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1. Introduction

Unless stated otherwise, all vector spaces in this paper are over the field K, being either
the field C of complex numbers or the field R of real numbers, and all topological spaces
are assumed to be Hausdorff. As usual, Z is the set of integers, Z, is the set of non-
negative integers, N is the set of positive integers and R is the set of non-negative real
numbers. L(X,Y") stands for the space of continuous linear operators from a topological
vector space X to a topological vector space Y. We write L(X) instead of L(X, X) and
X' instead of L(X,K). X/ is X’ with the weak topology o, being the weakest topology on
X’ making the maps f — f(z) from X’ to K continuous for all z € X. For any T' € L(X),
the dual operator T7: X' — X' is defined as usual: (T'f)(z) = f(Tz) for f € X' and
x € X. Clearly, T" € L(X]). For a subset A of a vector space X, span(A) stands for the
linear span of A. For brevity, we say locally convex space for a locally convex topological
vector space. A subset B of a topological vector space X is called bounded if for any
neighbourhood U of zero in X, a scalar multiple of U contains B. The topology 7 of a
topological vector space X is called weak if 7 is exactly the weakest topology making
each f € Y continuous for some linear space Y of linear functionals on X separating
points of X. An F-space is a complete metrizable topological vector space. A locally
convex F-space is called a Fréchet space. w denotes the space of all sequences {y, } ez,
in K with coordinate-wise convergence topology. We denote by ¢ the linear subspace of
w consisting of sequences = with finite support {n € Z,: z, # 0}. If X is a topological
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vector space, then A C X' is called equicontinuous if there is a neighbourhood U of zero
in X such that |f(z)| <1 for any z € U and f € A.

Let X and Y be topological spaces and let {T,: a € A} be a family of continuous
maps from X to Y. An element x € X is called universal for this family if {T,x: a € A}
is dense in Y, and {T,: a € A} is said to be universal if it has a universal element. An
operator semigroup on a topological vector space X is a family {7} }+c 4 of operators from
L(X) labelled by elements of an abelian monoid A and satisfying Ty = I, Tsqs = 13T
for any t,s € A. A norm on A is a function | - |: A — [0,00) satisfying |na| = n|a|
and |a + b < |a| + |b] for any n € Z; and a,b € A. An abelian monoid equipped with
a norm is a normed semigroup. We are mainly concerned with the case when A is a
closed additive subsemigroup of R* containing 0 with the norm |a| being the Euclidean
distance from a to 0. In the latter case A carries the topology inherited from R*, and
an operator semigroup {7 }:ca is called strongly continuous if the map ¢t — Tiz from
A to X is continuous for any & € X. We say that an operator semigroup {7;}ica is
uniformly continuous if there is a neighbourhood U of zero in X such that for any
sequence {t,}nez, in A converging to t € A, Ty x converges to T;x uniformly on U.
Clearly, uniform continuity is strictly stronger than strong continuity. If A is a normed
semigroup and {7;}+c4 is an operator semigroup on a topological vector space X, then
we say that {T}}ica is mizing if, for any non-empty open subsets U, V of X, there is
r > 0 such that T3(U) NV # & provided [t| > r. We say that {T;}ica is hypercyclic
(respectively, supercyclic) if the family {T;: t € A} (respectively, {zT;: z € K, t € A})
is universal. {T}}4c is said to be hereditarily hypercyclic if for any sequence {t,}nez,
in A satisfying |¢,| — oo, {T},: n € Z4+} is universal. T € L(X) is called hypercyclic,
supercyclic, hereditarily hypercyclic or mizing if the semigroup {7 },cz, has the same
property. Hypercyclic and supercyclic operators have been intensely studied over the last
few decades (see [2] and references cited therein). Recall that a topological space X is
called a Baire space if the intersection of countably many dense open subsets of X is
dense in X. By the classical Baire Theorem, complete metric spaces are Baire.

Proposition 1.1. Let X be a topological vector space and let A be a normed semi-
group. Then any hereditarily hypercyclic operator semigroup {Ty}aca on X is mixing.
If X is Baire separable and metrizable, then the converse implication holds: any mixing
operator semigroup {T,},ca on X is hereditarily hypercyclic.

The above proposition is a combination of well-known facts, and it appears in the
literature in various modifications. We prove the proposition in the next section for the
sake of completeness. It is worth noting that for any subsemigroup Ay of A, not lying in
the kernel of the norm, {7} }ic 4, is mixing if {T}};c 4 is mixing. In particular, if {7} }ica
is mixing, then T} is mixing whenever || > 0.

The question of existence of supercyclic or hypercyclic operators or semigroups on
various types of topological vector spaces has been intensely studied. The fact that there
are no hypercyclic operators on any finite-dimensional topological vector space goes back
to Rolewicz [22]. The last result in this direction is due to Wengenroth [26], who proved
that a hypercyclic operator on any topological vector space (locally convex or not) has no
closed invariant subspaces of positive finite codimension, while any supercyclic operator
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has no closed invariant subspaces of finite R-codimension greater than 2. In particu-
lar, his result implies the (already well known by then) fact that there are no super-
cyclic operators on a finite-dimensional topological vector space of R-dimension greater
than 2. Herzog [18] proved that there is a supercyclic operator on any separable infinite-
dimensional Banach space. Ansari [1] and Bernal-Gonzdlez [5], answering a question
raised by Herrero, showed independently that any separable infinite-dimensional Banach
space supports a hypercyclic operator. Using the same idea as in [1], Bonet and Peris [9]
proved that there is a hypercyclic operator on any separable infinite-dimensional Fréchet
space and demonstrated that there is a hypercyclic operator on the inductive limit X
of a sequence {X, }nez, of separable Banach spaces provided Xy is dense in X. Gri-
vaux [16] observed that hypercyclic operators T in [1,5,9] are mixing and therefore
hereditarily hypercyclic. They actually come from the same source. Namely, according
to Salas [23], an operator of the shape I + T, where T is a backward-weighted shift
on {1, is hypercyclic. Virtually the same proof demonstrates that these operators are
mixing. Moreover, all operators constructed in the above-cited papers are hypercyclic
or mixing because of a quasisimilarity with an operator of the shape identity plus a
backward-weighted shift. A similar idea was used by Bermudez et al. [4] and Bernal-
Gonzilez and Grosse-Erdmann [6], who proved that any separable infinite-dimensional
Banach space supports a hypercyclic strongly continuous semigroup {7 };cr, . Bermidez
et al. [3] proved that on any separable infinite-dimensional complex Banach space X,
there is a mixing strongly continuous semigroup {7} }:cc such that the map ¢t — T; is
holomorphic. Finally, Conejero [11] proved that any separable infinite-dimensional com-
plex Fréchet space X that is non-isomorphic to w supports a mixing operator semigroup
{Ti}+er, such that T}, 2 uniformly converges to Tix for x from any bounded subset of
X whenever t,, — t.

Definition 1.2. We say that a topological vector space X belongs to the class 9 if
there is a dense subspace Y of X admitting a topology 7 stronger than the one inherited
from X and such that (Y, 7) is a separable F-space. We say that X belongs to 9, if there
is a linearly independent equicontinuous sequence { fy, }nez. in X'. Finally, I = Mo, .

Remark 1.3. Obviously, X € 91 if and only if there exists a continuous seminorm
p on X such that ker p = p~1(0) has infinite codimension in X. In particular, a locally
convex space X belongs to 9y if and only if its topology is not weak.

1.1. Results

The following theorem extracts the maximum from the method in terms of both the
class of spaces and the class of semigroups. Although the general idea remains the same,
the proof requires dealing with a number of technical details of various kinds.

