J. Aust. Math. Soc. 100 (2016), 374-402
doi:10.1017/S144678871500035X

ON THE TOTAL COMPONENT OF THE PARTIAL
SCHUR MULTIPLIER

H. G. G. DE LIMA and H. PINEDO™

(Received 20 June 2014; accepted 18 August 2015; first published online 26 February 2016)

Communicated by B. Martin

Abstract

In this paper we determine the structure of the total component of the Schur multiplier over an
algebraically closed field of some relevant families of groups, such as dihedral groups, dicyclic groups,
the infinite cyclic group and the direct product of two finite cyclic groups.
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1. Introduction

The partial Schur multiplier pM(G) of a group G was introduced in [3] and [4],
together with the notion of partial projective representations of a group over a field
K. It is a generalization of the classical Schur multiplier M(G) and appeared naturally
in the attempt to introduce a new cohomological theory based on partial actions.
In contrast to its classical version, pM(G) is not a group, but it is a semilattice of
abelian groups pMp(G) (called components), indexed by certain subsets D C G X G
(see Theorem 2.11). Each component pMp(G) is formed by partially defined functions
0 : G X G — K, having D as domain, the so-called partial factor sets of G. These are
associated to the partial projective representations according to Definition 2.6.

It is known that the domains of the partial factor sets form a semilattice with
respect to the set-theoretic intersection and inclusion, and they were characterized
in [3, Corollary 7] as the 7 -invariant subsets of G X G, where 7 is a monoid acting
on G X G (see (2.2) and (2.3)). In [6], the authors described the structure of these
domains, as well as the structure of the domains which are associated to certain partial
representations called elementary (see also [9]).

The total component pMgxc(G) of pM(G) (corresponding to the totally defined
factor sets) is particularly important, since it contains the usual Schur multiplier M(G)
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as a subgroup and, moreover, according to [5, Corollary 5.8(iv)], any component
of pM(G) is an epimorphic image of pMgxc(G), provided that the base field is
algebraically closed. Some recent works provided a description for pMg«c(G) over
algebraically closed fields, in the case that G is a finite cyclic group [5, Corollary 6.4]
(see also [6, Proposition 6.3]), an elementary abelian 2-group C7 [8, Theorem 3.11]
and the symmetric group S'3 =~ Dg [10, Lemma 3.10].

To continue the study of the total component (and consequently the description of
the partial Schur multiplier), in this work we characterize pMgxg(G) for some other
important classes of groups.

The article is structured as follows. After the introduction, in Section 2 we provide
all the necessary background, fix some notation and describe some properties satisfied
by the (total) coboundaries. In Section 3 we give some technical results on the effective
orbits of some specific groups, as well as a full set of representatives of effective
orbits of a direct product of arbitrary groups. A generalization of [10, Lemma 3.10]
for the dihedral groups D;,, where m € N, will be obtained in Theorem 5.2. In
Theorem 5.4, we deal with D.. Furthermore, Theorem 6.3 in Section 6 describes
the total component for dicyclic groups, which are generalizations of quaternion
groups. Moreover, [5, Corollary 6.4] will be extended to the infinite cyclic group in
Theorem 7.3 and to the direct product C,,, X C,, of finite cyclic groups in Corollary 4.2.

2. Preliminaries

In order to define the partial Schur multiplier of a group, we need to recall some
preliminary facts and definitions. Thus, we start with the next definition.

DermniTion 2.1. For a field K, a semigroup S with O is said to be a K-semigroup
if there is a map K X § — § satisfying the following properties: a(8x) = (af)x,
a(xy) = (ax)y = x(ay), lgx = xand Ogx =0, forany @, € K and x,y € S.

DermniTioN 2.2. A K-semigroup M is said to be K-cancellative if, for every a,8 € K
and x € M\{0}, the equality ax = Bx implies a = .

ExawmpLE 2.3. The monoid Mat, K formed by n X n matrices with entries in K, is a
K-cancellative monoid.

In a K-cancellative monoid M, one can define a congruence A as follows: x1y &
x = ay, for some a € K*.

Thus, one obtains the quotient semigroup Proj M = M/A and the canonical
projection ¢ : M — Proj M. If M = Mat,, K, then Proj M is precisely the space PMat, K
of projective n X n matrices over K.

Dermition 2.4. A (unital) partial homomorphism of a group G with values in a
monoid M is a map ¢ : G — M preserving the unity and such that ¢(g)p(h)p(h™") =

P(gh)p(h™") and ¢(g~p(g)p(h) = p(g~")p(gh), for all g,h € G.

Partial projective representations of groups appeared in [3]. They naturally extend
the concept of projective representations, as one may notice in the next definition.
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DeriniTioN 2.5. A partial projective representation of a group G on a K-cancellative
monoid M is a function I' : G — M such that the composition éI": G — Proj M is a
partial homomorphism.

The treatment of partial projective representations depends essentially on projective
representations of Exel’s semigroup E(G), which controls the partial actions of
G (see [7]) and whose semigroup algebra KE(G), called a partial group algebra,
is responsible for the partial representations of G (see [2]). Indeed, taking into
consideration the semigroup E(G), it is shown in [3, Proposition 1] that a map
I': G — M is a partial projective representation exactly when I” factors through some
projective representation I : E(G) — M. Using this characterization, the authors of [3,
Theorem 3] showed that given a partial projective representation I' : G — M, there is
a unique partially defined function o : G X G — K* such that

domo ={(x,y) | T(x)['(y) # 0}, 2.1
I HIC() = TGy (x, y)
and
IO = Tl Ho(x, y),
for every (x,y) € domo. For convenience, we define o-(x,y) = 0 when (x,y) ¢ dom o

(making o totally defined) and keep the notation dom o for (2.1). Additionally, we
assume (without loss of generality) that I'(1) = 1.

Derinition 2.6. The function o associated with a partial projective representation I' as
above is called a factor set of T or a partial factor set of G.

Remark 2.7. Observe that according to [3, Corollary 5], the factor sets of partial
projective representations of G form a commutative inverse monoid pm(G), with
respect to point-wise multiplication. Thus, by Clifford’s theorem [1], this semigroup
is isomorphic to a semilattice of abelian groups. Therefore, it is useful to pay attention
to the idempotents of pm(G), which are obviously the partial factor sets whose values
are 0 or 1, so we must obtain a description of their domains.

We recall from [3] the following proposition.
Prorosition 2.8. Let G be a group. Then:
e [3, Proposition 4] if o is a factor set of some partial projective representation of
G and D its domain, then
(xyeDe (yyHheDex  xyeDoe (yy'xHeD
e aheDe (T neD;
e [3, Proposition 5 and Corollary 6] let D be as above. Then
(x,DeDox' veDo (l,xHeDeo (1,x)eD.

Moreover, if a map T: G X G — K satisfies T(1,1) = 1, then T is an idempotent
factor set of some partial projective representation of G, provided that its values
are 0 and 1 and, for any (x,y) € domT,

(xy,y‘l), (y_l,x_l), (x,1) e domr.
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2.1. The semigroup 7 and the partial Schur multiplier. Using semigroup
actions, we shall obtain a better description of domains of partial factor sets. Indeed,
Proposition 2.8 motivates us to consider the following maps on G X G:

w:(,y) e Gy, viey e LT, i(ny) e (x D).

These transformations satisfy the equalities

2

W =1 = (uv)3 =1, "=t ut=t, tuvt=tvuv, tvt=0, 2.2)

where 0 stands for the map (x,y) — (1, 1).
In [3, Section 6], there was introduced the abstract monoid 7~ generated by symbols
u,v and ¢ with relations (2.2). Then there is a disjoint union

T =SUtSUvtSUuvtS U 0,

where S = (u,v | u> = v? = (uv)® = 1) is a group isomorphic to the symmetric group
Ss.

Given an arbitrary group G, there is a left action of 7 on G X G defined by the
following transformations:

(x,y) =1, ulxy)=@yy") and vy =0"x7"), (2.3)
for any x,y € G.

