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Abstract
We consider the chemotaxis-Navier—Stokes system with generalised fluid dissipation in R?:

on+u-Van=An—V - (x(c)nVc),
oc+u-Ve=Ac—nf(c),
ou+u-Vu+VP=—(— A)Yu—nVe,
V.-u=0,

which models the motion of swimming bacteria in water flows. First, we prove blow-up criteria of strong solutions
to the Cauchy problem, including the Prodi-Serrin-type criterion for o > % and the Beirao da Veiga-type criterion
for o > % Then, we verify the global existence and uniqueness of strong solutions for arbitrarily large initial fluid
velocity and bacteria density for & > 2. Furthermore, in the scenario of 3 <« < %, we establish uniform regular-
ity estimates and optimal time-decay rates of global solutions if only the L*-norm of initial data is small. To our
knowledge, this work provides the first result concerning the global existence and large-time behaviour of strong
solutions for the chemotaxis-Navier—Stokes equations with possibly large oscillations.

1. Introduction

We investigate the evolution of cells (e.g. bacteria) with chemical signals in viscous incompressible flu-
ids, which can be described by the chemotaxis-Navier—Stokes system with generalised fluid dissipation:

on+u-Vn=An—V -(x(c)nVo),

d,c+u-Ve=Ac—nf(c),

(1.1)
u+u-Vu+VP=—(— A)*u—nVe,
V.u=0,
supplemented with the initial condition
(n(t, x), c(t, x), u(t, X)) |,—o = (Me(x), co(x), uy(x)), xR’ (1.2)
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Here n=n(t,x):R* xR* > R*, c=c(t,x): Rt xR > R*, u=u(t,x):R* xR*—-R3 and P=
P(t,x): R* x R® — R denote the density of the bacteria (cell) population, the concentration of the oxy-
gen (chemotactic signal), the velocity of the fluid and the pressure, respectively. f(c) and x (c¢) stand for
the oxygen consumption rate and the chemotactic sensitivity, respectively. ¢ = ¢(x) denotes the poten-
tial function arising from different physical mechanisms. In addition, the generalised Laplace operator
(— A)* is defined by

(= AYF(E) = |EPT&).

When o =1, the system (1.1) reduces to the classical chemotaxis-Navier—Stokes model, originally
introduced by Tuval et al. [49] to simulate the dynamics of swimming bacteria such as Bacillus subtilis.
Experimental studies indicate that bacteria migrate towards regions with higher oxygen concentrations
to obtain energy. This bacterial movement also affects the motion of the surrounding fluid. Moreover,
both bacteria and oxygen are transported through water via the fluid.

It should be noted that (1.1) with fractional Laplacian operators (0 < « < 1) is physically relevant.
Replacing the standard Laplacian operator, these fractional diffusion operators model the so-called
anomalous diffusion, a topic that has been extensively explored in physics, probability theory, and
finance (see, for instance, [1, 19, 35]). The deployment of fractional diffusion operators in (1.1) enables
the study of long-range diffusive interactions. In addition, (1.1) with hyper-viscosity (¢ > 1) is employed
in turbulence modelling to regulate the effective range of non-local dissipation and to make more efficient
numerical resolutions (see, e.g. [15]).

The classical chemotaxis-Navier—Stokes equations, i.e. & = 1, have been studied extensively with
many significant results. Quite a lot of important progress has been made on initial boundary value
problems for the chemotaxis-(Navier)-Stokes system, cf. [5, 22, 27, 33, 39, 48, 51-54, 57-59, 61-63,
68] and references therein. Concerning the Cauchy problem, Duan et al. [10] studied the global existence
and decay rates of classical solutions over R?, provided that the initial datum (n, ¢, 1) is a small smooth
perturbation of the constant state (1,0, 0) with n, >0 in H*(R*). Moreover, the authors [10] also
derived the global existence of weak solutions to the Cauchy problem over R* constructing a proper
free energy functional and deriving uniform a priori estimates. Immediately afterwards, by deriving
an entropy, proposing a regularisation of the system and a compactness argument to pass to the limit,
Liu and Lorz [32] proved the global existence of weak solutions for the three-dimensional chemotaxis-
Stokes system, i.e. without the convective term u - Vu. Lorz [34] showed the global existence of weak
solutions in R? with small initial L?-norm. Zhang and Zheng [67] established global well-posedness
for the Cauchy problem of the two-dimensional chemotaxis-Navier—Stokes equations by introducing
the Zygmund spaces and then establishing the estimates of [|7(f)| e, and [[c(#)|l. Chae, Kang and
Lee [7] obtained the local existence of regular solutions provided (n, uy) € H™(R?) and ¢, € H"™'(RY)
with s >3 and d =2, 3. In [8], they also presented some blow-up criteria and constructed global-in-
time solutions for the three-dimensional chemotaxis-Stokes equations under some smallness conditions
of initial data. For the Cauchy problem of the self-consistent chemotaxis-fluid system, Carrillo et al.
[6] established some blow-up criteria of classical solutions and proved the global well-posedness for
the two-dimensional case. In addition, they [6] also obtained the global weak solution with small ¢,
for the three-dimensional chemotaxis-Stokes flow. Recently, Zeng, Zhang and Zi [66] investigated the
enhanced dissipation and blow-up suppression for the two-dimensional Patlak—Keller—Segel-Navier—
Stokes system near the Couette flow (also refer to He [16] and Hu, Kiselve and Yao [18] in different
contexts).

When the fractional effect is taken into account, to our knowledge, there are few mathematical results
for chemotaxis-fluid systems so far. We refer to [28, 69] in the case that the fractional diffusion appears
in the population density equation. Concerning the chemotaxis-Navier—Stokes equations (1.1), Nie and
Zheng [36] studied the global well-posedness in the two-dimensional case where the damping effect of
the logistic source was used.

However, although considerable progress has been made for the global-in-time evolution of the
chemotaxis-Navier—Stokes equations in R?, all of these results associated with global strong solutions
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are under the small H*(R*)-initial data with s > 3. The purpose of this paper is to develop new blow-up
and global existence results for the Cauchy problem (1.1)—(1.2), which admit a class of large data in
H*(R*) and especially hold in the case of the classical chemotaxis-Navier—Stokes system. More pre-
cisely, the first result of this paper, i.e. Theorem 1.1, shows the local well-posedness of strong solutions
to (1.1)—(1.2) for general initial data. Then, in Theorem 1.2, we study the mechanism of possible finite
time blow-up and prove the Prodi-Serrin-type criterion for any o > ?I’ in which the restriction coincides
with the regularity theorems for the generalised Navier—Stokes equations. Theorem 1.3 is devoted to
the Beirao da Veiga type criterion for any o > % Using the criteria established previously, we derive
the global well-posedness for any large initial fluid velocity in the case o > 2. Finally, for the remainder
case % <a< 45'1’ we develop a new energy argument to control the high-order norms of solutions by some
powers of the L*-norm of (n, ¢y, u,). This enables us to derive a unique global strong solution to the
Cauchy problem (1.1)—(1.2) and also obtain optimal time-decay rates if the L*-norm of initial data is
small but higher-order norms may be arbitrarily large, i.e. Theorem 1.4.

1.1. Main results

Throughout this paper, we assume that the initial data (n,, ¢y, uo) fulfills

Ny, ¢ >0, V- u,=0. (1.3)
With regard to x, f and ¢, we require
X € Wp(RY),
FEWZRY, fO)=0, f()=0 for s>0, (1.4)
Vo € W>*(R?).

We first give the local well-posedness of strong solutions to the Cauchy problem (1.1)-(1.2).

Theorem 1.1. Let « > 5. Assume that (1.3)~(1.4) hold, and (ny, co, uo)
€ H*(R?). Then, there exists a time T > 0 such that the Cauchy problem (1.1)-(1.2) admits a unique
strong solution (n, c, u) satisfying

n, ¢ € C([0, TI:H*(R®) N L*(0, T;H' N H3(R?)), S
} ) (1.5
u € C([0, TT;HA(R?)) N LX(0, T;H* N H***(R?)).

Then, we establish some time extensibility criteria of strong solutions with respect to different
fractional fluid dissipation exponents. We first state a criterion of Prodi-Serrin type.

Theorem 1.2. Let o > %, and the assumptions of Theorem 1.1 hold. If the maximal existence time T, of
the solution (n, c, u) to the Cauchy problem (1.1)—(1.2) is finite, then it holds that

T,
/ (Il =+ llull?s,) de = oo (1.6)
0
for any (p;, g;)(i =1, 2) satisfying
2 3 2 3 3 3
“i2<n Z2rlco-, 3 <q < +o0, maX{—, }<qz§oo. (1.7
P4 D2 ] 2 20 —1

Next, we also obtain the blow-up criterion of Beirao da Veiga type.

Theorem 1.3. Let o > % and the assumptions of Theorem 1.1 hold. If the maximal existence time T, of
the solution (n, c, u) to the Cauchy problem (1.1)—(1.2) is finite, it holds that

T*
/ (IV el + 1 VullZ) dr = +o00 (1.8)
0
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for any (pi, q)) (i=1,2) satisfying

2 3 20 3 3
—+—=<1, —4+—<20, 3<q <00, max{il, —} <gq, <o0. (1.9)
P1 q1 P2 q2 20

Remark 1.1. For the classical chemotaxis-Navier—Stokes equation (« = 1), Chae, Kang and Lee [8]

proved the Prodi-Serrin-type criterion with p; =2, g; = 0o in (1.9), and Carrillo, Peng and Xiang [6]

showed a similar to (1.6), where ||n||}s, is replaced by || Vcl|5s, . Theorem 1.2 encompasses the classical

case o = 1 as presented in [8]. The restriction o > % coincides with the sharp condition for regularity
theorems of the generalised Navier—Stokes equations (e.g. cf. [9, 11-14, 20]).

Remark 1.2. There are some possible extensions for our blow-up criteria. First, if g <a< %, then simi-

lar computations verify that ||n||%;, in (1.6) can be replaced by || Vc||%;, . Next, our results can be extended

to the chemotaxis-Stokes system. In this case, the criteria (1.6) and (1.8) can be relaxed to

T«
/ 2y di = +o0,
0

and
Ty
/ Velljs dt = +o0,
0

respectively. Here (p,, ¢,) satisfies 17% + qi] <1 and 3 <gq, <+oo.

