,2,4)
and p = (0,(2%),(2),0,0,(3,2)).

More generally, suppose that, upon removing all empty components from a
charged /f-partition A with some /¢-charge s for some ¢ > 3, we get the 3-partition
((22),(2),(3,2)) with charge (0,1,4) as pictured above. Then X € Cali®(¢) if and only if
A = (@a_z7(22)7@ao’(2)’@a1+a2’(3’2)’@a47@a5) and s = (_Qa_2’01+ao711+a1’2a2’41+a475a5)
for some a_z,ap,a1,02,04,a5 € Z>g, where as and a_p cannot both be nonzero. Here,
we have used exponential notation. For example, taking ag =a; =as =1, a5 =2, and
ay =a_o =0 we get that A = ((22),0,(2),0,0,(3,2),0,0) € Cali*(8) for s = (0,0,1,1,2,4,5,5).

3.4. Skew shapes

From now on, when we talk about the Young diagram of A € Cali®*(¢), we will mean the
embedding of the Young diagram of X in ?(BS()\)) given by stacking the M’s so that their
right borders make up the right border of ¥ (B*(A)). We now jettison the semi-infinite
blank region to the left of the A\/’s to obtain a diagram as in the leftmost depicted in
Figure 7.

Convention 3.9. We will write Y3(X) for the Young diagram of A € Cali®*(¢) stacked as
in the leftmost diagram in Figure 7.

Suppose X € Cali®(¢). If we ‘forget components’ in its Young diagram YS(A), we get a

skew partition. In the picture of the Young diagram of the charged 3-partition above,
simply forget the different colors. In Example 3.8, the skew partition associated to Y*(A)
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4[5]6] 4[5]6] 4]5]6] 4[5]6] 4[5]6] 4]5]6] 4[5]6] 4[5]6

3[4] 3[4] 3[4] 3[4] 3[4] 3[4 3[4] 3]4]
1]2 1[2 1]2 1(2 1]2 1]2 1[2 1[2
0[1] 01| 0[1] 01 01| 0[1] 01 01|
-1[0] -1[0] 1[0 -1[0 -1[0] 1[0 -1[0 -1[0]

Figure 8. The eight possible ways of breaking a fixed skew shape into charged multipartitions with
cylindric charge. The first two are A = ((23),(3,2)) for s = (1,4) and X = ((22),(2),(3,2)) for s = (0,1,4).
The rest are left for the reader. Notice that the multipartitions all have 2 < ¢ < 5 components.

has a Young diagram given by the region shown in the rightmost diagram in Figure 7
(remembering the contents of the boxes).

Suppose that every component M of A is nonempty. Then we may interpret Defini-
tion 3.3 as saying that when we express Y5(A) as u\ v for some partitions pu and v,
then p and v both belong to Cali(1). By [50], p € Cali(1) if and only if the irreducible
representation S, of the finite Hecke algebra H,(S,,) for ¢ = exp(27i/e) is calibrated. By
[45], the calibrated representations of the affine Hecke algebra ﬁq(Sn) for generic values
of ¢ are labelled by skew Young diagrams g\ v. The condition for an ¢-partition to be
in A € Cali®(¢) thus arises as the intersection of two combinatorial conditions: on the one
hand, the skew shape condition identifying calibrated representations of the affine type A
Hecke algebra for ¢ not a root of unity; and on the other hand, the condition identifying
calibrated representations of the finite type A Hecke algebra for ¢ = exp(2mi/e), applied to
the left and right borders of the skew shape. Now, if we further allow A to contain empty
components M = (), then we just need to fine tune this description by the conditions on
the charges of these empty components given by Definition 1.16 and Lemma 3.4. These
extra conditions on where the empty components may occur and with what charge make
sure that the resulting charge s and ¢-partition A remain cylindrical.

Remark 3.10. We remark that a single skew diagram can often be broken into many
different charged multipartitions in an intuitive fashion. This is illustrated in Figure 8.

To finish this section, we relate our constructions to the crystal operators é;
of Section 1.2.

Lemma 3.11. Fiz e > 2 and a cylindrical charge s € Z'. The g[e-crystal operators €;,
i € Z/eZ, preserve the set of (-partitions satisfying Definition 3.3(1).

Proof. Let A be an /-partition and s € Z* such that A satisfies Definition 3.3(1). Then
BS(\) contains at most one element of residue i for each i € Z/eZ. The set {co%(b) |
bis a removable box of A} is a subset of BS(A). Thus A has at most one removable
i-box for each i € Z/eZ. Suppose i € Z/eZ such that é;(A) # 0. Then A has exactly one
removable i-box, call it b. We have co®(b) € BS(A).

4 .
We claim that co®(b) — 1 ¢ B3(X). Observe that BS(A) = |J B% (\’). Let us check that
j=1
co®(b) — 1 ¢ B% (M) for each j =1,...,0. Let j(b) € {1,...,£} be the integer such that
be M® that is, j(b) is the component of A containing the box b. Since b is a removable
box of M®) co®(b) —1 ¢ B (N). If j(b) < j < £, then x € B% (\) implies 2 > co®(b) by
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Definition 3.3(1)(b), so co®(b) — 1 ¢ B (\?) for all j > j(b). Suppose there exists j < j(b)
such that co®(b) —1 € B%(\). Then co®(b) — 1 must be the maximal element of B (\7)
and co®(b) the minimal element of B%® (M (®)) (and for any j < k < j(b) we must have
A = () in order that Definition 3.3(1)(b) be satisfied. Thus, co®(b) — 1 is the charged
content of the last box in the top row of A?. The top row of any partition always has an
addable box. Therefore, A7 has an addable box of charged content co®(b) = imod e. Since
b is the only removable i-box in A and j(b) > j, the i-word of A contains the subword
—+. Tt follows that b is not good removable, contradicting the assumption that &;(X) # 0.

Since co®(b) — 1 ¢ BS(A), it follows that the reading word of BS(é;(A)) = (BS(A)\
{co®(b)})U{co®(b) — 1} is increasing. This verifies Definition 3.3(1)(b) for €;(\). Definition
3.3(1)(a) holds automatically for &;(A) unless co®(b)+e—1 € BS(A). But if co®(b)+e—1€
BS(A), then it follows from Definition 3.3(1)(a),(b) that co®(b) +e—1 is the charged
content of the last box in the top row of M for j > j(b) such that \¥ =@ for all j <k < /.
Then A\ has an addable box of content co®(b) +e = imod e, and so (as in the previous
paragraph) b is not a good removable i-box, contradicting the assumption that é;(X) # 0.
We conclude that Definition 3.3(1) holds for &;(\). O

4. Calibrated representations of cyclotomic Hecke algebras at roots of unity

4.1. Irreducible representations of cyclotomic Hecke algebras at roots of unity

Recall that the cyclotomic Hecke algebra (or Ariki-Koike algebra) is the following quotient
of the affine Hecke algebra:

My (n)
(ITizy X1 - @)
Fix e > 2, £>1, and s € Z*. Set q = exp(27i/e) and Q; = ¢*. For such a choice of

parameters (sometimes called ‘integral parameters’ in the literature), we will denote
Mg,Q1,...,Qc (n) by He,s(n)'

Theorem 4.1. Fiz ¢ > 2 and s € Z¢. Thg irreduciblfz representations of He,s(n) are
labelled by the L-partitions of the form X= f; fi. ... fi, [i,D for some iy,...1, € Z/eZ.

,Hq,an-.:Qz (n> =

In the case that s is a cylindrical charge (see Definition 1.1), Foda, Leclerc, Okado, Thibon
and Welsh gave a closed-form description of these ¢-partitions. Recall the definition of
the set of FLOTW {-partitions (Definition 1.16).

Theorem 4.2 [27]. Let e >2, and let s € Z* be a cylindrical charge. Then the irreducible
representations of He,s(n) are labelled by the FLOTW (-partitions of size n.

The goal of this section is to give the analogous closed-form description of the
(-partitions labelling the irreducible calibrated representations of H, s(n) by the set of
L-partitions Cali®(¢) (see Definition 3.3). First, we will need the following lemma, which
uses Theorem 4.2.

~

Lemma 4.3. The sl.-crystal operators €; that remove boxes, i € Z/eZ, preserve the set

Cali®*(¥).
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Proof. Let A € Cali®(¢). By Lemma 3.11, it holds that &;(\) satisfies Definition 3.3(1) for
all i € Z/eZ such that &;(X) #0. Any X € Cali®(¢) is FLOTW. By Theorems 4.2 and 4.1,
then é;(\) is also FLOTW for all ¢ € Z/eZ such that é;(A) # 0. In particular, é;(\) is
cylindrical, and Definition 3.3(2) holds for &;(\). Therefore é;(X) € Cali®(¢). O

The analogue of Theorem 4.1 for the irreducible calibrated representations of H, s(n)

o~

identifies the /-partitions labelling them in terms of certain paths in the sl.-crystal.