Theorem 1.4. Let X € 9. Then for any k € N, there exists a uniformly continuous
hereditarily hypercyclic (and therefore mixing) operator group {T;},cxx on X such that
the map z + f(T,x) from K* to K is analytic for each x € X and f € X'.

Since for any hereditarily hypercyclic semigroup {7} };cx+ and any non-zero t € K*,
T; is hereditarily hypercyclic, Theorem 1.4 provides a hereditarily hypercyclic operator
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on each X € M. Obviously, any separable F-space belongs to 9. It is well known
[24] that the topology on a Fréchet space X differs from the weak topology if and
only if X is infinite dimensional and it is non-isomorphic to w. Thus any separable
infinite-dimensional Fréchet space non-isomorphic to w belongs to 9. The latter fact is
also implicitly contained in [9]. Similarly, an infinite-dimensional inductive limit X of a
sequence { X, }nez, of separable Banach spaces belongs to 9 provided X is dense in X.
Thus all the above-mentioned existence theorems are particular cases of Theorem 1.4.
The following proposition characterizes F-spaces in the class 9.

Proposition 1.5. Let X be an F-space. Then X belongs to 9 if and only if X is
separable and the algebraic dimension of X' is uncountable.

Proposition 1.5 ensures that Theorem 1.4 can be applied to a variety of F-spaces
(including ¢, with 0 < p < 1) that are not locally convex. We briefly outline the main idea
of the proof of Theorem 1.4 because it is barely recognizable in the main text, where the
intermediate results are presented in much greater generality than is strictly necessary.
Consider the completion of the kth projective tensor power of £1: X =1 ® --- ®¢; and
Ty,..., Ty € L(X) of the shape T; = I ® --- @ I ®5; ® I ® --- ® I, where S; € L({;)
is a backward-weighted shift sitting in jth place. Since T} are pairwise commuting, we
have got a uniformly continuous operator group {e!*7’} cxr on X, where (z,T) =
21Ty + -+ + 2T We show that {e{*7)}, g« is hereditarily hypercyclic. The class 9t
turns out to be exactly the class of topological vector spaces to which such a group can
be transferred by means of quasisimilarity.

The following theorem is kind of an opposite of Theorem 1.4.

Theorem 1.6. There are no supercyclic strongly continuous operator semigroups
{Ti}ier, on a topological vector space X if either 2 < dimp X < 2% or 2 < dimg X’ <
N0

Since dimw’ = Ry, Theorem 1.6 implies that there are no supercyclic strongly contin-
uous operator semigroups {7} };er, on w, which is a stronger version of a result in [11].
This observation along with Theorem 1.4 imply the following curious result.

Corollary 1.7. For a separable infinite-dimensional Fréchet space X, the following
are equivalent:

(1) for each k € N, there is a mixing uniformly continuous operator group {T}},cp»
on X;

(2) there is a supercyclic strongly continuous operator semigroup {T;}ter, on X;

(3) X is non-isomorphic to w.

2. Extended backward shifts

Godefroy and Shapiro [15] introduced the notion of a generalized backward shift. Namely,
a continuous linear operator T' on a topological vector space X is called a generalized
backward shift if the union of ker T™ for n € N is dense in X and ker T is one dimensional.
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We say that T is an extended backward shift if the linear span of the union of 7" (ker 7°")
is dense in X . Using an easy dimension argument [15] one can show that any generalized
backward shift is an extended backward shift. It is worth noting [2, Theorem 2.2] that
for any extended backward shift T, I 4+ T is mixing. We need a multi-operator analogue
of this concept.

Let X be a topological vector space. We say that T = (T3,...,Ty) € L(X)* is an
extended backward shift k-tuple (EBSk-tuple) if T,,T; = T;T,, for 1 < j,m < k and
ker! (T) is dense in X, where

k
ker'(T) = span ] s(n,T) and s(n,T) :T{h---T;k<ﬂkerTf’”>. (2.1)
neNk Jj=1
2.1. Shifts on finite-dimensional spaces

The following two lemmas are implicitly contained in the proof of Theorem 5.2 in [13].
For the sake of convenience, we provide their proofs.

Lemma 2.1. For eachn € N and z € C\ {0}, the matrix
PR NG
G+Ek=1;

Proof. Invertibility of A, 1 is proved in [2, Lemma 2.7]. For z € C, consider the
diagonal n x n matrix D,, , with the entries (1, 2, ..., 2" ') on the main diagonal. Clearly,

is invertible.

A, =2DyAp 1D, . for any z € C. (2.2)

Since A, and D, . for z # 0 are invertible, A, . is invertible for any n € N and
z € C\ {0}. O

Lemma 2.2. Let n € N, ey, ..., e, be the canonical basis of K*", let S € L(K?") be
defined by Seq; = 0 and Sey, = eg_1 for 2 < k < 2n and let P be the linear projection of
K2 onto E = span{ey,...,e,} along F = span{e, 41, ..., ea, . Then, for any z € K\ {0}
and u,v € E, there exists a unique z* = x*(u,v) € K" such that

Pz* =u and Pe*Sz* =wv. (2.3)
Moreover, for any bounded subset B of E and any ¢ > 0, there is ¢ = ¢(g, B) > 0 such
that
sup |(2%(u,v))nij| < clz|™? for1 <j<nand|z| > e, (2.4)
u,veEB
sup |(e*%2%(u,v))ntj| < clz|™ for 1 <j<nand|z| > e. (2.5)
u,vEB

In particular, v*(u,v) — u and ¢*2*(u,v) — v as |z| — oo uniformly for u and v from
any bounded subset of F.
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Proof. Let u,v € E and z € K\ {0}. For y € K?>" we set § = (Yn+1,---,¥2n) € K™
One easily sees that (2.3) is equivalent to the vector equation

An,zjz = wz’ (26)

where A, , is the matrix from Lemma 2.1 and w?* = w*(u,v) € K" is defined as

n k+j—n—1
z_ z Uk

'ZUJ ’Unfj+1 — Z _—_' for 1 < j < n, (27)
i (k+j—n—1)!
provided we set x; = u; for 1 < j < n. By Lemma 2.1, A,, . is invertible for any z # 0
and therefore (2.6) is uniquely solvable. Thus there exists a unique z* = z*(u,v) € K2
satisfying (2.3). It remains to verify (2.4) and (2.5). By (2.7), for any bounded subset B
of E and any ¢ > 0, there is a = a(e, B) > 0 such that

|(w?(u,v));] <alzl’~! ifuveB, |z|>cand 1 <j < n. (2.8)
By (2.8), {D, Lw*(u,v): |z| > ¢, u,v € B} and therefore
Q = {A; 1D, w* (u,0): 2] > &, u,v € B

are bounded in K". Since, by (2.6) and (2.2), #* = A, w* = z7'D; 1A | D Lw?®, we
have
(2% (u,v))ntj = 75 C {z"D;Ly);:y€ Q) if|z] > ¢ and u,v € B.

Boundedness of @) implies that (2.4) is satisfied with some ¢ = ¢ (e, B). Finally, since,
for 1 < j < n, we have

2n —n—i
(eszZ)n+j: Z Sl=n JJ,‘%Z 7
ol (Il—n—j)!

there exists ¢ = ca(e, B) for which (2.5) is satisfied. Hence (2.5) and (2.4) hold with
¢ = max{cy, ca}. O

Corollary 2.3. Let n € N, E C K?" and S € L(K®") be as in Lemma 2.2. Then,
for any u,v € E and any sequence {z;};ecz, in K satisfying |z;| — oo, there exists a
sequence {x;}jez, in K*" such that x; — u and e*%z; — v.

We need the following multi-operator version of Corollary 2.3.

