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Abstract

Near exact Banach frames are introduced and studied, and examples demonstrating the existence of
near exact Banach frames are given. Also, a sufficient condition for a Banach frame to be near exact
is obtained. Further, we consider block perturbation of retro Banach frames, and prove that a block
perturbation of a retro Banach frame is also a retro Banach frame. Finally, it is proved that if E and F are
both Banach spaces having Banach frames, then the product space E × F has an exact Banach frame.
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1. Introduction

In 1952, Duffin and Schaeffer [7] introduced frames for Hilbert spaces while
addressing some difficult problems arising from the theory of nonharmonic Fourier
series. In particular, they generalized Gabor’s method to define frames for Hilbert
spaces. Later, in 1986, Daubechies et al. [6] found a new fundamental application to
wavelet and Gabor transforms in which frames played an important role.

Today, besides their traditional applications, frames are being utilized to mitigate
the effects of losses in packet-based communication systems and hence to improve the
robustness of data transmission; they are also used for devising high-rate constellations
with full diversity in multiple-antenna code design. In addition, frames have
applications in wireless sensor networks, geophones for geophysical measurements,
and studies of the physiological structure of visual and hearing systems. In the
theoretical direction, powerful tools from operator theory and Banach space theory
are being employed to study frames.

Coifman and Weiss [5] introduced the notion of atomic decomposition for function
spaces. Later, Feichtinger and Gröchenig [9] extended this idea to Banach spaces. In
1991, Gröchenig [10] introduced a more general concept for Banach spaces called
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Banach frame. Holub [11] introduced the notion of near Riesz basis for Hilbert
spaces and obtained conditions for a frame in a Hilbert space to be a near Riesz
basis. Casazza and Christensen [2] studied perturbation of frames in the sense that
two frames are considered to be ‘close’ if a certain operator is compact; this leads
to an equivalence relation on the set of frames with the property that frames in the
same equivalence class have the same overcompleteness. They also proved that Paley–
Wiener-type perturbation does not have this property. Banach frames were further
studied in [1, 3, 4, 8, 12–14].

In the present paper, we introduce a notion of near exact Banach frames which is
similar to the one presented by Holub, and give examples demonstrating the existence
of a near exact Banach frame. We also obtain a sufficient condition for a Banach frame
to be a near exact Banach frame. Furthermore, we consider block perturbation of retro
Banach frames, and prove that the block perturbation of a retro Banach frame is a
retro Banach frame. Finally, we prove that if two Banach spaces E and F have exact
Banach frames, then their product space E × F also has an exact Banach frame.

2. Preliminaries

Throughout this paper, E will denote a Banach space over the scalar field K (which
will be R or C), E∗ the conjugate space of E , [xn] the closed linear span of {xn} in
the norm topology of E , [̃ fn] the closed linear span of { fn} in the σ(E∗, E)-topology,
and Ed an associated Banach space of scalar-valued sequences indexed by N.

A sequence { fn} in E∗ is said to be total over E if {x ∈ E | fn(x)= 0, n ∈N} = {0}.

DEFINITION 2.1 [10]. Let E be a Banach space and let Ed be an associated Banach
space of scalar-valued sequences indexed by N. Let { fn} ⊂ E∗ and S : Ed → E be
given. The pair ({ fn}, S) is called a Banach frame for E with respect to Ed if:

(i) { fn(x)} ∈ Ed for each x ∈ E ;
(ii) there exist positive constants A and B with 0< A ≤ B <∞ such that

A‖x‖E ≤ ‖{ fn(x)}‖Ed ≤ B‖x‖E ∀x ∈ E; (2.1)

(iii) S is a bounded linear operator such that

S({ fn(x)})= x ∀x ∈ E .

The positive constants A and B are called, respectively, the lower and upper frame
bounds of the Banach frame ({ fn}, S). The operator S : Ed → E is called the
reconstruction operator (or the pre-frame operator), and the inequality (2.1) is called
the frame inequality.