Theorem 4.4 [34]. Let e > 2, and let s € Z*. The irreducible calibrated representations
of He,s(n) are labelled by the (-partitions of the form A= fi fi, ... fi, i@ such that
ij#4;+1 forall j=1,...,n—1 in any such expression for A.

That is, we consider all possible ways to build up a FLOTW /{-partition A from the
empty (-partition @ by adding one box at a time such that, at each step, the box we add
is the good addable box for its residue. The theorem says that if A labels an irreducible
calibrated representation, then in all such sequences building up A one box at a time, we
never add an i-box immediately followed by another i-box.

We now arrive at the main result of this section, which is the analog of Theorem 4.2
for calibrated representations.

Theorem 4.5. Let e > 2, and let s € Z° be a cylindrical charge. Then the irreducible
calibrated representations of Hes(n) are labelled by the -partitions in Cali®(€) of size n.

Proof. We will prove the statement by induction on n. The base case is n = 1. By
Theorem 4.4, if |A] =1, then X labels an irreducible calibrated representation if and
only if X is FLOTW. By Definition 1.16 and Lemma 3.4, if |A| =1, then X € Cali®(¢) if
and only if A is FLOTW.

Now, suppose by induction that, for all FLOTW /{-partitions A of n, it holds that A
labels an irreducible calibrated representation of H s(n) if and only if X € Cali*(¢).

First, we will show that any {-partition of size n+1 in Cali®*(¢) labels an irreducible
calibrated representation of H, s(n+1). Suppose that p € Cali®(¢) and || =n+1. Then
p is FLOTW, so by Theorems 4.1 and 4.2, pu = finﬂfin . ﬂzﬂ-l@ for some i1,...,in41 €
Z/eZ. We must show that every such expression satisfies iy # ix41 for each k=1,...,n.
Let i € Z/eZ such that é;(u) # 0. By Lemma 4.3, é;u € Cali*(¢). By induction, every
expression é;p = ﬁn...fi2ﬁ-1® satisfies iy # ix41 for all kK =1,...,n—1. It thus suffices
to check that i,, # . The charged contents of removable boxes of p belong to BS(u). By
Definition 3.3, B%(u) contains at most one element of residue ¢ mod e, so p has at most
one removable i-box. It follows that €;u has no removable i-box. Therefore, é;é;u =0,
implying i,, # i. We conclude using Theorem 4.4 that p labels an irreducible calibrated
representation of He s(n+1).

The remainder of the proof is dedicated to showing that if A is a FLOTW /{-partition
of size n+1 that labels an irreducible calibrated representation of H.g(n+ 1), then
A € Cali®(¢). Suppose that p is FLOTW, || =n+1, and p labels an irreducible calibrated
representation. By Theorem 4.4, for every expression g = fin o fin e fi2 fh@ it holds that
ig41 # i for all k =1,...,n. We need to show that p satisfies Definition 3.3(1). By
induction, g = f;\ for some X € Cali®(¢) and some i € Z/eZ. Either f; adds a box to
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a nonzero row of A, or ﬂ creates a new row. In the case that fz adds a box to an
already existing row, the result is forced by the induction hypothesis that A € Cali®(¢)
using arguments similar to those in the proof of Lemma 3.11. This is straightforward
to check. The work consists in dealing with the case that ﬁ adds the good i-box in a
new row of X. Thus, we suppose from now on that ﬂ adds a new row to A, that is, that
|B%(p)| = |B%(A)|+ 1. We will show that if Definition 3.3(1)(a) or Definition 3.3(1)(b) fails
for fi\ = p, then there exists an expression fzn+1fzn. f22 fhg p with ¢, =4 =141 for
some k € {1,...,n}.

First, suppose Definition 3.3(1)(a) fails, so suppose B*(u) ¢ [2,2 +e—1] for all z € Z.
Let b be the i-box added by f; to A, that is, u = f;AU{b}, and let j(b) € {1,...,£} be
such that b is a box in p7®). First, we show that co®(b) must be the smallest element of
BS(p). Suppose that co®(b) is neither the smallest nor the largest element of BS(u). Since
BS(\) C [z,2+e—1] for some z € Z, this implies that BS(u) = [2,2+ e — 1] for some z € Z,
and thus co®(b) — 1 € BS(X). Then co®(b) — 1 is the content of the box of largest content
in p* for some k < j(b). But then p* has an addable box of content co®(b). It follows
that the good addable box of A is then in p*, not in ;/(®), contradicting the assumption.
Next, since A € Cali®(£), then by Lemma 3.4 we have s;;) — co®(bmin) < €, where by is
the box of smallest charged content in A. Thus, if co®(b) is the largest element of BS(u),
then B®(p) C [2,2+ e — 1] and we repeat the argument above to get a contradiction. We

conclude that co®(b) the smallest element of B%(u), and moreover (again by the same
argument), co®(b) # co®(bmax) —€+ 1.

It follows that there exists a unique w € Z such that w = co®(b) + ge for some positive
integer ¢, w—e <z <w+e for all z € BS(A) =B3%(u)\ {co®(b) }, and there is some = € BS(\)
with x > w. We observe that A cannot have an addable box of content w in one of its
nonzero rows, for if it did, then €; would have added this box rather than 6. Thus, if
w—1¢€ B%(u), it must also hold that w € B(w).

Step 1. Case (i). Suppose w —1 ¢ B%(u). Consider B%(pu) NZ>,,, and the corresponding
boxes in the right border of p that are of charged content at least w. Let r = |BS () NZ> ).
Since the reading word of BS(\) is increasing, these boxes belong to the top 7 rows of
Y*(A). We have 0 <r <e—1.If BS(u) NZ>,, = [w,w+r—1], proceed to step 2. Otherwise,
let y be the minimal element of BS(u) NZ>,,. Apply € :=€;11€,12...€y_1€, to p. This
removes a horizontal strip of y —w+1 boxes from the r’th row of Y®(u) because p =
AU{b} has no addable boxes of these residues with charged content w or greater nor does
it have any (other) removable boxes of these residues. Applylng €;€; t0 € now removes
b and the removable i-box in row r yielding v such that pu = fyfy 1. ngleflsz a
contradiction. This step of the proof is illustrated in Figure 9.

Step 1. Case (ii). Suppose w—1 € BS(u). Let w—e <y <... <xg < z1 < w be the
elements of B3(A)NZ<,. If 21 <w—1, proceed to step 2. Otherwise, let h € {1,...,t}
be minimal such that xp —1 ¢ B%(A). If 2, —1+e ¢ BS(\), then set v =¢6;_1...&;,_pu.
In Y8(\), this corresponds to removing a vertical strip consisting of the boxes lying in
the same column and strictly below the box in row r of content w. If z, —1+e € B3(A)
(which can only happen if xj is the minimal element of BS(A) and xj — 1+ e is the
maximal element of B$(A)), apply the procedure in case (i) to obtain vy from p such that
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(a) Suppose e = 12. Then A = ((122,10),(13), (13),(10,9)) € Cali*(4) for
s = (14,16,17,23). Suppose es was applied to A adding the dark-
ened box of content 15 to the bottom of 12 to yield p = &3k =
((122,10), (13, 1), (13), (10,9)). Definition 3.3(1)(a) fails for g since 15 and
32 are in B*(A) and 32—15> 11=e—1. We have w =15+ ¢ =27, and
w—1=26 ¢ B5(A), thus we apply Case (i).

37

30
29

27

1§ 25

24

21

(b) We have r = 4. The horizontal strip of boxes in row 4 with charged
content greater than w is a single box. Removing it, we obtain the
diagram shown. This is given by the crystal operator é4, since there is
no addable 4-box above or to the right in the diagram or below on the
same diagonal. We have v = ((122,10), (12,1), (13), (10,9)) = &4p.

39
30
29
26
25
24

21

(c) Now we may remove the two removable boxes of residue 3 from
v by applying es twice in a row, yielding the diagram shown. Thus
n =]~‘4f3f3((122, 10),(11),(13),(10,9)) and so u does not label a calibrated
representation.

Figure 9. Illustration of the proof of Theorem 4.5, induction step verifying that failure of Definition
3.3(1)(a) implies failure to be calibrated. Step 1, case (i).

BS(v1) NZ>y = [w,w+7r—1], and then set ¥ =¢&;_1...¢&;_p1. Since w—1 € B%(u) forced
w € B%(u) as well, we obtain v with w € BS(v) and w—1 ¢ B%(v).

Step 2. Recall that w 22 co®(b) = imod e. The f-partition v has no addable i-box in any
of its nonzero rows. It has two removable i-boxes: b and the box of content w in its
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border. Since ﬁ added the box co®(b) to A, v has no addable i-box bigger than b in an
empty row. The i-word for v is thus some number of plusses followed by ——. It follows
that €;€; removes the boxes of charged contents w and co®(b) from v. This shows that
n= fifi(éiéiu), a contradiction with the assumption that g = f;X labels a calibrated
representation. Therefore, Definition 3.3(1)(a) must hold if f;\ satisfies the condition of
Theorem 4.4.

