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In a previous paper [1] J. Aczél has shown the following

THEOREM 1. If in the (closed, half-closed or open, finite or infinite) interval
{4, B

(*) fIF(x, »)1 = HIf(x),/(»), X, ¥]
and there f, F are continuous, F intern (the value F(x,y) lies strictly between x

and y) and u - H(u, v, x,y) or v - H(u, v, x, y) are injective (i.e.

H(uls v, x’y) = H(“Z, v, X,J’)=> ul = ll2
or
H(u,vy,x,y) = H(u, vy, x, ) = v, = 0,),

then the functional equation (*) with the initial conditions

fl@)=cfb)=d (abeld,B))

has at most one solution.

The above result has been established for functions with real variables. In
the sequel we extend the notion of internness to vector spaces and derive results
in topological vector spaces.

DEFINITIONS, NOTATIONS AND PRELIMINARIES: For two distinct points x and y
of a vector space (v.s.) E over the real field R, we denote the line joining x and y by

Lx, yy = {y+1(x~y) : te R}
and the (open) line segment joining x and y by
L(x,y) = {y+t(x—y):te(0,1)}.
A mapping F defined on some subset S of Ex E into E is said to be intern if
F(x,y)eL(x,)

whenever (x, y) e S with x 3 y.
Given a vector space E over the real field R and a topology T on E, the pair
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(E, T) is called a topological vector space (t.v.s.) over R if these two axioms are
satisfied:
(LT), (x,y) = x+y is continuous on Ex E into E,

(LT), (t, x) — tx is continuous on R x E into E.

The field R is always considered to be endowed with its usual absolute value, under
which it is a non-discrete valuated field. In addition it is always considered under
its usual order ([6], page 11-12). Every t.v.s. E considered here is over the real
field R if the field is not mentioned.

If E is a Hausdorff topological vector space over R and € is the relative topo-
logy on L{x, ), the injective mapping &7 of L{x, y) onto R defined by

Y(y+t(x—y)) =1t forall teR

is a homeomorphism ([6], page 21).
If E and N are topological spaces with N Hausdorff and f,, f, : E — Nare con-
tinuous mappings, then the set

S = {x:xeE, fi(x) = fr(x)}

is closed in E.

THEOREM 2. Let E, be a closed subset of a Hausdorff tv.s. E and let
F:E,xE, — E, be intern, continuous in both variables. Let N be a set and
f1, S5+ E; = N be mappings satisfying the functional equation

(*) f[F(x’ y)] = H[f(x)’f(y)’ X5 y]

where the mapping H : Nx N x E; x E; — N is injective either in its first variable or
in its second variable. If f, and f, are identical on some E -neighbourhood V of a
pointae E,, thenf, andf, are identical on the entire domain E, .

Proor. Without loss of generality we may suppose H is injective in its first
variable. Let xy € E;\{a} be given. Define

F(x,a) = x
and
F**(x, a) = F(F'(x, a), a)

recursively for xe E, and new = {0, 1, 2, - - -}. It follows from the internness
of F that {®% (F"(xo, @)))sco is a decreasing sequence of positive real numbers and
therefore converges to a definite limit, say

lim &3 (F"(xo,a)) = a2 2 0.

n-*oo

We now claim that the sequence (F"(X, @)Dy, in L{xy, a) converges to a.
For @;  is a homeomorphism so that
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lim F'(xo,a) = &% () e E, = E,
and the fact that F'is continuous in its first variable yields

F(9% (), a) = F(lim F'(x,, a), a)

n—o

= lim F(F'(x,, a), a)

n—+aw

= lim F**!(x,, a)

= &5 ().