In addition, we state some results about the global-in-time existence and stability. For o > 45'1’ we prove
the global existence of the strong solution under the smallness of ||¢,|| .. Compared to the conventional
dissipation « = 1, our research requires only ¢, to be small, rather than all initial data (n,, cy, #y). This
implies that strong dissipation with o > i has a favourable impact.

Theorem 1.4. Let o > %. Assume that (1.3) and (1.4) hold, and (ny, ¢y, uy)
€ H*(R®). Additionally, there exists a generic constant §, > 0 such that if

llcollz < o, (1.10)
then there exists a unique global strong solution (n, c, u) satisfying

n, c € C([0, T;H*(R*) N L*(0, T:H' N H*(R?)),
) ) (1.11)
u € C([0, TI;HA(R?)) N L*(0, T;H* N H***(R?))

for any time T > 0.

Finally, under a mild condition of small energy, we have the global existence and optimal time-decay
rates of strong solutions to the Cauchy problem (1.1)~(1.2) in the case 3 <o < 2.

Theorem 1.5. Let 3 <o < 3. Assume (1.3)~(1.4) and further that ¢ fulfills |x|V¢$ € W>*(R*) and
|x|""*V ¢ € L*(R?). In addition, suppose that the initial data (n, co, uy) fulfills ny,c, € L'(R*) and
(19, Co, o) € H*(R?). There exists a constant 8, > 0 such that if

(720, o, uo)ll22 < 61, (1.12)

then the Cauchy problem (1.1)—(1.2) admits a unique global strong solution (n, c, u), which satisfies

sup [|(n, ¢, u) |7 +/ 1V, Ve, Au)ll3 di < Cll(no, o, to)ll7- (1.13)

teRy 0
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Furthermore, the following time-decay estimates hold:

(2, )@l <CA+0730D,  1<p<oo,

1(Vn, Vo)D)l2 < C(1+ 1)1,

(1.14)

lu@)|ly <CA+0) =3P, 2<p< :
3 —-2«a

IAu(®)2 < C(1+1)2.

Remark 1.3. Theorem 1.5 provides the first result on the global existence of strong solutions subject to
initial data that are of small L*-energy but possibly large oscillations. In particular, even for the classical
well-established case of @ = 1, our findings present novel insights. Moreover, our method allows us to
obtain uniform bounds with respect to time and establish the decay estimates.

Remark 1.4. The time-decay rates in (1.14) are optimal. In fact, the rates of n, and ¢, coincide with the
sharp rates of the heat equation under the L'-assumption of initial data, and the rates of u, are the same
as those of the fractional heat equation subject to initial data in L*>(R?). For the sharpness of the rates,
one can refer to, e.g. [4].

In what follows, we will make some illustrations for the proof of Theorem 1.5. Our goal is to establish
uniform regularity estimates and extend the local solution to the global one. However, due to the fact
that the system (1.1) does not possess a dissipative free energy, it is difficult to obtain uniform-in-time
evolution without the smallness in H*(R?). To overcome this, we claim the following refined bounds

||Vc||ia+||u||i3+/ IVull 57 dv < 1. (1.15)
0

Such a condition is weaker than higher-order smallness assumptions based on the classical linearisation
argument (e.g. cf. [10]). Under (1.15), we are able to derive some Lyapunov inequalities and study the
large-time stability. First, it is observed that the L?-energy of c is uniform with respect to time due to
f >0, and n satisfies

d

5 Il + (= CIVell)I Vnll; < 0.

This leads to the uniform L*-estimate of n in view of (1.15). In addition, the L*-estimate of u can be
obtained based on Hardy’s inequality and the bounds of n at hand (see Lemma 4.2). At the H'-regularity
level, we obtain

d
EEIIWIIZ + (1 = CllullZ)ll Acll?. < Cllcliz: 11 Vall,
and
1 d 2 3 2 2 2 4 2
EE”Vn”LZ + (Z = Cll[(Ve, ) ARl < ClIVel 11 Vall,

which allow us to capture the desired H'(R?)-norms for ¢ and n under the condition (1.15). Furthermore,
it should be noted that the L% (0, T;H"(R?))-norm of uis a scaling-invariant quantity for the generalised
incompressible Navier—Stokes equations and plays a key role in controlling the convective term u - Vu

in (1.1). Indeed, we obtain

1d L)
EEIIVMIIE A V|2 < CIVa|Z + CIA“ul% + C| Vu| 57
This, together with (1.15) and the L*(R?) dissipation estimates of z and u, implies the uniform H'-bound
of u (see Lemma 4.3). With these bounds, we also obtain the uniform bounds of the solution at the
H*(R?)-regularity level (cf. Lemma 4.4). By making use of these estimates and interpolation between
L* energy and higher-order norms, we succeed in performing a bootstrap procedure and justify (1.15)
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uniformly in time. Finally, based on these uniform bounds and Lyapunov-type arguments, we obtain the
time-decay estimates of the global solution.

Finally, we would like to mention some works pertaining to the Keller-Segel equations. Note that
the classical model for cell motion was first introduced by Patlak [38] and later refined by Keller and
Segel [23, 24] to describe the evolution of the cell density n = n(t, x) and the concentration ¢ = c(t, x)
of chemical attractant substances. It takes the form

on=An—V -(nx(c)Ve),
(1.16)
d,c = Ac — ac + bn,

where x (c) denotes the chemotactic sensitivity, and a and b are the decay rate and the production rate
of the chemical, respectively. The system (1.16) has been extensively studied by many authors, and a
comprehensive list of partial results can be found in [2, 26, 40, 55, 60] and references therein.

In addition, we also recall the three-dimensional generalised incompressible Navier—Stokes
equations

ou+u-Vu+VP=—(— A)u,
(1.17)
V-u=0.

When o = 1, the system (1.17) reduces to the classical incompressible Navier—Stokes equations. Global
weak solutions with finite energy were constructed in the celebrated works by Leary [29] and Hopf [17].
There are two types of blow-up criteria, namely, for maximal existence time 7* > 0, the Prodi-Serrin
type criterion (see [41, 45])

T«
f|Mmm:+w
0

with I% + 3 <1and 3 < g < 0o, and the Beirao da Veiga-type criterion (cf. [50])

Ty
/ [ Vull?, dt = +00
0

with 2 4+ 3 <2 and % < g < o0o. Both of these criteria are important tools for studying the regularity
of weak and strong solutions to the Navier—Stokes equations, and have been used extensively in the
literature. For more relevant work, interested readers can partially refer to [4, 31, 42, 44] and references
therein. In addition, o = % is often referred to Lions’ critical exponent. For o > %, the existence of a
global classical solution has been established in [30]. For general o < %, the existence and regularity
results can be found in, e.g. [9, 11, 13, 64, 65].

The rest of this paper is organised as follows. In Section 2, we introduce some notations that are used
throughout the paper. Section 3 is devoted to the proof of regularity criteria in Theorems 1.2 and 1.3.
In Section 4, we first show Theorem 1.4 about the global existence for o > 3 in Subsection 4.1. Then,
under the weaker dissipation (% <a< %) and the mild assumption of small L>-energy, we establish
the uniform regularity estimates of global strong solutions with large oscillations in Subsection 4.2
and further obtain the time-decay estimates in Subsection 4.3. In Section 5, we discuss some possible
extensions and problems. Section 6 is the appendix concerning the proof of the local well-posedness in
Theorem 1.1.

2. Preliminaries

First, we list some notations that are used frequently throughout the paper.
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2.1. Notations

Throughout this paper, C > 0 denotes some constant independent of the time, and Cr > 0 is a constant
which may depend on the time 7. F(f) and F~'(f) stand for the Fourier transform and the inverse
transform of the function f. Sometimes we write

A” = (= A)} 2]__,1(@'0]_—(_))’ o eR.

Let W*?(R?) with 1 <p <00, s € R be the standard fractional exponent Sobolev space on R* with
equivalent norms

W llwse ~ 10Ad = A3 £l ~ If oy + N A Il
Especially, when p = 2, H*(R?) is the Sobolev space of exponent s on R* with the standard norm
1
~ 2
Wi i= ([ a+ePrFerd) <o
R3

and the inner product
O”,g)=/ (1 + [&*)F(E)RE) d.
R3

Furthermore, we denote by H*(R*) the homogeneous Sobolev space endowed with the norm

Wi s= ([ 16PF©R d) ~ 18711, s

First, we have the following generalised Sobolev-type estimate (see [46, Chapter 5, Theorem 1] and
[43, Lemma 2.2]).

Lemma 2.1. Let 0 <o <3, 1 <g<p<ooand | + 5 = . There exists a constant C > 0 such that if
u € 8’ is such that U is a function, then

lully < ClIIA®ul|Ls. (2.1)
Next lemma is devoted to the Gagliardo—Nirenberg inequality.

Lemma 2.2 (Gagliardo—Nirenberg inequality). For 1 <r<oo, 1 <m<o00,0<a <3,0<60 <1 and
o < s, assume A“u € L"(R?) and A*u € L'(R®). If

1 o 1 « 1 s
;_§=9<Z_§)+(1_9)<?_§>’

then
A ully < CIIAull7ul A ull; . (2.2)
Proof. By [37] or [3, Chapter 1], one has for any 1 <g,r <00, 0 <s, and § € [0, 1] and i —-Z= g +
(1= 0)(L — 2, if u e LY(R?) and A’u € L’(R?). Then A”u € LY(R®) and
A ully < Cllully, I A ull; . (2.3)
If we let
1l «o 1
== 2.4)
q 3 m
and
1 6 1-6
—-=- , (2.5)
P 9 r
then by Lemma 2.1 and (2.3), we obtain (2.2). It can be easily checked that i —2=0(+ -9+
(1—=6) (X — £) holds due to (2.4) and (2.5). O
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Remark 2.1. We would like to point out that Lemma 2.2 is valid in all dimensions, meaning that for
I1<r<oo,1<m<o00,0<a<n0<6<lando <s,if weassume A*u € L"(R"), A*u € L'(R") and

1 o (1 a) <1 s)
———=0|l=-———=+d0=-0)|--=]),
p n m n r o n

6 1-0
”A”u”U’(R") S C”Aau”LM(Rn) ”AsMHLr(Rn)-

then

We also need the Moser-type product laws for fractional Laplacian operators. The first estimate (2.6)
is due to Kato-Ponce [21] and Kenig-Ponce-Vega [25], and the second estimate (2.7) can be found in [3,
Corollary 2.55].