The Banach frame ({ fn}, S) is called tight if A = B and normalized tight if
A = B = 1. If the removal of one fn renders the collection { fn} ⊂ E∗ no longer a
Banach frame for E , then ({ fn}, S) is called an exact Banach frame.
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DEFINITION 2.2 [12]. Let E be a Banach space and E∗ its conjugate space. Let
(E∗)d be a Banach space of scalar-valued sequences indexed by N and associated
with E∗. Let {xn} ⊂ E and T : (E∗)d → E∗ be given. The pair ({xn}, T ) is called a
retro Banach frame for E∗ with respect to (E∗)d if:

(i) { f (xn)} ∈ (E∗)d for each f ∈ E∗;
(ii) there exist positive constants A and B with 0< A ≤ B <∞ such that

A‖ f ‖E∗ ≤ ‖{ f (xn)}‖(E∗)d ≤ B‖ f ‖E∗ ∀ f ∈ E∗; (2.2)

(iii) T is a bounded linear operator such that T ({ f (xn)})= f for all f ∈ E∗.

The positive constants A and B are called, respectively, the lower and upper frame
bounds of the retro Banach frame ({xn}, T ). The operator T : (E∗)d → E∗ is called
the reconstruction operator (or the pre-frame operator), and the inequality (2.2) is
called the retro frame inequality.

The following results from [14, 15], stated in the form of lemmas, will be referred
to later in this paper.

LEMMA 2.3 [15]. If E is a Banach space and { fn} ⊂ E∗ is total over E, then E is
linearly isometric to the Banach space X = {{ fn(x)} | x ∈ E}, where the norm is given
by ‖{ fn(x)}‖X = ‖x‖E , for x ∈ E.

LEMMA 2.4 [14]. Let ({ fn}, S) (where { fn} ⊂ E∗, S : Ed → E) be a Banach frame
for E with respect to Ed . Then ({ fn}, S) is exact if and only if fn /∈ [̃ fi ]i 6=n for all n.

3. Near exact Banach frames

DEFINITION 3.1. A Banach frame ({ fn}, S) for E (where { fn} ⊂ E∗, S : Ed → E)
is said to be a near exact Banach frame for E if it can be transformed into an exact
Banach frame by omitting a finite number of its elements.

To show existence of near exact Banach frames, we have the following examples.

EXAMPLE 3.2. Let E = `1. Define { fn} ⊂ E∗ by
f1 = f2 = · · · = fk = (1, 0, 0, . . .),

fn = (0, 0, . . . , 1, 0, 0, . . .)
↑

(n−k)th position

for n = k + 1, k + 2, . . . .

Then, by Lemma 2.3, there exist an associated Banach space Ed = {{ fn(x)} | x ∈ E}
and a bounded linear operator S : Ed → E given by S({ fn(x)})= x , x ∈ E , such
that ({ fn}, S) is a Banach frame for E with respect to Ed . Also, since fi ∈ [ fn]n 6=i
for each i = 1, 2, . . . , k, ({ fn}, S) is nonexact. Again by Lemma 2.3, there exist
an associated Banach space Ed0 = {{ fn(x)}n 6=1,2,...,k | x ∈ E} and a bounded linear
operator U : Ed0 → E such that ({ fn}n 6=1,2,...,k,U ) is an exact Banach frame for E .
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EXAMPLE 3.3. Let E = `p (1≤ p ≤∞), and let {en} be the sequence of unit vectors
in E . Define { fn} ⊂ E∗ by

f2n−1 = f2n = en, n ∈N.

Then, by Lemma 2.3, there exist an associated Banach space Ed = {{ fn(x)} | x ∈ E}
and a reconstruction operator S : Ed → E such that ({ fn}, S) is a Banach frame for E .
Also, it is easy to see that ({ fn}, S) is not a near exact Banach frame.

The following theorem gives a sufficient condition for a Banach frame to be near
exact.

THEOREM 3.4. A Banach frame ({ fn}, S) (where { fn} ⊂ E∗, S : Ed → E) for a
separable Banach space E is near exact if for every infinite sequence {σ(k)}∞k=1 of
positive integers,

[̃ fi ]i 6=σ(1),σ (2),... 6= E∗.