Lemma 2.4. Let k € N, ny,...,n, € N; for each j € {1,...,k} let e{,...,eg"j
be the canonical basis in K*", let Ej = span{eq, ... e}, } and let S; € L(K*"/) be the
backward shift: Sje] = 0 and Sje] =e] | for2 <1< 2n;. Also, let X = K> ®- - -@K?"*,
E=FE ® - ®E and

T, el(X), Tj=I® - --IS;0l®---@I forl<j<k,

where S; sits in the jth place. Finally, let {zy,}mez, be a sequence in K* satisfying
|zm| — oc. Then, for any u,v € E, there exists a sequence {Zy, }mez, in X such that
Zm — w and e Ty — v, where ($,T) =s1T1 + -+ + s Ty
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Proof. Let K = KU{oc} be the one-point compactification of K. Clearly, it is enough
to show that any sequence {w,,} in K* satisfying |w,,| — oo has a subsequence {z,,} for
which the statement of the lemma is true. Since K* is compact and metrizable, we can,
without loss of generality, assume that {z,,} converges to w € K¥. Since |2,,| — oo, the
set C' = {j: w; = oo} is non-empty. Without loss of generality, we may also assume that
C={1,...,r}withl1<r<k.

Denote by X the set of (u,v) € X? for which there is a sequence {Zp, }mez, in X
such that z,, — u and et* D g, — v. In this notation, the statement of the lemma is
equivalent to the inclusion FEx E C Y. Let u; € Ejfor 1 <j<kandu=u1 ® - ® ug.
By Corollary 2.3, there exist sequences {2, }mez, and {yj.m}mez, in K27 such that,
for1<j<r,

Tjm — 0, FmiSig, sui oy —u; and  eFmiSiy 0.
We put 2., = e’wisiuj and yjm = uj for r < j < k and m € Z,. Consider the
sequences {Zm fmez, and {Ym }mez, in X defined by ., = 21, ® -+ @ Tpp and yp, =
Yi,m @ -+ & Yg,m. By definition of z,, and y,, and the above display, z,, — 0 and
Ym — u. For instance, x,, — 0 because the sequences {z; ,} are bounded and z1 ,,, — 0.
Similarly, taking into account that (z,,); — w; for j > r, we see that ez T g, — uwand
ez )y, — 0. Hence (u,0) € X and (0,u) € X. Thus ({0} x Eg)U(Fyx{0}) C ¥, where
Ey ={u1® - -Qug: u; € Ej, 1 < j < k}. On the other hand, span({0} x Ey)U(Egx{0}) =
FE x E. Since X' is a linear space, E x £ C Y. O

For applications it is more convenient to reformulate the above lemma in the coordinate
form.

Corollary 2.5. Let k € N, ny,...,npy € N, N; ={1,...,2n;} and Q; = {1,...,n,}
for 1 < j < k. Consider M = Ny X --- X Ng and My = Q1 X -+ X Qg, let {e;,: m € M}
be the canonical basis of X = KM and let E = span{e,,: m € Mp}. For 1 < j < k, let
T; € L(X) be defined by Tjen, =0 if mj =1 and Tje,, = e, if mj > 1, where m; = my
if 1 # j, m}; = m; — 1. Then, for any sequence {zm }mez, in KF* satisfying |z,| — oo and
any u,v € E, there is a sequence {Zy, }mez, in X such that x,, — u and elem g — 0,
where (s,T) = s1T1 + - -+ + 51T}

2.2. The key lemma

Lemma 2.6. Let X be a topological vector space and let k € N, n € N*F and A €
L(X)* be such that A;A; = AjA; for 1 < 1,5 < k. Then, for each z from s(n, A)
defined in (2.1), there is a common finite-dimensional invariant subspace Y for Ay, ..., Ay
such that for any sequence {Zm}mez, in KF* satisfying |2,,| — oo, there exist sequences
{Zm}tmez, and {ym}mez, in'Y for which

Ty =0, ema, —a, yn—a and el my, — 0,

where Ag = (8141 + -+ s Ar)ly. (2.9)
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Proof. Since x € x(n,T), there is y € X such that x = A* --- A}*y and A?njy =0
for 1 < j < k. Let N; = {1,...,2n;} and Q; = {1,...,n;} for 1 < j < k. Define
M = Nyx---xNpand My = Q1%+ -xQg. Let hy = A%m*ll . -Ai"’“_l’“y for! € M and let
Y = span{h;: | € M}. Clearly, Y is finite dimensional and Ajh; =0if [; =1, Ajhy = hy
if [; > 1, where [, = [, for 7 # j and I’; = I; — 1. Hence Y is invariant for each A;.
Consider J € L(KM Y) defined by Je; = h; for | € M. Also, let E = span{e;: | € My}
and T; € L(KM) be as in Corollary 2.5. Taking into account the definition of T} and
the action of A; on h;, we see that A;J = JT; for 1 < j < k. Clearly, n € My and
therefore e,, € E. Since v = A" --- A}*y, we have x = h,,. By Corollary 2.5, there exist
sequences {tm }mez, and {vpy }mez, in KM such that wm, — e, D, — 0, v — 0
and e*m Ty, — e,. Now let y,, = Ju,, and z,, = Jv,, for m € Z,. Then {z,,} and
{ym} are sequences in Y. From the relations A;J = JT; and the fact that KM and Y
are finite dimensional, it follows that z,, — 0, y,, — Je, = z, eAem g, — Je, = x and
eA=my,, — 0. Thus (2.9) is satisfied. O

From now on, if A = (A;,...,Ag) is a k-tuple of continuous linear operators on a
topological vector space X and z € K*, we write

<Z,A> =z1A +---+ ZkAk-

We also use the following convention. Let X be a topological vector space and let S €
L(X). By saying that e® is well defined, we mean that for each 2 € X, the series

converges in X and defines a continuous linear operator denoted e°.

Corollary 2.7. Let X be a topological vector space, let k € N and let A € L(X)*
be a k-tuple of pairwise commuting operators such that, for any z € K¥, e(*4) is well
defined. Then, for each z and y from the space ker' (A) defined in (2.1) and any sequence
{zm}mez, in K* satisfying |z,| — oo, there is a sequence {tm}mez, in X such that
Uy — 2 and eFm Dy, — Y.

Proof. Fix a sequence {2, }mez, in KF satisfying |2,,,| — co. Let X be the set of
(z,y) € X? for which there exists a sequence {t, }nez, in X such that u, — = and
el#m: Ay, — y. By Lemma 2.6, s(n, A) x {0} C X and {0} x »(n,A) C ¥ for any
n € N¥| where 5(n, A) is defined in (2.1). On the other hand, X is a linear subspace of
X x X. Thus

ker'(A) x ker'(A) = span ] ((s¢(n, A) x {0}) U ({0} x 5(n, A))) C X.

neNk
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2.3. Mixing semigroups and extended backward shifts

We start by proving Proposition 1.1. Proposition G below is Proposition 1 in [17],
while Theorem U below can be found in [17, pp. 348-349].

Proposition G. Let X be a topological space and let F = {T,: a € A} be a family
of continuous maps from X to X such that T,Ts = TgT, and T,(X) is dense in X for
any «, 8 € A. The set of universal elements for F is then either empty or dense in X.

Theorem U. Let X be a Baire topological space, let Y be a second countable
topological space and let {T,: a € A} be a family of continuous maps from X into
Y. The set of universal elements for {T,: a € A} is then dense in X if and only if
{(z,Toz): x € X, a€ A} isdense in X x Y.