Lemma 2.3. The following statement holds:

o Lets>0and 1 <p<oo. Ifuel’ NW(R?) and ve L’ N W(R?) with 1 < py, pa, 3, ps < 00

Aine b— L4 L 11 Vs (T3
satisfying 2=t = —l—m,then we have uv € W**(R’) and

[A° @)l < Cllullz | AVl + CIA ullrs [V (2.6)

o Let 51,5, satisfy —% <S5, 8 < % and s, +5,>0. Ifue H“(R3) andv e I:ISZ(R3), then we have uy €
Hort23(R3) and

A2 2 @v)ll2 < CIA ull 2 AVl 2. (2.7)
Finally, we recall Hardy’s inequality for fractional norms (see [3, Page 91]).

Lemma24. Let0<s < % For any v € H'(R?), it holds that

2 1
(/ o "x)ZSCIIAfanz. (2.8)
]R3

|x|25

3. Regularity criteria

In this section, we aim at investigating the mechanism of possible finite time blow-up for the gener-
alised chemotaxis-Navier—Stokes model (1.1), which enables us to study the global existence if the
corresponding norms of these criteria can be controlled.

3.1. Proof of Theorem 1.2
We will give the proof of Theorem 1.2. This can be proved by a contradictory argument. Assume that
the maximal time T is finite, and (1.6) is not true, i.e.

T
Bui= fim [ (Il + i) di <+oc G.)
—> 1y 0

for any (p;, g;)(i = 1, 2) satisfying (1.7). Then, once the H*>-norm of the solution (n, c, u) to the Cauchy
problem (1.1)—(1.2) is bounded when ¢ is close to T,, one can show that the assumption 7, < 400 will
lead to a contradiction with the maximality of T, in accordance with the local well-posedness result
(Theorem 1.1).

In the following, we establish the key estimates of solutions. The proof is divided into three steps.

o Step 1: L*-estimates of n and H'-estimates of c, u.
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In this step, our goal is to get
T
sup ([Inl7: + liCe, M)|I§1)+/ (IValiz: + 1Vellz + 1 A%ullz)) df < C(B,, T.) (3.2)
1e(0,T] 0

for any 0 < T < T, and some constant C(B;, T,) > 0.
To begin with, we give some uniform estimates. It follows from the classical maximum principle that

n(t,x) = 0, 0<ct,x) < lcll=, (1,%) €[0,T] x R’ (3.3)
In addition, by taking the inner product of (1.1), by ¢ and using f(c) > 0, we arrive at
T
sup [lcll7 +/ VellZ2 dr < llcoll s (3.4)
te(0,T1] 0

In the following, we divide the proof of (3.2) into the cases o > 1 and % <a<l.

e Casel:a>1

Now, we perform the L-estimate of n and the H'-estimates of c, u. First, we multiply (1.1); by =,
integrate the resulting equation by parts, and then derive

d
ﬁnnlliz + |Vnl;. = /R x(c)nVe - Vndx

= sup  [x(@llIVallelnllzo [Vell 2o,
e

0=c=lleqllzo0

< ClIVallz2[Inllza IIVCII IIV26||

291

1 el
= EIIanliz +7 IIACIILz + Clinll " Vel
where we have used (3.3), 3 < g, < 0o, the Gagliardo—Nirenberg inequality (2.2) and the fact that
IAglz < IV2elle < CllAglz, VgeH. 3.5)

Due to 2‘“ < p,, it thus follows that

= —IIACIILz + C(1+ Il Vel (3.6)

d
d—tllnllfz + 1Vl <

Furthermore, we multiply both sides of (1.1), by —Ac and integrate the resulting equation to obtain

d
——|Vel:. + | Acll7, :/ (u-Ve)- Acdx —i—/ nAcf(c) dx. 3.7)
2 dt R3 R3
Owing to 200 — 1> 1, we have < p», so it follows from (2.2) and (3.5) that

/ (u-Ve)- Acdx
R3

< ullz Vel 20 | Acllz2
L9272

2—3

Cllullz Vel 52 I|V26|I [ Acllz

29

2 3
1 Acll7, + Cllull5 Vel

IA

IA
Bl— b=

IAclz: + CA + Nuli) Vel
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And by (3.3), it is easy to verify that

1
/nACf(C)dx SZIIACIIinr sup [P lInll3..
R3 0=s<llcgllzo0
Hence, we have
LIVl + 1Al < C(1 + ul) [ Vel + Cllal? (3.8)
EII clliz + 1Acll < CA + lullz) Vel + Cliall . .

We are going to analyse the velocity u. For the third equation in (1.1), one has

1 d 2 a 2 2 2 2
EEIIMIILz + 1A ull, = — ; u-nVe < |ullx + ClIVLlilinll. (3.9
To deal with the H'-estimates of u, we multiply both sides of the third equation of (1.1) by —Aux and

integrate by parts, and then have

Au~nV¢dx+/
3

R

1d
EEIIVMIIiz 1A ull =/

Au - (u- V)udx. (3.10)
R 3

For the terms on the right-hand side of (3.10), we first deduce from the Gagliardo—Nirenberg inequality
(2.2) and qz]%‘} < p, that

= IVl 1 Aull 2 [|nfl

/ Au-nVe¢dx
R3
_1 1
< C|IVull, “ A ull &Il (3.11)

1
= ZIIA"‘“uIIiz + ClIVulz: + Clinllz..
Similarly, it holds by (2.2) that

3
Z / uk(aiku_iaiuj + akuja,-,-uj) dx
R3

ijk=1

/ Au-(u-Viudx
R3

< Cllull IVulln | Aull (3.12)

(4 1 1-6 [ 1 1-6
< Cllullzo [ Vull 2 1A ull I Vull 2 1A ull

1 1
< ZIIA"“uIIia + Cllullfo | VU2,

where we used « > 1, and the constants r;, r, and 0 satisfy
1 1 1

e — =1,
11 11 1 a+1
——c=0(-—=)+a-0(=-

i3m0 (55) v (G-F)

1 2 1 1 1 a+1
——Z=0(=-= 1—-6)(=— ,
rn 3 (2 3)+% )<2 3 )

6 6 1 1 3
ry = 4> 5 I, = 4> . _59:1__(1+_>
2g,—3 49, -3 D> 200 q>

In order to promise 1 <ry, r; <00 and 0 <6 < 1, one requires min{3, =} < g, < co. Substituting
(3.11) and (3.12) into (3.10), we conclude that

which can be rewritten as

d )
ZIIVMIIEZ + AT ullf, < Clinll7, + (1 + Null?,) 1 Vull.. (3.13)
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The combination of (3.6), (3.8), (3.9) and (3.13) yields
d 2 2 l 2 1 o 2
E(Il(n, Vol + llully) + EII(Vn, Aol + EIIA ullp
< C(+ [Inll7s 4 Nl 7)1, VOl + llullf),

which, together with (3.1), (3.5) and Gronwall’s lemma, yields

T
sup (I|(n, Vol + llullzn) +/ (I(Vn, V2Ol + A% ully) dt
1 0

1€(0,T
< Ce“ I (||(no, Veo)ll> + lluoll7)

for any 0 < T < T,. This together with (3.4) yields (3.2) in the case o > 1.

« Case2:i<a<l

In this case, we are able to obtain the inequality (3.6) for n as in Case 1. Regarding the estimates of c,
the second term on the right-hand side of (3.7) can be handled in the same way in Case 1. To deal with
the remainder on the right-hand side of (3.7), one has

/(u~Vc)~Acdx=—/ (Vc-Vu)~Vcdx—/ (u-V?c)-Vedx
R3 R3 R3

=/ V2c: Vucdx,
R3
derived from V - u = 0 and integration by parts, so it holds by (2.2), (3.3) and (3.5) that

< llel=IVull2lIV2el 2

/ (u-Ve)- Acdx
R3

o 1
< Clicollg= llull 5 IV A ull 5 | Ac| 2
< l A 2 l VAO( 2 C 2
< —lAcll; + |l ullz> + Cllulls-
4 4
Therefore, we gain

d 1
EIIVCIIZ +lAcl: < 3 IV A% ullz + Cli(n, )]l (3.14)

Furthermore, we are going to establish the H'-estimates of . In fact, multiplying both sides of the
third equation of (1.1) by —Au and integrating by parts, one has

1d
——[IVull}, + [IVA®ul;, =/ Au-nV¢ dx+/ Au-(u-Vudsx. (3.15)
2 d[ R3 R3

The first term on the right-hand side of (3.15) is analysed by

/ Au-nVe dx / Vu-V(nVe)dx

R3 R3

< IVullzllnll 21 V2@l + [ Vull 21V 2 [Vl oo (3.16)
2 2 l 2

= ClIVull. + Clinll,. + ZIIanle-
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As A° is self-adjoint for any o > 0, one deduces from V - u =0 and (2.2) that
)/ Au-(u-V)udx) = ‘ / AT Au- ATV - (u @ ) dx
R3 R3
< CIVA“ull2 | A~ (u @ w2
Note that the product law (2.6) and the Gagliardo—Nirenberg inequality (2.2) imply that

IA* @ @ulle < Cllulle 1A “ull 2 < Cllulls | Vull;* VA ),
L

=2

where 6 = 2(1 + %) — 1 fulfills

2 2 11 11
2= 2 (LD a4+ (--1E%)g
24, 3 273 273

Since % < p, due to (1.7), we obtain

1 2
‘/ Au.(u.V)udx‘f§||VA“u||i2+C||u||L‘;2” IVull:
R3

IVA“ullz + C(L+ llull i)l Va2

| =

=<
It thus follows that
d 2 o 2 P2 2 2 1 2
d—tIIVulle + IVA®ull, <= CA + [lullz) I Vull;> + Clinll, + EIIVnIILz- (3.17)

Collecting the estimates (3.6), (3.11) and (3.14) and (3.17) and thence applying (3.1) and Gronwall’s
lemma, we arrive at

T
sup ([|(n, Vo)llz + ||M|I§,1)+/ UI(Vn, V272 + A ullyy) dt
0

te(0,T]
< e[| (ng, VC(J)”iZ + ||140||?11)
Together with (3.4), we thus establish (3.2) for all o > 2

« Step 2: H'-estimates of n and H>-estimates of c, u.