PROOF. Suppose, by omitting a finite number of its elements, that ({ fn}, S) is a
nonexact Banach frame. Then, by Lemma 2.4, there exists an index σ(1) such that
fσ(1) ∈ [̃ fi ]i 6=σ(1) = E∗ and ‖ fσ(1)‖ = 1. Since E is separable, by [16, Theorem 3.1]
the unit ball U of E∗ is metrizable in the w∗-topology. Let d be a metric on U . Since
fσ(1) ∈U ⊂ E∗, there exist an index n1 > σ(1) and scalars γ (1)1 , γ

(1)
2 , . . . , γ

(1)
n1 such

that

n1∑
i=1

γ
(1)
i fi ∈U and d

(
fσ(1),

n1∑
i=1

i 6=σ(1)

γ
(1)
i fi

)
<

1
2
.

By assumption, { fi }
∞

i=n1+1 is not exact. Therefore, by Lemma 2.4 again, there exists
an index σ(2)≥ n1 + 1 such that

fσ(2) ∈ [̃ fi ]
∞

i=n1+1
i 6=σ(2)

= [̃ fi ]
∞

i=n1+1 and ‖ fσ(2)‖ = 1.

Then fσ(2) ∈U . Thus, there exist an index n2 ≥ σ(2) and scalars γ (2)1 , . . . , γ
(2)
n2 such

that

n2∑
i=1

γ
(2)
i fi ∈U and d

(
fσ(2),

n2∑
i=1

i 6=σ(1),σ (2)

γ
(2)
i fi

)
<

1
4
.

Since [̃ fi ]i 6=σ(1),σ (2) = [̃ fi ]
∞

i=1, we can choose the index n2 so that

d

(
fσ(1),

n2∑
i=1

i 6=σ(1),σ (2)

γ
(2)
i fi

)
<

1
4
.
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Proceeding in this fashion, we obtain infinite sets {σ(n)}∞n=1 and {ni }
∞

i=1, with

nk−1 + 1≤ σ(k)≤ nk and n0 = 0, and scalars γ (k)i for i, k ∈N such that

nk∑
i=1

γ
(k)
i fi ∈U and d

(
fσ( j),

nk∑
i=1

i 6=σ(1),σ (2),...,σ (k)

γ
(k)
i fi

)
<

1
2k

(
j = 1, 2, . . . , k,

k ∈N

)
.

Thus fσ( j) ∈ [̃ fi ]i 6=σ(1),σ (2),... for all j ∈N.

Hence E∗ = [̃ fi ]
∞

i=1 = [̃ fi ]i 6=σ(1),σ (2),.... 2

4. Block perturbation of retro Banach frames

Let {xn} be a sequence in E and let {mn}, {pn} be increasing sequences of positive
integers such that m0 = 0 and mn−1 + 1≤ pn ≤ mn for n ∈N.

Define a sequence {yn} ⊂ E , n ∈N, by

yk =

{
xk if k 6= pn,

x pn + zn if k = pn,
(4.1)

where

zn =

pn−1∑
i=mn−1+1

αi xi +

mn∑
i=pn+1

αi xi .

The sequence {yn} is called a block perturbation of {xn}.

THEOREM 4.1. Let ({xn}, S) (where {xn} ⊂ E, S : (E∗)d → E∗) be a retro Banach
frame for E∗ with respect to (E∗)d . Let {yn} be a block perturbation of {xn} given
by (4.1). Then there exist an associated Banach space (E∗)d0 and a reconstruction
operator S0 : (E∗)d0 → E∗ such that ({yn}, S0) is a retro Banach frame for E∗ with
respect to (E∗)d0 . Further, if ({xn}, S) is exact, then ({yn}, S0) is also exact.

PROOF. Suppose that [yn] 6= E ; then there exists a nonzero f ∈ E∗ such that
f (yn)= 0 for all n ∈N. From (4.1), it follows that{

f (xk)= 0, k 6= pn, n ∈N,
f (x pn )=− f (zn), n ∈N.