Proof of Proposition 1.1. Assume that {T}};c 4 is hereditarily hypercyclic. That is,
{T}, : n € Z} is universal for any sequence {t, }ncz, in A satisfying |t,| — co. Applying
this to ¢, = nt with ¢t € A, |t| > 0, we see that T} is hypercyclic. Since any hypercyclic
operator has dense range [17], T3(X) is dense in X if [¢| > 0. Assume that {T}};c 4 is non-
mixing. Then there are non-empty open subsets U and V of X and a sequence {t, },ez.
in A such that |t,| — oo and [t,| > 0, Ty, (U) NV = & for each n € Z. Since T}, have
dense ranges and commute, Proposition G implies that the set W of universal elements
for {T},: n € Z4} is dense in X. Hence we can pick x € W NU. Since z is universal for
{T;,: n € Zy}, there is an n € Z, for which T} x € V. Hence Ty, x € Ty, (U)NV = .
This contradiction completes the proof of the first part of Proposition 1.1.

Next, assume that X is Baire separable and metrizable, {7} };c 4 is mixing and {t,, }nez,
is a sequence in A such that |t,| — co. By the definition of mixing, for any non-empty
open subsets U and V of X, T3 (U) NV # & for all sufficiently large n € Z,. Hence
{(z,Ty,z): x € X, n € Z;} is dense in X x X. By Theorem U, {T}, :n€Z;} is
universal. g

Proposition 2.8. Let X be a topological vector space and let A = (Ay,...,Ag) €
L(X)* be an EBSj-tuple such that e!*4) is well defined for z € K* and {e!*4)}, g is
an operator group. Then {e*4)}, .k« is mixing.

Proof. Assume the contrary. We can then find non-empty open subsets U and V' of
X and a sequence {zm }mez, in K¥ such that |z,| — co and e A(U)NV = & for
each m € Z,. Let X be the set of (z,y) € X? for which there is a sequence {Z., }mez,
in X such that z,, — = and et*>4)z,, — y. By Corollary 2.7, ker'(4) x ker'(4) C X.
Since A is an EBSj-tuple, ker'(A) is dense in X and therefore X is dense in X x X.
In particular, X meets U x V, which is not possible since e*4(U)NV = & for any
m € Z, . This contradiction shows that {e(*4},cxx is mixing. O

Theorem 2.9. Let X be a separable Banach space and let (Ay,..., Ay) € L(X)*
be an EBSi-tuple. Then {e'*4)}, xx is a hereditarily hypercyclic uniformly continuous
operator group on X.
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Proof. Since the A; are pairwise commuting and X is a Banach space, {€<Z’A>}z€Kk

is a uniformly continuous operator group. By Proposition 1.1, it suffices to verify that
{efA) gx is mixing. It remains to apply Proposition 2.8. O

We will extend the above theorem to more general topological vector spaces. Recall
that a subset A of a vector space is called balanced if zx € A whenever z € A, z € K and
|z| < 1. A subset D of a topological vector space X is called a disc if D is convex, balanced
and bounded. For a disc D, the space Xp = span(D) is endowed with the norm, being
the Minkowskii functional [24] of D. Boundedness of D implies that the norm topology
of Xp is stronger than the topology inherited from X. D is called a Banach disc if the
normed space Xp is complete. It is well known [8] that a compact disc is a Banach disc.

Lemma 2.10. Let X be a topological vector space, let p be a continuous seminorm on
X, let D C X be a Banach disc, let q be the norm of Xp, let k € N and let A € L(X)* be
a k-tuple of pairwise commuting operators. Assume also that A;(X) C Xp for1 < j <k
and that there is a > 0 such that ¢(A;x) < ap(x) for any * € X and 1 < j < k. Then,
for each z € K*, e{*4) is well defined. Moreover, {e!*4)}, g« is a uniformly continuous
operator group and the map z — f(e!*4) z) from K* to K is analytic for any x € X and
f € X'. Furthermore, if Xp is separable and dense in X and B is an EBS-tuple, then
{e$#A) kr is hereditarily hypercyclic, where B; € L(Xp) are restrictions of A; to Xp.

Proof. Since D is bounded, there is a ¢ > 0 such that p(z) < cq(x) for each z € Xp.
Since ¢(Ajz) < ap(x) for each z € X, we have ¢(4;A4;z) < ap(Aix) < cag(4x) <
ca’p(z). Tterating this argument, we see that

q(AT - Apra) < Mmlamp(z)  for any @ € X and n € Z% | |n| > 0, (2.10)

where |n| =ny + -+ + ng. By (2.10), for each x € X and z € K¥, the series
Z{Ll P ZLLk n -
nGZ’j_, [n]>0
converges absolutely in the Banach space Xp. Since the series

|
—(z, A)"x
m!

m=1
can be obtained from (2.11) by an appropriate ‘bracketing’, it is also absolutely conver-
gent in Xp. Hence the last series converges in X and therefore the formula

oo

| —

el#A g (2, A)"

3

m=0

defines a linear operator on X. Next, representing e(*#)z — z by the series (2.11) and
using (2.10), we obtain

p(x 21|t 2| p(x
nGZ’i,|n\>0 L ke
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where |z|| = |z1] + --- + |2&]. By the above inequality, each e!*4) is continuous and
{ef*A}__gr is uniformly continuous. The semigroup property follows in a standard
way from the fact that A, are pairwise commuting. Applying f € X’ to the series
(2.11) and, using (2.10), one immediately obtains the power series expansion of the map
2z f(e®4x). Hence each z — f(e**)x) is analytic.

Assume now that Xp is separable and dense in X, that B; € L(Xp) are restrictions
of Aj to Xp and that B = (B, ..., By) is an EBSj-tuple. By Theorem 2.9, {e$=B)Y ckn
is hereditarily hypercyclic. Since each e{*5) is the restriction of e(*4 to Xp and Xp is
dense in X and carries a topology stronger than the one inherited from X, {e{*"} cxx
is also hereditarily hypercyclic. O

3. ¢1-sequences, equicontinuous sets and the class 9t

Definition 3.1. We say that a sequence {,},ecz, in a topological vector space X
is an f1-sequence if the series ZZO:() anxy converges in X for each a € ¢; and, for any
neighbourhood U of 0 in X, there is n € Z, such that D,, C U, where

oo
D, = {Zakxn+k: a €y, |a| < 1}.

k=0
If X is a locally convex space, the latter condition is satisfied if and only if x,, — 0.

Lemma 3.2. Let {x,}nez. be an {1-sequence in a topological vector space X. Then
the closed balanced convex hull D of {x,,: n € Z} is compact and metrizable. Moreover,

D = D', where
oo
D' = { Zanxn: a €y, |al < 1},
n=0

Xp is separable and E = span{x,,: n € Z} is dense in the Banach space Xp.

Proof. Let Q = {a € ¢1: ||al]js < 1} be endowed with the coordinate-wise convergence
topology. Then @ is metrizable and compact as a closed subspace of D%+, where D =
{z € K: |z| < 1}. Obviously, the map &: Q — D', &(a) = .~ a,zy, is onto. Using the
definition of an £;-sequence, one can in a routine way verify that @ is continuous. Hence
D’ is compact and metrizable as a continuous image of a compact metrizable space.
Thus D’, being also balanced and convex, is a Banach disc. Let u € Xp, and a € ¢; be
such that u = ®#(a). One can easily see that pp/(u, —u) — 0, where u, = >_}_; apzy.
Hence u,, — u in X. Moreover, if uw € D’, then the u,, are in the balanced convex hull of
{Zn}nez, . Thus D is dense and closed in D’ and therefore D = D’. Hence pp (u, —u) — 0
for each u € Xp. Since u,, € E, E is dense in Xp and X is separable. O

Lemma 3.3. Let X be a topological vector space. Then the following are equivalent:
(1) X € My;
(2) there exists a Banach disc D in X with dense linear span such that X p is separable;

