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NONHOMOGENEOUS AW-RASCLE MODEL OF TRAFFIC
FLOW WITH THE BORN-INFELD EQUATION OF STATE
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Abstract

This paper focuses on the Aw-Rascle model of traffic flow for the Born-Infeld
equation of state with Coulomb-like friction, whose Riemann problem is solved with
the variable substitution method. Four kinds of nonself-similar solutions are derived.
The delta shock occurs in the solutions, although the system is strictly hyperbolic
with a genuinely nonlinear characteristic field and a linearly degenerate characteristic
field. The generalized Rankine-Hugoniot relation and entropy condition for the delta
shock are clarified. The delta shock can be used to describe the serious traffic jam.
Under the impact of the friction term, the rarefaction wave (R), shock wave (S), contact
discontinuity (J) and delta shock (6) are bent into parabolic curves. Furthermore, it
is proved that the S+ J solution and ¢ solution of the nonhomogeneous Aw—Rascle
model tend to be the ¢ solution of the zero-pressure Euler system with friction; the R + J
solution and R + Vac + J solution tend to be the vacuum solution of the zero-pressure
Euler system with friction.

2020 Mathematics subject classification: 35L65.

Keywords and phrases: traffic flow model, Born—Infeld equation of state, Coulomb-like
friction, nonself-similar solutions, Delta shock.
1. Introduction

Consider the Aw—Rascle (AR) model [1] of traffic flow with Coulomb-like friction,
pPrt (pu)x = Oa
(o + p(p)): + (pu(u + p(p)))x = Bp,

where p is the traffic density to indicate the space occupied by vehicles, u denotes the
actual speed of vehicles and Sp with constant 8 denotes the Coulomb-like friction
term. From the unidirectional feature of traffic flow, it is natural to demand the
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requirements p > 0 and # > 0. Additionally, p(p) denotes the speed deviation, which is
commonly known as the traffic pressure obtained from the analogy of gas dynamics.
It is important to note that the traffic pressure p(p) is used to indicate the difference
between the expected speed v = u + p(p) and the actual one u, which reflects the fact
that drivers usually need to consider the traffic status ahead. Since different traffic
pressures p(p) can be used to reflect different road surface and traffic circumstances,
the traffic pressure p(p) plays a crucial role in the study of the AR model of traffic
flow (1.1).

In 2000, the homogeneous AR model of traffic flow, that is, the system (1.1)
with 8 = 0 describing the formation and dynamics of traffic jams, was proposed by
Aw and Rascle [1]. In [1], the Riemann solutions for the homogeneous AR model
with the classical pressure p(p) = kp” (k,y > 0) were obtained. The interactions of
elementary waves were investigated by Sun [38]. Shen and Sun [33] analysed the
limiting behaviour of Riemann solutions for the homogeneous AR model with the
classical pressure. Pan and Han [23] solved the Riemann problem for the homogeneous
AR model with the Chaplygin gas pressure law p(p) = —B/p (B > 0) [2, 4, 41],
and obtained two kinds of solutions involving delta shocks. Sheng and Zeng [36]
discussed the Riemann problem with delta initial data for the Chaplygin pressure
AR model. Cheng and Yang [7] analysed the limit of Riemann solutions for the
homogeneous AR model with the modified Chaplygin pressure law p(p) = kp — B/p
as the pressure tends to the Chaplygin gas pressure. Wang [42] solved the Riemann
problem for the homogeneous AR model with the generalized Chaplygin gas law
p(p) = —B/p® (0 <a < 1) and constructed three kinds of solutions involving delta
shocks. Li et al. [21] carried out an analysis of Riemann solutions of the homogeneous
AR model with general pressure. Shao [30] discussed the Riemann problem for the
homogeneous AR model with the pressure function p(p) = —e/p* and proved that the
limits of the Riemann solutions are exactly those of the pressureless Euler system as
the traffic pressure vanishes. Li and Wang [20] studied the phenomena of concentration
and cavitation and the formation of delta shocks and vacuums in Riemann solutions of
the homogeneous Aw—Rascle model with Umami Chaplygin gas. Li and Shen [22]
studied the asymptotic behaviour of Riemann solutions for the homogeneous AR
model of traffic flow with the polytropic and logarithmic combined pressure term.
For the nonhomogeneous AR model (1.1), Yin and Chen [46] studied the Riemann
problem and stability of the solutions for (1.1) with classical pressure. Li [19] discussed
the Riemann problem for (1.1) with anti-Chaplygin pressure p(p) = B/p. Zhang [48]
considered the Riemann problem for (1.1) with Chaplygin gas pressure and analysed
the limiting behaviour of the solutions.

In regards to the delta shock, it is a kind of discontinuity, on which at least one of
the state variables may develop an extreme concentration in the form of a weighted
Dirac delta function [37, 39, 40] with the discontinuity as its support. Physically, it
represents the process of overcompression in car traffic flow, which is able to explain
the serious traffic jam. Interested readers can refer to [5, 8, 10, 11, 15-18, 24, 25, 32,
37, 39, 40, 47] for related research of delta shocks.
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From the above analysis, it is found that the delta shocks [16, 40] only appear
in the Chaplygin gas traffic flow model [23] and the generalized Chaplygin gas
traffic flow model [42]. Nevertheless, it is worth noting that the Chaplygin gas with
equation of state p(p) = —B/p and the generalized Chaplygin gas with equation of state
p(p) = —B/p*(0 < a < 1), which can effectively play the role of dark energy, generate
the negative pressure. The present study focuses on a Born—Infeld type fluid whose
equation of state is of the form [6, 44, 45]

A 2
po_4_ 4
A+p A+p

plp) = 20, 1.2)

where A stays in the interval 0 < A < +co. In the context of k-essence cosmology,
the classical Born—-Infeld model gives rise to a big-bang scenario for the evolution
of the universe. The matter pressure in the Born—Infeld model remains finite at the
initial moment despite of the fact that the matter density is infinite. More importantly,
there is a close relation between the Born—Infeld type fluid model and the Chaplygin
gas model. As described in [6], the two Lagrangians differ by a constant which
adds a cosmological or dark energy term. If p = p+ A and p = p — A, then one has
p = —A?/p. Nevertheless, unlike the Chaplygin gas, the Born—Infeld equation of state,
which satisfies both the dominant and strong energy conditions for all values of
the energy density, is a nonnegative function of density. Therefore, it is interesting
and meaningful to conduct the theoretical analysis for the AR model of traffic flow
(1.1) by introducing the Born—Infeld type fluid model from the mathematical point
of view.