Remark 2.9. Using Proposition 2.8 and the construction of 7, we get that the 7 -
invariant subsets D of G X G, that is, the elements of C(G) ={D C G X G |7 D C D},
are precisely the domains of the partial factor sets of G. Then they form a semilattice
with respect to the set-theoretic inclusion and intersection.

It follows from (2.2) and (2.3) that O(x, y) = (1, 1), for any x, y € G, and there is an
action of S3 in G X G induced by the action of 7. Thus, the orbit S3(x,y) of a pair
(x,y)eGXGis

{6y, G,y ™) 0y D, 7L D, 07 T 0, 7 )k (2.4)

Consequently, each Sj3-orbit contains one, two, three or six elements (see [5,
page 216], where the S3-orbit containing (a, b) is denoted by A, ;). As in [8], the
orbits with two or six elements are called effective orbits. Hence, the noneffective
orbits are of the form

{(Ly), oy ™H,07 D), yeG. (2.5)

Apart from this characterization of the domains as 7 -invariant subsets of G X G,
we have the following result.

DerinitioN 2.10. The partial Schur multiplier of G is the quotient semigroup pM(G) =
pm(G)/ ~, where the equivalence ~ is given by

o ~1 e a(xy) =nny) 'nrxy), xyeG,

for some functionn: G — K*.
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TueorEM 2.11 [3, Theorem 5]. The semigroups pm(G) and pM(G) are semilattices of
abelian groups:

pm@ = | ] pmp(@G), pM@G)= | ] pMp(©),
DeC(G) DeC(G)
where C(G) is the semilattice of T -invariant subsets of G X G with respect to the
intersection of sets.

Assuming that the field K is algebraically closed, there is another characterization
of the partial factor sets of G.

TueOREM 2.12 [5, Theorem 5.6]. If T is a partial factor set of G with domain D, then
there is a partial factor set o ~ T, satisfying

o(a,b)ob ', a7 ") = 1k, (2.6)
oaby=cbal,a)=cb,b'a "), (2.7)
o(a, 1) = g, (2.8)

for any (a,b) € D. Conversely, if o:G X G — K is a partially defined map with
dom o € C(G) such that (2.6)—(2.8) are satisfied for any (a, b) € D, then o is a partial
factor set of G.

For every D € C(G), the subgroup of pmp(G) formed by all the maps o : G X G —
K satisfying (2.6)=(2.8) will be denoted by pm/,(G).

Remark 2.13. It follows from the proof of Theorem 2.12 that a factor set o € pm,(G)
is completely determined by its values in a full set of representatives of the effective
orbits of D.

Now we recall the next result.
CoroLLARY 2.14 [5, Corollary 5.8]. Let D € C(G). Then:

(1) every partial factor set of pmp(G) is equivalent to some element of pm’,(G);

(2) the kernel Np = {0 € pm)y(G) | o ~ 1} of the natural epimorphism of pm,(G) —
pMp(G) consists of those o : G X G — K for which there isp : G — K* satisfying
the following conditions:

p() =1k, plapa’) =1, (2.9)

for any a € G with (a, 1) € D, and

ola.b) = p(a)p(b)p(ab)™"  if (a,b) € D, 2.10)
’ 0 if (a,b) ¢ D; '

(3) let s = s(G, D) be the cardinality of the set of effective S3-orbits of D and
{(ai, bi)}<i<s a full set of representatives of these orbits. Then the map

¢: (K*)' 3 x> 0, € pmp(G),

in which x = (x;)1<i<s and o(a;, b;) = x;, is an isomorphism of multiplicative
groups;
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(4) for every domain Y € C(G) such that Y 2 D, there is an epimorphism 1//1’; :
pMy(G) = pMp(G). In particular, pMp(G) is an epimorphic image of the total
component pMgxc(G).

DeriniTion 2.15. The partial factor sets o in Np are called coboundaries in pm7,(G). In
this case we write o = dp, where p is a function satisfying (2.9) and (2.10).

Setting Lp = {x € (K*)* | oy ~ 1} = {x € (K*)* | 0 € Np}, one has the following
result.

TueEOREM 2.16 [5, Theorem 5.9]. If s is the cardinality of the set of effective S 3-orbits
of D as in Corollary 2.14, then

pMp(G) = pmip(G)/Np = (K*)*/Lp.

It follows from Corollary 2.14(4) that each component of pM(G), and thus the
structure of pM(G), depends on the total component pMsxc(G); hence, a first step to
study the semigroup pM(G) is to obtain a description of its total component. For this,
one proceeds as follows: by Corollary 2.14(3), we need first to find the cardinality s
of the set of effective Sj-orbits of G X G. Then, according to item (4) of the same
corollary, we get a group epimorphism

W (K*) 3 x o cls(oy) € pMoxa(G), 2.11)

for which ker(¢) = Lgxg. Here, cls(o) denotes the class of o, in the component
PMg«c(G), and the calculation of pMg«(G) will be completed when determining the
quotient group (K*)*/ ker(y).

Let o € pmg,, ;(G). Throughout this work, we will use the following notation.

e Fixing an element x € G, set
n;=mj(x) = o(x, x)o(x, x2)--- o(x, x’™, (2.12)

foreach jeN, j>2.
e  More generally, given arbitrary elements x,y € Gand j€N, j > 1, let

T (%, ) = o (x, Y)o(x, xy)o(x, Xy) - - - o (x, X7 1y).
Set also op(x, y) = 1 and notice that oj_; (x, x) = 7;(x).
Some properties of the coboundaries in pmy;, ;(G) are given in the next result.

Lemma 2.17. Given o € pmy, (G), if there is p : G — K* such that o = Op, then

_ p(0)p(y)
oj(x,y) = —p(xjy) , | (2.13)
(T()Ci, xky) — O-i+k(x7 Y)O'(xla }’) (214)

O-i(x’ )’)U'k(x, )’) ’
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foranyi, j,k > 1 and every x,y € G. Moreover,

_ o, y)ot, xy)

ik
o(x', x°) o y) , (2.15)
for every x,y € G and any i,k € Z.
Proor. Given i, j, k, x and y as above,
o () = POPD) PP(y) pp(Py)  p)p(ly) _ p/(x)p()
e plxy)  p(x?y)  p(xy) p(xy) p(xiy)
which gives (2.13). Consequently,
o by = LOOPCEY) P 0p0) p(Dp0) p(xy) _pla'y)
’ p(xihy) p(xky)  p(xty)  pi(X)p) PEX)P)
— O—i+k(xs Y)U'(xis y)
O'i(x,y)o'k(x,)’) ’
and one obtains (2.14). Moreover,
i o PP p(x)p(y) p(P)p(x'y)  p(x*y)
o(x',x") = - = - - -
p(x*F) pxy)  p(xthy)  p(x*)p(y)
o, o (X, xy)
- o (xitk, y) i
proving (2.15). O

We will denote by C,, the cyclic group of order m € N. Given two elements a, b of
G, the commutator aba™'b~! of a and b will be denoted by [a, b]. Finally, given two
semigroups S, S,, we write S| < S, to indicate that §; is a subsemigroup of S,.

3. Some remarks on effective orbits

As recalled in Remark 2.13, a partial factor set o € pmg, (G) is completely
determined by its values in a full set of representatives of the effective S 3-orbits of G.
Moreover, according to [6, Theorem 6.2], the number s(G, G X G) of distinct effective
S 3-orbits of G equals the number of 7 -orbits of the form 7 (a, b), where 1 ¢ {a, b, ab}
and it is given by
(|G|271) +1G )l

3 )
where G3) denotes the set of elements of order three in G.
ExampLE 3.1. Suppose that G = Dy, = {a,b | a™ = b* = (ab)* = 1) or G=C,, X C; =
(a,b|d" =b* =[a,b] =1). Then |03(G)| =2 if |G|=0 mod 3 and |03(G)| =0
otherwise. Consequently,

s(G,G xXG) =

-1 -2)+4
(G| )(l? )+ if |G| = 0 mod 3,

s(G,GXG) = (3.1)

W=D 11614 g moas,
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Given o € pmy,, (G), equality (2.7) implies
o(d'b,a’) = o(a*b,a'b) = o(a’, d"b),

where k =i— jif G=Dy, and k=—-i— j if G =C,, X C,. It follows that o is
completely determined by its values on pairs whose first coordinate is an element of
the cyclic subgroup C,, = (a) < G.