(3) there exists an ¢1-sequence in X with dense linear span.
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Proof. Obviously, Lemma 3.3 (2) implies Lemma 3.3(1). Lemma 3.2 ensures that
Lemma 3.3 (3) implies Lemma 3.3 (2). It remains to verify that Lemma 3.3 (1) implies
Lemma 3.3 (3). Assume that X € 9. Then there is a dense linear subspace Y of X
carrying its own topology 7 stronger than the topology inherited from X such that
Y = (Y1) is a separable F-space. Clearly, any ¢;-sequence in Y with dense linear span is
also an £; sequence in X with dense linear span. Thus it suffices to find an ¢;-sequence
with dense linear span in Y. To this end, we pick a dense subset A = {y,: n € Z,} of
Y and a base {Uy }nez, of neighbourhoods of 0 in Y such that each U, is balanced and
Uny1+Uny1 C U, for n € Zy. Pick a sequence {c, }nez, of positive numbers such that
Ty = CpYyn € Uy, for each n € Z 4. It is now easy to demonstrate that {acn}nez+ is an
{1-sequence in Y with dense span. O

Lemma 3.4. Let X be a separable metrizable topological vector space and let
{fn}nez, bea linearly independent sequence in X'. There then exist sequences {2y, }nez,
in X and {ag j}i jez,, j<k in K such that span{x;: k € Z, } is dense in X, gn(x)) = 0
for n # k and g,(x,) # 0 for n € Z, where g, = f,, + Ej<n an i fj

Proof. Let {Uy}nez, be a base of topology of X. We inductively construct sequences
{an, it jez,, j<r in K and {yn}tnez, in X such that, for any k € Z,

Yk € Uk, gi(yx) # 0 and gi(ym) = 0 if m <k, where g = fi + Y o ;f;.  (3.1)
j<k

Let go = fo. Since fo # 0, there is yo € Uy such that fo(yo) = go(yo) # 0. This
provides us with the base of induction. Assume now that n € N and that y, and oy ;
with j < k < n satisfying (3.1) are already constructed. According to (3.1), we can find
0, -- - Unn—1 € K such that g,(ym,) = 0 for m < n, where g, = f,, + Ej<n an i fj-
Since the f; are linearly independent, g, # 0 and therefore there is y, € U, such that
9n(yn) # 0. This concludes the inductive procedure.

Using (3.1), one can choose a sequence {fB ;}k jez, j<k in K such that g,(x,) # 0
for n € Z4 and g,(xx) = 0 for k # m, where z; = yi + ZK,C Br,jy;. Since yp, € U,,
{yn:m € Z,} is dense in X. Hence span{z,: n € Z;} = span{y,: n € Z;} is dense
in X. ([l

Lemma 3.5. Let X € 9. There then exists a linearly independent equicontinuous
sequence { fp: n € Z4} in X' such that ¢ C {{fn(x)}nez, : € X}.

Proof. Since X € 9y, there is a continuous seminorm p on X for which the normed
space X, = X/kerp with the norm |z + kerp|| = p(z) is infinite dimensional. Since
every infinite-dimensional normed space admits a biorthogonal sequence, we can choose
sequences {2 }nez, in X and {gn}nez, in X, such that ||g,|| < 1 for each n € Z
and g, (z + kerp) = 9,k for n,k € Z,, where 4, is the Kronecker delta. Now let
fn: X = K, fu(x) = gn(x + ker p). The above properties of g,, can be rewritten in terms
of f, in the following way: |f,(x)] < p(x) and f,(zr) = 0n for any n,k € Zy and
x € Y. Since fp(xr) = Onk, we have ¢ C {{fn(®)}nez, : * € X}. By the inequality
|fr(@)| < p(), {fn: n € Zy} is equicontinuous. O
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Lemma 3.6. Let X € 9. Then there exist an ¢1-sequence {xn}neer in X with dense
linear span and an equicontinuous sequence { fy }rez. in X' such that fy(x,) = 0ifk #n
and fr(z) # 0 for each k € Z..

Proof. According to Lemma 3.3, there is a Banach disc D in X such that Xp is
separable and dense in X. By Lemma 3.5, there is a linearly independent equicontinuous
sequence {gn nen in X'. Since Xp is dense in X, the functionals g, |x,, on Xp are linearly
independent. Applying Lemma 3.4 to the sequence {gn|x, }, we find sequences {y, }nez.
in Xp and {ag,;}rjez,,j<r in K such that £ = span{yx: k € Z,} is dense in Xp,
hn(yx) = 0for n # k and h,(y,) # 0 for n € Z,, where h,, = 9n+Zj<n oy, jg5. Consider
frn = cphn, where ¢, = (1+32,_, lon, ;1) 1. Since {g,,: n € N} is equicontinuous, {f,:
n € N} is also equicontinuous. Next, let x,, = b,yy,, where b, = 27"q(z,)~! and ¢ is the
norm of the Banach space Xp. Since x,, converges to 0 in Xp, {x, }nen is an £1-sequence
in Xp. Since Xp is dense in X, span{x,,: n € Z;} = F is dense in X, and the topology
of Xp is stronger than the one inherited from X, {z,}necn is an ¢;-sequence in X with
dense linear span. Finally, since f,,(xr) = cpbihn(yr), we see that f,(xg) = 0if n # k
and fy,(x,) # 0 for any n € Z. Thus all required conditions are satisfied. a

3.1. Proof of Proposition 1.5

Let X be a separable F-space. We have to show that X belongs to 9t if and only if
dim X’ > Ng.

First, assume that X € 9. Then there is a continuous seminorm p on X such that
X, = X/ kerp is infinite dimensional. We endow X,, with the norm ||z + ker p|| = p(x).
The dual le7 of the normed space X, is naturally contained in X’. Since the algebraic
dimension of the dual of any infinite-dimensional normed space is at least 2% [8], we
have dim X' > dimXI’, > 280 > N,.

Assume now that dim X’ > Ny and let {Uy}necz, be a base of neighbourhoods of
0 in X. Then X’ is the union of subspaces Y,, = {f € X’: |f| is bounded on U, } for
n € Zy. Since dim X’ > Ny, we can pick n € Zy such that Y}, is infinite dimensional.
Now let p be the Minkowskii functional of U,,. Then the open unit ball of p is exactly the
balanced convex hull W of U,. Since U,, C W, p is a continuous seminorm on X. Since
each f € Y, is bounded on W and Y,, is infinite dimensional, X/kerp is also infinite
dimensional. Hence X € 91;. Since X, as a separable F-space, belongs to My, we see
that X € 9t. The proof is complete.

4. Proof of Theorem 1.4

Let X € M. By Lemma 3.6, there exist an ¢;-sequence {zy }ncz, in X and an equicon-
tinuous sequence {fi}rez, in X’ such that E = span{x,:n € Z,} is dense in X,
fi(zn) =0if k #n and fr(x) # 0 for each k € Z,.. Since {fi} is equicontinuous, there
is a continuous seminorm p on X such that each |fz| is bounded by 1 on the unit ball
of p. Since {z,} is an ¢;-sequence in X, Lemma 3.2 implies that the balanced convex
closed hull D of {z,,: n € Z;} is a Banach disc in X. Let ¢ be the norm of the Banach
space Xp. Then ¢g(x,) <1 for each n € Z,..
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Lemma 4.1. Let o, : Zy — Z4 be any maps and let a = {an }nez, € ¢1. The formula

Tx = Z anfa(n)(x)xﬁ(n) (41)

n€Zy

then defines a continuous linear operator on X. Moreover, T(X) C Xp and ¢(Tx) <
la||p(x) for each x € X, where ||a|| is the ¢1-norm of a.