In this step, we claim that for any 0 < T < T, there exists some constant C(B,, T,) such that

te(0,T]

T
sup [[(Vn, Ve, V)2, + / (V?n, Ve, A*u)|2, dt < C(B,, T.). (3.18)
0

Despite the H'-estimate of ¢ having been obtained in Step 1, it is not enough to control the chemotaxis
term V - (x(c)nVc) in (1.1);. To this end, we first establish the H*-estimate of c. Applying A to (1.1),
yields

0,Ac — AAc=—A(u-Vc)— Anf(c)). (3.19)

Multiplying (3.19) by Ac, we obtain

1d
-—||Ac||jz+||VAc||§_=/ VAc.V(u-Vc)dx+/ VAc - V(nf(c)) dx. (3.20)
2dt R3 R3
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In view of (2.2) and Sobolev’s inequality, the terms on the right-hand side of (3.20) can be analysed as

/ VAc-V(u-Vc)dx
R3

<IVAclle (IVulls IVellis + llull Vel )

C (3.21)
= ClIVAc|2 (IIA"“MIIL‘E”“) llull . " N1Vl 2 4 Nlull s IIACIIL2>
<lIIVACII2 + Cllullfs: | Acll?
=3 12 o+l 125
and
/ VAc-V(nf(c))dx
R3
<IVAclz( sip VOIVal:+  sup [l Vel )
0=s=llcollpo0 0=s=<llcollp o0 (3.22)

1 1
= CIVAcl2(IVallz + lInll 2 1Vall 2 | Acll2)

1
< ZHVAcuiz + ClIVall;. + C(nli7. + IVal;) Acllz..

Substituting (3.21) and (3.22) into (3.20), one has

d 2 2 2 2 2 2 2
EIIACIILz +IIVAcll < Cinll: + 1Vally + lullye Dl Acllz. + ClIVal,

which, together with (3.2) and Gronwall’s inequality, implies that, for any € (0, T) with0 < T < T,

T
sup | V2ellr: +/ IViclly dt
0

te(0,T]

T
=< Cexp {/ (IVRlZ + lullfusi) df + T sup ||n||§z} (3.23)
0

1€(0,T)

T
: <||V2C0||iz +/ IVnlz dt) < C@B, D).
0
Next, we are ready to bound Vn. Taking the L*-inner product of (1.1), with An yields

1d 1
Ed—IIIanlfz + [lAnll; < EIIAHIIZ + llu- Val + 11V - (x(@©nVo)llp. (3.24)
Since o > %, we can use (2.2) and the Young inequality to obtain
llu- Vallg < llulliIVallz < C(lullz + 1A ull 21 Valg,
and the last term in (3.24) can be controlled by

IV -(x@nVo)l <C sup 'Ol Velslnli

0=s=llcollz00

+C sup  [xOIAVAILIVeliw + lnl I VelF)

0=s=|lcollg o0

< CUIVZellfz + V2l Vallz..
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Hence, using Gronwall’s lemma and the estimates (3.2) and (3.23) at hand, for any 0 < T < T, we
obtain

T
sup |Vl + /|wwmw
1€(0,T] 0
) (3.25)
SCMMﬂéew{/ Wde+WVﬂ;+ww;+nN”m@)m}scwbn.
0

Regarding the estimates of u, applying A to both sides of (1.1); and then taking the inner product of
the resulting equation by Au, we have

d 2 o 2
EEIIAMIILz + 1A% Aullp
(3.26)
:/ VAu-V((u-Vu)u) dx—i—/ VAu-V(nVe)dx.
R3

R3

To proceed with the estimate, we deal with the two terms at the right-hand side of (3.26), respectively.
For any « > 2, we note that

/ VAu-V(Q{(u-V)u)dx
R3

Z / B 3, (u* D™ dlx

ij.km=1

=— Z / Oyt Ay du™ dx — 2 Z

ij.km=1 ijkm=

/ 3-,-um ajukajkum dx,
1

so it follows from the Gagliardo—Nirenberg inequality (2.2) that

f VAu-V(Q{(u-Vu)dx
R3
<3| Vull2[IVull7

< C||Vul| ||V2u|| 2“ IIA“"‘MII
(3.27)

1
=7 1A “ull7. + ClIVull 5 i IV2ull

1
ﬂmem+wWme“wW”WWHWW”

1
IIA”“ulle +C (T 1A w7z + lull72) | Aullz.

For the second term at the right-hand side of (3.26), in the case o > 1, we get from the Gagliardo—
Nirenberg inequality (2.2) that

/ VAu- V(nVe) dx| < | Voull 2| V(1Y)
]R3
o o 2 o
< CIA“ Ul 5l ™ + CI V@l Il (3:28)

1
=< ZIIA“”MIIiz + C (Ilull> + lInllz: ) -
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As for the case o < 1, one also has

/ VAu-VnVe)dx| < [|A“"'VAull2 | A V1Y),
R3
< ClIA*Aull 2 | A (nV )2 (3.29)

< 1A ull7 + Clnliz.,

FNgp

where we have used
[A* (V)2 < ClInV| 5 IIVZ(anﬁ)II;7 = ClIVollwaelinllze,
derived from (2.2) and 1 < 2 — & < 2. The combination of (3.26), (3.27), (3.28) and (3.29) yields

d
d—tIIAMIIfz + 1A Aullys < C (1 + lullfen) 1Aul} 4+ C (lulf + lInll7:) -

Hence, thanks to Gronwall’s inequality, (3.2), (3.5) (3.6) and (3.25), there holds that, forany 0 < T < T,

T
sup || Vul|,2 —i—/ | A“"ul);, dt
0

1€(0,7]

T
< Cexp {f (14l + Nl ) dr}
0

T
: (IIVzuolliz + T sup (lull}: + lI2ll7:) +/ IV2nl|Z, dl) =C(B, T.),
1€(0,T] 0
which, as well as (3.23) and (3.25), yields (3.18).

« Step 3: H*-estimates of 7.

Finally, it suffices to show that, for any 0 < T < T,

T
sup [|V?nll7, +/ IV2nll;, dr < C(By, T.). (3.30)
1 0

1e(0.T

To achieve it, we first apply A to (1.1), and then perform the L?-energy estimate to have

1d
EE”An”iz +|IVAR|;, = -/z VAn-V(u-Vn+ V- (x(c)nVe)) dx
R;

(3.3D)
< %IIVAnlliz + CIV(u- V)i + IVV - (x(@©nVo)lp,
where the second term on the right-hand side of (3.31) can be estimated as
IV @ - VR)lIf < IVulliIValis + luli< Va7
< CIVZull 1Vl + ulle | V21 L.
Note that
IVV - (x(nV o)l < IX (el n+21x (NI Ve| [ Veln + 2| x ()l Ve*| V| (3.32)

+ X @IVl Vel + [x (| Vn||Viel.
By (3.32) and the Gagliardo—Nirenberg inequality, we handle the last term on (3.31) as follows
IVV - (x(enVe)lz. < CA + llclz)linlz Vel

Thus, Gronwall’s inequality, together with (3.2) and (3.18), leads to (3.30).
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The combination of (3.2), (3.18) and (3.30) gives rise to the required bounds to extend the solution
(n, ¢, u) beyond T,. Thus, we finish the proof of Theorem 1.2.

3.2. Proof of Theorem 1.3

Similarly, we show Theorem 1.3 towards a contradiction. Assume that the maximal time 7, is finite, and
(1.8) fails, i.e.

T

B,:= lim | (IVelljh + IVulli,) dt <400 (3.33)

T—Ty 0

for any (p;, g)(i = 1, 2) satisfying (1.9). Our goal is to show that for any 0 < T < T,, the H*-norms of
(n, ¢, u) can be bounded by some constant depending on 7, and B,, and therefore the solution can be
extended beyond T, which leads to the contradiction.

First, one deduces from (1.1);, (3.3) and the Gagliardo—Nirenberg inequality that

d
Ed_t”n”iz + | Vall7, =~/IR3 x(nVe - Vndx

= sup  [x@IllIVallzlinl 20 Vellzn
L

0=c=llcollz o0

<C“Vn||L2”n“ IIanl Vel

291

1
EIIanle + ClIVellfs Inl,

which, together with 2‘“ <p, (see (1.9)), leads to

IInIILz +IVali < €A +1IVell)linl.

Hence, it follows from (3.33) that

T
sup ||nll7. +/ IVl dt < e lno |72 (3.34)
0

1€(0,T]

forany0 <7 <T.,.
Then, recall that (3.9) holds. Arguing similarly as in (3.14) in all the range o > % one has

d 1
EIIVClliz + 1 Acllf> < Cll(n, wli}> + gIIA”“uIIiz. (3.35)
We now deal with the H'-estimates of u. As in (3.10), we have

Au-nV¢dx+/ Au-(u-V)udx.

R3

d
3 NVl + 1Al =/

R3

We estimate every term on the right-hand side of the above equality as follows. Arguing similarly as in
(3.16), one has

< ClIVul;; + Clinl;: + ClIVal..