Finally, we suppose that fi)\ # 0 satisfies the condition of Theorem 4.4 but that
Definition 3.3(1)(b) fails for f;X. The argument by contradiction is similar to the one
checking Definition 3.3(1)(a). Define b and j(b) be as above. By assumption, the reading
word of B®*(u) is not increasing, but the reading word of B®(\) is. By the previous step
of the proof, we know that the elements of B5(u) all belong to an interval [z,z 4+ e — 1] for
some z € Z. Since we are in the case that adding b creates a new row in component j(b)
and h() is s-admissible by Lemma 3.5, we have co®(b) < co®(b') for all co®(b') € B+ (u¥),
k > j(b). Thus, there must exist a box b’ € p™ = A™ for some m < j(b) such that ¥’ is
the last box in its row and co®(b) < co®(b’), and we take m to be minimal such that this
happens. Now, we remove either a horizontal strip, a vertical strip or a combination of
such from A™ by crystal operators in order to arrive at a situation where é; can be applied
twice in a row to get a nonzero ¢-partition, as in the previous part of the proof. We arrive
at that situation in the following ways depending on how the diagonal of charged content
co®(b) intersects the Young diagram of A™ in Y3(\).

First, if co®(b) < co®(?') for all boxes b’ the last in their rows in A™, then we remove
all boxes of content larger than co®(b) from the bottom row of A™. We then have two
removable boxes of residue i. These are successively good removable unless the largest
element of B%(X) has residue ¢ — 1. If the latter is the case, then we remove the topmost
vertical strip in the border of Y$(A). Then we may remove the two boxes of residue ¢ by
applying €; twice in a row.

Otherwise, i is the residue of a box in the right border ribbon of A"*. We consider
whether it occurs in an arm, a leg or a corner of this ribbon. We then remove, respectively,
the arm to its right, the leg below it or the arm and the leg below it and to its right.
In case the bottom box of the leg below it is the minimal element z of BS(A) and both
z,z+e—1¢€ B3%(X\), then again we have to remove the topmost vertical strip in the border
of Y3(A) before we can remove that leg via crystal operators é;. We then arrive again
at the situation that we may apply €; twice in a row to remove two boxes of residue .
Therefore, the irreducible representation labelled by p is not calibrated. O

5. Alcove geometries and path combinatorics

We now set about providing a homological construction of the calibrated representations
via BGG resolutions. This means understanding these simple modules in terms of the
Specht theory of the cyclotomic Hecke algebra. The homological and representation
theoretic structure of the cyclotomic Hecke algebra is governed by strong unitriangularity
properties—thus, we can understand a given calibrated simple Dg(A) in terms of the Serre
subcategory arising from the poset A = {p | > A} C Py(n). We will cast each p € A
as a point in an A-dimensional alcove geometry under the action of the affine symmetric
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group @h; the calibrated simple Dg(A) will belong to the fundamental alcove under this
action. We regard &;, as a Coxeter group, we let £: &), — N denote the corresponding
length function and we let < denote the strong Bruhat order on &,.

5.1. The alcove geometry

Set h="hy+---+hy. For each 1 <m < £ and 1 <i < hy, we let €5 m = €(hypogphpir)+i
denote a formal symbol and define an A-dimensional real vector space

EE: @ Ré‘i,m

1<m</{
1<i<h,

and Ej, to be the quotient of this space by the one-dimensional subspace spanned by
> cim:
1<m<¢

1<i<hm,

We have an inner product (, ) on E;, given by extending linearly the relations

(€i,ps€4,q) = 6i,i0p,q
forall 1 <p,g<¢,1<i<h,and 1< j<hy, where §; ; is the Kronecker delta. We identify
A € Pp(n) with an element of the integer lattice inside E;, via the map

A= > Al
1<m</{
1<i<hm
We let @ denote the root system of type Aj_;1 consisting of the roots
{eip—cjq: 0<pg <t 1<i < hy1 <j<hgwith (i,p) # (4,9)}
and @ denote the root system of type Ap,—1 % --- x Ap,_1 consisting of the roots

{eim—¢€jm:1<m<L1<i#j<hy,}

We choose A (respectively Ag) to be the set of simple roots inside ® (respectively ®¢) of
the form e, — ;41 for some ¢. Given r € Z and o € ®, we define s, . to be the reflection
which acts on E; by

Sa,re® =T — ({z,0) —T€)a.
The group generated by the s, o with o € ® (respectively a € @) is isomorphic to the
symmetric group &, (respectively to &y, := &y, x -+ x &}, ), while the group generated
by the sq,r With o € ® and r € Z is isomorphic to ém the affine Weyl group of type
Ap—1. We set ag =¢p, —e1 and II= AU{ap}. The elements S = {sq,0: a0 € A} U{sa,,—c}
generate @h.

Notation 5.1. We shall frequently find it convenient to refer to the generators in S in
terms of the elements of II and will abuse notation in two different ways. First, we will
write s, for s, 0 when oo € A and sq, for se, —e. This is unambiguous except in the

https://doi.org/10.1017/5147474802200055X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802200055X

586 C. Bowman et al.

case of the affine reflection s, _., where this notation has previously been used for the
element s, o. As the element s,, ¢ will not be referred to hereafter this should not cause
confusion. Second, we will write & =¢&; —¢e;41 in all cases; if ¢ = h, then all occurrences of
1+ 1 should be interpreted modulo h to refer to the index 1.

We shall consider a shifted action of the affine Weyl group éh on E; by the element
p:=(pe,...,p2,p1) € 7" where p,, = (SmySm— 1, s8m—hm +1) € Zhm,

that is, given an element w € @h, we set w-x = w(x+ p) — p. This shifted action induces a
well-defined action on Ej; we will define various geometric objects in Ej, in terms of this
action and denote the corresponding objects in the quotient with a bar without further
comment. We let E(«,re) denote the affine hyperplane consisting of the points

E(a,re) ={z € E}, | Sare-x =z}

Note that our assumption that e > hq +---+ hy implies that the origin does not lie on any
hyperplane. Given a hyperplane E(c,re), we remove the hyperplane from E,, to obtain two
distinct subsets E~ (a,re) and E<(a,re) where the origin lies in E<(a,re). The connected
components of

En\ (Uaea E(a,0))

are called chambers. The dominant chamber, denoted E,L is defined to be
E, = () E (a0).
aEPg

The connected components of
Eﬂ \ (Ua€¢,r€ZE(av 7“6))

are called alcoves, and any such alcove is a fundamental domain for the action of the
group éh on the set Alc of all such alcoves. We define the fundamental alcove, which we
denote by Fj, C Ep, to be the alcove containing the origin (which is inside the dominant
chamber) and we set

Fu(n) = Fan XN € By | ey Sisy A" =n}.

We have a bijection from éh to Alc given by w +—— wFj. Under this identification, Alc
inherits a right action from the right action of &;, on itself. Consider the subgroup

6@126}11X'“X6h[§éh.

The dominant chamber is a fundamental domain for the action of &, on the set of
chambers in Ej,. We let G denote the set of minimal length representatives for right
cosets GE\@h. So multiplication gives a bijection &, x G — éh. This induces a bijection
between right cosets and the alcoves in our dominant chamber.

If the intersection of a hyperplane E(qa,re) with the closure of an alcove A is generically
of codimension one in Ej,, then we call this intersection a wall of A. The fundamental
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alcove Fj, has walls corresponding to E(q,0) with oo € A together with an affine wall
E(ag, —e). We will usually just write E(«) for the walls E(«,0) (when o € A) and E(a, —e)
(when o = ). We regard each of these walls as being labelled by a distinct colour (and
assign the same colour to the corresponding element of .S). Under the action of éh each
wall of a given alcove A is in the orbit of a unique wall of 7} and thus inherits a colour
from that wall. We will sometimes use the right action of éh on Alc. Given an alcove
A and an element s € S, the alcove As is obtained by reflecting A in the wall of A with
colour corresponding to the colour of s. With this observation, it is now easy to see that if
w = S7...5; where the s; are in S, then wFj, is the alcove obtained from Fj, by successively
reflecting through the walls corresponding to s; up to s;.

5.2. Paths in the geometry

We now develop a path combinatorics inside our geometry. Given a map p: {1,...,n} —
{1,...,h}, we define points P(k) € E;, by

P(k): Z Ep(i)

1<i<k
for 1 <i <n. We define the associated path by
P = (2 =P(0),P(1),P(2),...,P(n)),

and we say that the path has shape m = P(n) € E,. We also denote this path by P =
(€p(1)s-+-Ep(n))- Given A € Ep, we let Path(X) denote the set of paths of shape A. We
define Pathy, () to be the subset of Path(A) consisting of those paths lying entirely inside
the dominant chamber, that is, those P such that P(7) is dominant for all 0 <4 <n. We
let Pathy,(n) = U)\E'@E(H)Path}i(A).

Given paths P = (gp(1),---,Ep(n)) and Q = (gq(1),---,E¢(n)), We say that P ~ Q if there
exists an a € ® and r € Z and s < n such that

En(t for1<t<s
P(s) € E(a,re) and Eq(t) = { SZ(EL(t) for s+1<t<n.