Moreover, it should be noted that the specially designed AR model of traffic
flow (1.1)—(1.2) could be invoked to explain some complicated traffic phenomena
in the realistic situation of traffic flow resulting from different road surface and
traffic circumstances by properly adjusting the perturbed parameter A and even being
zero. For instance, a very light traffic situation with a few slow drivers can be
approximately described by the state near vacuum as well as the congestion traffic
situation, and the traffic jam and even the traffic accident can be illustrated by the
state with high traffic density and even the singular 6-mass concentration. Since the
Riemann problem reflects many practical situations in traffic flow, it makes sense to
investigate the related Riemann problem for traffic flow models in hyperbolic form.
For example, accelerating will produce a rarefaction wave and braking will produce a
shock wave, events that are well treated in the study of related Riemann problems.
More importantly, serious traffic congestion can be explained by the delta shock.
Indeed, the decisive property of a traffic flow model is its ability to offer simple and
physically correct solutions for traffic flows, and accordingly, the Riemann problem is
one of the most classical benchmarks for a traffic flow model at the level of hyperbolic
conservation laws.

The main purpose of this paper is to derive the exact solutions of the Riemann
problem for the model (1.1) subject to the equation of state (1.2) with initial data
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o (o—,u-), x<0,
(p,u)(x,t—O)—{(pﬂm’ >0, (1.3)

and explore whether the Riemann solutions tend to these of zero-pressure Euler system
with friction

prt (pu)x =0,
(pu), + (p®), = i,

as the pressure approaches to zero, that is, A — 0, where p. > 0 and u, > 0 are given
constants. The homogeneous zero-pressure Euler system, that is, (1.4) with 8 = 0, can
describe the physical phenomenon of an aggregate of sticky free particles: when these
particles collide with each other, they fuse into a single one which combines their
masses and moves with a velocity that conserves the total momentum [3]. It can also
explain the formation of large-scale structures in the universe [29, 43]. Additionally,
in [26], it has been shown that under suitable scaling, the pressureless flow is actually
a hypersonic limiting flow. If the speed of the piston is very large compared with
the flow, in the high Mach number limit, polytropic gas may also be considered as
pressureless flow. Taking the friction effect into consideration, Shen [31] solved the
Riemann problem for the system (1.4), and constructed two kinds of nonself-similar
solutions involving the delta shock and vacuum. Interestingly enough, the contact
discontinuity and delta shock are bent into parabolic curves under the influence of the
friction term. Because of the interesting finding, the system (1.4) has received much
attention recently (see [9, 12, 13, 28, 34, 35, 49]).

The basic idea is to use variable substitution. First, by introducing a transforma-
tion u(x, ) = v(x, t) + pt, the system (1.1)—(1.2) is transformed into an homogeneous
conservative system. The classical elementary waves, which contain rarefaction wave
(R), shock wave (S§) and contact discontinuity (J), are obtained. By means of these
curves starting from (po_,u_), the phase plane (p,v) is divided into four domains
LI I, IV(p-,u_). We obtain the solutions with four kinds of different structures
with the aid of the analysis method in the phase plane. To be exact, the Riemann
solutions are

(1.4)

R+ Vac+J when (p;,u.) € I(o_,u_),

R+J when (o4, uy) € l(p_,u_),
S+J when (o, uy) € (o, u_),
1) when (o, uy) € IV(p_,u_).

For the delta shock (9), the generalized Rankine—Hugoniot relation and entropy
condition are clarified. Moreover, the position, strength and propagation speed of the
delta shock are derived explicitly. Second, by virtue of (o, u)(x, ) = (o, v + Bt)(x, 1),
four forms of Riemann solutions to the original system (1.1)—(1.2) with initial data
(1.3) are constructed. Due to the emergence of the Coulomb-like friction term, the
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constructed Riemann solutions are no longer self-similar. The velocity u changes
linearly at the rate 5 with respect to t. Additionally, the rarefaction wave, shock wave
and contact discontinuity as well as delta shock are bent into parabolic curves. Finally,
it is shown that as A — 0, the S + J solution and ¢ solution of the nonhomogeneous
AR model tend to be the ¢ solution of the zero-pressure Euler system with friction;
the solutions R + J and R + Vac + J tend to be the solution containing vacuum to the
zero-pressure Euler system with friction.

The article is divided into five sections. Section 2 is devoted to the study of
the Riemann solutions to the modified homogeneous system (2.1) with the same
Riemann initial data (2.2). Section 3 constructs the solutions for the Riemann problem
(1.1)—(1.3). Section 4 analyses the limiting behaviour of the solutions of (1.1)—(1.3) as
A — 0. Concluding remarks are given in Section 5.

2. Solutions of Riemann problem for a modified system

In this section, we discuss the Riemann problem for the modified homogeneous
system (2.1) which is derived by using transformation u(x, ) = v(x, t) + Bt. As we shall
see later, applying the relationship (o, u)(x, t) = (o, v + Bt)(x, t), the Riemann solutions
of the original system (1.1)—(1.2) with initial data (1.3) can be constructed from these
to the modified homogeneous system (2.1) with same initial data.

Substituting the transformation u(x, t) = v(x, ) + St into (1.1)—(1.2) and rearranging,
we get the homogeneous system as follows:

pr+ (v + 1), =0,
o= ) - ) <o

Meanwhile, the initial value (1.3) becomes

(0, V)(x,0) = (px,us) (x> 0). (2.2)
System (2.1) can be written in the quasi-linear form as

1 0 v+ Bt I

b 0
A+ p)? PV, (A+p)2(v+’8t) pv+pn|\v/ 0

After calculation, it is found that the two characteristic roots are

A’p

Ao, v) =v+pt— @rpl

A2(p,v) = v+ Bt.