From now on in this work all partial factor sets have their values in an algebraically
closed field K.
In particular, there is a group isomorphism

~ K*. (3.2)

Lemma 3.2, Ifo e pm’cmem(Cm) and m > 3, then o is uniquely determined by its values
in the set S ¢, given by

{(d,a)|1<i<|(m-1)/3]andi< j<m—2i—1}UZyy, (3.3)

where Z, , = (@3, a™3)} if m =0 mod 3 and Zym = 0 otherwise. Moreover, these
values can be chosen arbitrarily in K*.

Proor. The proof of [5, Proposition 6.1] implies that for every m > 3, the set
{S3(d',a’)| 1 <i<|m/3], i< j<m-—2i) (3.4)

contains all the effective S 3-orbits of C,,. Moreover, since S3(d', a’) = S3(d’, a™ %),
one gets that for each integer i satisfying i < m — 2i, there are two representatives
for the same Ss-orbit in (3.4). In these cases i < m/3 and it is enough to consider
those S3(a’, a’) for which j < m — 2i — 1 to get a complete set of representatives of the
effective § 3-orbits. O

Let G=C,, xC; or G = Dy, as in Example 3.1 and m > 3. We will use the
following notation:

oij=0(d,a’) and 7;;=o0(d,a'b), (3.3)
where 0 <i,j<m—1.

Lemma 3.3. Let G=C,;, X C, or G = Dy, m =23 and S ¢, as in Lemma 3.2. Then any

m

o € pmy, (G) is completely determined by its values on the set S g given by

m—1

S, u{(ak,alb) 1 gks{ JandOS I<m- 1}uzu,,,,m, (3.6)

where Zy pm = {(@"?,d'b)| 0 <1< (m/2) -1} if m=0mod 2 and Zypm = 0 otherwise.
Moreover, these values can be chosen arbitrarily in K*.
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Proor. By Lemma 3.2, the restriction of o to C,, X C,, is completely determined by
its values o;;, where (d,al) e S ¢, Consequently, it remains to show that each of the
values 1y, is determined by those values whose indexes satisfy the inequalities in (3.6).
Since o(1,a’b) = 1, for every j, it is enough to consider 1 <k <m — 1.

It follows from (2.4) that (a¥, a'b) and (a™*, a**'b) are the only pairs of S 3(a*, a'b)
whose first coordinate is a power of a. Therefore, one may assume without loss of
generality that the representative (a¥, a'b) was chosen in such a way that k < m — k.
Consequently, it suffices to consider 1 < k < m/2.

If there are (a*, a'b) # (d, d"b) in the same S3-orbit, with 1 <k <k’ < m/2 and
0<LI'<m~-1, then @ = a"* implies k' = k = m/2, and a"b = a"**'b yields

"=m/2 + [ mod m. In this case, for any [ > m/2, we have I' =1 —-m/2 <m/2 — 1.
Therefore, when k = m/2 is an integer, it is possible to choose 0 </ <m/2 — 1. This
completes the proof. O

We proceed with a simple result, which is obtained in the proof of [5,
Proposition 6.3].

Levmma 3.4, Let C,, ={a|a™ =1y and o0 =dp € pm’cmxcm(Cm), for some p : G — K*.
Then nj(a) = p/(a)p(a’)™" and

mivj  o(a,d’)...o(a,a"h)

nmp o(a,a)...o(a,a"t)

for any (d',a’) € Sc¢, such that i, j>2. Moreover, o(a, al) = o(a,a" "), for all
(a,a’) € S¢_satisfying |(m+1)/2] < j<m—3.

m

3.1. Orbits of a direct product of groups. Given a group G, an action of the
semigroup 7 on G X G was defined by means of the transformations given in (2.3).
Recall also that S5 ~ (u,v) < 7.

Denote by GH the direct product of the groups G and H, and by (g1h;, g2h,) an
arbitrary element of GH X GH, where g, g, € G and h;, h, € H. We have the following
result.

Lemma 3.5. For any groups G and H, and arbitrary elements g;, g. € G, h;, h; € H,
X € S3,

(8111, &5h5) = x(g1hy, 82h2) & (81, 85) = x(g1,82) and  (hy, hy) = x(hy, hy).

Proor. It is enough to prove the equivalence above for the generators # and v of S3.
We have

u(gihi, g2h2) = ((g1h)(g2h), (g212) ™) = ((g182)(1ha), 85" h5")
and consequently (g} 5], g,h) = u(g1h1, g2hy) if and only if

g =818, & =8&"' M =hh and K, =h".
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Similarly, thanks to
v(gih, g2h) = (g2h) ™', (&1h) ™) = (&7, g1 ' by ),
it follows that (g} 4], g5h5) = v(g1h1, g2h2) if and only if
g =g' g=h', W=g' and hi=hn".
The lemma is now clear. O

Given a group G, let T be a transversal of the action of S3 in G X G, and S ¢ be the
subset of T formed by those elements which correspond to the effective orbits.

From now on, T will always be chosen in such a way that Tg\S¢g = {1} X
G. This is possible because by (2.4) the noneffective orbits are of the form
{(1,a),(@,a"), (@', 1)}, a €G. In particular, for G = C,,, we will always choose S,
as in Lemma 3.2, forany m > 3 and S¢,, =0, if m € {1, 2}.

In order to calculate effective orbits of a direct product of groups, we need to
introduce some more notation. Let Gy = {g € G | ord(g) = k}, for any k € N and
G* =G\{l}. If Gy # 0, for some k > 2, we take a subset X(G) of G such that
G\(GyUGp) =X(G)V X(G)™'and X(G) N X(G)~! = 0. Otherwise, we set X(G) = 0.

Finally, if there exists e € G(3), we denote by Y(e) a subset of G such that G =
Y(e) U eY(e) and Y(e) N eY(e) = 0.

ExampLe 3.6. If G = C,, = (a| @" = 1) and m > 3, we take
X(C,) = {a,d?, ..., a2y,

Now, if m is even, then a™/?

choice is

is the only element of order two in C,, and a natural

Y@ ={1,a,...,a"*}.
For Z = (a), we choose X(Z) = {a' | i > 0} =~ N.
The subsets X(G) and Y(e), with e € G(), play a fundamental role in the calculation

of a full set of representatives for the orbits of a direct product of groups, as we notice
in the following result.

Tueorem 3.7. Given groups G and H, fix S, Su, T, X(G) and Y(e) (if e € G()) as
above. Then the set

S6 U (X(G) x GH*) U U {e} X Y(e)H"
eEG@)
U{(g1h1,82h2) | 81,82 € G and (hy, ) € S,
where (hy, hy) & Hz) X Hy or hy # hy)

U{(gih,g2h) | (g1,82) € Tc UW(Sg), (h,h) € Sy N (Hazy X Hp))}

contains exactly one representative of each effective orbit of S3 on GH X GH.
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Proor. Consider the following decomposition:
GHXxGH=(GxG)U(GH"xG)U (G xGH")U(GH" x GH").
By (2.4), the orbit S3(g1h1, g2hy) of any (g1h1, g2h2) € GH X GH is of the form

{(g1h1, g2h2), (g5 g7 5 ", g1, (gaha, €5 87 s Y,
(&' hyt g7 Y, (g7 hy, g1g0hi ), (g182hiha, g5 15 1))

In particular, if h; = hy = 1, then S3(g1,22) € G X G. It follows that S contains
exactly one representative of each of these effective orbits. Now take one of the
remaining S 3-orbits, that is, the orbit of a pair from (GH X GH)\(G X G). There are
some cases to be considered.

Case 1. 1If the orbit contains a pair (g1/1,g2) € GH* X G, it also has a representative
of the form (g5', g;'h;") € G X GH*. Therefore, one can choose pairs from G x GH*
instead of pairs in GH* X G.

Case 2. Suppose that the orbit is effective and has a representative (gi, g2h) €
G X GH*. Notice that (g[l, g182hy) is also in S3(g1, g2h2).