Proof. Since {fx} is equicontinuous, { fo(n)(®)}nez, is bounded for any € X. Since
{z,} is an f;-sequence and a € {;, the series in (4.1) converges for any z € X and
therefore defines a linear operator on X. Moreover, if p(z) < 1, then |fi(z)] < 1 for
each k € Z.. Since q(z,,) < 1 for m € Z4, (4.1) implies that ¢(Tx) < |la] if p(x) < 1.
Hence ¢(T'z) < ||a|lp(z) for each x € X. It follows that T is continuous and takes values
in XD. O

Fix a bijection v: ZX — Z,.. By e; we denote the element of Z* defined by (e;); = §;;.
For n € Z% , we write |n| = ny + - -+ + ny. Let

em = min{| fyn) (@)1 n € ZE, In|=m+1} for m € Zy.

Since fj(x;) # 0, em > 0 for m € Z,.. Pick any sequence {a, }mez, of positive numbers
satisfying

1

Qi1 = 2Maye,, forany m € Zy (4.2)

and consider the operators A;: X — X defined by the formula

Ajz = Z i fr(nten) () x for 1 <j<k.

(n)
nezk a\”|+1fv(n+€j) (:C“Y(""rej)) K

By (4.2), the series defining A; can be written as

Ajx = Z Cjnfynte;)(T)Tymy With 0 < |ejn| < 2~ Il

k
neLy

and therefore

S lgal<c=3 27

nezk nezk

Then each A; has shape (4.1) with |ja|| < C. By Lemma 4.1, A; € L(X), A;(X) C
Xp and ¢(Tr) < Cp(z) for any x € X. Using the definition of A; and the equalities
fm(z;) = 0 for m # j, it is easy to verify that A;Ajx, = AjAjz, for any 1 <j <<k
and n € Z. Indeed, for any n € Z,, there is a unique m € Zi such that n = vy(m). If
either m; = 0 or my = 0, we have A; A1z, = AjAjz, = 0. If m; > 1 and my > 1, then

A A, = AjAz, = Smi=2
jAITy = A1A;Ty = Ty(m—ej—er)-
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Since E is dense in X, Ay, ..., A, are pairwise commuting. By Lemma 2.10, /> are well
defined for z € K*, {e<z’A>}ZeKk is a uniformly continuous operator group and the map
2z f(e®4 ) from K* to K is analytic for any # € X and f € X'. It remains to show
that {€<Z’A>}Z€Kk is hereditarily hypercyclic. By Lemma 3.2, X is separable. According
to Lemma 2.10, it suffices to prove that B € L(Xp)* is an EBS,-tuple, where B; are
restrictions of A; to X p. Clearly, the B; commute as restrictions of commuting operators.
Using the relations f,,(x;) = 0 for m # j and f;(x;) # 0, it is easy to see that the set
s(m, B), defined in (2.1), contains E,, = span{z,): n € ZX, n; <m; —1, 1 <j <k}
for each m € N¥. Hence ker' B, defined in (2.1), contains F, which is dense in Xp by
Lemma 3.2. Thus B is an EBSg-tuple. The proof of Theorem 1.4 is complete.

5. Spaces without supercyclic semigroups {Tt}t€R+

Lemma 5.1. Let X be a finite-dimensional topological vector space of R-dimension
greater than 2. There is then no supercyclic strongly continuous operator semigroup
{Ti}ter, on X.

Proof. As is well known, any strongly continuous operator semigroup {7}};cr, on
K" has shape {e'4}icr,, where A € L(K"). Assume the contrary. There then exist
n € Nand A € L(K") such that {e/*};cp, is supercyclic and dimg K" > 2. Since the
e*4 are invertible and commute with each other, Proposition G implies that the set W
of universal elements for {ze!“: 2 € K, ¢t € R, } is dense in K”. On the other hand,
for each ¢ > 0 and any = € K", from the restriction on n it follows that the closed
set {ze!dz: 2 € K, 0 < t < ¢} is nowhere dense in K" (the smoothness of the map
(2,t) — zet42 implies that the topological dimension of {ze!dx: 2 € K, 0 <t < ¢} is
less than that of K"). Hence each 2 € W is universal for {ze!: 2 € K, t > ¢} for any
¢ > 0. Now, if (a, b) is a subinterval of (0, 00), it is easy to see that the family {zet*4: z €
K, a <t <b, k& Z} contains {zet?: z € K, t > ¢} for a sufficiently large ¢ > 0.
Hence for each x € W, the set {ze*4z: 2 € K, a <t < b, k € Z,} is dense in K". Since
(a,b) is arbitrary and W is dense in K", {t,z,ze*4z: t e Ry, 2 € K, 2 € K", k€ Z,}
is dense in Ry x K™ x K™. By Theorem U, the family {F, ;: z € K, k € Z,} of maps
F,p: Ry xK* - K", F,i(t,z) = zet* 4z has a dense set Uy C R, x K" of universal
elements. Hence the projection U of Uy onto K" is dense in K”. On the other hand, U is
exactly the set of z € K™ that are supercyclic for e!4 for some ¢ € R . In particular, there
is t € R, such that e/ is supercyclic. This contradicts the fact [26] that there are no
supercyclic operators on finite-dimensional spaces of real dimension greater than 2. [

Remark 5.2. In the proof of Lemma 5.1 we have shown that a strongly continuous
supercyclic operator semigroup on a finite-dimensional space must contain supercyclic
operators. It is worth mentioning that Conejero et al. [12] proved that every T} with ¢ > 0
is hypercyclic for any hypercyclic strongly continuous operator semigroup {7} }¢cr, on
an F-space. Bernal-Gonzélez and Grosse-Erdmann [6] gave an example of a supercyclic
strongly continuous operator semigroup {7} }¢cr. on a real Hilbert space such that T} is
not supercyclic for ¢ from a dense subset of R. It seems to remain unknown whether
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T; with ¢t > 0 must all be supercyclic for every supercyclic strongly continuous operator
semigroup {7} };cr, on a complex F-space.

The following (trivial under the Continuum Hypothesis) result is Lemma 2 in [25].

Lemma 5.3. Let (M,d) be a separable complete metric space, let X be a topological
vector space, let f: M — X be a continuous map and let 7 = dimspan f(M). Then
either 7 < Ry or 7 = 280,

Lemma 5.4. Let {T}},cr, be a strongly continuous operator semigroup on a topo-
logical vector space X, let x € X and let C(x) = span{Tix: t € R.}. Then either
dim C'(x) < Rg or dim C(z) = 2%,

Proof. By Lemma 5.3, either dim C(z) < Ng or dim C(z) = 2%0. It remains to rule
out the case dim C(z) = Rg. Assume that dim C(z) = Rg. Restricting the T; to the
invariant subspace C(z), we can without loss of generality assume that C(z) = X.
Thus dim X = N and therefore X is the union of an increasing sequence { X, }nez N
of finite-dimensional subspaces. First, we shall show that for each ¢ > 0, the space
X. =span{Tix: t > e} is finite dimensional.