As a consequence, the system (2.1) is strictly hyperbolic. The associative right
characteristic vectors are given by
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AZ T
71:(1,_(144‘ )2) B _’?2:(1’0)T
P

satisfying

2A3

VA P =————,
T T Ay

_)
V/lz - rp = 0.
Therefore, the waves associated to A; correspond to rarefaction waves or shock waves,
whereas the waves associated to A, correspond to contact discontinuities.
The Riemann invariants are given as
AZ

w=v-— , Z=V
A+p

along these characteristic fields. Now, we compute the rarefaction wave by solving the
integral curve of the first characteristic field. As a reminder, the Riemann invariant
is conserved in the rarefaction wave. Fixing a left state (p;,v;) and considering the
condition A;(p;, v;) < 41(p, v), the rarefaction wave curve R(p;, v;), which is the set of
states connecting to the state (p;, v;) in the phase plane, satisfies

dx A’p
— =A4(p,v) =v+pt— s
Ronv): 14 (A +py 2.3)

A? A?
p— = —_ = N < .
v Atp Vi A+ o Wi, P <pI

Let o(t) = x'(f) be the speed of a bounded discontinuity x = x(¢). Then, the
Rankine—Hugoniot [14, 27] relation reads as

—o®lpl+ [p(v+B0] =0,
—o-(t)[p(v - ’ )] + [p(v + ,BI)(v -

’

A2 )] (2.4)

A+p A+p -

where [p] = p; — p, With p; = p(x(¢) = 0,1), p, = p(x(t) + 0,¢) and so forth. Clearly,
the propagation speed of discontinuity is different from the classical systems of
conservation laws because it is related to the time 7.

Eliminating o(f) from (2.4), we get pyo.(v, —v)(v, —A%/(A +p,) — v; + A%/
(A +p)) = 0 giving v, = v; or v, — A%/(A + p,) = v; — A?/(A + p;). Therefore, taking
into account the lax entropy condition, the admissible shock wave S starting from
(01, v7) in the phase plane is

A’p
ot)y=vi+pt- ——,
A+ A+
S(Plyvl) . A2 ( A2 Pl)( P) (25)
_A+p:vl_A+pl’ P > Pl
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J VBI
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R

I(p-u-) | I{p-,u)

oA U_ Ap_
Atp_ U— + T,

Uu_

FIGURE 1. The upper right quadrant of the (p, v) phase plane for the modified homogeneous system (2.1).

and the contact discontinuity J starting from (o7, v;) is
J: o) =v+pt=v +pt.

Successive use of (2.3) and (2.5) yields dv/dp = —A%/(A + p)* < 0 and d*v/dp® =
2A%/(A + p)® > 0. As a result, the rarefaction wave and shock wave curves, which are
expressed by the second equations of (2.3) and (2.5) in the (p, v) plane, are monotone
decreasing and convex. Fixing a left state (p_, u_) in the upper right quadrant of the
(o, v) phase plane, the sets of states connected on the right are composed of the contact
discontinuity curve J(p_, u_), rarefaction wave curve R(p_, u_) and shock wave curve
S(o-,u_). It is clear that the contact discontinuity line v = u_ is parallel to the p-axis.
The R(p_, u_) intersects the v-axis at the point (u_ + Ap_/(A + p-), 0) because of

. A? . A? Ap_
limv=u_ - + lim =u_+ .
p—0 A+p- po0A+p A+p-
By virtue of
A? A? A?
Iim v=u_-— + lim =u_ — ,
p—+oo A+p. potoA+p A+p_

the shock wave curve S(p_, u_) has the asymptotic line v = u_ — A?/(A + p_). (In this
paper, we suppose that u_ — A?/(A + p_) > 0, because what we are interested in is the
delta shock). We draw these wave curves which divide the upper right quadrant of the
(0, v)-plane into four domains 7, I1, I11,1V(p_, u_) (see Figure 1).

Now, let us construct the Riemann solutions by the method of phase plane analysis.

When (o,,u,) € I(p—,u_), the Riemann solution, which is composed of a rar-
efaction wave R and a contact discontinuity J as well as the vacuum state, can be
expressed as
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2

(o-,u_), x< (u_ #) —ﬁtz
(p,v), (u, _ A )t + —,8t2 <x< (u L Ap- )t+ lﬁtz,
(o, V)(x, 1) = (Ap p-)? A+p_) 2
Vac, (u, 3 +;_), )t + Eﬁtz <x<uit+ Eﬁtz,
(O, Us), X > ust+ %ﬁtz,
where

A3 X 1
2V /_ - - — 2.6
= w. ") A, w_+VA P w_ 2[31‘). (2.6)

When (o, uy) € Il(p—, u_), the Riemann solution, which is formed from a rarefac-
tion wave R and a contact discontinuity J with the nonvacuum intermediate state
(0«, Vi) between them, can be shown as

2. )
(A+p-)?
2 2

(0,v), (u_ - @ A p_)2 )t + —,812 <x< (v* — (AA—p**)Z)t + %,BZZ,
2

A
(05 V), (v* 7 P 7 )t + —Bﬂ <X <upt+ —,Bt2

(o—,u-), x< (u_ + lﬂtz,

(o, V)(x, 1) =

(O Us) x> upt+ zﬁtz,

where (p, v) is shown in (2.6),

AZ

V) = — A, u ) 27

(0.v2) (u+—u_+A2/(A+p_) i @D

When (o4, uy) € IlI(p—,u_), the Riemann solution is made up of a shock wave S

and a contact discontinuity J with the nonvacuum intermediate state (p., v.) between
them, which can be represented as

A?p, r_,
(- u-), x< (”- B m)” 2P
A%p 1 1
s ,1) = I S —p2 22
(V1) = 9§ (ps, ), (u_ TEPRT +p*))t+ 2ﬁt <x<u.t+ 2,8t ,

1
(P+9“+)y X > ust+ EBlQ?

in which (p., v.) is given by (2.7).
However, when (p,,u.) € IV(p_,u_), thatis, 0 < u, <u_ —A2/(A + p-), the solu-
tion cannot be constructed by classical waves. Motivated by [18, 37, 40], we seek a
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solution containing a weighted d-measure supported on a curve so that the Riemann
problem (2.1)—(2.2) is solved in the framework of nonclassical solutions.

DEFINITION 2.1. A two-dimensional weighted delta function w(s)dg supported on a
smooth curve S = {(x(s), #(s)) : a < s < b} is defined by

b
< w(8)ds, P(x, 1) >= f W($)P(x(s), 1(s)) ds

for every ¢ € C;°(R X RY).

DEFINITION 2.2. A pair (p, v) is called a delta shock type solution to (2.1) in the sense
of distributions if there exist a smooth curve S and a weight w € C!(S) such that p and
v are represented in the following form:

p(-xa t) = PO(X’ t) + (l.)(t)(SS, V(X, t) = VO(-xa t)a V(x9 t)lS = V(S(t)a

where pg(x, 1) = pi(x, 1) — [p]H(x — x(1)), vo(x, 1) = vi(x,t) — [v]H(x — x(¢)), in which
(o1, vi)(x,t) and (o, v,)(x,t) are piecewise smooth solutions to (2.1), H(x) is the
Heaviside function whose value is 0 for x <0, 1 for x > 0, —A%/(A + p) is equal to
—A%/(A + p)) for x < x(1), O for x = x(f), —A?/(A + p,) for x > x(¢), and it satisfies

(P, ¢ + (v + B1), ¢,) = 0

bl 2ol o =

for all test functions ¢ € C°(R X R*), where

<p(v ym ,0) > fR+ prO( A )¢ dx dt + {w(t)vs(t)os, ).