In other words, the paths P and Q agree up to some point P(s) = Q(s) which lies on
E(a,re), after which each Q(t) is obtained from P(t) by reflection in E(e,re). We extend
~ by transitivity to give an equivalence relation on paths and say that two paths in
the same equivalence class are related by a series of wall reflections of paths and given
S € Pathy,(n) we set [S] ={T € Pathy,(n) | S~ T}. Given a path P we define

res(P) = (resp(1),...,resp(n))

where resp(i) denotes the residue of the box labelled by ¢ in the tableau corresponding
to P. We have that res(P) =res(Q) is and only if P ~ Q.

Definition 5.2. Given a path S = (5(0),5(1),5(2),...,S(n)), we set deg,(S(0)) =0 and
define
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where d(S(k),S(k—1)) is defined as follows. For a € ®, we set d,(S(k),S(k—1)) to be

e +1ifS(k—1)€E(a,re) and S(k) € E<(a,re);
e —1ifS(k—1)€E>(a,re) and S(k) € E(a,re);
e (0 otherwise.

We let
deg(S)= > > da(S(k—1),S(k)).

1<k<nacd
Definition 5.3. Given two paths
P = (€i,,€is---,€i,) € Path(p) and Q= (gj,,€,...,5;,) € Path(v),
we define the naive concatenated path
PXQ = (€i1,Ein»-+1€iprEj1>E s - »Ej,) € Path(u+v).

For XA € Z,(n), we identify Pathj(X) with the set of standard A-tableaux in the
obvious manner (see [10] for more details). This identification preserves the grading.
This identification is best illustrated via an example.

Example 5.4. The tableau T; x in Example 1.10 corresponds to the path

T1,>\ = (51752,63754,85,56761,82753,85,51752,51752,51)-

5.3. The Bott—Samelson truncation and Soergel diagrammatics

We now recall the construction of an idempotent subalgebra of ,(n,s) which is
isomorphic to Elias-Williamson’s diagrammatic Hecke categories. In order to do this,
we must restrict our attention to paths labelled by (enhanced) words in the affine Weyl

group.
Definition 5.5. We will associate alcove paths to certain words in the alphabet
SU{1} ={sq |a e TU{0}},

where sy = 1. That is, we will consider words in the generators of the affine Weyl group
but enriched with explicit occurrences of the identity in these expressions. We refer to the
number of elements in such an expression (including the occurrences of the identity) as
the enhanced length of this expression. We say that an enriched word is reduced if, upon
forgetting occurrences of the identity in the expression, the resulting word is reduced.

Given a path P between points in the principal linkage class, the end point lies in
the interior of an alcove of the form w7}, for some w € éh. If we write w as a word in
our alphabet and then replace each element s, by the corresponding nonaffine reflection
Sq in &y to form the element w € &y, then the basis vectors e; are permuted by the
corresponding action of W to give eg(;), and there is an isomorphism from Eﬁ to itself
which maps Fj, to wFy such that 0 maps to w-0, coloured walls map to walls of the
same colour and each basis element &; map to ;). Under this map, we can transform
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a path Q starting at the origin to a path starting at w -0 which passes through the same
sequence of coloured walls as Q does.

Definition 5.6. Given two paths P = (¢;,,&i,,...,&:,) € Path(u) and Q = (¢j,,€5,,..-,€5,) €
Path(v) with the endpoint of P lying in some alcove wF}, we define the contertualised
concatenated path

P R Q= (5i1a5i27 e ,51',,) X (gﬁ(j1)7eﬁ(j2)7 cee ,E@(jq)) S Path(,u—|— (w . 1/))

If w=s,, we will simply write P®,, Q.

We now define the building blocks from which all of our distinguished paths will be
constructed. We first define certain integers that describe the position of the origin in our
fundamental alcove.

Definition 5.7. Given « € II, we define b, to be the distance from the origin to the
wall corresponding to o and let by = 1. Given our earlier conventions, this corresponds to

setting
behﬁ-»-+hm+i—€h[+~«+hm+i+1 =1
for m>1and 1 <i< h,,_1 and that
bshz+.,.+hm—eh,ZJr..,Jrh,erl = Sm+1—Sm — hm +1 bsh—el =e+s1—s—he+1

for m > 1. Given o, € I, we set b,z = b, +bj.

We let 8 = ((k"),(k"2),... (k")), and we note that these multipartitions always lie
in the principal linkage class. We sometimes write d, for the element &, . We can now
define our basic building blocks for paths.

Definition 5.8. Given a =¢; —¢g;41 € II, we consider the multicomposition s, -, with
all columns of length b,,, with the exception of the ith and (¢4 1)st columns, which are
of length 0 and 2b,,, respectively. We set

M, = (e1,..-,8i—1,Ei,Eix1,---,€n) and P, = (+€;),

where ~ denotes omission of a coordinate. Then our distinguished path corresponding to
Sq is given by

P, =M;b,KPY, €Path(s, -d,).
The distinguished path corresponding to @) is labelled by Py € Path(d) and is fixed to be
any choice of tableau T, 5 for which 1 <m </ is a step change. We set Py = (Pg)®. See

Figure 10.

Remark 5.9. If / is a step change, then we can take Py = (e1,£9,...,6p), and indeed this
is the path used in [10] (where it is implicitly assumed that £ is a step change). We further
remark that one can always reorder the charge s € Z* to obtain some § € Z¢ for which £
is a step change (using the trivial algebra isomorphism H.,(s) = H,(8)).

We are now ready to define our distinguished paths for general words in our alphabet.
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Figure 10. The first two diagrams are a path P, walking through an o-hyperplane and a path Pj‘fl
obtained by reflecting P, through this a-hyperplane. The final diagram is the path Py.

Definition 5.10. We now define a distinguished path P,, for each word w in our alphabet
SU{1} by induction on the enhanced length of w. If w is sy or a simple reflection s,
we have already defined the distinguished path in Definition 5.8. Otherwise, if w = s w’,
then we define

Py =Py ®q Py.

If the enriched word w is reduced, then the corresponding path P, is said to be a reduced
path.

Definition 5.11. Given «a € II, we set
P> = M;b, ®P,by = M;by @0 Py 1bo = (€1, vy +8im1, 10 +Ei1y- o5 +20) 0 B ()0

to be the path obtained by reflecting the second part of P, in the wall through which it
passes.

Given w = w's, for a € IIU{P}, we inductively define the subset of alcove-tableaus,
Pathajc (A, Py ) C Pathy (), to be those of the form

PP, or P®P’

for some P € Pathaic(p, Py ). For A € Fy, we often write Pathaio(x,Py) = Pathaic (A, Py)
if A is from the principal linkage class. We let Path]} (A,P%) C Path,c(A,P2) (and
Path]} (z,P¥) C Pathyc(z,P¥)) denote the subset of strict alcove-tableauz for which
all instances of sy occur as a prefix to the enhanced word w. We write Pathg.(z) =
UyPathac(z,Py) and Path,ic(A) = Uy Pathaie (A, Py), where the union is over all expres-
sions w for some w € &2 (and similarly for strict alcove-tableaux). We let &2, (n,s) =

{X € Py (n) | Pathac(X) # 0}. We set
Ap(n,s) := {w | P% € Path/, () for some A € 2 (n,s)},

alc

and we formally set Ap(oco,s) = &L

6. Categorification and BGG resolutions

We now introduce the graded diagrammatic algebras which provide the necessary context
for constructing our BGG resolutions. For the remainder of the paper, we assume that
e>2.
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Remark 6.1. Let e =2 and s = (s1,52,...,5¢) € Z' be cylindrical so that s = (0%,1%)
for a4 b= £. Theorem 4.5 implies that there are either one or two unitary/calibrated
representations; these are labelled by A = ((n),@+t*~!) and A = (2%,(n),2"~!). For such
a A, we have that Ss(X) = Dg(A) is one-dimensional and so will not be of interest in what
follows. (In this section, we provide resolutions of simple modules by Specht modules;
this is vacuous for simple Specht modules.)

6.1. The cyclotomic quiver Hecke algebras
Given i = (i1,...,in) € (Z/eZ)™ and s, = (r,r+1) € &, we set $,(2) = (i1, - ,br—1,8r+1,%r,
T2y yln)-

Definition 6.2 [15, 39, 47]. Fix k an integral domain, e > 2, and let s € Z‘. The
cyclotomic quiver Hecke algebra, H,(s), is defined to be the unital, associative k-algebra
with generators

{61 | 1= (11777“(1) € (Z/eZ)n}U{yh...,yn}U{’l/Jl,...71l}n,1},

subject to the relations

€i€; =0ij€  Diczjeryn €= 1M,  Yr€i=e€Yr  Ur&i=e€s i\r  YrlYs =YsYr

(R1)
Vrys = yYstr for s£rr+1 UVpths = Y51, for [r—s|>1 (R2)
Yrore; = (Uryri1 — i, 6,00 ) €0 Yrp1¥res = (VrYr +0i,,4,,1 )€ (R3)
0 if ir = ir+17
e; i dppt 2 dpin £ 1,
brtbres = { i 7 (R4)
(Yr+1—yr)ei if i1 =12, +1,
(Yr —Yrs1)ei if i1 =1,—1
(wr+1wrwr+l - 1)61 if i, = ir+2 = irJrl +1,
wrerrld]Tei = (errl'l/}rerrl + 1)61 if Iy = ir+2 = Z‘7“Jr1 -1 (R5)
Y41 VrPrii€s otherwise
for all permitted r,s,i,j and finally, we set
yﬁ{s’”‘s’":il’lémg}eé =0 forie(Z/eZ)". (R6)

We let * denote the anti-involution which fixes the generators.