Let e > 0 and 0 < @ < . Then [a, €] is the union of closed sets A, = {t € [a,¢]: Tyx €
X} for n € Z,. By the Baire Category Theorem, there is n € Z, such that A, has
non-empty interior in [a,e]. Hence we can pick a,b € R such that « < a < b < ¢
and Tyx € X, for any ¢ € [a,b]. We shall show that Tix € X,, for ¢ > a. Assume it
is not the case. Then the number ¢ = inf{t € [a,00): Tz ¢ X, } belongs to [b, 00).
Since {t € Ry : T3 € X,,} is closed, T.xz € X,,. Since [a,b] is uncountable and the span
of {T;: t € [a,b]} is finite dimensional, we can pick a < tg < t; < -+ < t, < b and
Cl,.--,¢n—1 € K such that Ty v = ;T + -+ + cp—11}t, ,x. Since Tpx € X, by
definition of ¢, there is t € (¢,c+ t,, — t,—1) such that Tyz ¢ X,,. Since t > ¢ > t,,, the
equality T,z = c1Ty, x + - - - + cp—11}, ,« implies that

n—1 n—1
Tix =T 4, Ty, x ="Ti 4, E cjTy,x = E Tyt +1;7 € Xy
Jj=1 Jj=1

because a <t —t, +t; <cfor1<j<n-—1 This contradiction proves that T;z € X,
for each t > a. Hence X, C X,, and therefore X, is finite dimensional for each £ > 0.
Since T(X) = T;(C(x)) C X;, T; has finite rank for any ¢ > 0. Let ¢ > 0. Since T}
has finite rank, F; = ker T} is a closed subspace of X of finite codimension. Clearly, F} is
Te-invariant for each s € R;. Passing to quotient operators, Ss € L(X/Fy), Ss(u+ F}) =
Tou + Fy, we get a strongly continuous semigroup {S,}scr, on the finite-dimensional
space X/F;. Hence there is A € L(X/F;) such that S, = e*4 for s € R,. Thus each S
is invertible and is a quotient of Ts, we obtain rk T > rk Sy = dim X/F; = rk T} for any
t >0 and s > 0. Thus all T; for ¢ > 0 have the same rank k € N. Passing to the limit
as t — 0, we see that the identity operator I = T} is the strong operator topology limit
of a sequence of rank k operators. Hence rk I < k. That is, X is finite dimensional. This
contradiction completes the proof. O
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Lemma 5.5. Let X be a topological vector space in which the linear span of each
metrizable compact subset has dimension less than 2%°. Then, for any strongly continuous
operator semigroup {T; }scr, on X and any x € X, the space C(x) = span{Tx: t € R}
is finite dimensional.

Proof. Let {T}};cr, be astrongly continuous operator semigroup on X andlet z € X.
By strong continuity, K, = {T;z: 0 < ¢ < n} is compact and metrizable for any n € N.
Hence dim E,, < 2% for any n € N, where E,, = span(K,,). Since the sum of countably
many cardinals strictly less than 280 is strictly less than 2%, dim C(z) < Yoo, dim B, <
2% By Lemma 5.4, C(z) is finite dimensional. |

Applying Lemma 5.1 if X is finite dimensional and Lemma 5.5 otherwise, we get the
following result.

Corollary 5.6. Let X be a topological vector space such that dimg X > 2 and the
linear span of each metrizable compact subset of X has dimension less than 2%°. Then
there is no strongly continuous supercyclic operator semigroup {71} }er, on X.

Corollary 5.7. Let X be an infinite-dimensional topological vector space such that
dimg X’ > 2 and in X/ the span of any compact metrizable subset has dimension less
than 2%°. Then there is no strongly continuous supercyclic operator semigroup {T;}scr .
on X.

Proof. Assume that there exists a supercyclic strongly continuous operator semigroup
{Ti}ier, on X. It is straightforward to verify that {T}};cr, is a strongly continuous
semigroup on X/ . Pick any finite-dimensional subspace L of X’ such that dimg L > 2.
By Lemma 5.5, E = span{T/f:t € Ry, f € L} is finite dimensional. Since L C E,
dimg F > 2. Since E is T/-invariant for any t € Ry, its annihilator F = {z € X : f(z) =
0 for any f € E} is Ti-invariant for each t € Ry. Thus we can consider the quotient
operators Sy € L(X/F), S¢(x + F) = Tyx + F. Then {S;}scr, is a strongly continuous
operator semigroup on X/F. Moreover, {S;};cr, is supercyclic since {T}};cr, is. Now
since dim F = dim X/F, 2 < dimg X/F < ¥g. By Lemma 5.1, there are no strongly
continuous supercyclic operator semigroups on X/F. This contradiction completes the
proof. O

Proof of Theorem 1.6. Theorem 1.6 follows immediately from Corollaries 5.6
and 5.7. 0

6. Examples, remarks and questions

Note that if (X, 7) € M is locally convex, then (X, 8) € 9 for any locally convex topology
0 on X such that 6 # o(X, X’) and (X, 0) has the same dual X’ as (X, 7). This is an
easy application of the Mackey—Arens Theorem [24]. Moreover, if (X, 7) € M is locally
convex, the hereditarily hypercyclic uniformly continuous group from Theorem 1.4 is
strongly continuous and hereditarily hypercyclic on X equipped with the weak topology.
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Unfortunately, the nature of the weak topology does not allow such a semigroup to be
made uniformly continuous.

Assume now that X is an infinite-dimensional separable F-space. If dim X’ > N,
Proposition 1.5 and Theorem 1.4 provide uniformly continuous hereditarily hypercyclic
operator groups {T;}icxr on X. If 2 < dimg X’ < N, Theorem 1.6 does not allow a
supercyclic strongly continuous operator semigroup {T}};cr, on X. Similarly, if 1 <
dim X" < R, there are no hypercyclic strongly continuous operator semigroups {7} };cr,
on X. It leaves unexplored the case X’ = {0}.

Question 6.1. Characterize infinite-dimensional separable F-spaces X such that X' =
{0} and X admits a hypercyclic strongly continuous operator semigroup {T}}iecr, . In
particular, is it true that an F-space X with X' = {0} supporting a hypercyclic operator
also supports a hypercyclic strongly continuous operator semigroup {T;}iecr, ?

Recall that an infinite-dimensional topological vector space X is called rigid if L(X)
consists only of the operators of the form Al for A € K. Since there exist rigid separable
F-spaces [19], there are separable infinite-dimensional F-spaces which support no cyclic
operators or cyclic strongly continuous operator semigroups {7} };er, . Of course, X’ =
{0} if X is rigid. We show that the equality X’ = {0} for an F-space is not an obstacle
for having uniformly continuous hereditarily hypercyclic operator groups. The spaces we
consider are L,[0,1] for 0 < p < 1.

Let (£2, A, u) be a measure space with p being o-finite. Recall that if 0 < p < 1, then
L,(£2,u) consists of (classes of equivalence up to being equal almost everywhere with
respect to y of) measurable functions f: 2 — K satisfying ¢,(f) = [, [f(z)[PA(dz) < oo
with the topology defined by the metric d,(f, g) = g,(f —¢g). The space Lo({2, i) consists
of (equivalence classes of) all measurable functions f: {2 — K with the topology defined
by the metric do(f, g) = qo(f — g), where

& g sl
©h) =2 o /n @)

and {£2,}nez, is a sequence of measurable subsets of {2 such that p(2,) < oo for each
n € Zy and {2 is the union of §2,,. Although dy depends on the choice of {£2,}, the
topology defined by this metric does not depend on this choice. If £2 = [0, 1]* or £2 = R*
and p is the Lebesgue measure, we omit the notation for the underlying measure and
o-algebra and simply write L, ([0, 1]*) or L,(R*). We also replace L,([0,1]) by L,[0,1].
Note [19] that X = L,[0,1] for 0 < p < 1 is a separable infinite-dimensional F-space
satisfying X’ = {0}. Moreover, for any p € [0,1) and k € N, L,([0, 1]*) is isomorphic to
L,[0,1] and L,(R¥) is isomorphic to L,[0, 1].