By the two definitions, we can also rewrite the delta-shock solution of the system
(2.1) in the form

(o1, vi)(x, 1), x < x(2),
(0, v)(x, 1) = { (@(D)6(x — (1)), vs(1)),  x = x(D), (2.8)
(pi” Vr)(xy t)’ X > -x(t)

If a pair (p,v) of the form (2.8) is a solution to the system (2.1) in the sense of
distributions, then the relation

dx(t)

D = o) = v + 1,

d

‘f) —lplo(t) + [p(v + BO)]. 2.9)
dw(tys(t) A A

T = el 5 e + e (v - )|

holds. In a similar way as that in [21], the proof can be given.
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Relation (2.9), reflecting the exact relationship among the limit states on two
sides of the discontinuity, the weight, propagation speed and the location of the
discontinuity, is referred to as the generalized Rankine—Hugoniot relation. To ensure
uniqueness, the following over-compressive entropy condition

dx(t
141,70 < ooy v) < 0 < Ao ) < oo ) 2.10)

should be obeyed. The over-compressive entropy condition (2.10) means that all the
characteristics on both sides of the discontinuity curve are out-coming.

Next, we are going to solve the Riemann problem (2.1)—(2.2) for the case (o, u,) €
IV(p_,u_) by using the generalized Rankine—Hugoniot [14, 27] relation (2.9). In this
case, the solution is a delta-shock wave in the form

(o_,u_), x < x(1),
(P, V)(x, 1) = { (@(D)S(x — x(1)), vs(1),  x = x(1),
(p-H M+), X > .X(t)

Taking into account the entropy condition (2.10), namely, u, < vs(f) < u_ —A’p_/
(A +p_)*, we solve the generalized Rankine—Hugoniot relation (2.9) with initial
condition x(0) = w(0) = 0 to determine the x(z), w(f) and vs(r). In view of the
knowledge concerning delta shocks in [37, 40], it can be found that vs(¢) is a constant.
From (2.9), we get

d
L = o= po) + (o = pos),

s = (-~ ) oo~ )
ar 0T TP o) TP T A,

A2 A2
ol =)o~ )

which, on simplification, yields

(o- —ps)v; — Evs + F = 0, (2.11)
where

Ap_ Ap,
E=2p_u_-2 - —
P e e T A+ s
P P

A? A?

L I e S,

After a direct calculation, from (2.11) and (2.9), we have

u-+u, —A*/(A+p)
Vs = 3 >

_ —A%)(A +p_ 1
=" + iy 2/( +p)t+§

w(t) = p-(u- — uy)t

(2.12)

B,
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forp_ = p,, and

E—-+E*—4(p_ —p,)F
Vs = ,
’ 2(p- - ps)
A%p_[(A+p_)—A%p. /(A E2 —4(p_ — p,)F
w(t) — { ,0 /( +,0 ) P+/( ;P+)} + \/ (p P+) t, (213)
E-\E2—4(p_—p)F 1
x(t) = v (- —pE, —Bt*
2(p- = p+) 2
and
E++\E?-4(p_—p,)F
Vs = ,
’ 2p- - ps)
A%p_[(A+p_)—A%p. /(A —VE?2 —4(p_ — p,)F
E E? —4(p_ — F 1
2(p- = p+) 2
for p_ # p., in which
—4p- —p)F
A2 A2 A2p+ A2p_ 2
=4p_ _ - - 0.
p-p(u u+)(u A+p_ qu+A+,o+) (A+pJr A+p_) g
For the solution (2.12), one can calculate
Y
Ve — ity = U_ — Uy 13 /(A +p) >0,
Ap_ uy —u_+A%_[(A+p ) - A3 (A +p_)
Vs — (u_ — ) = <0,
(A+p_)? 2

which shows that the solution (2.12) satisfies the entropy condition when p_ = p,.
By virtue of (o, u,) € IV(o_,u_), thatis, 0 < u, <u_ —A%/(A + p_), we have

2

A+p_

(1) (o- —pu> —Eu, +F =p_(u_ — u+)(u_ - - u+) > 0;

2

@ =2p- = pou-— s )+ B+ 2~ a0 = poF

A’p_ A’p, A’p_ 2420
= 2p, (- )+ - )+ JE =40 - po)F
P\ Ay A+p, A+p (A+p_>2‘/ (o-=p)
A2p 2A22
2 2p,(u - P ) >0
P\ Ay A+p)
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(3) —2(p- _P+)M++E=2p_(u_—u+ A? ) (A2 -, Ap, )

_A+p_ * A+p-. A+ps
2 2
z(Ap’ + AP )>0;
A+p- A+ps
A2p_ 2 Azp_
4) (p- - (—— ) E(‘_ )
) (- = po)lu A +p_)> " (A+p-)
o o
= —P+|U- — Ut A+p 2\ e A+p-)> A+ps (A+p)t
AS 2
g—m<0- (2.15)
O-

With the use of (2.15), we calculate

E- ‘/Ez —4p- — p)F _

Vo — Uy = 20— —py) +
B 2((o- — p)u?> — Eu, + F)
(=2(p- — p)uy + E) + VE2 = 4(po_ — p,)F
>0
and
) _(u A )_ E—-\E2-4(p_-p,)F _(u A )
"\ @) 20— = ps) T A+p)?

_ 20p- —ptu- = A’p_[(A+p_PY — Elu_ — A%p_[(A +p-)*} + F]
[-2(0- = p)lu- = A2%p_[(A + p Y} + E] + E* = 4(p_ — p,)F

<0,

which show that the solution (2.13) satisfies the entropy condition. Next, we show that
for the solution (2.14), the entropy condition is not met. Indeed, we calculate

E+ \/Ez —4(p- — p)F _

R TPREY "
_ =2(p_ —p)us + E+~E>—4(p_ — p,)F
2(p-—p+)
<0
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[13] Nonhomogeneous Born-Infeld pressure Aw—Rascle model 13

when p_ < p,, and

A’p_ ) _E++E*—4(p_ - p.)F ~ (u A’p_ )

Vs — (u_

CA+p )2 2(p- —ps) T A+p)?
20 —p)u_ —A’p_[(A+p_ )} + E+E> —4(p_ - p)F
- 2(p- —p+)
>0

when p_ > p.. As a consequence, the following conclusions are obtained.