Theorem 6.3 [15, Main Theorem]. Letk be a field, and let £ €k be a primitive eth root of
unity. Set g =¢, and set Q. =&° for 1 <m < L. The algebras Hn(s) and Hq 0,,....0,(n)
are isomorphic as k-algebras.
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n’

We set €1 1= €ye5(T) € Hn(s). For A € 2L, we set
n

Y =
k=1

[Ar,, o ()]
k (m ) eT(mN. (64)

We remark that yx = e, ,, for A€ P, (n). Given h € N¥, we define

VA= D Y0, (1rmt1),0,0) D a0 (s)- (6.5)
1<m<¢

Given S,T € Path(\) and w any fixed reduced word for w3, we let )2 := esth, et. We have
already seen that if A is a calibrated ¢-partition, then h(A) is s-admissible.

Definition 6.6. Given s € Z¢, we let h = (hy,...,hs) € N* be s-admissible. We define
%(n7s) = Hn(s)/Hn (S)thn(S)'

Theorem 6.7 [11, Theorem A]. For k an integral domain, the algebra 56,(n,s) is free
as a k-module and has graded cellular basis {ist := @Z)EA ?" |S, T € Pathy, (A),A € Z(n)}
with respect to the order > and the anti-involution x. That is, we have that

(1) Each st is homogeneous of degree deg(ist) = deg(S) +deg(T), for A € Ph(n) and
S, T € Pathy ().
(2) The set {tst|S, T € Pathp(X), A € Py(n)} is a k-basis of 7,(n,s).

(3) If S, T € Pathy, (), for some XA € Py(n) and a € H4,(n,s), then there exist scalars
rsu(a), which do not depend on T, such that

apst= > rsu(a)dur (mod A),

U€Pathy, (A)

where "X is the k-submodule of #,(n,s) spanned by {qr | > X and QR €
Pathy (1)}

(4) The k-linear map * : 4,(n,s) — H,(n,s) determined by (Yst)* = 75, for all A €
Pp(n) and all S,T € Pathy, (), is an anti-isomorphism of €, (n,s).

Definition 6.8. Given A € Z,(n), the Specht module Ss(A) is the graded left
S, (n,s)-module with basis {¢s | S € Path,(A)}. The action of 4, (n,s) on Ss(A) is
given by

aps = Zuepa«;hﬁ(x) rsu(a)u,
where the scalars rsy(a) are the scalars appearing in (3) of Theorem 6.7.

Theorem 6.9 [11, Theorem 3.12]. Fork a field, the algebra 74,(n,s) is quasi-hereditary
with simple modules

DS(A) = SS(A)/rad(Ss()‘))
for A€ Zp(n).
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Remark 6.10. The modules Sg(A) are obtained (via specialisation) from the usual
semisimple modules over C[g,Q1,...,Q,] with the same multipartition labels. We remark
that the integral form (in the modular system by which we specialise) is constructed from
the cylindric charge in [9, 11] and can be seen as coming the quiver Cherednik algebra
associated to s € Z*.

Theorem 6.11. Let A € Py(n) with h(A) = h € N. Then X € Cali*(¢) if and only if
A € Fi(n) the fundamental alcove of Ep,.

Proof. Any A € Cali®(¢) must satisfy that h(X) = h is s-admissible (by Corollary 3.5),
and so it is enough to restrict our attention to A € Ej, for some s-admissible h € N¢. For
A € Ep, the condition that the border strip is increasing is equivalent to the condition
that A € E<(g; —&;41,€) for 1 <¢ < £. Similarly, the condition that A has period at most
e is equivalent to the condition that A € E<(e; — ey, —e). The result follows. O

6.2. Diagrammatic Bott—Samelson algebras
These algebras were first defined in [25].
Definition 6.12. Given « € II, we define the corresponding Soergel idempotent, 1., to
be a frame of width 1 unit, containing a single vertical strand coloured with « € II. We
define 1y to be an empty frame of width 1 unit. For w = s,a1)... S,m with ald e suU {1}
for 1 <i<p, we set

l,=1,0®1,2® - ®1,w
to be the diagram obtained by horizontal concatenation.
Definition 6.13. Let o, 3,y € S with m(«,/3) =3 and m(5,7) = 2. We define a Soergel

diagram D is defined to be any diagram obtained by horizontal and vertical concatenation
(denoted ® and o, respectively) of the following diagrams

AKX e

We often denote these dlagrams by

1p 1, spot’ fork?, braid?’® braidﬂ

(6707 Baf

respectively along with their flips through the horizontal axis and their isotypic
deformations such that the north and south edges of the graph are given by the
idempotents 1,, and 1, respectively. Here, the vertical concatenation of a (w,w’)-Soergel
diagram on top of a (v,v’)-Soergel diagram is zero if v # w’. We define the degree of these
generators (and their flips) to be 0,1, — 1,0 and 0, respectively. We let x denote the map
which flips a diagram through its horizontal axis.

Suppose that w and w’ are both words with the same underlying permutation and that
they can be obtained from one another by a sequence of applications of the braid relations
of &, (i.e., without applying the quadratic relation); we let braid:;, (or braidE% if we wish
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to emphasise the corresponding paths) denote the product of the corresponding sequence
of the braid generator Soergel diagrams (the final two pictures in equation (6.14)).

Definition 6.15. Let k be an integral domain. We define the diagrammatic Bott—
Samelson endomorphism algebra, .7, to be the locally unital associative k-algebra
spanned by all Soergel diagrams with multiplication given by vertical concatenation of
diagrams modulo the following local relations and their duals. We have the idempotent
relations

1,1;=60,51,  1pl,=0 12=1p  1pspot’1, =spot’

1,fork’ 1., = fork

oo

10 sbraid, % 1,5, =braid.%, 1, braid 71, = braid_ .

afa afa

For each « € S, we have monochrome relations

(spot? @1, )fork®> =1, (1, @ fork?

[e7e

)(fork2™ ®1,,) = fork(:“fork(

fork, , forko™ =0 (spotgspot{g) ®1l,+1,® (spotgspotg) = 2(spotfgspotg).
For m(«,3) =3 and m(3,7) = 2, we have the barbell relations
(spot%spot(;) ®1l,—1,® (spot%spotg) = (1+35,2)((spotgspot?) — 1, @ (spot®spoty )
(spot%spot'é) ®1,-1,® (spot%spoté) =0
and the fork-braid relations

braid % (fork”,, ® 14, ) (1, @ braid%%) = (14, @ fork ) (braid %’ 1)

afa aa Baf afa
braidﬂ(forkjm, ®15)(1,® braidf’,j) =(15® forkzﬂ/)(braid’;'? ®1,)
and the cyclicity relation

(1505 @ (spot’ fork? ))(1; @ braid? % @ 1,,)((fork | fspot‘qj) ®1aa) = braid’ "

Qo o afa

and the Jones—Wenzl relations
(spot? @ 1,,)braid? = (fork?, ® spotqj)(l(, @spot? ©1,,)
(1 ®spot%)braid$§ = (spotg ®13).

For mqo, = m~3 =mg; =2 and m,ps = 3, we have the braid-commutativity relations

(braid”*’ ® 17)braida’ftW = braid‘go“w(l.y ® braid”%”)

afa yafa ~yBaS afa
(braid? @1;)braid > = braid_ ' (1, ® braid ).
For map = 3 = mq~ and mq,, = 2, we have the Zamolodchikov relation

s yayPary s qarya oy ayBafy afByayp qafayas gBafyaf
braldu’yry&)’(\"ybrald(y'*,[f(xkf'} braId(v{i’yry'\,ﬁbrald(%f{y’yuﬁbrald{i(w[?”\/(v{ibrald,hy’y,?u,f

_ s yaySay yalByary yabaya yBaBya 1 ByayBa g Bayafa
- brald'yaﬁwa’ybrald'yaﬁom/a braldy'ia.’f’ya braldfha'\,ufabraIdda'ya So braid JayBaf*
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For all diagrams D1,D2,D3,D4 and all enhanced words z,y, we require the bifunctoriality
relation

((D1o1,)®(Dgo 13)) (1z0D3)® (1y0 Dy)) = (Dyo1,0D3)®(Dyo 1,0Dy)
and the monoidal unit relation
lp®D; =D; =D; ®1p.
Finally, we require the (nonlocal) cyclotomic relation
spotg,spotg‘ ®1y =0 for all w € exp(w),w € @h, and all s, € Gy,

We can extend an alcove-tableau Q' € Path,.(w) to obtain a new alcove-tableau Q in
one of three possible ways

Q=Q®P, Q=Q®P, Q=Q &Py

for some « € II. Suppose that w is such that ¢(ws,) = f(w)+ 1. Let Q" € Pathgc(w). If
Q=Q ®P,, then we set deg(Q) = deg(Q’) and we define

Cg = braidE/®P“ (Cgl/ X 1(}).