/ Au-nVe¢ dx
R3

https://doi.org/10.1017/50956792525000154 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792525000154

European Journal of Applied Mathematics 17

After integrating by parts as in (3.12) and using V - u = 0 and the Gagliardo—Nirenberg inequality (2.2),
we deduce that

< [IVullj;

/ Au-(u-V)udx
R3

= ClVull» ||Vu||2i2]

L2~

2(1-6
< C||Vull o | Vul 2N A“ V] 757"

L2
1 1
1 2 2
< §IIA°‘+ ullp, + ClIVull o, [ Vull 2,

where 0 =1 — ﬁ satisfies = < p, due to (1.9). It thus holds that

d 23
EIIVMIIZz + 1A ull7 < CA+IVulli)IVully + Clnll + Cl Vallg. (3.36)

Adding (3.9), (3.35) and (3.36) together and then using Gronwall’s inequality, (3.33) and (3.34), one
has

T
sup (| Vellz + ||M|Ii,1)+/ (UIV2ellz: + 1 A“ullzy) dt < C(T,, By).
1e(0,T] 0

Finally, repeating the same arguments as Steps 2-3 in Subsection 3.1, we are able to establish the
higher-order estimates

T
sup [|(n, ¢, |} +/ 1V, VOllz + 1 A%ull;p) di < C(T, By), 0<T<T..
1€(0,T] 0
For the sake of simplicity, we omitted the details here.

Thus, based on the above estimates and Theorem 1.1, one can extend the solution (#, ¢, u) beyond
T.,. This contradicts the fact that 7, is the maximal time for existence. The proof of Theorem 1.3 is thus
complete.

4. Global existence and time-decay estimates

In this section, we aim to prove some global existence results under some suitable initial assumptions.
First, it is shown that when « is greater than or equal to Lions’s index 45';’ the local solution can be
extended to a global one once ||c|| .~ is suitably small. Then, for the range % <a< i, we not only prove
the global existence but also establish uniform estimates under an initial mild small condition (1.12),

which enables us to study the large-time behaviour of the solution.

4.1. Proof of Theorem 1.4
In order to prove (1.4), we justify the blow-up criterion stated in Theorem 1.3 as follows.

Lemma 4.1. Let (n, c, u) be a strong solution to the Cauchy problem (1.1)—(1.2) on [0, T,) obtained in
Theorem 1.1. Then there exists a constant 8, = So(p) such that if T, is finite and (1.10) follows, then it
holds for any 0 < T < T, that

sup [|n]l <N, 4.1

1€(0,7]

Jor any r € (1, 00) and some uniform constant C,.
Furthermore, we have

T
/|wmmsaw 4.2)
0
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where Cy, is a constant depending on T,, and p, q satisfy

2—a+§=§, 2<¢g< 6 for 1<a<§, 2<g<oco for a>§. 4.3)
p q 2 T T3 2 2 2 - 2
Proof. If ¢y~ < §* with some suitably small 6* > 0, then we are able to obtain (4.1) according to the
coupling structure of (1.1);—(1.1),. The proof can be done by the following similar arguments as in the
works [8, Proposition 2] or [47, Lemma 3.1]. For the sake of simplicity, the details are omitted here.
We then deal with the estimates of u. Given the L*-estimate of n due to (4.1), it follows from (3.9)

that
T
sup [lull} + 2/ | A“ull} dr < &' (llugll> + CN,T). (4.4)
t€[0,T] 0
Hence, for0 =1 — (- — —) such that
1 0 1 «
_= = 1—0 -~ — %) 1_9 22,
P +( )(2 3‘) p( )
one has

T T
9 (1-6)
/ lluell7q l<Cf lleell o Il A ull dt<Csup lluell7 / | A%ull;, dr < Cr,
0 0

derived from (4.4) and the Gagliardo—Nirenberg 1nequa11ty (2.2). This completes the proof of
Lemma 4.1. O

Proof of Theorem 1.4. Suppose o > i and that (ny, co, 4,) satisfies the conditions in Theorem 1.4. By
virtue of Theorem 1.1, there exists a maximal time 7, > O such that a unique strong solution (n, ¢, u) to
the Cauchy problem (1.1)-(1.2) exists on [0, T,).

We claim T, = oo. Indeed, if T, < oo, then for any 0 < T < T, (n, u) satisfies the estimates (4.1) and
(4.2) obtained in Lemma 4.1. In fact, for (p, g) that satisfies (4.3) such that (4.2) follows, we can take
(P2, q2) = (p, q) in (1.7) due to the fact that % <2a — 1 for any o > % Therefore, the estimates (4.1)
and (4.2) contradict the blow-up criterion in Theorem 1.2, so (n, c, u) is a global strong solution to the
Cauchy problem (1.1)-(1.2) that fulfills the properties (1.11). O

4.2. Proof of Theorem 1.5: Global existence

In this subsection, we shall prove the global existence part in Theorem 1.5 if the initial L* energy of
(ny, ¢y, Uy) is small but the highest-order norm of initial data can be arbitrarily large. Our proof is based
on elaborate energy estimates, the bootstrap argument as well as interpolation inequalities.

To achieve global existence, the key ingredient is to establish the following uniform a priori estimates.

Proposition 4.1. Let the assumptions of Theorem 1.5 hold. Define
&o = |I(n, co, Mo)”iz, &= ||(V2”o, Ve, V2u0)||iz,
and

Sei=sup  (FOI+ O+ xOI+1X @O+ I (D (4.5)

0=s=llcollpo0

For any <« < , suppose that (n, ¢, u) is a strong solution to the Cauchy problem (1.1)—(1.2) defined
on[0,T) satlsfymg

2 Vel + e ol + / IVullE dr <M, 4.6)

for any 0 <t < T and some generic constant My > 0 given by (4.9), (4.13), (4.16), (4.22) and (4.26)
below. Then, there exists a constant 8, depending only on S; ., ||(1 4+ XDV |lwaee, ||X|"T* V||~ and
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1(V2nqy, V2o, VZug)|l 2 such that if (1.12) holds, then for any 0 <t < T we have

4 49 1
S; Vel + e, wllzs +/ Vul s~ dr < EMO’ 4.7)
0

The proof of Proposition 4.1 relies on the uniform estimates obtained in Lemmas 4.2-4.4 below.

Lemma 4.2. Under the assumptions of Proposition 4.1, if (4.6) holds with some constant M, > 0O, then
forallt e (0,T), we have

sup [|(n, ¢, )|l +/ 1(Vn, Ve, Al dt < Cy& (4.8)
0

7e(0,]

for
Cip = CA+|[IxI"" V|7

Proof. We recall that c satisfies (3.4) which is uniform in time. Taking the inner product of (1.1), by n,
we derive

d
Eallnlliz +1IVal;. 2/ nVn - Vey(c) dx.

R3

According to the Sobolev embedding and 0 < ¢ < ||¢y|| ., one has

/nvn'VCX(C)de sup X Vallz Vel linls < CSp Vel 1 Vallg,
R3

0=s=llcoll 00

where the constant S; , is given by (4.5). Therefore, we arrive at

d 2

2 —lnl7 + (1 = CS, IVellz) 1 Vall <0,

where C, > 0 is a generic constant. As long as (4.6) holds with

1

0= W» 4.9)

we deduce that

sup 1% + / IVl dr < Inoll. 4.10)

t€(0,1]
On the other hand, from (1.1); and Hardy’s inequality in Lemma 2.4, one has

d 2 o 2
EEHMHLZ_'_”A uli =— [ nVe - udx

R3
u

n
<XVl | —

|x[e lz2

—_—

< SIAullf + Cllx "Vl I VallL,

[\)

which, as well as (4.10), yields
lluell 2 +/ AUl dr < lluollz + CllIxI"" V7« Ino]l72.
0

Hence, we end up with (4.8).
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Lemma 4.3. Under the assumptions of Proposition 4.1, if we have (4.6) with some constant M, > 0,
then for all t € (0, T), it holds that

sup [|(Vn, Ve, Va7, + / (1(V?n, Ve, VA“w)|},) dt
0

7e(0,]

4.11)
<Copry (ELEF +E)+ &+ E2E,
where Cy 4, is given by
Cogry = CA+S; YA+ + x]"")Vlljx)
for some universal constant C > (.

Proof. From (1.1),, it holds that

1d 2 2 2 2 1 2
31 Veln +liacly = llu- Vel + Inf (@)l + Sl Acl .

Regarding the first nonlinear term, one has
- Vel < ul2 1 VelZs < Collul | Acl, 4.12)

for some constant C, > 0. Due to f(0) = 0, we can write f(c) = f (c)c with f (c)= fol f'(Bc¢) db. Therefore,
the second nonlinear term is handled by

Inf ()72 <87, lInllzelelizs < CS

< CS}, el Vallg..

Thus, together with (3.3)—(3.4), we arrive at
1d
EEIIVCIIZ + (1 = Gllulz)llAcllz: < 687 el 1 Vol

Let M, satisfy

1
M, < —. 4.13
"=3G, (4.13)
This leads to
t t
sup [|Vell, +/ Vel dt < |IVeollfn + 57, f IVnll7, dr
7€(0,1] 0 0 (4 1 4)
= ||VCO||22 + C1,¢Sf2,xgo,
where (4.6) and (4.8) have been used.
To establish the estimate of n, one takes the inner product of (1.1), with An to obtain
1 d v 2 + 3 _ C S2 V 2 + 2 A 2
EE” iz I 38, Vel + Hlull) ) 1Al @15

< G(S}, + S IVl NVallg,
where C; > 0 is a generic constant, and we have used Young’s inequality,

Cllu- Vallfz < Cllulz: | Vallfs < Csllullys || Anllz:,

and
CIV(x (Vo

2 2 2.2 2 2 4 2
= CS;, (Il Vel + 1IVallis 1 Vel +1Vellslinllzs)

< CS;, (IVall2IV2nll Vel + CIVnl Vel + 1 Vel 1 Vall)

1
< <Z +C82, ||Vc||ig) IARIZ + Cs(S2, + S: IVl LI Vnl.
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We recall (4.6) and let M, be such that

M, < —. 4.16
=36 (4.16)
Thus, it follows from (4.8), (4.14) and (4.15) that
sup [Vl + / IVl dr
7€(0,1]
t
4.17
< Vol +2C5(82, +S!) sup Vel / Va2, de 17
7€(0,1] 0

= ||V”0||iz + ZCS(S;,X + S;,X)(choniz + C1,¢S;,X50)2C1,¢50~

Finally, we are ready to establish the L*-estimates of Vu. Taking the inner product of (1.1); with Au,
we have

d
——|Vull;, + |A*Vul}, :/ V(nVe): Vudx — / V(u-Vu): Vudx. (4.18)
Zdt R3 R3

We handle the first term on the right-hand side of (4.18) in two cases. In the case 1 <« < %, one deduces
from Hardy’s inequality (2.8) and the Gagliardo—Nirenberg inequality (2.2) that

/ V(nVe):Vudx| = — f nV¢o - Audx
R3 R3

= 1xVllL~

— | NAullz
12
< ClXIV Il 1Vallz g el

In the case % < a < 1, one also has

/ V(nVe): Vudx
R3

n

< (191219l + || 11V )1 Valie
i

< CICU+ BVl |l el i

3 5 .
Hence, for all 3 <@ <3, we gain

1
= ZIIA‘”VMIIZ + ClIA + XDVl 1Vl + Cllull. (4.19)

/ V(nVe): Vudx
R3

Now the second term on the right-hand side of (4.18) is analysed as follows. Using the duality of H°
and H° for any o € R, we have

‘ / Au-(u-Vyu abc‘ < Aulljer [t - Vaellie < CILA ™ “ull 2 |1t - Vi
R3
One deduces from V - u = 0, the product law (2.7) and the interpolation inequality (2.2) that

- Vallgpe = IV - @ ) |10 < 4@ ullio-e < Cllull?;_y < Cllully, L ul

ai % = HH”'
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Here we note that = < 2 due to o > 3. It thus follows that

/ V(u-Vu): Vudx| < ||Aullge-1 ||t - V| gi-«
R3

_3 3
< Cllull ™ ul X (4.20)

i+
1 _da_
< ZIIA“VMIIiz + ClIVull 57 [ Vull;.