THEOREM 2.3. When 0 < u, <u_ —A>/(A + p_), the Riemann problem (2.1)—(2.2)
has a unique entropy solution in the sense of distributions of the form

(p—s u—)a x < V§t + %ﬁtza
(0. (X, 1) = S (W(DS(x — (vst + 3B, ve),  x = vst + 3P,
(p+s u+)s x> V§t + %ﬁtz’

where vs and w(t) are shown in (2.12) for p— = p, and (2.13) for p_ # p,.

THEOREM 2.4. The Riemann problem (2.1)—~(2.2) admits a unique entropy solution,
which is composed of a rarefaction wave and a contact discontinuity as well as
a vacuum state when u_ +Ap_/(A +p-) < u,, a rarefaction wave and a contact
discontinuity when u_ < u, < u- +Ap-/(A + p-), a shock wave and a contact discon-
tinuity when u_ — A% /(A + p_) < uy < u_, and a delta shock when 0 < u, < u_ —A?/
(A+p-).

3. Riemann solutions to the original system (1.1) with equation of state (1.2)

In this section, we will construct Riemann solutions for the model (1.1)—(1.2) with
initial data (1.3) by means of (o, u)(x, ) = (o, v + Bt)(x, 1).

When (o,,uy) € I(p_,u_), the Riemann solution of (1.1)-(1.2) and (1.3) is
expressed as

(o, u)(x, 1)

A’p_ r_,
_,u_ + ), - ———— |t + =B,
(o—,u_ + pt) x<(u (A+p_)2) +2,B
A’p_ 1 Ap_ 1
(0, v +p), (u_ - —)t + =B <x< (u_ + )t + =B,
— (A +p_)2 2 A+p- 2 3.1
\% ( + Ap- )t+1,8t2< < t+1,3t2
ac - by by
: T AL ) TP ST R
1
(04 Uy +BD), X > upt+ E/3#.

This situation is illustrated in Figure 2.
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14 S.Li [14]

(p— u_ + Bt) (P4 uy + B)

0 T

FIGURE 2. The R + Vac + J solution of (1.1)~(1.3) when u_ — A%p_/(A + p_)> <0 < u, and 8 > 0.

(px,vse + Bt)

(p—,u_ + Bt) (p4,uy + Bt)

0 T

FIGURE 3. The R + J solution of (1.1)—(1.3) when u_ — A%p_/(A + p_)*> <0 < u, and 8 > 0.

When (o,, u,) € lI(p_, u_), the Riemann solution contains a rarefaction wave R and
a contact discontinuity J, which can be shown as

(o, u)(x, 1)
A%p_ 1
(o—,u-+pt) x< (u, - —p)t + =p1,
A+p)?) 2
(o, v + 1) ( Ap- )t+ 1,3t2 < <( Ap. )t+ lﬂtz
,V . u_—————- by R N I by 5
_ A+p2) "2 A+p2) "2 32
A%p, 1, 1,
(0s> Vi + fB1), (v* " GAip)R )t + §'Bt <x<u;t+ Eﬁt ,
1
(O, uy +B1), x>ut+ zﬁtz,

where (p, v) is shown in (2.6) and (p., v.) is given by (2.7). This case is illustrated in
Figure 3.
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(p—,u_ + Bt) (P4 suy + B)

0 T

FIGURE 4. The S + J solution of (1.1)=(1.3) when 0 < u_ — A%p. /((A + p_)(A + p.)) < u, and 8 > 0.

When (0., u) € Ill(p-, u_), the Riemann solution includes a shock wave S and a
contact discontinuity J, which can be represented as

(o, u)(x, 1)
A’p, 1,
(- u-+p),x < (14— - W)t + zﬁt )
- Ay L Lop 33
(0s, Vi + B1), (u_ ArpA +p*))t+ zﬁt <X <upt+ 2ﬁt , (3.3)

1
(04, Uy + BE), X > ust + E/Btz,

in which (p., v.) is shown in (2.7). This situation is illustrated in Figure 4.

If (o4, uy) € IV(p-, u_), we attempt, just as before, to define the weak solution of the
Riemann problem for the system (1.1)—(1.2) with initial data (1.3) in the distributional
sense.

DEFINITION 3.1. A pair (p, u) is referred to as a delta shock type solution to (1.1)—(1.2)
in the sense of distributions if there exist a smooth curve S and a weight w € C!(S) such
that p and u are represented in the following form:

p(xs Z) = po(xs t) + w(t)(sss u(x, t) = MO(X, t)s u(x, t)lS = u(;(t),

where po(x, 1) = pi(x, 1) — [p]H(x — x(¢)), uo(x,t) = w(x,t) — [u]H(x — x(t)), in which
(o1, u))(x, 1), (o, u;)(x,t) are piecewise smooth solutions to the (1.1)—(1.2), and it
satisfies

<p’ ¢t> + <Pu’ ¢x> = 0»
AZ 2

bl )o) fole hod e O
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for all ¢ € C7(R X R™), where

<p(” A+p fmf p”

When u, < u_ —A?/(A + p_), the following delta shock wave solution of (1.1)—(1.3)

)¢ dxdt + (w(Dus(t)5s, b).

(o—,u_ + 1), x < x(1),
(0, W)(x, 1) =  (W(D)S(x — x(1)), us(1),  x = x(1), (3.5)
(p-H Uy +Bt)7 x> x(t)

should be sought, where us(f) — St is a constant based on the analysis in Section 2.
Moreover, the delta shock wave solution of the form (3.5) satisfies the generalized
Rankine—Hugoniot relation

dx(t)
e us(1),
d
% = —[plus@) + [pul, (3.6)
d(wus(1) A? :
Al ol 5
where the jump across the discontinuity is

oo 35 )| =l o )l 5550

In addition to this, the over-compressive entropy condition for the delta-shock wave

2 2
_Aps <u++ﬁtﬁu5(t)ﬁu_—Ai
(A +p4)? (A+p-)?
should be satisfied to ensure the uniqueness.