If ord(g;) # 1,2, then g # gl‘l and it suffices to choose one of the (distinct) pairs
(g1,82m) or (g;', g182hy). Thus, we may assume without loss of generality that the
pair (g1, g2h») is such that g; € X(G), which yields (g1, g2h2) € X(G) x GH*.

On the other hand, if g; € G(»), then g;l = g1 # 1 (because the orbit S3(g1, g2h7) is
effective) and (g1, g182M2) # (g1, &2h2). In this case, to avoid having two representatives
for the same S 3-orbit, without loss of generality one may suppose that g, belongs to
Y(g1), that is, (g1, g2h2) € {g1} X Y(g)H".

Case 3. Suppose that the orbit contains some (gh;, g2h2) € GH* X GH* as a
representative. If the orbit intersects G X GH*, we choose a representative as in the
previous case. Otherwise, i1/, # 1 (thanks to the form of the S 3-orbit) and S3(hy, i)
is an effective orbit (see (2.5)). Consequently, (hi, hy) = x(h], h}), for some x € §3
and some (h|,h}) € Sy. Let (g],8,) = x7'(g1,g2). Then Lemma 3.5 implies that
(g1h1, g2h2) = x(g\h}, g5h5). Therefore, one may suppose that (g141, g2h2) belongs
to

(GXG)Sy = {(g1h1,82h2) | (81.82) € G X G, (h1,h) € S ). (3.7)

’

If two different pairs (g}h], g5h}) and (g7 hY, g5yhy) from (3.7) are in the orbit
§3(g1h1, g2h2), then, by Lemma 3.5, there is y € S3\{1} such that (g}, g5) = y(g7, &%)
and (h}, h}) = y(h{,hY). In that case, since Sy contains only one pair from each
effective orbit, it follows that (h}, h}) = (h}, k). By inspecting the elements of the
effective orbit S3(h}, hY)), given by (2.4), one sees that

(W) ) = y(h 1Y) & y € fuv, @)}, Y = hy and ord(h))=3.  (3.8)

We conclude that h = b} = hl € H(3), and this leads to (h, h) = (h],h}) € Sy N (H) X
H(3)). Now we consider the orbit S3(g1, g2).
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Case 3.1. 1f S3(g1,g2) is effective, then (g1, g2) = z(g}, &), for some (g}, g5) € S and
z€83. If z€ {1, uv, (uv)?}, then, using (3.8), one gets (h, h) = z(h, h) and consequently
(g1h, g2h) = z(g}h, g5h) thanks to Lemma 3.5. Otherwise, z = vw with w € {1, uv, (uv)?}
and
(g1.82) = vw(g}. 85) = w (gl 85) =w ' (g7, g7,

where (g5',87") = v(g}, g5) € W(Sg). Using (3.8), we get w'(h,h) = (h, h); thus,
Lemma 3.5 implies that (g, 4, g2h) = w‘l(gglh, g;lh). Hence, for any orbit S3(g1 4, g2h)
such that (g1, g2) is effective and (h, h) € Sy N (H) X Hz)), it can be assumed that
(81,820 €S Uv(S6) €S T UW(Se).

Case 3.2. If S3(g1,&2) is not effective, then (g1, g2) = z(g}, g5), for some (g}, g5) €

Tc\Sg and z € S3. Since v(S3(g1,g2)) = S3(g1, g2), it is possible to choose z €
{1, uv, (uv)?} and get (g1h, g2h) = 2(g1h, g4h) by (3.8), for any (h,h) € Sy N (Hgz) X

Hp)).
To finish the proof, it is enough to observe that if (G X G)S g contains exactly one
element of S3(g1hi, g2hy), then (hy, hy) ¢ H(3) X H(3) or hy # hs. (]

Using Theorem 3.7, we obtain as an example a full set of representatives for the
effective orbits of products of finite cyclic groups. In fact, Theorem 3.7, and in
particular the construction of the subsets X(G), were inspired by this particular case.

ExampLE3.8. LetG =C,,, X C,, ={a,b|ad" = b" =[a,b] = 1), for some m,n € N. Using
(3.3) and Example 3.6, set

Se,xc, =S¢, UX(Cp) X C,C, U {am/2} X Y(C)C:
U (€ X CS B, 5P
U1} xCp) U SCm U V(SC,,,)){(bn/3, bn/S)}’

where Y(C,,) = Y(@"'?)if m = 0 mod 2, Y(C,,) = 0 if m # 0 mod 2 and {(b"/3,b"/3)} = 0
if n #0 mod 3. Then S¢,xc, contains precisely one representative of each effective
§3-orbit. In particular, any o € pmy,, (G) is uniquely determined by its values in the
elements of S ¢ xc,, and these values can be chosen arbitrarily from K™.

4. Direct product of two cyclic groups

4.1. Product of cyclic groups. Now we calculate pMgyg(G) for G = C,, X
C,,m,n € N. We start with the next result.

ProposiTion 4.1. Let G = C;, X Cy, myn € N and o € pmyg, (G) be such that o ~ 1.
Then o is uniquely determined by its values on the pairs

(a,d*b"), where0<k<m—1,1<1<|(n-1)/2], 4.1
(a, db"?), where 0 <k < Lm — 1)/2] (if n is even), 4.2)
(ai,b), where 2 <i<|m/2], (4.3)
(b,b"), where 1 <1< |(n—1)/2](ifn=3), (4.4)

and these values can be chosen arbitrarily in K*.
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Proor. Assume that G = C,, X C, is generated by a and b as in Example 3.8. Since
o ~ 1, there is a map p : G — K* satisfying (2.9) such that o(x, y) = dp(x,y), for any
x,y € G. By (2.15) and Example 3.8, the value of o on any (@', a*) € S ¢,, 1s determined
by its values on elements from
By = (X(C) X CuCpp) U ({a"?} X Y(Cr)Cy)
={(d,d'b)|1<i<|m-1)/2],0<k<m-1land1<I<n-1}
U{@"?,dby|0<k<m/2-land1<I<n-1}.

By (2.14),if i,k > 1, then

o dbh oikla,bHo(d, by  o(a,db)...o(a,d*'bHo(d, b)
a,a = =
oi(a, b)o(a, b') o(a,b)...o(a,a b))

Moreover, since o(d’, b)) = o ((a'b') ", a) = o(@, a'b')", we see that for anyi>?2
the value of o(a’, a*b') is determined by the values o(a, a* b)) and o(a’, b") such that
1<k <m-1,1<lI'<n-1land1<7{ <|m/2].
Now we will consider the values o-(a, a*b') and o(a', b'). In the first case,
_ p@p(a@d)  plapa™ b

o(a,d"b") = = =o(a,a

m—1 —kbn—l)
p(ak+1bl) p(am—kbn—l) ’

so we can choose 1 << n/2. Further, if n is even and [ = n/2, then o(a, a*b"'?) =
o(a,a™ '"*p*"'?), and it can be supposed that k <m — 1 — k, that is, k < [(m — 1)/2].
With respect to the values o(d, b’),

o(d.b) _ pa)p®) pad) _ pa)
oi(a,bl)  pad) plap®) pla)

for every [ and i > 1. In particular, taking / = 1, it follows that

o(d,b") o(d,b)

oia,b") oiab)

for any i,/’ > 2 and, consequently,

i [ O-i(aa bl)
i bl — i b
o(d',b') = o(d', b) @b
for all i,/ > 2. We conclude that the values of o~ on elements of B; are determined by
o(a,d"b), o(a,db?), ..., o(a,db' " V"2, where0<k<m-1, 4.5)
o(a',b), where?2 <i<|m/2], (4.6)

and (if n is even)

o(a,db"?), where 0<k<|(m-1)/2). 4.7)
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It follows from Lemma 3.2, applied to C,, = (b), that the set

By = (Cpu X Cp)(S ¢, \{(B"3, "))
U ({1} X Cp) US ¢, UnS e B3, b))

from Example 3.8 is nonempty if n >3, where {(b"/3,b"3)} =0 if n %0 mod 3.
Furthermore, for all i, j, k,[ € Z,

p(a'b)p(ab)
p(a”kb j+l)
_ _pla)p®’ )o(a*b')
o(d, b)p(ai+*bi+l)
_ o(d,d"bhpa* b))
- o(d, bj)p(ai+kbj+l)
_o(d,adbp(a)pdhp(b))
- o(di, b)o(a**, bl)p(a”kbj”)
o-(ai, akbl)O'(aHk, bj+1)
o(a', b))o(a**, bl)

o(d'b’, akbl) =

=o’, b))

Therefore, the values of o on any (a'b/, a*b') € B, are determined by the values
specified in (4.5)—(4.7) and o (b/, b'), where (b/,b') € S¢,. Applying Lemma 3.4 to
C,., one concludes that the values o(b/, b'), (b/,b') € S ¢, are determined by

o(b, b)), where 1 <I<|(n-1)/2],

by means of
o, by = T o jri-1(b, b)
5 7T]7Tl O-j_l(b, b)o-l—](b, b),

where 7; = 7;(b) is given by (2.12), and by

o (b, b)) = o(b, b 1).