Putting (4.19) and (4.20) into (4.18) gives rise to

42
< Cll( + XDV ;=1 Vall;. + Cllullj. + ClIVull5™

= 12

d 2 o 2
21Vl + IATVul

Integrating the above inequality over [0, ], we infer that there exists a universal constant C, > 0 such
that

t
sup || Vull; +/ | AVull;, dt
0

7e(0,1]

t t
< 1 Vaols + Call(1 + XNV / IVl dr + / lulR. dt
0 0

4o

t
+C4/ [Vull 5~ dt sup [[Vull;,.
0

7€(0,1]

This, as well as (4.6) and (4.8), implies that

l t
7 sup Vull; —|—2/ |A“Vull;, dt
0

1e(0,7]

421
< IVuoll;» + Cs(1 + |1 + [xD) VP I;2)C1 &0,

when M, in (4.6) satisfies

My < —. (4.22)

Combining (4.14), (4.17), (4.21) and the fact that ||[(Vng, Vo, Vig)|l7, < C&’O%SZ% due to (2.2), we
conclude (4.11) and thus complete the proof of Lemma 4.3. O

Lemma 4.4. Under the assumptions of Proposition 4.1, if (4.6) holds with some constant M, > 0 and
let & <1, then for all t € (0, T), we have

sup [(Ve, Vw2, + f I(Vie, VPA“W)l;, dt < Cs s (& + &+ E5), (4.23)
7€(0,1] 0
and
t
sup [|V?n|?, + / IVinl?, dr < Cresn1HEDC, &+ E+E), (4.24)
7€(0,1] 0

where C is a generic constant, and Csyy, denotes some constant depending only on S, ||(1+
X"V lle, V2@~ and |||x| V]| .
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Proof. We first perform the L*-estimates of V*c. One deduces from (1.1), that

d Ac|? VAcl|?
EE” clliz + VAL
=/ VAC'V(nf(c))dx—l-/ VAc-V(u-Vc)dx
R3 R3

1
< 1—6||VACII§z + CIV - (f )l + CIV - (u- Vo)l 2.
Here by £(0) = 0 and (2.2) one can verify that
IV - @I = €82, (el IVl + Il Vel )
<Cs;, (IICIIEG Va2l Anlle + IIanleI|V2nI|L2|IVC|IZz>

<CS; | Anll} + CS; Vel 1 Valg,
and
IV - - Vol < IVull2 Vel + llullis Vel
< ClIVull IVl 21V ell 2

1
< Enmcn; + ClIVull [ VZell7..

Here S;, is given by (4.5). Thus, it follows that
d 2 2
d—tllACIILz + VA,

<CS: |lAn|l; + CS; Vel 1 Vallg 4+ CllVull:11Vell 7,
which, together with (4.8) and (4.11), leads to

sup [| V2l + / IVl dr < Vel + CS2, f V202 de

7€(0,1]

t
+CS7, sup || Vel / Va2, dr
0

7e(0,]

+ C sup ||VM||L2/ IV3cl}, dt (4.25)

7€(0,1]
11
< ”VZC()HZZ + CS?,XCLd’va (502 522 + gg + 5() + 5582)

OS2, Cry(ELEF +E)+ &0+ E26)E,

+CC,, X(&f EL+E +ETEE).

Then, applying Au to (1.1); and then taking the inner product of the resulting equation by Au, we
have

1d
5 dtllAulle + 1A” Aull;

:/ VAu~V((u~V)u)dx—/ Au- A(nV) dx.
R3

R3
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Similarly to (3.27), one can show

/ VAu-V({(u-Vu)dx
R3
< 3||Vl/l” VZ 27% A2+Ot %
< e IVl > AT ull 3
1 4o
< glleA“ulliz + ClIVull 57 IVullz2.

Moreover, due to o < 2 < 2 + «, one deduces from (2.2) and (2.8) that

/ Au- A(nVo) dx
R3

n
<1l Aull (nvznannwan + 20 Valla| V2l + HHHLGwam)

l a 2 o 2
= gIA"Aull + CllA
+ ClIVRIL IV?nllL + CUA V@I~ + XVl VallL.
Therefore, we get

d 2 a 2
EIIAMIILz + 1A% Aull;

4o

< ClIVull ;7 IV2ulll + Cl A ull}:

12

+ C(IV?0li~ + XV Bl VRl + CIV 1 I V0l 32,
which, together with Gronwall’s inequality, (4.8), (4.11) and (4.6) with M, satisfying
M, <1,

gives rise to
t
sup [|V2ull7, +/ V2 A“ul? dt
7e(0,1] 0
SC@IO HVLlHLz dT(HVzMo”iz'i‘/ ”Auu”iz dT
0
t
(V21 + V1) / IVl dr
0
t
VIR f IV°n: dr)
0

< C(Ilvzuolliz + L+ 1Vl + 11 V3@I7)Cr s Eo

F IVl iCoprn(E5 & +E + E + 5352)>.
Due to (4.25) and (4.27), (4.23) follows.
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Finally, it suffices to have the higher estimates of n. By (1.1);, (3.32) and Gagliardo—Nirenberg—
Sobolev inequalities, one has

d 1

S IAnIE+ 31V AnlE,

< V(- Vn+V - (x(@nVe)l

< CIVulZ IVl + Cllul 1 9%n
+C8, (Il Vel + Il I V2l Vel + Vel | 9nl )
+C82, (1IN Vel + 19nIE V26l + Inl IV el )

1
< <IVAnl +CS; IVl 2 1Vl + CllVull 2 V2ull 211 V2al;

.;;

+CS;, (IIVnIIL2 IVl V2elf + VAl Vel 1 Vil + IIVchIizIIV2n|I22>
+ CS; IVRll 2 V20l 2 | Vel
Using Gronwall’s inequality, we end up with

1 t
sup [Vl + 5 / Va2, dr
0

7€(0,1]

<e

st sup Vel [ IV2el?, dr 5 ) )
reda IV2noli7. + C sup [ Vull2 sup [[Vul2 IIV nll;: dt

7€(0,1] 7€(0,1]

: . :
+CS2, sup [Vl ( / ||Vn||izdr) ( / ||v2n||izdr)
7e(0,1] 0 0

t
+CS;, sup [[Val, sup IIVZCIIfzf Vil dr
0

7€(0,1] t€(0,1]

t
+ CS;, sup ||Vzc||iz/ |V2n|7, dt
0

7e(0,]

t % t
+Cs;, sup Va2 (/ V202, dt) / IV3c|? dt).
7e(0,¢ 0 0

Recalling & < 1 and combining the above estimate with (4.11), (4.25) and (4.27), we obtain the desired
estimates of 7 in (4.24) and thus complete the proof of Lemma 4.4. O

Proof of Proposition 4.1: According to Theorem 1.2, the Cauchy problem (1.1)—(1.2) has a unique
strong solution (n, ¢, ) on [0, T,), where T,, > 0 is a maximal existence time. Let M, be a generic constant
satisfying (4.9), (4.13), (4.16), (4.22) and (4.26).

By virtue of Lemmas 4.2-4.3 and the Gagliardo—Nirenberg inequality in Lemma 2.2, there holds that

1o 301
lull;s < Cllull 2 Vullz < CC,C3yp, (14 E)ES < gMo,

provided that we let

wm

& =8:= min {1, (6CCI,C,(1+ &) "M, }. (4.28)
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In accordance with Lemmas 4.2 and 4.4 as well as the Gagliardo—Nirenberg inequality, we also have

1 3
2 2 2 I 2 1
S IVelZ < CS2 llel S 1Vl

1 i1
= CSJ%,X Cﬁd: (C3,¢.f,x(l + 523)) ) 504 = EMO’
as long as
3\ -4
& <8, := min { 1, (6CSf2,X i (cw (14 g;») ) Mg} , (4.29)
To enclose the condition (4.6), it suffices to justify

/ IIVMII“" tdr < —Mo

2, e — 2 =224 > (. We thence take advantage of the

interpolation 1nequahty (2.2) and combine (4.8) and (4.11) together to obtain

4o 2a(5—4a)
[ v de < swp v [ v
0 0

7€(0,r)

2a(5— 4> t
< sup [[Vull ., sup [lull?5" / | A®ull? dr

7e(0,) 7€(0,1)

a(5—4a)

< c(cz,d, L 52)) (cl,¢50)“

a—da) a(5—4a)

< CCLCE T (14&) T &

= lMo,
-6
if for 1 <& < 2 we take
a(5—4a) w5ta)\ — %
50563=min{ (6ccr,Cofy (1 +E05) ). (4.30)
As for the case 3 <« < 1, one has 2 —2(1+ a) = M > 0. We thus conclude that

2(3+a 4112)
/ ||Vu||4“dr50sup IVull,, / [Vl S dt

7€(0,1)
2(3?7?“2) 2 ' 1 2
<Csup ||[Vull,, ™ sup IIMIIL?/ A ul}, dt
Te(0.0) 7€(0.0) 0

(B+a—4a? )+|

< C(Cz,qs,f,x(l +52)) o (Cl,qﬁgo)a

a(5—4a)

Ot (14 E)5 0y

—_—

0

O\

when

. ab—d) a(5—40) -3
& = byi=min {1, (6€C;,Cf7 1 (1+ £ ) ", . 431)
Based on the above estimates, we choose
& < 8o 1= min{é,, 8,, 83}.
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Thus, the estimate (4.7) is true for all [0, T,), and therefore the bounds in Lemma 4.2-4.3 are valid.
A standard continuity argument implies T, = oo and that (n, ¢, u) is indeed a global strong solution
to the Cauchy problem (1.1)—(1.2) satisfying the uniform estimates (1.13). To complete the proof of
Theorem 1.5, we will establish the decay estimates (1.14) in the next subsection.