[}

In view of the internness of F, we must have @3, '(«) = a and convergence of
{F"(xg, @)Dneo to its limit a follows. Since ¥ is an E,-neighbourhood of a, there
exists N e @\ {0} such that
F¥(xo,a)eV
and consequently :
[1(FY(xo, @)) = f2(F"(xo, a)).
By (*) we have
HLA(FY (%o, a)),f1(a): F* " (xo, a), a]
= fl(FN(xO s a))
= fZ(FN(xo > a))

= H[fz(FNﬂ(xo » @), f2(a), FN_l(xo ,a), a]
so that

fl(FN_l(xo ,a)) = F2(F¥ (%o, a))

follows from the injectivity assumption on H in its first variable. Proceeding recur-
sively we obtain

S1(F°(x0, @) = f2(F°(x0, a))
or simply
S1(x0) = f2(x0)-
The point x, € E,\{a} being arbitrary, f; and f, are identical on E;.
THEOREM 3. Let F: E;x E, — E, be an intern function defined on a closed

subset Ey of a Hausdorff t.v.s. E over R, and let N be a Hausdor(f space. Suppose
fi, /2 + E;y = N are continuous mappings satisfying

(*) fIFGx, ¥)] = HUf(x),/(»), x, ¥]
where H is a mapping from Nx N x E; x E, into N. Then the set

S = {x:x€eE,fi(x) = fo(x)}

is closed and convex.

https://doi.org/10.1017/51446788700006789 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700006789

4] Uniqueness theorems for functional equations 365

Proor. Since E, is closed in E and S is closed in E;, S is also closed in E.
For any two distinct points x and y of S, consider the line L{x, y)> and its relative
topology T. The map @%: L{x, y) —» Ris a homeomorphism. In view of this homeo-
morphism L(x, y)\.S is open and can be represented as a countable union of dis-
joint open components (or equivalently, open intervals, open segments). Suppose,
if possible, that L(x, y)\S is non-empty and there exists an open component of
it, say L(x,, y;). We must have x,, y, € Sand L(x,, y,) n S = 9. However by (*)

Fi(F(xy, y1)) = HUf 10, /1(1)s %15 311
H[fz(xl),fz(h), X1, ¥1]

= f2[F(xy, y1)]
we have F(x,, y;)€S. Also by the interness of F, F(x,,y;)€L(x,,y,). Now
F(xy, y1)eL(xy,y,)n S leads to a contradiction. So L(x,y)\S =9 and
L(x, y) = S. The points x, y being arbitrary, S is convex.

We are now able to state our final result which is an immediate consequence
of the previous two theorems.

THEOREM 4. Let E, be a closed subset of a Hausdorff tw.s. E, and let
F:E, x E, > E, be intern, continuous in both variables. Let N be a Hausdor[f space.
Suppose f1,f, : E; = N are continuous mappings satisfying the functional equation

*) SIE(x, »)1 = Hf(x),f(¥), x, ¥]
where the mapping H: NX Nx E, x E; - N is either

injective in its first variable

(1) i'e' H(”l,v,x,J’) :H(uZ’Uax,y)=u1 = U
or .

injective in its second variable
(2) ie. Hu,v,,x,¥) = Hu,v,,x,y) =0, =0,

If fy and f, are identical on some subset A of E, whose closed convex hull T4 has
non-empty interior in E, (interior taken in E,), then f, and f, are identical on the
entire E; .

COROLLARY. If in Theorem 4, E is locally convex Hausdorff of dimension
nand A = {a;:i=1,2, -, n+1} is such that {a;—a, :i = 2,3, -+, n+1} is
linearly independent, then there exists at most one continuous solution of (*) sa-
tisfying the n+1 initial conditions

f(a,-)=b,- i=1,2,"',n+1.

REMARKS. In case n = 1, this gives Theorem 1 for closed {4, B). However
the assumption that {4, B) is closed may be omitted as any interval {4, B)
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with a, b € {4, B) can be represented as a union of closed intervals containing a
and b. For Fréchet spaces, 4 may be chosen as a subset whose closed convex hull
TA, after a translation, contains a barrel.

Theorems 2, 3 and 4 are still valid if we do not assume E to be Hausdorff. In
this case the map ¢ may fail to be a homeomorphism, and this happens only when
T is indiscrete (on L{x, y>). Extra discussions lead to the same conclusions.
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