Conversely, denote by I the list of pairs in (4.1)—(4.4) and fix a family (v(x, y))(xy)er
of elements in K*. In what follows, our intention is to show that these values determine
a partial factor set oo ~ 1. By Corollary 2.14(2), it is enough to construct a map
p: G — K" satisfying (2.9) and (2.10) such that o(x, y) = dp(x, y), for any (x,y) € I.

Let vo(x,y) = 1 and v;(x,y) = v(x, y)v(x, xy) . .. v(x, x1y), x,y € G.

First we want to define p(b), ..., p(bl"*1/2]) in such a way that p satisfies (2.9) and

P (b)
p(bi+y’

forany 1 < j < [(n— 1)/2] (this is already true for j = 0). The values of p on the other
powers of b (if n > 3) will be defined using (2.9). Since n = |n/2] + [(n + 1)/2], this

vi(b,b) = (4.8)
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is possible only if
p"(b) = P2 BYp D2 (b)) (3,211 (B, BYPB ) V121 (b, BYp(BVI)

2.9)
=" V\u2)-1(b, DYV (n-1)/2) (D, b).

Thus, we define

1
pb) = ) =wy, Wwhere W) = vi,21-1(b, b)V|(n-1)/2)(b, D). 4.9
For2 < j<|n/2], let
) o (4.10)
PO o) T v,y ‘
Notice that (4.10) coincides with (4.9) when j = 1. Now, for j = [(n + 1)/2],
L(n+1)/2]
p(p+D2)) L YapBb) ay @y _
p(bln2l) wé”/ 2] Vin=1)/2)(b, b)
We also want . 1
o Pap®)
vi(a,b') = —p(afbl) 4.11)
in the following cases:
e I<j<mandl1<I<|(n-1)/2]@{fn=3);
o 1<j<|(m+1)/2]and!=n/2 (if nis even).
Thus, we set
1
(@)= ——=p(1) = 1
L pla™ ~F
and ‘ 1 ,
; 1 @11 pl(@)pb') @.10) )
ip'y = . = = 4.12
PaB)=C@ iy~ ) bt

in these cases.
Finally, in order to get v(d', b) = p(a’)p(b)p(a’b)™" when 1 < i < |m/2], define

1 wd,bpa'b) @12 v(d', b)w, _v(d',b)

(amfi) - p(b) (1)21/[((1, b)VO(b, b) B Vi(a? b) '

The map p just defined satisfies the following conditions.

pla') =
Ie

o Ifl<k<m-land1<I<|(n-1)/2], orif niseven, [=n/2 and 1 <k <
L(m —1)/2], then

pla)p(ad') wh Vet (a, BYvi_y (b, b) k!
_ =wa,a'b).
p(ak+lbl) vi(a, b’)vl_ 1(b,b) a)12
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e Forl<i<|m/2],

pla)p®) _v(@.b) via,byvo(b.b) _ y

pab) @b w (@0

o Ifn>3and1<I<|[(n—1)/2], then

pb)p(B) Wy vib,b) 1
———— =wy———— =v(b,b).
TR R

This completes the proof. O

Let ¢ =S¢, xc,| be the number of effective S3-orbits of the group C,, X C,.
By Example 3.8, ¢, =1S¢,| + |Bil + |Bz|, where By and B, are as in the proof of
Proposition 4.1. Thus,

1 1
{m—Jm(n—l)+M i m = 0mod 2.
2 2
|B;| = 1
{TJm(n -1 if m £ 0mod 2.
m2(Sc, |- 1)+m+2Sc,| ifn>3andn=0mod3,
|B2] = {m?|S¢,| ifn>3andn 0 mod 3,
0 ifn=2
and, using (3.1),
—Dn-2
% if n % 0 mod 3,
ISc,|=
" S D(n-2)+4
(n )("6 )+ 4 = 0mod 3.

Now we give the principal result of this section.

Tueorem 4.2. If G = C,, X Cy, then pMgxg(G) = (K*)mn™11HQ2 "yyhere Q) € S ¢, «c,
is the set of pairs given by (4.1)—(4.3) and Q2 C S ¢, xc, is given by (4.4).

Proor. Considering S ¢, xc, as in Example 3.8, write

(K™Y = (U, V) umes e, e, I+
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By Proposition 4.1, the subgroup L = Lgxg = {x € (K*) | 07, ~ 1} of (K*)“™" is

x(a,d). .. x(a,a* ™"

— #\Cm,n i)y = i .
L_{xe(K) x(a',a’) = ad) . x@d D , for (d',a’) € Jy;
/ i 1 ’b j’ b .
x(a,a’) = x(a,a™™"), for j € J»; x(a,a’) = w, for j € Js;
x(a'*/, b)

x(a,a'by. .. x(a,a™"bx(d’, b
x(a, b)) ... x(a,a*1bh)
x(a,d"b) = x(a, a™'*b"), for (k, 1) € Js;
x(a, akb"/z) = x(a, a’”_l_kb"/z), for k € Jg;
x(a, b)) ... x(a,a"'b")
x(a,b)...x(a,a='b)
x(ai’ akbl)x(ai+k, bj+l)
x(a’, b)) x(a**, bt
x(b,bl). .. x(b, b1y
x(b,b)...x(b,b1)

x(d',d'b') = , for (d',d*b") € Ju;

x(a', b = x(d', b)

, for (i,1) € J7;

x(d'b’,d*b’) = x(b’, b , for (i, 1) € Jg:

x(b/, b = , for (b/,b) € Jo:

x(b.b) = x(b, "), for [ € Jm},

where
={(d',a’) eS¢, |i,j>2},
Jz—{J€N||_(m+1)/2J<J<m 3},
J3—{J€N|1<J<|_(m—1)/2J}
={(d,d"b)e By |2<iand 1<k},
Js—{(kl)eNle1<k<m—1andLn/2J+1<l<n—l}
J6—{k€N|Lm/2J<k<m—1}
={(,)eNxN|1<i<m/2and2 <[<n/2},
={(d'b’,d"b") € B, | (i,k) # (0,0)},
={(®,beSc,|j1>2),
={leN||l(n+1)/2]<l<n-3}.
Notice that
o1l ml(n—1)/2] +|m/2] -1+ [(m+ 1)/2] ifn=0mod?2,
a ml(n—1)/2) + |m/2] - 1 if n# 0 mod 2
and that
- 1)/2] ifn>3,
IQ2|={L(n 2l i
0 ifn=2.
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Furthermore, |Bi\Qi| = |Jul + |Js| + |Jo| + |J7] and |Bo\Qo| = |Jg| + |Jo| + |J10l.  In
addition, ¢y, — Q1] = 1Q2] = 1S ¢, xc,| + [B1\Q1l + |B2\ Qs

Inspired by the relations defining L, we consider the homomorphism A : (K*)“ —
(K*)emn=1Q171920 which maps any {x(u, V)}wwese, xc, 1O

x(dl,al)x(a,a). .. x(a, @) @ anes, \ xa,al)  Jjes,’
x(a, b)x(a’, ab) )
x(a,al)x(@'*7, b)) jes,’
x(a,d'b'). .. x(a,a™**'b)x(d, b)

x(at, akbl)x(a b ... x(a,a"1bh) )(a",a"b’)eh’

(e 5
(
S Iy
(
(

x(a, akb) x(a, akb"'?)

x(d@,b)x(a,b) ... x(a,a" 1bl))
x(a',bx(a,b) ... x(a,a='b) )ines,

x(b7, bHYx(d, a* b x(a*, b/”))

x(a'b/, akbyx(at, b)) x(a**, b) )ines,

( x(b,b7) ... x(b, b1 ) (x(b, b"-l-l)) )
x(b7,bx(b,b) ... x(b, b)) ipher, \  x(b,b)) e,/

It follows by construction that A is an epimorphism of groups whose kernel is L.
Consequently, by Theorem 2.16,

(K*)Cm.n

T ~ (K*)Cm.n_lQll_lQﬂ‘ O

PMxc(G) =

5. Dihedral groups

In this section we calculate pMgyc(G) for any dihedral group G.