Example 6.2. Let 0 < p < 1, let X = L,([0,1]¥) and let T; € L(X) be defined by
the formula

1 .
Tif(wr,e e 21,25, Tjg1 v Tn) = f(@1,00 Tjo1, 525, Tjrr -, T0), 1< J <k

Then {€<t"T>}teKk is a uniformly continuous and hereditarily hypercyclic operator group.
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Proof. That the T; are pairwise commuting, that eltT) is well defined for each t €
K* and that {e7)},cxr is a uniformly continuous operator group are easily verified.
Moreover, T is an EBSg-tuple. Namely, ker! T' consists of all f € X that vanish in a
neighbourhood of (0,...,0), and therefore it is dense. By Corollary 2.8, {eT)},cgx is
mixing. By Proposition 1.1, {e{™)},ckr is hereditarily hypercyclic. a

It is worth noting that the above example does not work for X = Lo([0,1]%): {67}
is not well defined for each non-zero ¢t € K¥. Nevertheless, we can produce a strongly
continuous hereditarily hypercyclic operator group {7} },cgrr on Lo(R¥).

Example 6.3. Let k € N, let X = Lg(R*) and, for each t € R* let T; € L(X)
be defined by the formula Tif(x) = f(z —t). Then {Ti};crr is a strongly continuous
hereditarily hypercyclic operator group.

Proof. The fact that {T}},cg» is a strongly continuous operator group is obvious. Pick
a sequence {t, }nez, of vectors in R” such that |t,| — oo as n — co. Clearly, the space E
of functions from X with bounded support is dense in X. It is easy to see that T; f — 0
and T, ' f =T_,,f — 0 for each f € E. Hence {T},: n € Z, } satisfies the universality
criterion from [7]. Thus {7}, : n € Z, } is universal and therefore {T} };cgr is hereditarily
hypercyclic. O

Since L,([0,1]¥) and L,(R¥) are isomorphic to L,[0, 1], we obtain the following corol-
lary.

Corollary 6.4. Let k € N and 0 < p < 1. Then there exists a hereditarily hypercyclic
strongly continuous operator group {T;}ere on L,[0,1].

Ansari [1] asked whether the L,[0, 1] for 0 < p < 1 support hypercyclic operators. This
question was answered affirmatively by Grosse-Erdmann [17, Remark 4b]. Corollary 6.4
provides a ‘very strong’ affirmative answer to the same question. Finally, we would like to
mention a class of topological vector spaces very different from the spaces in 9 in terms
of operator semigroups. Recall that operator semigroups from Theorem 1.4 on spaces
X € M depend analytically on the parameter: the map ¢t + f(Tiz) from KF to K is
analytic for any x € X and f € X'.

Proposition 6.5. Let a locally convex space X be the union of a sequence of its
closed linear subspaces {Xn}n€Z+ such that X,, # X for each n € Z, . Assume also that
{T}}1er, is a strongly continuous operator semigroup such that the function t — f(T;x)
from Ry to K is real-analytic for any x € X and f € X'. Then {T}},cr, is non-cyclic.

Proof. Let x € X. Clearly, R, is the union of closed sets A, = {t e Ry: Tyx € X,,}
for n € Z,. By the Baire Theorem, there is n € Z, such that A,, contains an interval
(a,b). Now let f € X’ be such that X,, C ker f. The function ¢ — f(Tix) then vanishes

n (a,b). Since this function is analytic, it is identically 0. That is, f(T;xz) = 0 for any
t € Ry and any f € X’ vanishing on X,,. By the Hahn-Banach Theorem, Tyz € X,
for each ¢t € Ry. Hence x is not cyclic for {T}}¢cr, . Since x is arbitrary, {T}}/cr, is
non-cyclic. |
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Note that a countable locally convex direct sum of infinite-dimensional Banach spaces
may admit a hypercyclic operator [10]. This observation together with the above propo-
sition make the following question more intriguing.

Question 6.6. Let X be the locally convex direct sum of a sequence of separable
infinite-dimensional Banach spaces. Does X admit a hypercyclic strongly continuous
semigroup {T;}ier, ?

6.1. A question by Bermidez et al.

Using [2, Theorem 2.2] and Theorem 2.9, one can easily see that if T is an extended
backward shift on a separable infinite-dimensional Banach space X, then both I +7T and
el are hereditarily hypercyclic. Clearly, an extended backward shift 7' has dense range
and dense generalized kernel ker* T' = J)~_, ker T™. The converse is not true in general.
This leads to the following question.

Question 6.7. Let T be a continuous linear operator (having dense range and dense
generalized kernel) on a separable Banach space. Is it true that I + T and/or €T are
mixing or at least hypercyclic?

This reminds us of the following question [3] posed by Bermudez et al.

Question B2CP. Let X be a complex Banach space and let T € L(X) be such
that its spectrum o(T) is connected and contains 0. Does hypercyclicity of I +T imply
hypercyclicity of T ? Does hypercyclicity of e* imply hypercyclicity of I +T'7?

We shall show that the answer to both parts of the above question is negative. Before
doing this, we would like to raise a similar question, which remains open.

Question 6.8. Let X be a Banach space and let T € L(X) be quasinilpotent. Is
hypercyclicity of I +T equivalent to hypercyclicity of T ?

If the answer is affirmative, then the following interesting question naturally arises.

Question 6.9. Let T be a quasinilpotent bounded linear operator on a complex
Banach space X and let f be an entire function of one variable such that f(0) = f'(0) = 1.
Is it true that hypercyclicity of f(T) is equivalent to hypercyclicity of I +T7?

We introduce some notation. Let T = {z € C: |z| = 1}, let D = {z € C: |z] < 1},
let #2(D) be the Hardy-Hilbert space on the unit disc and let H°°(D) be the space of
bounded holomorphic functions f: D — C. It is well known that, for a € H*> (D), the
multiplication operator M, f(z) = a(z)f(z) is a bounded linear operator on H2(D). It is
also clear that o(M,) = a(D).

Godefroy and Shapiro [15, Theorem 4.9] proved that if « € H>(D) is not a constant
function, then the Hilbert space adjoint M} is hypercyclic if and only if a(D) NT # @.
Moreover, they proved hypercyclicity by means of applying the Kitai Criterion [14,20],

which automatically [16] provides hereditary hypercyclicity. Thus their result can be
stated in the following form.
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Proposition 6.10. Let o € H*(D) be non-constant. Then MY is hereditarily hyper-
cyclic if o(D)NT # @, and M} is non-hypercyclic if a(D) N T = @.

We show that the answer to both parts of Question B2CP is negative. Consider U C C,
being the interior of the triangle with vertices —1, i and —i. That is, U = {a + bi: a,b €
R,a<0, b—a<l1l b+a>—-1}. Next,let V={a+bi:a,beR, 0<b<1, |af <
1 — +/1—b2}. The boundary of V consists of the interval [—-1 +1i,1 + i] and two circle
arcs. Clearly, U and V are bounded, open, connected and simply connected. Moreover,
(14+U)NT # @, where 1 +U = {1+ 2: 2 € U}, and eV C D, where eV = {e¢*: 2 € U}.
Similarly, (1+V)ND =@ and ¢V N T # . By the Riemann Theorem [21], there exist
holomorphic homeomorphisms a: D — U and 8: D — V. Obviously, a, 8 € H*(D) and
are non-constant. Since I + M} = M7, ,, eMs = 25 and both (1 +a)(D) =1+ U and
e?(D) = €V intersect T, Proposition 6.10 implies that I + M} and eMs are hereditarily
hypercyclic. Since I + Mj = MY, 5, eMa = M7, e*(D) = eV is contained in D and
(1+ 3)(D) = 1+ V does not meet D, Proposition 6.10 implies that e™s and I + My
are non-hypercyclic. Finally, o(My) = U and o(Mj) = —V. Hence the spectra of M
and M} are connected and contain 0. Thus we have arrived at the following result, which
answers Question B2CP in the negative.

Proposition 6.11. There exist bounded linear operators A and B on a separable
infinite-dimensional complex Hilbert space such that o(A) and o(B) are connected and
contain 0, I + A and e® are hereditarily hypercyclic, while e* and I+ B are non-
hypercyclic.
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