Under the entropy condition (3.7), x(¢), us(¢#) and w(f) can be derived uniquely
by solving (3.6) with the initial value condition x(0) = w(0) = 0. To sum up, when
u, <u_—A%/(A+p_), we depict the delta-shock solution of (1.1)~(1.3) by the
following theorem (see Figure 5).

uy + Pt — + [t <u_+ft 3.7)

THEOREM 3.2. The Riemann solution of (1.1)—(1.3) containing a delta shock can be
shown as (3.5) provided that the initial data satisfy 0 < u, <u_ —A*/(A +p_), in

which
2 A2 > —
ua(t) = vs + B, wt) = AP/ ATP) = AP /(A ;m)} + VB 4o~ poF,
) = vot + %ﬁtz’ (3.8)

where vs is displayed in (2.12) for p— = p4, and (2.13) for p_ # p..
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[17] Nonhomogeneous Born—Infeld pressure Aw—Rascle model 17

Ss
(p—su_ +Bt) (p4,uy + Bt)
0 x
B >0
t/r
ds
(p—yu_ + Bt) (p4,uq + Bt)
0 x
B <O

FIGURE 5. Delta-shock solution of (1.1)—(1.3).

PROOF. Bearing in mind that us(¢) — Bt is a constant, from (3.6), it yields that

? = —us(H)(p- = ps) + (p-(u_ +Bt) = (i, +B1) (3-9)
and
doty A? A°
o us(1) = —u(;(t)(p_(u_ +pt - A +p7)—p+(u+ B - A+p, ))
2 2
+ (p_(u_ +ﬁt)(u_ + pt — Atp ) - p+(u4 +,Bt)(u+ +pr— A+ps ))
(3.10)

Substituting (3.9) in (3.10) and rearranging terms, we get

A’p_ " Ap,
A+p-. A+ps

(- = p)aslt) = B = (20p-u- = pa) - Jaust -

A2 A2
o =)o~ 7)o

which, by virtue of the entropy condition (3.7), yields us(t) = vs + 5t. Again, we make
use of the generalized Rankine—Hugoniot relation (3.6) to obtain (3.8). This ends the
proof. ]
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From (3.1)-(3.3) and (3.8), it is found that the rarefaction wave, shock wave and
contact discontinuity as well as delta shock are parabolic curves. Moreover, we also
can prove that the constructed delta-shock solution satisfies (1.1)—(1.2) in the sense of
distributions. For the process of proof, please see Appendix A.

4. Limiting behaviour of solutions to (1.1)-(1.3) asA — 0

This section first reviews the Riemann solutions for the zero-pressure Euler
equations with friction. For the detailed research, please see [31]. Then, we prove
that the Riemann solutions of the model (1.1)—(1.2) with initial data (1.3) converge to
the corresponding Riemann solutions of nonhomogeneous zero-pressure Euler system
(1.4) with (1.3) as A — 0.

4.1. Riemann solutions of (1.4) with (1.3) In this subsection, let us review the
Riemann solutions of (1.4) and (1.3). By the transformation u(x, t) = v(x, t) + St, (1.4)
and (1.3) are transformed into

pi + (p(v + B1))s = 0,
()i + (pv(v + Bi)); = 0,

4.1)

and (2.2). System (4.1) possesses a repeated eigenvalue A = v + ¢, which means
that the system (4.1) is nonstrictly hyperbolic. The corresponding right eigenvector
is 7 = (1,0)" satisfying VA-7 = 0. Therefore, 1 is linearly degenerate and the
elementary waves only include contact discontinuities.

A bounded discontinuity at x = x(¢) satisfies the Rankine—Hugoniot relation

{—U(t)[p] +[p(v+pn] =0, 42)

—o(@)lpv] + [pv(v +B1)] = 0,
where [p] = p- — p. From (4.2), it follows that the contact discontinuity
Jio(t)=v+pt=u_+pt

Clearly, the states (po_,u_) and (p., u;) can be connected by a contact discontinuity J,
provided that u_ = u,.

The Riemann solutions can be constructed in two cases. When u_ < u,, the
Riemann solution of (4.1) and (2.2) is made up of two contact discontinuities and a
vacuum state (denoted by Vac), which can be given as

(o—,u_), x<u_t+ %,BIZ,
(0, v)(x, 1) = 4 Vac, u_t+ %,Bt2 <X <ut+ %ﬁtz,

(O Uy), X > upt + %,BIZ.
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[19] Nonhomogeneous Born-Infeld pressure Aw—Rascle model 19

When u_ > u,, the Riemann solution contains a delta shock, which can be shown as

(o_,u_), x < x(1),
(P, V)(x, 1) = {(W(D6(x — x(1)), v5), x = x(2),
(04, uy), x> x(1),
where x(¢), w(f) and vs satisfy the generalized Rankine—Hugoniot relation
dx(r) 3
7 =o(t) =vs + 1,
% = —[plo(@® + [p(v + B1)], (4.3)
L) — Lot + [ov(v + o),

and the delta-entropy condition
Uy <vs <u-

with [pv] = p_u_ — p,u,. Solving (4.3) with x(0) = w(0) = 0 gives

b Vo+uy ++fo-u_
_ NP+Us Fyp-u- 1, (4.4)
x(t)_—\/p__+\/p_+ t+2,8t,

(1) = NP (U= — UL,

By means of u(x, ) = v(x,t) + Bt, two kinds of nonself-similar Riemann solutions
for the nonhomogeneous zero-pressure Euler equations (1.4) with initial data (1.3) can
be constructed.

Case 1. When u_ < u,, the vacuum solution of (1.4) with (1.3) can be represented as
(o—,u_+p1), x<u_t+3pr,
(p’ u)(xs t) = VaC, u_r+ %ﬁtz <x < I/l+t + %ﬂtz’
(o4, up + 1), x> ust+ %ﬁﬂ.

Case 2. When u_ > u,, the delta-shock solution of (1.4) with (1.3) can be given as

(o, u_ + Bt), X < vst + %Btz,
(o, u)(x, 1) = (W(DS(x — (vst + 3B, vs + B1),  x = vst + P12, 4.5)
(04, us + Bt), X > vst + %Btz,

where vs and w(f) are shown in (4.4).
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4.2. Vanishing pressure limits of solutions of (1.1)—(1.2) with initial data (1.3)
This subsection analyses the vanishing pressure limits of Riemann solutions to
(1.1)—(1.2) with initial data (1.3). It is shown that the Riemann solutions of (1.1)—(1.2)
with initial data (1.3) converge to these of the pressureless Euler model with friction
(1.4) with initial data (1.3) as A — 0.

Case4.l. u_ < u,.