5.1. Finite dihedral group. Consider the dihedral group D,,, = {a,b | a™ = b* =

(ab)? = 1), m € N. We denote by d,, = s(D2, Do X D»,,) the number of effective orbits
of D,,,, which is given by (3.1).

In the proof of Theorem 5.2, we will not determine explicitly the kernel of the map
; instead, we shall obtain a chain of subgroups W < kery < R: then

. (K*)dm
(K*ydn W

= ke
ker(y) eW

As to the quotients (K*)% /W and ker(i)/ W, we construct a map A with domain (K* )%
and whose kernel will be W; then A induces a group isomorphism A : (K*)% /W —
im(A). Finally, to obtain the desired quotient (K*)% /ker(y), we apply to A the
following result.
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Lemma 5.1. Let f : H — A be an isomorphism of abelian groups and H| < H; then the
map H/H, > hHy — f(h)f(H;) € A/ f(H;) is an isomorphism.

This argument will be used not only for pMp,, «p,, (D2r) but in the calculation of
other total components.

THeorEM 5.2. We have pMp, xp,, (D) = (K*)dm=lm=1/2]

Proor. Let ¢ : (K*)% — PMp, xp,,(D2y) be the group epimorphism given by (2.11)
and x € ker(y) = Lp,,xp,,,» Where o is as in Corollary 2.14(3). Then o =0, €
Np,,xD,,- By Corollary 2.14(2), there is a map p : D5,, — K* such that

i Jj k lb
_pla )P(F’ ) and  o(d.db) = pla)pla )’
pla) pab)
for all i, j, k, [ € N. Moreover, p satisfies
p(1) = pa)p(a™) = p(@by? = 1,
for all i € N. From the equalities above, it is easily verified that o%(a*, a'b) = p*(a*),

for every k and /. In particular, if m is even, then o(@?,a'b) = 1, for any /. It follows
from (2.15) that

o(d,a’)

_o(a, byo(a’, ab)
T o(at,b)
forany j=1,...,[(m—1)/2]. Consequently, considering o; and 7 as in (3.5) and,
using Lemmas 3.3 and 3.4,

o(a,a’)

b

T1ie..071 j1i—
ker(y) C R = {(a,-,», i) € (K*Y | oy = =ML por (i, j) € Ui

O11...01,j-1
T107 1

O1j=Oimj-1, fOr j€ Jo; 01j = , for j € Js;

T1+j0

oy = Thps for (k, 1) € Jy; Tﬁm,, =1, forle JS},

where
Ji=1{(i,)) eNxN|i, j>2and (d,a’) € S¢,},
Jr={jeN]|(m+1)/2] < j<m-3},
J={jeN|1<j<[m-1)/2]}
Jo={(i, )ENXN|1<i<|(m-1)/2]; 0< j<m—1},
JSZ{{IGNIOSZS(mﬂ)—I} if m =0 mod 2,
0 if m # 0 mod 2.

Notice that Z?Zl |Ji| = d,,- Now we consider the group
W ={(0ij,Tu) €R | Ty = y € K*, for (k, 1) € Jy,
Tm/2,] = Mmy2, for l € Js, where p,,» = 1 if m = 0 mod 2},
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which is obtained from R by removing the squares in the relations corresponding to Jy4
and Js.

We shall show that W < ker(y). Indeed, given (cj, 7iy) € W, let 1 : G — K* be the
map defined by

Adb)=A1)=1 foreachO<i<m-—1,

Ad) = u; foreach1<i<|(m—1)/2]

/l(a’"_i) =
and A(a™?) = 1 if m = 0 mod 2. Then, by the construction of W, it follows that

CTTi iy Aa)A(a)

o= = = —, forall jeJ
Y T1+j,0 Mi+j Ala'+)) / 3
and
_ _A@A@" T A@Aa) .
O1j =0 1m-j-1 = A @) for any j € J,.
These imply that

Tlie - Tl _ V(a)A(a) Aa’)  Aa)A(a))

gij = , TN i)
O11...071,j-1 A(a*tl)  Al(a) A(att)

for every (i, j) € J;, and

_ AdHAa'b)

Tk = Mg = W, for each (k, 1) € J4 U ({m/2} X Js).

Consequently, any partial factor set o, x € W, is a coboundary, that is, W < ker(y).

We will construct an epimorphism whose kernel is W. Since Zle |J:| = d,, and
l(k, 1) € Ju,1 # 0| = |J4] — L(m — 1)/2], we may define a homomorphism A : (K*)% —
(K*)dn=Ln=DI21 - sending (o), Tw) 0 (01T j1.0/T10Tj1) jesss (OT17/ 1 mej=1) jesss
(Tijo11 - O1,j=1/0 10« o O i =1 pedr» Tkt Tho)kDed 11205 (Tmp2,0)i1eds)-

Then, by construction, W = ker(A), and A is an epimorphism, because for any z =
(Uierys Vierss Wi jens (Xi )i jyetsjz0s 1)iess) belonging to (K*)dn=lm=D/21 " one
has A(cj, Tx1) = z, where

Tk = 1, for (k, 0) € J4,
T = Xp,  for (k1) € Jy, 1 #0,

T2 = Y1, forleJs,
U;Ti07 ;1 .
0'1j=¥, for j € J3,

Tj+1,0

01 =Vi01m—j-1, fOI'jEJz

and w;io (o
ijOli---Uli+j-1 .o
gij = , fOI'(l,])EJ].
0'11...0'1,.,'_1
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On the other hand,
Ax)y=(1,...,1,¢&1,...,&), forany xe€ker(y) CR, 5.1

where the number of ones in (5.1) is |J5]| + |J2| + |Ji| and sl.z =1, forevery 1 <i<
t = |Jal = Lm — 1)/2] + |Js]. In other words, A(ker(y)) <« Co "D/ We get that
PMp, xD,,(D2y) is isomorphic to

“\d (&)™ dy—L(m=1)/2]
K™ ke (KO)™

ker(y) g © Alker(y))

~ (K*)dm_L(m_l)/ZJ’

where the last isomorphism follows from (3.2) and (5.1). O

5.2. Infinite dihedral group. Now we proceed with the calculation of the total
component of the partial Schur multiplier, for Do, = {a, b | b*> = (ab)* = 1). First we
give a result that can be proved similarly to Lemma 3.3.

Lemma 5.3. Any element of pmbmew(Dm) is uniquely determined by its values on
pairs in
{@,a))| G, ) ENxXN}U {(@",a'b) | (k,]) e N X Z}.

Moreover, these values can be chosen arbitrarily in K*.
TueoREM 5.4. We have pMp_xp_ (Do) = (K*)FPEXAEXZY)

Proor. By Lemma 5.3, the effective orbits of D, can be indexed by the set (N x N)
x (N x Z). So, we may consider ¢ : (K*)M*EX2) 5 paf, o p.(Ds) as the
epimorphism of groups given by (2.11) and take x € ker(y)) = Lp_xp.- Theno =0, €
Np_xp,, and there is a map p : Do, — K™ such that (2.9) and (2.10) are satisfied. As
above, it is easily verified that o*(a¥, a'b) = p?(a*), for every k and .