If Q=Q'®P”, then we set deg(Q) = deg(Q’) + 1 and we define

ch= braidE,®p® (cg/, ® spot?).
Now, suppose that w is such that {(ws,) = €(w)—1, and set v = ws,,. Thus, we can choose
P, ®P, =P’ € Path,i.(w). For Q= Q' ®P,, we set deg(Q) = deg(Q’) and define
ch =braidng (1,® (spot? ofork?,)) (cgl, ® 1),
and if Q = Q' ®P’,, then then we set deg(Q) = deg(Q’) — 1 and we define
cg :braidgwn (1, ®forky,,) (cgl, ®@1a).

Theorem 6.16 [25, Section 6.4]. For each w € Ap(00,s), we fix an arbitrary reduced path
Py. The algebra 7}, is quasi-hereditary with graded integral cellular basis

alc

{c. e | S,T € Path (w),w € Ap(oo,s)}
with respect to the Bruhat ordering, <, and the anti-involution . That is, we have that

(1) Each cst is homogeneous of degree deg(cst) = deg(S) + deg(T), for w € Ap(oo,s)
and S, T € Path|_(w).

alc

(2) The set {cst | S,T € Path} (w), w € Ajp(00,8)} is a k-basis of 7.

alc

(3) If S, T € Path!|_(w), for some w € Py (n), and a € S, (n,s), then there exist scalars

alc

rsu(a), which do not depend on T, such that

acst = Z rsu(a)eyt (mod 7~*),

UePath],_(w)
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where 5”5“’ is the k-submodule of %, spanned by {cqr | QR € Path} (z) for
r <w}.

(4) The k-linear map *: S, — %, determined by (cst)* = c1s, for all w € Ap(c0,s) and
all S,T € Path}; (w), is an anti-isomorphism of %,.

alc

Definition 6.17. Given w € Ap(c0o,s), the standard module A(w) is the graded left
Sp-module with basis {cs | S € Path}_(w)}. The action of .#, on A(w) is given by

alc

acs = 3 yepatnt_(w) "sU(@)Cu;

alc

where the scalars rsy(a) are the scalars appearing in (3) of Theorem 6.16.

Theorem 6.18 [25, Section 6.4] and [41, Theorem 5.3]. Fork a field, the algebra 7}, is
quasi-hereditary with simple modules

L(w) = A(w) /rad(A(w))
for w € Ap(oco,s).

6.3. The isomorphism and BGG resolutions

We are now ready to restrict our attention to regular blocks of /4, (n,s). Given « a simple
reflection or o = ), we have an associated path P, a trivial bijection wg =1€ 6y, and
an idempotent element of the quiver Hecke algebra

ep, = res(P.) € Hn(boh,s).

More generally, given any w = 5,1)54) ... 5,00 With A € wFj, we have an associated
path P, and elements

€P,, ‘= Eres(Py,) = €P_) ®6Pa(2> Q- ®€Pa(k) lp, =1, @1, @ - QL m),

and we define

fla= Y e Fio= > s (6.19)

ScPath® (A) SePathl, (w)

alc

Ae Py (n,s) weAp(n,s)
Definition 6.20. We define the algebra .#,(n,s) by truncation as follows
Yﬁ(n,s) = F:’SyEFis.

Theorem 6.21 [10, Theorems A and B]. Lets € Z* andk be an arbitrary integral domain.
Let e > h, and suppose that h € N¢ is s-admissible. We have an isomorphism of graded
k-algebras,

frs (Hn(8)/Hn(s)ynHn(s)) fo s = Fil o 7h(n.s)F ..

Moreover, the isomorphism preserves the graded cellular structures of these algebras, that
is, T1.9s(N) = F S AL (w) for X € wFy(n).

> lalch's
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We now recall the construction of the BGG resolutions for certain .#,-modules. In
what follows, we let A € wFp(n), p € 2Fp(n), v € yFu(n), and & € zFp(n) for w,z,y,z €
Ap(00,s).

Definition 6.22. Given w,y € Aj(c0,s), we say that (w,y) is a Carter—Payne pair if
y <w and £(y) = {(w) — 1. Let (w,x) and (x,z) be Carter—Payne pairs. If there exists a
(necessarily unique) y € & such that w >y > z, then we refer to the quadruple w,z,y, 2
as a diamond. If no such y exists, we refer to the triple w,z,z as a strand.

Theorem 6.23 [12, Theorem B]. We suppose that (w,x) is a Carter—Payne pair. Pick an
arbitrary w = o1...0y, and suppose that T = 01...0p_10p0py1...0¢ is the subexpression
for x obtained by deleting precisely one element o, € S. We have that

Hom g, (A(w), A(x))
is t'-dimensional and spanned by the map
er(er) = (oo, , @spoty” @1q, ., ..0,) (6.24)
for T € Path,_(w).

We recall from [12, Section 2] that there exists a complex of graded .#%,-modules - -- —

AQ E) Al i) Ao &) O, where
@ A(w (6.25)
L(w)=
For w,z,y,7 a diamond we have homomorphisms of .#},-modules

given by our Carter—Payne homomorphisms of equation (6.24). By an easy variation on
[8, Lemma 10.4], it is possible to pick a sign €(a,3) for each of the four Carter—Payne
pairs such that for every diamond the product of the signs associated to its four arrows
is equal to —1. For every strand, w,z,z have homomorphisms
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We can now define the .#,-differential o, : Ay — Ay for £>1 to be the sum of the
maps
e(a,B)pg : A(e) () = A(B){—1).
We set Co(lgn) =B sAr(l) together with the differential (J¢)>0.

Theorem 6.26 [12, Theorem B|. The complex Co(lgn) is exact except in degree zero,
where

Ho(Co(len)) = L(len).
The underlying graded character is as follows:

Len)]= Y (=) [AW).

weEAp (c0,8)
We set the length of 1 € xFp(n) to be given by £(u) := {(x).

Theorem 6.27. Given h € N® and X € Fy,(n), we have an associated complex

Co(N) = @D Sa(m)(t(p)).

pnEX

This complez is exact except in degree zero, where Ho(Ce(X)) = Ds(X). The underlying
graded character is as follows:

uBA

Proof. We first note that Theorem 6.26 provides BGG resolutions whose underlying
poset is Ap(00,s). We note that Aj(n,s) C Ap(oo,s) is a cosaturated subset (namely, if
z € Ap(n,s) and y € Ap(00,s) with y < z in the Bruhat order, then y € Aj,(n,s)). Therefore,
we have a functor

F, s Sh—mod — % (n,s)—mod

and F} A(w) and F}} L(w) for w € Ayp(n,s) are a complete set of standard and simple
p(n,s)-modules and F} A(w) =0 and F} L(w) =0 for w ¢ Ap(n,s) [22, Proposition
A3.12]. Moreover, we have that

Ext'(A(w), M)) = Ext'(F} (A(w)),F} o(M)))

sin,s

for all 4 >0 and for all M € .%},—mod by [22, Proposition A3.13]. Thus, the complex
Fio(Ce(lgn)) is exact except in degree zero, where

Hy(F o(Co(len))) = i o(L(1en))-

Now, we note that the identity coset, lgn, labels the fundamental alcove in our
alcove geometry. Thus, the simple module F}_ L(lgr) is isomorphic to Ds(dy) for
O = ((KM),(k"2),...,(k")) € 2(n) under the isomorphism of Theorem 6.21. We thus
obtain the required resolution of the calibrated simple Dgs(d)). We obtain the result for
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general calibrated simples (labelled by any X € F,) by the translation principle of [10,
Proposition 7.4]. O

Corollary 6.28. Let A € Fy(n) and p > A. We have that

U i= () — ()

0 otherwise.

dimy (Extly, (5 ) (Ss (1), Ds(X))) = {

Proof. This follows from Theorems 6.27 and 6.9 and application of [21, Theorem 5.3]. O

Finally, we now use our BGG resolutions to construct the characteristic-free bases of
Theorem C.

Definition 6.29. Given A € Fj(n), we define Pathg(/\) to be the set of all paths
T=(2=T(0),T(1),...,T(n)=A)
for which T(k) € Fp(k) for 0 <k <n.