LEMMA 4.1. If u- <uy <u_+p_, then there exists a positive number A such
that (p4,uy) € H(p_,u_) when A > Ay, and (py,uy) € l(p_,u_) when 0 <A < A;. If
uy > u_ + p_, then one has (py,uy) € I(p—,u_) for any A > 0.

PROOF. If u_ <u, <u_+Ap_/(A+p-), we have (o, uy) € H(o_,u_). If uy >u_ +

Ap_ /(A + p-), we have (o, uy) € I(p—,u_). When u_ < u, <u_+p-_,

_ p-(u- —uy) S
u+ —Uu_ _p_

can be chosen. If u, > u_ + p_, then we have (o, u;) € I(p_, u_) by virtue of

Ay 0

Uy > u_+p_>u_+Ap_[(A+p-).
The proof is completed. ]

To better understand the process of the formation of the vacuum, we only discuss
u- <uy <u-+p_. The case u, > u_ + p_ can be treated in a similar manner. For
any A > Aj, the solution consists of a rarefaction wave R and a contact discontinuity
J connecting two constant states (o, u.), which can be given by (3.2), where the
nonvacuum intermediate state (p., v.) is shown in (2.7). Using (2.7), we calculate

A2
lim p, = lim ( —A) =0, limv.=u,,
A—A, A-A \uy —u_ +A%2/(A +p.) ASA,

which shows that the vacuum appears when A falls to A;. Moreover, a direct calculation
gives
, ( Ap_ ) (- —u,)?
lim (- - —m— | =y — ——.
Asa T (At pl)? p-

Hence, we arrive at

Algfi (0, u)(x, 1)

-y 1,
(p_,l/t_ +ﬁt),x < (Lt_ - p—)l+ Eﬁt ,

N}
(p,v + 1), (u_ - M)t + 15,2 <X <upt+ lﬂtz,
= P- 2 2 (4.6)

1
O,uy +B1), x=uyt+ Eﬂtz,

1
O+, Uy +B1), x> Uyt + Eﬂtzs
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where

A3
(V) = (\/x/t — W_(All) —ga A A0+ «/A_l\/)f - w_(A) - %ﬂt :
System (4.6) shows that when (o, u.) € ll(p-,u_), the R +J solution of (1.1)—(1.2)
and (1.3) converges to the vacuum solution of (1.1)—(1.2) and (1.3) for (o, u;) € Vg as
A — Ay, where the curve Vj is exactly the boundary between the region /(p—, u_) and
the region II(p_, u_).

When 0 < A < A}, the solution is R + Vac + J, which can be shown as (3.1). By
means of (3.1), we conclude

. A’p_ . Ap_
lim (u, - —) =u_, lim (u, - ) =u_,
A-0 (A+p-)? A-0 A+p_

which shows that the rarefaction wave R eventually evolves into contact discontinuity
as A goes to zero. As a consequence, we have

1
(o—,u_+pBt), x<u_t+ E,Btz,
x 1 1 1
1. ) ’t = - Y Yy 2 Ny 2
Alg(l)(p u)(x, 1) (0, - + zﬁt), u_t+ 2/3t <x<uyt+ 2/31: ,
O+ U + 1), x> ust+ E,BIZ,
which corresponds to the vacuum Riemann solution of (1.4) with (1.3).
Case4.2. u_ > u,.

LEMMA 4.2. Let u_ > u,. Then, there exists a positive number A, such that (p,u,) €
IV(p_,u_) when 0 < A < Ay, and (p;,uy) € lll(p_,u_) when A > A,.

PROOF. Suppose that u_ > u,. When (o4, u;) € IV(p_,u_), we have
AZ

0< <u. - .
e =t A+p-

When u_ — A%/(A + p_) < u; < u_, we have (o,,u,) € Il(p_,u_). Therefore,

(- —uy) + \/(u_ —uy)? +4p_(u_ —uy)
2

can be taken. The proof is completed. ]

Ay =

When A > A,, the Riemann solution consists of a shock wave S and a contact
discontinuity J with the nonvacuum intermediate state (p.,v.) in addition to the
constant states (o, i..), which is given by (3.3). Using (2.7), it can be concluded that

AZ
lim p, = lim ( —A) = too, lim v, = u.. 4.7
A—Ay A-t \uy —u_ +A%/(A + £-) —A;
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LEMMA 4.3. Set

—_ —Azp*
(A+p-)A+p.)

Let dx\(t)/dt = o1(t), dxp(t)/dt = o,(t), then, we have

Xi(1,A) = (u_ )z + %Btz, (1, A) = ust + %ﬁﬂ. (4.8)

lim o1(¢) = lim o0»(¢) = u, + Bt,
Jim y(0) = lim o) = s+

) (1,A)
lim Pxdx = p_(u- — upt, 4.9)
A=A I A
x2(1,A)
lim PV + Bt)dx = p_(u_ — uy)(uy + piit.
A=A Jna)

PROOF. By virtue of (4.7) and Lemma 4.2, we have

: o A’p, B (A2)?
Am oi(f) = lim (”‘ T A+p)@A +p*)) tp = (”‘ T A, +p_) th

:M++ﬂt,
lim o»(t) = u, + B,
Aim () =us +p

which indicates that when A — A,, the shock wave S and the contact discontinuity J
will coincide.
Using (4.8), we calculate

0 (1,A)
Algl/gz s psdx = }LIgzp*(xz(t,A)—xl(t,A))

) A?
= Am [(u+ U+ A A+p) A)
A2 Z AGu, —u_ +A2J(A +p_)))t
A+p-

x(u+—u,+

=p-(u- —u)t.

Then, by means of the above formula, we get

o (1,A) X (1,A)
lim PV + Bt) dx = (uy + Bt) lim pdx = p_(u- —uy)(uy + B,
A=A I (14) A=A I a)
and the proof is complete. |

Lemma 4.3 indicates that the shock wave S and the contact discontinuity J coincide
as A drops to A,. Formula (4.7) and (4.9) show that p.. possesses the singularity, which
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is a weighed Dirac delta function with speed u. + St. Thereby, a delta shock appears
when A arrives at A,. Substituting

A=y = Hu = u) + - )+ dp- e - )
into (3.8) gives
us(t,Az) = vs(Az) + Bt = uy + Bt,  w(t,Az) = p-(u- — uy)t.

As a result, as A falls to A,, the limit of the Riemann solution of (1.1)—(1.2) and
(1.3) is exactly the delta-shock solution of (1.1)—(1.2) and (1.3) in the boundary case
(p+,uy) € Ss.