For i, j > 1, we get from (2.15) that

B o(d,b)o(a’,ab)

o(d,a’ —
( ) o(a*i,b)
Given j € Z and x,y € D, set

o(x,)o(x, xy) ...o(x, x'71y) if j> 0,
oj(xy) =11 if j=0, (5.2)
o(x, x 'Y)o(x, x72y) ... o(x, xly) if j<O.

In particular, for x =a and y = b,

Pl @)p(b)

D = ey

for any j € Z.
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Using (5.2), it is also seen that for any i, j € Z,

o7 (a,b)o; (@, b) ifi, j>0,
o7 a,b)rja,b) if0<-j<i,
oi(a,b)o; (a,b)  if0<i< -

o(d,a’b)  pla'b)p(a’b)
Tivjla,b)r(@,b) — pliti@)

Consequently, the values of o are determined by its values on
{(d",b) | ke N} U {(a,d'b) | | € Z).
Therefore, using Lemma 5.3 and considering o7;; and 74, as in (3.5), and 7; as in (2.12),

we conclude that

Titj L.
o= —J, fori,j>2;
gy

ker(w) CR= {(O’,‘j,Tkl) I= (K*)NXN X (K*)NXZ y -
i

71071

O'i120'1i,f0ri22;0'1j: ,fOI'jEN;

T1+j0

2 =2, for (k,[) € N x z}.

Consider the group
W ={(0ij, Ti) € R | Tty = ik, for (k,I) € N X Z and some yy € K*}.
Given (07j, i) € W, let 1 : G — K* be the map defined by
Aa'b)y=A1)=1, forieZ,

Aa') = =p;, forieN,

/l(am—i)
Then it follows from the definition of R and W that oy = T1071/T14j0 = pildj/Hi1+j =
A@)A(a)[A(a'), for j €N, and oy = oy; = Aa)A(a@)/A(a'*), fori > 2. The latter
equality implies that

Tl Trivj-1 _ A@Aa) Aa))  Aa)A(a))

oij O ...01,j-1 T Adt) Aa) Adith)
for every i, j > 2 and
Ad)A(a'b)
Tk1=,uk=W, foreach(k,l)eNxZ.

We conclude that for every x € W, the partial factor set o, is a coboundary.
Consequently, W < ker(y).

As in the proof of Theorem 5.2, we will construct an epimorphism of groups whose
kernel is W. Let A : (K*)IXDXEXZ) _ (g )IXEDXEXZY) be the homomorphism of
groups defined by mapping (o, T4/) to

((0’,‘1) (O',‘J'O'U...O'l,j_])
- 9 - 9
01 /ieN\{1} O1i - OLi+j-1 7i,jeN\{1}

(O'IjTj+1,0) (Tkl) )
_ Iy = .
T10Tj1 /jeN \Tk0/(k,)ENXZ*
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Taking any z = ((min)ianv(1y> (Vipijevity> W15) jen> (X)), henxz+) in the group
(K*)(NxN)x(NxZ ), one gets A(U'ij, i) = z, where

Tw =1, for(k,0) e Nx{0},

T = xy, for (k,]) e NxZ*,
W1iT10T i
o= —2 N for (1, j) € (1) x N,
Tj+1,0

o =ou,  for (i,1) e Nx {1}

and . . . .
oy = T TUL g (G jy e NV x A1),
O11...01,j-1

Then A is an epimorphism. Moreover, it is immediate that W = ker(A) and, given
u € ker(y), it follows that

AQ) = (1;))q, jewxars (Ex)k,HeNxz:)»

where 1;; =1 = 8,%1, for every (i, j)) e N X N and (k,/) € N x Z*. Hence, A(ker(y)) <

COPADXAIXZ?)
5 .
Therefore,
(K* )(NXN)X(NXZ)
K Aax@xz) S
pMDDQXDm (DOO) = ( )ker(l//) = tzi:;;
ker(A)
) (XN X(NXZ*
er
where the last isomorphism follows from (3.2). O

6. Dicyclic groups

Take m € N, m > 0 and let Dic,, = (a,b | a®" =1, b* = a™, b~'ab = a™"). Our aim
in this section is to determine pMp;c, xpic,, (Dic)-

Notice that every element of Dic,, can be written in the form a'b’, where 0 < i <
2m — 1 and [ € {0, 1}. Moreover,

@)y ' =d"p and (d*)7! =Pk, (6.1)

In the next result, S¢,, denotes the full set of representatives of the effective orbits of
C»,, defined in (3.3).

Lemma 6.1. The set S pic,, defined by

Sc,, Uld,db)|1<i<m-1,0<k<2m—1}
U@, db)|0<k<m—1}

contains exactly one representative of each effective orbit of S 3 on Dic,, X Dic,y,.
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Proor. By (2.4), we have S3(x, a*) = S3(a®" %, x71); then every orbit S3(x, a), where
x € Dic,,, is represented by a pair whose first coordinate is a power of a. Moreover,
since ba = a'b,

dbdb = a'bad* b = a2bad* b = - - - = g kp? = gmrick
and, consequently, S3(a'b, a*b) = S3(a'ba*b, (a*b)™") = S3(a" 7%, a**"b), thanks to
(2.4).

Since the set S¢,, from (3.3) contains precisely one element of each effective S ;-
orbit in Cy,; X Cay, then, to find the effective orbits, it remains to consider the pairs
(d',a*b). But

Ss(d',d'b) = S3((a) ™", d'd*b) = S3(a™"", " D),
and we can assume that i < 2m — i, that is, i < m.

Finally, for i = m, one gets S3(a™, a*b) = S3(a™, a"**b), and we can choose k < m —
1. Indeed, a™**b = @™ 2mp = g*"p and, if m <k <2m—1,then 0 <m—k <m — 1.
This completes the proof. O

ProposiTioN 6.2. Let G = Dic,y, for some natural number m > 2. If o € pmg,, -(G) and
o ~ 1, then o is uniquely determined by its values on the pairs

(a,a'b), where 0 <k <mand (6.2)

(a',b), where2<i<m-1, (6.3)

which can be chosen in K* arbitrarily, and also by its value on (a™,b), which must

satisfy
(om(a, b))
(o(a,b)o(a,a"b))"’

Proor. Let o € pmy,, .(G) and suppose that o ~ 1. By (2.15),

2 (d™,b) = (6.4)

B o(d, byo(d*, a'b)
- o (ai*k, b)

o(d',d")

for any i, k. Thus, using Lemma 6.1, it is clear that each value of o~ on the pairs (a', a*)
from S¢,, is determined by its value on the set B = Spic, \S ¢, given by
{(d,db)|1<i<m-1,0<k<2m—-1}U{@",db)|0<k<m-1}. (6.5

By (2.14), the values of o on those pairs for which i > 2 and k > 1 are determined by
the values o(a, a*b) and o(a’, b), where 0 < k < 2m — 1 and 2 < i < m. Indeed,
Pk oila,byo(d,b) o(a,db)...o(a,a*'b)o(d,b)
o(a',a"b) = =
oi(a,b)oi(a, b) o(a,b)...o(a,a"'b)

Using (6.1) and the fact that o is a coboundary,

_o(a,b)a(a,a"b)

o(ad'b) o(a,akmb)

, wherel<k-m<m-1
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or, equivalently, for m + 1 <k <2m — 1. Hence, the values of o(a, dkb), for k =
m+1,...,2m — 1, are determined by the values o(a, ab) for which 1 <k < m.
Consequently, the values of o on elements of B are determined by those on pairs
from (6.2) and (6.3).