So f (xk)= 0 for all k ∈N. Therefore, by the frame inequality of the retro
Banach frame ({xn}, S), we have f = 0; this is a contradiction. Put φn = π(yn),
n ∈N, where π : E→ E∗∗ is a canonical isomorphism. By Lemma 2.3, there
exist an associated Banach space (E∗)d0 = {{ f (yn)} | f ∈ E∗}, with norm given
by ‖{ f (yn)}‖(E∗)d0

= ‖ f ‖E∗ for f ∈ E∗, and a reconstruction operator S0 : (E∗)d0

→ E∗, given by S0({ f (yn)})= f for f ∈ E∗, such that ({yn}, S0) is a retro Banach
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frame for E∗. Furthermore, if ({xn}, S) is exact, then [12, Lemma 3.1] gives
xn /∈ [xi ]i 6=n for all n. Therefore, there exists a sequence { fn} ⊂ E∗ such that fi (x j )

= δi j for all i, j in N. Define {gn} ⊂ E∗ by gk = fk − αk f pn whenever k 6= pn and
mn−1 + 1≤ k ≤ mn , n ∈N, whereas gk = f pn for k = pn , n ∈N. Then gi (y j )= δi j
for all i, j ∈N, so yn /∈ [yi ]i 6=n for all n. Hence, again by [12, Lemma 3.1], the retro
Banach frame ({yn}, S0) is exact. 2

5. Frames in product spaces

In this section, we prove that if two Banach spaces both have Banach frames, then
their product space also has a Banach frame. Moreover, if the Banach frames for the
two Banach spaces are exact, then the Banach frame for the product space is also exact.

THEOREM 5.1. Let ({ fn}, S) (where { fn} ⊂ E∗, S : Ed → E) and ({gn}, T ) (where
{gn} ⊂ F∗, T : Fd → F) be Banach frames for Banach spaces E and F, respectively.
Then there exist a sequence {hn} ⊂ (E × F)∗, an associated Banach space (E × F)d
and a reconstruction operator U : (E × F)d → E × F such that ({hn},U ) is a
Banach frame for E × F with respect to (E × F)d . Furthermore, if ({ fn}, S) and
({gn}, T ) are exact, then ({hn},U ) is also exact.

PROOF. Let {hn} ⊂ (E × F)∗ be a sequence defined by{
h2n−1(x, y)= fn(x),

h2n(x, y)= gn(y),
(x, y) ∈ E × F, n ∈N.

Suppose hn(x, y)= 0 for all n in N and (x, y) in E × F . Then

fn(x)= 0= gn(y) ∀ n ∈N, x ∈ E, y ∈ F.

So, by the frame inequalities of the Banach frames ({ fn}, S) and ({gn}, T ), we deduce
that (x, y)= (0, 0). Therefore, by Lemma 2.3, there exists an associated Banach space
(E × F)d = {{hn(x, y)} | x ∈ E, y ∈ F} with norm given by

‖{hn(x, y)}‖(E×F)d = ‖(x, y)‖E×F , (x, y) ∈ E × F .

Define U : (E × F)d → E × F by U ({hn(x, y)})= (x, y) for (x, y) ∈ E × F . Then
({hn},U ) is a Banach frame for E × F .

Further, suppose ({ fn}, S) and ({gn}, T ) are exact. Then, by Lemma 2.4, there exist
sequences {xn} ⊂ E and {yn} ⊂ F such that

fi (x j )= δi j = gi (y j ) ∀ i, j ∈N,

where

δi j =

{
0 if i 6= j,

1 otherwise.
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Define {zn} ⊂ E × F , n ∈N, by{
z2n = (0, yn),

z2n−1 = (xn, 0).

Then hi (z j )= δi j for all i, j ∈N. Therefore, again using Lemma 2.4, we conclude
that ({hn},U ) is exact. 2

COROLLARY 5.2. If E and F have Banach frames, then E × F has an exact Banach
frame.

PROOF. This follows from Theorem 5.1 and [14, Theorem 4.2]. 2
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