4.3. Proof of Theorem 1.5: Time-decay estimates

This subsection is devoted to the time-decay part in Theorem 1.5. We consider the global solution
(n, ¢, u) to the Cauchy problem (1.1)—(1.2) given by Subsection 4.2.

Under the conditions ny, uy € L', integrating (1.1); and (1.1), over [0, 1] x R?* and using (3.3), we
obtain

Il = limollr, lellzr = licollzr, 1=0. (4.32)

Now we show the L”-decay estimates of n and c. For all 2 <p < oo, we perform the L”-energy
estimates for (1.1), as follows

4p—1)

d »
—lnllp, + IVn2 |7

dt
<plp- 1)/ x(©)Ven' ™'\ Vn| dx
]R3

<2(p—1 sup [x©IIVellsln® el Vat e

0=c=lleoll oo
<C|IVelpllVat 3.
Since || Vc||,z is suitably small due to (4.8), (4.23) and

1 1
IVells < Cllell L IV3ell, << 1, (4.33)
it follows that
d 20— _ »
Ellnllip + Va2 <0. (4.34)
In view of (4.32) and the Gagliardo—Nirenberg inequality (2.2), we have
212 [~ % 2 63(])7:) > n 2 63(1)77})
Inllz, = lln> > < Clin* 1% 1Va2ll,2" < Clinol R 7R [P (4.35)
Putting (4.35) into (4.34) leads to the differential inequality
d 1+ﬁ
il + (il ) 7 <0,
from which we infer
Inly < CA+073lngllu,  2<p <oo. (4.36)
In addition, using Holder’s inequality gives
Fol,o 23 “Ja-l
7l < lnlljy lnll," = CA+072770, l<p<2.
A similar argument yields
lelly <CA+073079,  1<p<oo. (4.37)

The details are omitted.
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Next, we are going to establish the higher-order decay estimates of n and c¢. Multiplying (1.1); by An
and integrating it by parts yields

1d 1
EEIIanliz +l1Anll; < llu- Valn 4+ 1V - (x(©nVoll; + EIIAnlliz,

where the nonlinear terms are analysed as

2
llue- Vnllzs < llul7:1Valje < Cllullz: | Anll,

and
IV - (x(©)nVo)ll7. < Clinll;s I Vellys + Cl Vel Vallis + Clinllz 1 Vel 7

< CInlls Vel + Inlls I V2all2)l Acllz: + ClIVelp | Anllz,.

Hence, it follows that

d
— IVl + (1 = Cl(Ve, )l Anl
dt (4.38)

2
< CnllZs V27 + Inlls V2Rl Acl.

This requires an estimate of ¢ at the H! -regularity level. To achieve it, one deduces from (1.1), that

1d 1
=—Velp + lAclp < llu- Vel —/ nf(c)Acdx+ || Acllf.
2dt 3 2

R

The first nonlinear term has been estimated in (4.12). We recall that f(c) = f (c)c with f (c)= fol f'(Bc)do
due to f(0) = 0. Therefore, the second nonlinear term can be handled by

fnf(c)Acdx < ff(c)cVn-Vcdx + f nf'(c)Ve - Vedx
R3 R3

< ClIVallslicll 3 1Vells + Clinll 3 1Vellzs
< Clitm, ol 3 I Acllzz + Cllell 3 | AnllZ.
It thus holds that
%IIVCIIZ + (1= Cli(n, 0ll 3 = Cllulz)llAclly < Cliell 3 | Anllg.. (4.39)
Adding (4.38) and (4.39) together, we get

d 2
7 (Vn, Vol

+ (1 = Cli(, o)l 3 = Cll(Ve, w7 = Clinllzs [Vell;> — Cllnllmllvznlly) I(An, Ac)l7: < 0.

%
Recall that in Lemma 4.2, the L*-norm of ||(n, ¢, u)||?, can be bounded by C, 4&, which can be suitably

small, while Lemma 4.4 implies that the norms ||V2n||;2 and ||V*c||» are uniformly bounded in time.
Hence, we have (4.33) and

1 2
(Ol 3 = Cli, Ol I, Ol 2 << 1,
3 o2
Il < Clinl| I VoRll, << 1,

3 1
lulls < Cllull 5 1V2ull, << 1.

Therefore, the following energy inequality holds:

d
2 1ve V)l + I(Ac, Al <0.
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The Gagliardo—Nirenberg inequality (2.2) and (4.32) ensure that

2 5 5
Ve, V)l < Cli(e, Wl I(Ac, An)|l), < Cli(Ac, An)]| ).
Thus, we get

d 1+
ZIve Yl + (Ve i) <0,
Solving this differential inequality, we have the decay of (Vc¢, Vn) as follows

(Ve, V)l < C(A + 1)1

We finally deal with the estimates of u. Taking the inner product of (1.1); with A**u leads to

1d 1
3 g 1A AU < ZIAY Ul o - Vs 4 In V. (440)

Multiplying (4.40) by ¢, we arrive at
d
(1Al ) 4+ A Al < 26l ull + 26V

By virtue of the product law (2.7) with s; = % —a,,=aand @ < g — o < 1+ «, it holds that

2l Vull, < Clul? 4

5 —a

A7 < Cllul oIl A%ul 2.

And Hardy’s inequality in Lemma 2.4 guarantees that

n 2
209915 <20Vl 1

S CHIVn| < CA 4072,

Hence, it follows that
i a2 2,12 2 a2 -3
7 Al ) + A ull;e < Cllulljeppe I AUl + CA + 072,
Employing Gronwall’s inequality yields
t t
I A%ull;, —i—/ | A*ull}, dt < Celo Wit 4 / a+ r)‘%dr <C. (4.41)
0 0

which, together with Sobolev’s embedding theorem, leads to
llull o < [I1A"ull 2 < C(1 +07t
Furthermore, one also has

ol < Nl 7 g *57

6
L3-2a

<CA+0 %37, 2<p< (4.42)

3-2a’
By (4.36)—(4.37) and (4.41)—(4.42), we conclude (1.14) and complete the proof of Theorem 1.5.

5. Conclusion and extensions

In this work, we first study the mechanisms of possible finite time blow-up of strong solutions to the
Cauchy problem of the generalised chemotaxis-Navier—Stokes system in spatially three dimensions.
Based on these criteria and some uniform a-priori estimates, we then prove some new global existence
results. In particular, we establish uniform-in-time evolution and large-time behaviour of global solutions
for initial data with small L?>-norm and possibly large oscillations. We discuss some possible extensions
and questions below.
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(1) Fractional diffusion effect on the population density equation. Our method may be applied to the
study of the following chemotaxis-Navier—Stokes system:

on+u-Vn=—(— A¥n—V-(x(c)nVo),
doic+u-Ve=Ac—nf(c),

ou+u-Vu+ VP=—(— A)*u—nVe,
V-u=0.

Here the exponent 8 will influence the blow-up mechanism and regularity estimates of the pop-
ulation density n. We expect that a result similar to Theorem 1.4 holds without the smallness of
the L*°-norm for ¢, in (1.10) when B is suitably large.

(2) Global weak solutions. The global existence of weak solutions to (1.1)-(1.2) is well expected.
However, the uniqueness of weak solutions is open, which is similar to the classical Navier—Stokes
equations. It is possible to study the uniqueness and regularity issues assuming the quantities in
(1.6) or (1.8) are bounded in a finite time interval. Furthermore, it also would be interesting to
study the large-time behaviour of global weak solutions to the Cauchy problem. To this end, one
may apply the Fourier splitting method, cf. e.g. [4, 56].

(3) Enhanced dissipation phenomena. When the solution is close to some non-trivial stationary state,
for example, the Couette flow, the enhanced dissipation phenomena have been studied in the recent
works [16, 66] and references therein. It would be interesting to adapt the methodology in [16,
66] to be able to deal with the system (1.1) even in 2D. We also expect that this mechanism can
relax the smallness of the L*-norm for initial data in (1.12) using the argument in the proof of
Theorem 1.5.

6. Appendix: Local well-posedness

In this appendix, we prove Theorem 1.1 concerning the local well-posedness to (1.1)-(1.2) with general
initial data. Our work can also cover all the dissipation exponent o > % In particular, we extend the
previous works [6, 10] on the local well-posedness for the chemotaxis-Navier—Stokes system in the case
o = 1, without assuming that the initial data is suitably small or higher order regularity of c¢,.

Proof of Theorem 1.1. We split the proof into four steps.

« Step 1: construction of approximate sequence
Set (n°, %, u°, P°) = (0, 0, 0, 0). We consider the following iterative approximate system for j > 0:
oWt — AWt = —i . Vi — V - (x(WV),
B — AdH = —id - VI — nif(d),
6.1)

Jult + (— A)wt + VP = —i . Vil — iV,
V.wt'=0

with

(! (x, 0), ¢ (x, 0), 1 (x, 0)) = (1 (x), Co(x), ttp(x)).

Notice that the system (6.1) is linear with respect to (#*!, ¢/*!, W), so the existence and uniqueness
of solutions are evident. Hence, by induction, we will verify uniform regularity estimates of the sequence
{(W, i, P}, in t € (0, Ty] for a short time 7, determined in Steps 2 and 3.