Theorem 6.30. Let k be a field. Given X € Fi(n), the calibrated simple module Dg(X)
has basis {1ps @zk|S € Pathi()\)}. The action of Hn(s) is as follows:

CSpurris  if lres(STL(K)) —resTH(S(k+1))| > 1
Jeles) =0 ex(cs) = yrensy iles) = § S5 /| (‘ (k) (S(k+1))]
0 otherwise ,

where Sk p+1 4 the tableau obtained from S by swapping the entries k and k+1.

Proof. Since each p > X lies in an alcove, |Rem,(p)| < 1 for each r € Z/eZ. By the
branching rule [11, Proposition 1.26], each Ss(pt) restricts to be a direct sum of Specht
modules, and thus by Theorem 6.27, we have that

res, ,(CeN)= P C(r-0,)
reZ/el
0, eRem; ()

and therefore

resff’n,l(s)(Ds(A)) = @ DS(A_Dr)v
rEL/el
O, €Rem,.(X)
where every simple on the right-hand side is labelled by some A —0, € Fj,(n—1). Thus, the
basis result follows by restriction. The action of the idempotents on this basis is obvious.
The other zero-relations all follow because the product has nonzero degree (whereas
the module D, (\) is concentrated in degree 0). Finally, assume |res(S™%(k)) —res™!
(S(k+1))| > 1. The strands terminating at the kth and (k4 1)th positions on the northern
edge either do or do not cross. In the former case, we can resolve the double crossing
in 9rcs without cost by our assumption on the residues and the result follows. The
latter case is trivial. Finally, notice that Sppy1 € Pathh}-()\) under the assumption that
lres(S71(k)) —res1(S(k+1))| > 1. B O
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Remark 6.31. One can lift all our results to the Cherednik algebra of G(¢,1,n). This
Cherednik algebra depends on ¢ parameters (cy,...,c¢) determined from the cylindric
charge s € Z*. See [49, Section 6.2.1] for the formula for the parameter (c1,...,c¢) given s.
This setting is of interest because it allows one to deduce geometric applications of our
results, following the machinery of [33] and [13, Section 9] (but we do not explore this
here).

The category Os(n) of the cyclotomic rational Cherednik algebra of G(¢,1,n) (with
parameter as above) is a highest weight cover of Hg(n)-mod. The corresponding functor
KZ: Og(n) — Hs(n)-mod takes standard modules to the s-cell modules and sends simples
to simples or 0, and all simples in Hs(n)-mod are obtained this way [30]. Moreover,
assuming that s; # s; mod e for i # j, the KZ functor is fully faithful on standard objects
[30, Proposition 5.9]. Therefore, we can lift our BGG resolution of Dg(A) = KZ(L(A)) to
a complex of standard modules, whose homology in nonzero degrees has proper support.
However, since the poset A = {p | u > A} is saturated, all the simple constituents of all
the standard modules appearing in this complex have full support. This yields a BGG
resolution of L(A), as well as all numerical consequences of geometric interest, such as
the Betti numbers of subspace arrangements, which may be deduced from having a BGG
resolution of a unitary Cherednik algebra representation of geometric origin. It would
be interesting to find explicit formulas, in the spirit of [26], for the maps in the BGG
resolution.

Moreover, in this setting the Ext-groups calculated in Corollary 6.28 can also be
computed using a cyclotomic version of Littlewood—Richardson coefficients; see [26,
Theorem 1.1]. As the authors of [26] observe, ‘for small values of ¢ and n, there is a
certain tendency for the dimensions of the relevant Ext groups are always 0 or 1°. It
is not at all evident from their formula that a multiplicity one result should hold for a
wide class of representations, such as those of full support. Our Corollary 6.28 provides
evidence for their postulation (which they posit in the context of arbitrary charges s € Z*)
for representations with full support.

Finally, for level £ =2 with a noncylindric charge s € Z*, it is shown in [43] that all
unitary representations of Cherednik algebras with full support can be reduced to the
level £ =1 case. Thus, for level 2, every unitary representation with full support of a
Cherednik algebra (regardless of the charge) admits a BGG resolution.

Appendix A. Unitary representations of the Hecke algebra of the symmetric
group

A.1. Preliminaries

Recall that the type A finite Hecke algebra H,(n) is the subalgebra of 'Hgff(n) generated
by Ti,...,T,—1. For our purposes, it is better to realize H,(n) as a quotient of ’Hf’]ff(n).
Indeed,

Hy(n) = H (n) /(X1 1),

and thanks to this, we have notions of calibrated and unitary H,(n)-representations. Note
that in this setting the charge s consists of a single number s that we may assume to
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be 0, and the irreducible representations of H,(n) are labelled by partitions obtained by
applying crystal operators f; to the empty partition.

A.2. Calibrated representations of H,(n).

Let a € € be a calibrated weight. It is clear that My € Hy(n)-mod if and only if b; =1
for every b € [a]. This means that, a; =1 and for i > 1 {qa;,q ta;} N{a1,...,a;_1} # 0.
Indeed, otherwise we would be able to find a sequence of admissible transpositions from
a to some weight b € [a] with b; = a; and a; # 1, a contradiction. Inductively, we can see
that if M, € Hy(n)-mod, then for every i there exists m; € Z such that a; = ¢™.

Let e =0 if ¢ is not a root of unity or e > 0 minimal such that ¢¢ = 1. Let I =Z/eZ. We
will identify the weight a = (¢",...,¢™") with m = (m4,...,m,,) € I"". Then, similarly to
[50, Lemma 4.5]> we can see the following.

Lemma A.1. Let m = (myq,...,my) € I". Then, m is o weight of a calibrated Hy(n)-
module if and only if the following conditions are satisfied

e For every i< j, if my =mj, then m;+1,m; —1 € {m;q1,...,m;j_1} (that is, m is
calibrated)
® Mp = 0.

o Foreveryi>1, {m;—1m;+1}N{my,...,m;_1} #0.

We let € C I be the set of weights satisfying the conditions of Lemma A.1. Note that if
m € ¢ and s; is an admissible transposition of m (that is, m; —m;y1 # 1) then s;m € €.
Thus, the set of irreducible calibrated H,(n)-modules is parametrized by €/ ~.

Now, let L C € be the set of weights appearing in unitary H,(n)-modules. In general,
i1 is only a proper subset of €. For certain values of ¢, we do have = €, as the following
result shows.

Proposition A.2. Let e >0, and let ¢ = exp(2mv/—1/e). Then, =€ and an Hy(n)-
module is calibrated if and only if it is unitary.

Proof. By our choice of ¢, the only power of ¢ whose real part is greater than that of
g is ¢¢ =1. Now, let m € € and ¢ < j such that m; # m;. Since ¢~ # 1, we get
R(g™i ™) < R(q). The result now follows from Lemma 2.22 O

Remark A.3. If we take another primitve eth root of unity, we may find calibrated
representations which are not unitary. For example, if e is odd and ¢ = exp((e —
1)m/—1/e), then R(¢*) > R(q) for every k € Z, so any unitary H,(n)-module is one-
dimensional.

Calibrated modules for H,(n) have been classified in previous work [40, 50] (as well as
being a special case of Theorem B).

Lemma A.4. If q is not a root of unity, then D()\) is calibrated for any partition \. If
q is a primitive eth root of unity, then D()\) is calibrated if and only if |BS(\)| <e.

2Note that Ruff uses the terminology ‘completely splittable’, while we use ‘calibrated’.
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Our goal is now to use Lemma A.4 to completely classify of unitary representations of
Hg(n).

A.3. Admissible tableaux

Note that for £ <n we have a natural inclusion H,(k) C H,(n), and thus we have an
exact restriction functor Resy : Hy(n)-mod — H,(k)-mod. We will say that T € Std()) is
g-admissible if, for every k, the representation D(Shape(Tl(y, . ) of Hy(k) is nonzero
and a subrepresentation of Resj(D()\)). Equivalently, this means that D()) is nonzero
and the box labelled by k is a good removable box of Shape(Tl ;) for every k. If ¢
is not a root of unity, then every tableau on A is g-admissible, but this is not the case if
q is a root of unity.

If D()) is calibrated, admissible tableaux correspond to weights as follows. Let T be
an admissible tableau of A. Then, mt = (—ct(T71(1)),..., —ct(T~1(n))) is a weight of
D(\). This defines a bijection between weights of D(A) and admissible tableaux on A.

Now, let us denote by C the column-reading tableau on A, that is the tableau obtained
by placing {1,2,...,A\!} on the boxes in the first column, {\{ +1,..., A\ + A4} on the boxes
in the second column, and so on; see Definition 1.9. The following result will be very
important in our arguments.

Lemma A.5. Assume that D(X) is a calibrated Hy(n)-module. Then, the column-reading
tableauw C on X\ is admissible.

Proof. If ¢ is not a root of unity, there is nothing to show. Let us assume that ¢ is
a primitive eth root of unity so that |[BS(A)|+1 < e. We claim that C~*(n) is a good
removable box of A. To see this, note that, since |BS(A)|4+1 < e, A has at most one
removable box of each residue, so the claim will follow if we check that there is no addable
box of the same residue as C~1(n) to the left of C~!(n). But this is clear since the last
column of A has at most (e —1)-boxes.