Next, the case 0 < A < A, is discussed. Under such circumstances, the Riemann
solution of (1.1)—(1.3) contains a delta shock, which can be expressed by (3.5), in
which vy is given by (2.12) when p_ = p,, or (2.13) when p_ # p,. When p_ # p,, by
(2.13), we take A — 0 in (3.8) to get

Vo+ly + Ap-u_ N

lim us(t,A) = ,
Lim us(t,A) RSN B
1%11’1’(1) C()(t,A) = Vp—p+(u— - I/l+)t,

uy + _U_ 1
limx(r,A) = Y TV g
A—0 Vo= + Ao+ 2

Analogously, when p_ = p,, sending A — 0 in (3.8) yields

) U tuy
lim us(1,A) = ———+ .
},iﬂ% w(t,A) = p-(u- —u)t, (4.10)
. U tuy L,
lim x(1,4) = ———"1+ 5r’.

Comparing with (4.5), it can be asserted that the delta-shock solution of (1.1)—(1.3)
converges to the delta-shock solution of (1.4) with (1.3) asA — 0.

In conclusion, when A > Aj, the R +J solution of (1.1)—(1.3) converges to the
vacuum solution of (1.1)—(1.3) at A = A;. When A decreases gradually and goes to
zero, the vacuum solution of (1.1)—(1.3) converges to the vacuum solution of (1.4)
with (1.3). When 0 < A < Ay, the R + Vac + J solution of (1.1)—(1.3) converges to the
vacuum solution of (1.4) with (1.3) as A — 0. When A > A,, the S +J solution of
(1.1)—(1.3) converges to a delta-shock solution of (1.1)—(1.3) at A = A,. As A continues
to decrease and goes to zero, the delta-shock solution of (1.1)—(1.3) converges to the
delta-shock solution of (1.4) with (1.3). When 0 < A < A, the delta-shock solution of
(1.1)—(1.3) converges to the delta-shock solution of (1.4) with (1.3) as A — 0.
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5. Conclusion

In this work, a Born-Infeld type fluid with equation of state (1.2) is introduced
into the Aw—Rascle model of traffic flow with friction. Four kinds of nonself-similar
Riemann solutions are derived. To be exact, the solutions contain a rarefaction wave
and a contact discontinuity with vacuum intermediate state when u, > u_ + Ap_/
(A + p_), ararefaction wave and a contact discontinuity with a nonvacuum intermedi-
ate state when u_ < u, <u_ +Ap-/(A + p-), ashock wave and a contact discontinuity
with a nonvacuum intermediate state when u_ — A?/(A + p_) < u, < u_, and a single
delta shock when 0 < u, < u_ —A?/(A + p_). The traffic-free zone can be illustrated
by the vacuum. The congestion traffic situation and the traffic jam and even the
traffic accident can be illustrated by the state with high traffic density and even the
delta shock. More importantly, it is proved that as the traffic pressure goes to zero,
the solution containing a shock wave and a contact discontinuity and the solution
including a single delta shock of the nonhomogeneous Aw—Rascle model tend to be
the delta-shock solution of the zero-pressure Euler system with friction; the solutions
containing a rarefaction wave and a contact discontinuity of the nonhomogeneous
Aw-Rascle model tend to be the solution including vacuum for the zero-pressure Euler
system with friction. The vanishing traffic pressure may signify that the driver loses the
acceleration and deceleration behaviour in the traffic flow, which usually leads to either
a serious traffic accident such as the rear-end collision accident or creates a car-free
zone. Consequently, it is of great significance to investigate the vanishing pressure
limits of Riemann solutions for the nonhomogeneous Aw—Rascle traffic flow model
with Born—Infeld equation of state, which are manifestations of gradually decreasing
driving pressure and entering indulgence driving.
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Appendix A. Proof that the delta-shock solution in Section 3 satisfies (1.1)-(1.2)

We will prove the constructed delta-shock solution satisfying (1.1)—(1.2) in the
sense of distributions. We only check the second equation in (3.4), the first equation
in (3.4) could be verified in a similar way. Due to x(f) = vst + 8t*/2, we conclude
X'(t) = vs + Bt. Clearly, when 8 > 0, there exists an inverse function of x(¢) for all time
t, which may be written as

2
Vs 2x s
=+ ———.

B B B

t(x) =
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However, for 8 < 0, the sign of x’(¢) changes when the critical point (—v(%/ 2B), —vs/B)
on the delta shock wave curve is crossed. So, the inverse function of x(7) exists for
t < —vs/B and t > —vgs/B. After a calculation, it can be found that

N M T4
=] P /5'2 B B
GO A=
B\ B B

For simplicity, we assume that 8 > 0. The case § < 0 can be treated similarly. Under
this supposition, by exchanging the ordering of integral and integration by parts, we get

L A

ﬁdwm

2

= me fx(f) p_ u_ + ft— At p )qﬁ, + p-(u- +,8t)(u_ +pt — Ai-?-p_ )gbx)dxdt
f h f( , p+ Uy +pt - Ai; )¢t +p(us + ,Bt)(u+ + Bt — Af; )%) dx dt

+ f wOus(t)(¢; + us(D)dy) dt
+00 A2 A2
f j; u +,8t—A+p )¢t+p_(u_+ﬂt)(u_+ﬁt—A+p_)¢x)dtdx

+00 t(x) 2
f f p+ Uy +ﬁt— ij )¢x)dtdx
+ fo w(Ous(t)(Pr + us()py) di

2

= j:oo ( +(u+ + Bt(x) — Afp+ ) —p_(u_ + Bt(x) —

+ fom (p-(u— +:31)(”— +Bi - Aizp_)

~potaes + B+ Br - A; )Jocxo, 0 a

%+m@uﬁ%m+&—

2

A ﬁ o ))¢(x, 1(x)) dx

+00 +00 +00 t(x) +00
- f (Bp_¢) i dx - f Bosddt d + f w(tyus(t) do
0 1) 0 0 0

+00 +00 () +00 oo
: f NG, 1) di - f Bo-o dxdi - f B+ dxd,
0 0 —00 0 x(1)
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in which
N@) = —u(;(t)(p_(u_ +hr- o +2p_ ) _ p+(u+ - ﬁ )) B d(a)(g;lé(t))
+ (P—(”— +,3f)(u— +hr- 4 +2p_ ) — p+(uy +Bt)(u+ B ’fm ))

—Bw(?).

This shows that the second equation of (3.4) holds in the sense of distributions.
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