J
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o Step 2: Uniform estimates.

To begin with, we first claim that there exists a time 7, > 0 such that for all j > 0,

sup ||C/||L°° = ”COHLOO» (62)
1€(0,Tp]
and
sup ||(, ¢, w)ll3 +/ I(VI, Ve, AW)|7n dt < 2||(no, o, o) - (6.3)
te(0,7p] 0

In addition, we mention that the main difficulty lies in analysing the high-order nonlinear term
V- (x ('),

which requires the smallness of L*(0, Ty;H*)-norm of V¢'. To achieve it, we let ¢, be the solution to the
linear problem

0,c, — Ac, =0, Crlt=0 = Co-.

It is easy to verify that

To
sup ||CL||§,z+2/ IVerllze dr < llcollz-
0

1€(0,Ty]

This implies that 1irr01 IVerllzor.a2 = 0. Thus, for some small constant R, to be chosen later, one can
1—
find a time Ty, > O such that

T,
f VeLlly di < Ry. (6.4)
0
We thus further claim that for all j > 0 and T, € (0, Ty,), the following uniform estimate for the error
¢ — ¢, holds:
To )
/ V(¢ = co)llje dt < Ry. (6.5)
0
In view of (6.4)-(6.5), we have
T _
f V7, dt <2R,. (6.6)
0

Our goal is to find some small 7}, and R, such that (6.2)-(6.3) and (6.5) indeed hold for all j > 0. It is
clear for j =0, 1. We assume, by induction, that (6.2)-(6.3) and (6.5) hold for any fixed j > 1.

We now justify (6.2)-(6.3) and (6.5) for j + 1. First, one can achieve (6.2) using the standard maximum
principle for the transport-diffusion (6.1),. By the standard energy estimates for the uniformly parabolic
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equations (6.1);- (6.1);, we obtain

1d .., . . . . .
EE”WH’ LW + (VR VT AT,

<[ D ¥V =V (x( V)N dx

B oqjr1<2
A
+ [ Y 8wV — nf ()’ dx ©67)
B o<jpi<2

B()

+/ D (=il Vil —nVg) - 87w d,
R3

O=lyl=<2

C(@)

where { = (81, 82, 83), B=(B1, B2, B3) and y = (¥1, Y2, ¥3)-
Lert C denote some constant only depending on ||cy||.~,f, x and V¢. Using (6.2) and the Gagliardo—

Nirenberg—Sobolev inequalities, we obtain

A1) SEIIVn’+1 172 + Cllw* 17 + Clled - VA I3, + CIV - (x (Vg
| (6.8)
SEIIW“ 72 + Cl 172 1VA 15 + CCL+ I 1312 1321V E 13,

and

1 . . . . oo
B(1) §§||Vd“ 32 + Cll™ I + Clld - Ve 0 + Clrf ()l
| (6.9)
§§||Vd“ I3 + 1172 1V E I + Cll 132 11€ 17

With regard to C(#), we consider two cases « > 1 and % < a < 1 separately. For o > 1, it is direct to get

I . . . 1 .
C@) Szllu’“lliz +Clld - Vil |13 + Clln' VI + EIIA“M’“II,Z-,Z

1 | (6.10)
=S 1 e+ SN e + Clled e + Cl e
In the case % < o < 1, it follows from (2.2) and (2.6) that
1 : 1 o ,
C =< EIIA"M’+1 7 + Ellu’“ 72 + Clled - Vid ||, + CIW V|32
+Clld @ 1|35,
6.11)

1 . 1. . . .
< EIIA“W“ 72 + Ellu’“ 72 + Clli Iz + Clln 17,

+ Clled [ 1175 | A0 |17,
where we have used the fact that, due to (2.2) and (2.6),
1 @ ud|| 3o <2108 || oo |80 |30 < Cllod || g2 |20 || || A“00 || 2
H H

withd =2 — L e (0, ).
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Then, we substitute (6.8)-(6.11) into (6.7), and get
d . . . . ) .
Ell(n’“,d“, WO + (VR VT AT 5
<Cl™*, e+ Cld [ I A 5"

(12 j TETIITE 112 (12 2
+ C (1717 4 1113 + 1 15 12 1 + (L U171 1521V 132

33

for some 6 € 0, 1). Let &, := || (70, co, u0)||f12. By virtue of Gronwall’s inequality, it thence holds that

To
sup (171, &1, w2, + / J(VR, Vet AR, di
0

1€(0,T9]

SeCT°<Xo+C sup (1€l " IA“W 1 T

H? L2(0,Ty:H?
te(0,Tp]

+C( + sup [li@ll72) sup |G, u)ll;2To

1€(0,Tp] 1€(0,Tp]
+C(1+ sup [Id]I3) sup [17]3 IIVleliz(O,TU;Hz)),
t€(0,Tp] 1€(0,Tp]
which, together with (6.3) and (6.6), gives rise to
To
sup 7%, + [ IOV A
0

1€(0,To]
< o (Xo + CX(ng + C(1 + X)X Ty + (1 + XO)XURO)

= 2”(”0’ Co, MO)HIZY-[Z’
provided that we first choose
1
RO =
5(1 4 X)X
and then take
1 1

5
T <T = i T ,] DR B N
0=1 mln{ Ry> 108 4 (SCXOZ)'H}" 5CA(1 +Xo)}

In order to justify (6.5), we consider the error equation
(™ =) = A =) =i - VI = Hf(C), (@ = ez =0.

Performing H>-energy estimates for (6.12) and using (6.2)-(6.3), we can derive

To
sup [ — el +/ V(I = c)lifp dt
0

1e(0,Tp]

< / I -V +Wf( I di
0

<C sup (11 e + 121l To
1€(0,Tp]

< CX T,

S ROa
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as long as we let

Ry
TO S T2 = .
CX,
Hence, when T, < min{T), T,}, we conclude that the uniform bounds (6.2)-(6.3) and (6.6) hold true for

any j > 0.
In addition, taking V- to (6.1);, we have

AP = —Vi':Vii +V - (W V),
from which we infer
IVP Nl 20 mgeey < CIVW:VE || 2oy + 17Vl 20.102)
= C“Vuj”LZ(O,Tg;HZ)"Vui”Lm(O,To;Hl) + C||”j||L2(0,TO;H2) (6.13)

< C( + Tp)ll(ny, co, Mo)”zz

« Step 3: Convergence and existence.

In order to obtain the convergence of the approximate equations (6.1) to the original equations (1.1),
one needs to establish the strong compactness of the sequence {(#, ¢/, W, P/ )}, in a suitable sense. To
this end, we set

W)= 1 =+ Dl =+l — s

X(@):= [IV@ — D5 + 1V = DI+ IA* W — DI,

Y0 = (|G, i)
We take the difference between j + 1 and j for Eq. (6.1), and attain
oW —n)— AW —p)=—1 - Vi + - V!

=V (X (V) + V- (x (',
(T — )= AT —d)=—w - VI —Wf(d)+ W - VI + T (dT),
0,00 — )+ (= Ay — )+ V(P! — Py
=—w -V +u -V ' —nVo+n 'V,

V-t =0.
Similarly to Step 2, we use standard energy estimates to obtain

1d . . 1 1 S _
—iW/“(t) + X0 §§W/+‘(t) + EX“‘(t) + CWOY () + Y ' () + 1]

2dt (6.14)

Vil =V Ly s
where
05 o ¢ (%’ % )

I, a3, ).

1

3
ae($.3)

In (6.14), the case of a > % can be directly controlled. However, one needs to handle the specific case of
% <a< % due to the weaker dissipation. To this end, by means of the product inequalities in Lemma 2.3,
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we get
o - Vil —u™" - Vil || o
<@ =™ Vidllg-e + ™" V@ — )]
<l = N2Vl 3o + 16— D2l ™5

H27%
Wm0+ Y (1)).

By means of the uniform estimates (6.2)-(6.3) obtained in Step 2, we have

d__. . .
EW’“(I) WO+ CA+ X)W,  j=1, (6.15)

where we have recalled A := ||(ny, ¢, uo)||f12. This, combined with Gronwall’s inequality, yields

sup W) < C(1 + Xp)e™T, sup Wi(s).

1€(0,T] 1€(0,Ty]

Therefore, we take

1
To <min{T,, T,, T ith 75:= minjlog2, ————
o <min{T,, T,, T3} wi 3 mln{og 4C(1+Xo)}

such that

) 1 )
sup Wtl(r) < 5 sup Wi(b),

0=<t<T 0<t<T

which means that there exists a limit (n, ¢, u) such that as j — oo, (#, ¢/, W) converges to (n, ¢, u) strongly
in L0, T;L*(R?)) x L>(0, T;:H'(R*)) x L>(0, T;L*(R?)). In addition, in light of (6.13), there exists a
limit VP such that, up to a subsequence, VP converges to VP weakly in L*(0, T;H*(R?)) as j — oo.
Thus, (1, ¢, u, P) solves the system (1.1) in the sense of distributions on [0, Ty] x R*. Thanks to the
uniform estimates obtained in Step 2, Fatou’s property implies

T
sup |(n, ¢, w2 +/ I(Vn, Ve, A*w)ll3z dt < Cll(no, o, o) l32-
0

1€(0,Tp]
Hence, (n, c, u) is a strong solution to the Cauchy problem (1.1)-(1.2). Furthermore, by a standard argu-
ment one can show 9,1, d,c, d,u € L*[0, Ty;H' (R?)). This together with the Aubin-Lions Lemma implies
that n, c, u € C([0, T];H*(R?)).

« Step 4: Uniqueness.

It suffices to prove the uniqueness. Let (n, ¢/, u'), i = 1, 2 be two strong solutions to the Cauchy prob-
lem (1.1)-(1.2) satisfying (1.5) for given time 7 > 0 and supplemented with the same initial data. Then,
similar to the calculations of (6.15) in Step 3, we can obtain

d
a,—t(ll(nl =’ u' — )7+ e = Al

<CU+ I 't i )20 — P — )% + e = A2
for any ¢ € (0, T]. Thus, Gronwall’s lemma implies
(n', ', uh)t, x) =, A, u?)t,x) forae. (t,x)eR® x[0,T].
This completes the proof of Theorem 1.1.
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