Moreover, let o = dp, for some p : G — K™ verifying (2.9) and (2.10). Then

pla)p(a*b) p(ap(d*™b)

o(a,d"b)o(a,d*"b) = D) pldy) @ (6.6)
Further, (6.4) follows from
m 2
oHa", b)(o(a, bo(a, a"b)y" 2 (p("—)p(b)) (P*a)”
p(a™b)
_(PM@p(b)\? 2
_(—p(amb) | = @ity

Now fix a family (v(x, y))(xyer of elements of K*, indexed by the list of pairs given
by (6.2) and (6.3). Write

vi(a,b) = v(a,b)v(a,ab) ... v(a, a’'b), (6.7)

for each 1 < j<m+ 1. Suppose that these values satisfy a condition analogous to
(6.4), that s,
(Vm(a, b))z

(a, b)v(a, amb)ym

Our intent is to show that these values determine a partial factor set o ~ 1. By
Corollary 2.14(2), if we construct a map p : G — K* satisfying (2.9) and (2.10) such
that o(x, y) = p(x)p(y)p(xy)~!, for any of the pairs (x, y) listed above, then this equality
will define a partial factor set o € pmy, -(G) such that o ~ 1.

Motivated by (6.6), we start by defining

vi(a",b) =

(6.8)

pla) = m = wy,
where w; satisfies a)f = v(a, b)v(a,a™b). Define also
wi'v(a",b)
ph=1 and pla") = =7

by (6.8), this implies that p*(a™) = (wW}"V(a™, b)*/v(a,b)*) = 1. Since we want the
equality v(a™, b) = (p(a™)p(b)/p(a"b)) = p(a™)p*(b), define

= Wy,

where w, satisfies

W = v(a",b) _v(a",b)vy(a,b) vu(a,b)
27 plam w'v(a™, b) o

m

1
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Furthermore, set

6 1 plapb) _ wlw
~ pla™ib) — via,b)  via,b)’

pla’b)
foreach j=1,...,m—1, and

o) 1 _Aabpab) @ bwjw: @ bw]
) o(b) wyvj(a,b) vi(a,b) ’

pla’)

foreach j=1,...,m — 1 (notice that the same formula is also valid for j = m).
With these definitions, it follows that

p(a)p(b) o v(a, b)

plab) P wiw)
pap@"h) _wi wwy W]

p(@™b)  wyv(a,b)  va,b)

=v(a,b),

=v(a,a™b)
and, forany k=1,...,m -1,

o(a)p(a*h) . w2 vii(a,b) _ Vi@, D) ) wa.d"b)
p(ak+lb) lyk(a, b) (,()IIH—I(,UQ Vk(a’ b) ' ‘

In addition,

pl@Mpb)  wyv@".b) , _ w'v(a@",b) v, (a,b) _

= " b
p@b) - @b T @bk wor Y
and, finally, forany2 <i<m -1,
plahp) _v@.bw|  viab)
- = Wy — =v(a',b).
p(ab) vi(a,b) wiwy
Thus, we have obtained a map p : G — K* with the desired properties. O

Let dc,, = |Spic,| be the number of effective §s3-orbits of Dic,, which, by
Lemma 6.1, is given by the formula

4m—-1)4m-2)+4
6
(4m — 1)(4m - 2)
6

Notice that dc,, = |S¢,,| + |Bl, where S¢,, is given by (3.3) and B is as in (6.5).

if m =0 mod 3,

dc,, =
if m # 0 mod 3.

TueoREM 6.3. If G = Dic,, then pMgyg(G) = (K*)den=2m+1,
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Proor. Considering o;; and 7y as in (3.5), write (K*)dem = (K*)Scml x (K*)IB. By
Proposition 6.2, the subgroup L = Lgyg = {x € (K*)% | o, ~ 1} of (K*)% is given

by
_ NN #\|B]
={(@m) € (Kol x (k)"
O1i--- O Li+j-1 ..
oijj=————, for (i, j) € Jy;
011 ---O-I,jfl
. . T107 j1 . .
01j = 012m—j-1, fOI‘]EJz, 0'1j=T ,fOI‘]EJ3,
1+40
(Tl ieeTlivk— 1)710 .
Tik = for (i, k) € Ju;
T1,0---T1k-1
TIkTLmtk = T10T1m, fOr k € Js;
2
2 - (T10T11 -« - T1m-1) }
m0 — 4
(T1.0T1,m)"
where

={(i,/)) eNxN|i, j>2and (d, a’)eScM}
Jz—{J€N|m</<2m 3},
Js—{J€N|1<J<L(2m—1)/2J -1}
={(i,k) e NxN|(d',d*b) e B, 2 <iand 1 <k},
Js—{keN|1<k<m—1}
Let O be the set of pairs given by (6.2) and (6.3). Then |Q|=2m -1, QC B

and |B\Q| = |J4] + |Js5] + 1. Write (K*)%»=2m+1 = (K*)Scal x (K*)/P\2 and consider the
group homomorphism A : (K*)4n — (K*)@n=2™+1 which maps (o 2 Tk1) 1O

((O'ij0'11---0'1,j—1) ( 01 ) (0'1jTj+1,o)
- kl - b - 9
Oli«--OLitvj-1 /G, )ei \O1m—j-1/jel, T10Tj1 /jess

((Tl,i---Tl,i+k—l)Ti,0) ( T1L0TLm ) (T1,0T11 ---T1,m—1)2)
(T10- - Ti-D)Tik Jibess kers  Too(T1oTLm)"

k
TLAT Lim+k

Then A is an epimorphism whose kernel is L. Consequently, pMgxg(G) =~ (K*)4n | ~
(K* )dc,,,72m+l . O
7. The total component pMy,.7(7Z)

For maps 0 :ZXZ — K and p : Z — K*, denote o; = o(i, j) and p; = p(i), for
every i, j € Z. To determine pMzx7(Z), we need a couple of facts.

Lemma 7.1. Any element of pm/, ,(Z) is uniquely determined by its values on pairs
(i, j)) € N X N. Moreover, these values can be chosen arbitrarily in K*.
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Proor. For any i, j € Z,
S, ) =G, D, (=i—= j, D, (G, =1 = j), (=j, =D, (=1,i + j), (i + j,— D}
Let S3(i, j) be an effective orbit, that is, 0 ¢ {i, j,i + j}. If (i, j) € (Z X Z)\(N X N), we

shall prove that there is exactly one (m,n) € (N X N) N S3(i, j). There are a few cases
to consider.

If i, j <O, then (—j,—i) e N x N.
Ifi<O< jandi+ j> 0, then (—i,i + j) € N X N. On the other hand, if i + j <0,
then (j,—i — j) e Nx N.

e If j<O<iandi+ j>0, then (i + j,—j) € NxN. Finally, if i + j <0, then
(—i—j,i)e NxN.

When (i, j) e N X N, it is clear that the other elements of its S3-orbit are not in
N x N. O

Proposimion 7.2. If o € pm}, ,(Z) and o ~ 1, then o is uniquely determined by its
values on {1} X N, which can be chosen arbitrarily in K*.

Proor. Let o € pm, ,(Z) and suppose that o ~ 1. This means that there is a map
p 1 Z — K* such that o; = pipj/pisj, for all (i, j) € Z X Z, and py = p;p_; = 1, for all
i € Z. Observe that 0;; = 0j; and, setting n; = 11012 ... 07 j—1, for each j > 2,

_m

Pj
and, in addition, o; = 7, j/min;, for every i, j > 2. Therefore, o is completely
determined by its values o, n € N, which, by Lemma 7.1, correspond to pairs
belonging to distinct S 3-orbits.

On the other hand, fixing (v1;) jen arbitrarily in (K *)N. let us show that these values
determine a partial factor set o ~ 1. By Corollary 2.14(2), it is enough to construct a
map p : Z — K* satisfying (2.9) and such that

_ P1pPj
Pj+1’

(7.1)

T

V1j (72)

for any j € N. For j > 2, write 7; = vi{...vy j-1. In order to get (7.1), for all j > 2,

define p; = 1 and p; = 1/(p—;) = 1/n;. Hence, we have constructed a map p : Z — K~

satisfying (2.9) and (7.2). Indeed, o1} = m, = p%/pz and, for every j > 2,
1

_ Tl _pin _ Pi_ PIPj

gl = = .
j R Pj+1 Pj+1

TurorEM 7.3. We have pMzy7(Z) ~ (K*)Y.

Proor. Using Lemma 7.1 and Proposition 7.2, we get pMzy7(Z) =~ (K*)™ /(KXY ~
(K. o
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