Now, D(A\ {C7!(n)}) is a calibrated H,(n — 1)-module. The column-reading tableau
of A\ {C~1(n)} is simply the restriction of the column-reading tableau of A. So the result
follows by an inductive argument. O

A.4. Unitary loci

In this section, we classify the unitary representations of H,(n) for any ¢ € C*, n > 0.
Recall that it only makes sense to speak about unitary representations when g lies in the
unit circle, so the following definition is sensible.

Definition A.6 [53, 52]. Let A+ n be a partition. We define the unitary locus of A to be
U(A) :={c€(-1/2,1/2]: D(A) # 0 is a unitary representation of H, o, /=1)(n)}-

We will classify unitary representations via a complete, explicit description of the
unitary locus of every partition. To state our result, we first fix some notation. For
A€ Z1(n) with h(A) = h € N, we define the hook length of a node (7,5) € A as follows:

Hi jy(A) =X+ A+ 1—i—i,
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and we note that [BS(A)| = Hy,y,. In what follows, we will set £:= H(; 1)(A) and m :=

B=(A)].
Theorem A.7. Let A be a partition. The unitary locus of X is described as follows.

(1) If A consists of a single row, then U(X) = (—1/2,1/2].

(2) If X consists of a single column, say A= (1), then U(N\) = (—1/2,1/2]\{xa/e:1<
e <mn,ged(aze) =1}.

(3) Assume that X is an almost rectangle, that is, A has the form XA = (a®,(a—1)¥) for
some a > 1,2 >0,y > 0. Then

U = [-1/61/0| J{£1/L:m < L <} J{=d/m : ged(d;m) =1}.

Note that, in this case, m =x+y+1.
(4) Else, UN) =[-1/6,1/00U{x1/L:m < L <{}.

Remark A.8. We remark that Theorem A.7 has appeared in work of Stoica [52] with
two differences. First, our conventions are dual to those of Stoica, so the statements differ
by taking the transpose of A. Second, and most importantly, there is an oversight in [52,
Theorem 4.2], which does not consider elements of the form d/m in case (3) above. But
in this case, the representation D(A) is one-dimensional, a fortiori unitary. The oversight
in [52] seems to stem from the computation of the branching rule for the Hecke algebra in
[52, Proposition 4.3]. Finally, we remark that Venkateswaran computed the unitary loci
under the assumption that ¢ is not a root of unity in [54].

The proof of Theorem A.7 is contained in the next several lemmas. To start, we have
the following easy result, which covers cases (1) and (2).

Lemma A.9. The unitary locus of the trivial partition is U(n) = (—=1/2,1/2]. The unitary
locus of the sign partition is U(1") = (=1/2,1/2]\ {§ : e < n,gcd(ase) = 1}.

Proof. The representation D(n) is always one-dimensional, while the representation
D(1™) is one-dimensional whenever it is defined, and it is defined if and only if ¢ is
not an eth root of unity with e < n. The result follows. O

From now on, we will assume that A is neither the trivial nor the sign partition. Let us
start with the case when ¢ is not a root of unity, equivalently, ¢ is irrational.

Lemma A.10. Let A\ be a partition of n, A # (n),(1"). Let ¢ € (—1/2,1/2] be irrational.
Then, c € U(X) if and only if c € (—1/¢,1/¢) where, recall, ¢ is the length of the longest
hook of \.

Proof. From the column-reading tableau of A, we can see from Lemma 2.22 that D())
is H,(n)-unitary if and only if R(¢*) < R(q) for every i =1,...,£. The result follows. O

Remark A.11. Lemma A.10 also follows from the main result of [54], where the signature
of the form (-,-) on D(A) is computed under the assumption that ¢ is not a root of unity.
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Now, we need to consider the case of rational ¢, that is, when ¢ is a root of unity. First,
we consider the case where |c| < 1/4.

Lemma A.12. Let A # (1™),(n) and c € [-1/¢,1/{]. Then, c€ U(N).

Proof. In view of Lemma A.10, we only need to consider the case where ¢ := exp(27v/—1c)
is a root of unity. Let e > 0 be minimal such that ¢° = 1. Since ¢ € [-1/¢,1/¢], we have
that e > ¢. If either )\tl < /for f<e, it follows from Lemma A.4 that D, is calibrated and
then, by Lemma A.5, that the column-reading tableau of A is e-admissible. The result
now follows just as in the proof of Lemma A.10. If \; = ¢ = e, then the partition is the
one-row partition (e). But this is not e-restricted, and we are done. O

As corollary, we note that [—1/£,1/¢] CU(X). Now, we take care of rational numbers
c€ (=1/2,1/2]\[-1/¢,1/¢]. We separate in two cases, according to the denominator of c.
Lemma A.13. Let A # (1"),(n) and c = ¢ € (—=1/2,1/2] with ged(a;e) = 1. Assume that
e> L. Then, c€ U(X) if and only if c€ [-1/£,1/1].

Proof. Again, we have that the column-reading tableau is admissible and D()) is unitary

if and only if R(¢") < R(q) for every i =1,...,Hy,1)(A). The result follows. O
Lemma A.14. Let A # (1"),(n) and c = ¢ € (=1/2,1/2] with ged(ase) = 1. If e <m,
cgU(N).

Proof. By Lemma A.4, D()) is not a calibrated representation of H,(n), so it cannot be
unitary, either. O

Lemma A.15. Let A # (1"),(n) and c= 2 € (—1/2,1/2], withm < e <{ and ged(a;e) = 1.
Assume also that X is not an almost rectangle, as defined in the statement of Theorem A.7.
Then, ¢ € U(X) if and only if a = £1.

Proof. Let ¢ = exp(2m/—1c). Note that m = At +#{i: 0 < A\l < \;}. By our assumptions
on A, the cardinality of the set {i:0 < A; < A1} is at least 2. So we have e >m > A + 1.
In particular, A is e-restricted, and, moreover, the column-reading tableaux is admissible.
Also note that, for every i, q_’\i‘”q_i = q_’\5 £ ¢*!. In other words, the permutation
Sxt4..tat is admissible for the weight given by the column-reading tableau. Using
admissible permutations now, it is straightforward to see that A is unitary if and only if
R(q*) < R(q) for every i =2,...,e —2, and the result follows. O

Finally, we deal with the case of an almost rectangle.

Lemma A.16. Let A = (a*,(a —1)¥) for some a > 0,z > 0,y > 0, and let ¢ = g €
(—1/2,1/2] with m <e <{. Then, c€ U(X) if and only if e=m or d==%1.

Proof. If e > m=x+y+1, then we can proceed just as in Lemma A.15 to conclude
that ¢ € U(A) if and only if a = 1. If e = m, note that D(\) is the one-dimensional sign
representation of Hy(|A]), so ¢ € U(A), regardless of the value of the numerator a. O

Theorem A.7 now follows from Lemmas A.9-A.16. Together with results from [24,
32], this implies the following result, that has been proven using different techniques by
Shelley—Abrahamson in [51], in the more general case of real reflection groups.
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Corollary A.17. Let c € R, and let L.(\) be an unitary representation of the rational
Cherednik algebra H.(n). Then, KZ(L.(X)) is either zero or unitary.

Remark A.18. We remark that if D is a unitary representation of Hy(n), it is, in
general, not possible to find a parameter ¢ € R with ¢ = exp(27v/—1c) and a unitary
representation L of the rational Cherednik algebra H.(n) such that KZ(L) = D. Indeed,
if ¢ = exp(2amv/—1/n) with ged(a;n) =1 and a > 1, it is not in general possible to find
a unitary representation of the Cherednik algebra whose image under KZ is the one-
dimensional trivial representation of H,(n); see [32]. (We remark that our conventions
are transposed from those of [32].)

More generally, let W be a complex reflection group and c¢: S — C a parameter for the
rational Cherednik algebra, where S C W is the set of reflections. We assume that the
parameter c is real in the sense that ¢(s~') = ¢(s) for every s € S. Under this condition
on ¢, there is a notion of unitary representations of H.(W), as well as of Hy (W), where
q is related to ¢ via a precise exponential formula; see [30]. Let L be an irreducible
representation of H.(W) with full support. Let us say that L is quasi-unitary if KZ(L)
is unitary. This coincides with the notion of quasi-unitarity presented in [51, Definition
3.5.3] in the case when W is a real reflection group, and it is expected to coincide always.
It is easy to see that the socle of the polynomial representation is always quasi-unitary.
We expect, however, that for most parameters it is not unitary. See [28, 32, 33] for related
work.

Finally, this shows that the problems of determining unitary representations of the
Hecke algebra and unitary representations with full support of the rational Cherednik
algebra, while closely related, are not equivalent, and moreover none implies the other:
The set of unitary representations of the Hecke algebra is larger than that of fully
supported unitary representations of the Cherednik algebra, and there is not, to the
best of our knowledge, an explicit criterion to find which unitary representations of the
Hecke algebra indeed give unitary representations of the Cherednik algebra.
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