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1. Introduction

The group ring of a finite group is the set of integer sums of irreducible trace characters
R|G) = Z-span{xr: m € G"}, which becomes a ring under the usual operations x+x, =
Xrop and Xr Xy = Xrou; the identity element is the trivial character 1g. The irreducible
trace characters {x,: m € G"} are, by definition, a Z-basis for the representation ring.

Though the theory of representations of finite groups is a well-developed subject, the
depth of our understanding of representations depends dramatically on the class of groups
being considered. In this respect, the best-understood class is the family of permutation
groups Sy, ; the theory for other classes of quasi-simple groups lags far behind.

The classical Brauer theorem [2] states that all elements in R[G], and, in particular,
all irreducible characters x,, are integer linear combinations of trace characters induced
from one-dimensional representations on elementary subgroups. These are direct products
E = A x B, where A is cyclic and B is a p-group for some prime such that |B| = p" is
relatively prime to the order |A|. We write £(G) for the set of all elementary subgroups
in G.

Theorem 1.1 (Brauer). If G is a finite group, every element f of the group ring
R[G) is a Z-linear combination of induced characters IS (¢)(g) = Tr(Ind$(¢),),

f= Zmifgi (¢i),

where E; € £(G) and ¢; is a one-dimensional representation on E;.
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We say that a particular group G is of Brauer type or type B if this result holds for G.

Many proofs of this result have been given (see [1,3]), perhaps the shortest being that
of [9]. In this note we observe that the theory for symmetric groups S, is so strong that we
can give a constructive and straightforward proof of Brauer’s theorem for such groups,
and since every G is a subgroup of some S, an application of the Mackey subgroup
theorem, which describes the irreducible decomposition of restrictions of an induced
representation, allows us to conclude that all finite groups are of Brauer type.

We approach Brauer’s theorem for S, by mostly constructive methods, involving induc-
tion from well-understood classes of groups (much simpler than the arbitrary p-groups
appearing in the class £ of elementary groups). We show first that S,, has a weaker
Brauer-type property, property (B*), in which the class £(S,,) is replaced with the larger
class N (S,,) of nilpotent subgroups, and induction is from irreducible rather than one-
dimensional representations. This helps because the combinatorial properties of nilpotent
groups are much better than those of the class &; for instance, £ is not closed under direct
products. Next, we give a self-contained proof that all nilpotent groups are of Brauer
type, from which it follows immediately by induction in stages that symmetric groups
are actually of (strong) Brauer type.

Ultimately, the nilpotent case reduces to proving that particular small abelian groups
of the form Z2, = 72 x 72 are of Brauer type, which we do using finite Fourier transforms.

An interesting aspect of the proof is its use of certain properties of the Sylow subgroups
in S,, when n is a prime power p™, and their relation to ‘long cycles’ such as oy =
(1,2,...,n). Specifically, we show the following.

Theorem 1.2. When n = p™ for some prime, every n-cycle in S, lies in a unique
p-Sylow subgroup (although several n-cycles can lie in the same Sylow subgroup). For
any Sylow subgroup Syl,, in S,, and any n-cycle o € Syl,,, we have that

zox' €8Syl, = x € Ng,(Syl,) forallz € S,

and the intersection with Syl, of the orbit under conjugation C,, = S, - o is the orbit
of o under the normalizer Ng, (Syl,).

This relation between ‘long cycles’ and Sylow subgroups in symmetric groups seems
not to have been noted previously, and may prove useful in other investigations. When
n is not a prime power, long cycles reappear in a different way. Given a relatively prime
factorization n = nins, a long cycle o is contained in a unique subgroup H that is a
copy of S,, x Sy, embedded in S, in a non-standard way via the Chinese remainder
theorem. The representation Indz* (1) induced from the trivial representation on H will
play a crucial role in our analysis.

Our initial efforts in this paper are focused on proving that symmetric groups have a
weak Brauer property (B*). First, we present some background regarding representations
of S, and their well-known characterization in terms of induced representations. For
arbitrary G there exists a general formula for the trace character induced from a finite-
dimensional representation p on a subgroup H C G. If Cy is a G-conjugacy class and
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X,(h) = Tr(pn), the trace character of the induced representation Ind%(p) is
G 1

|Csl heCynH (1.1)
0 if Cy is disjoint from H.

IS(P)(CQ) =

When G = S,, we write A, for the set of partitions of an integer n > 2:

A=A M), With A >+ 2 X, >0and Y N\ =n.

With each partition we associate a subgroup Sy = Sy, X --- x Sy, in S, (with the
convention that Sy = Sy, x -+ x Sy  if A\, > 0 and A1 = 0). The representation
Uy = Indgz(lsA) induced from the trivial character 153, on S\ has a trace character
whose values are

Sn . ‘C’QOS’)\ if Cy meets S},

PN (Cy) = I5r (15,)(Cy) = 4 15 Cy
0 if Cy is disjoint from 5.

(1.2)

Obviously, Ug,.,....0) = 1s, (the trivial representation on S,) and Uy, 1y is the left
regular representation L = Ind%”(lE), where F = {e}. The index A, = (n,0,...,0) is
exceptional in that all other Sy are proper subgroups, while Sy« = S,,.

We impose a lexicographic order on partitions of n, letting

A < pif Ay < py for the first index ¢ = 1,2,... such that A\; # p;,

$0 Ay = (n,0,...,0) < (n—1,1,0,...,0) < --- < (1,1,...,1). The following well-known
result (see [4, pp. 52-57]) regarding irreducible representations of S,, is the basis of our
discussion of these groups.

Theorem 1.3 (Young’s rule). There exists a bijective correspondence between par-
titions A of n and irreducible representations wy € S/ such that

Uy =7\ @ <@ mﬂﬂ'ﬂ) (with m, € Zy), (1.3)
<A
thereby associating each \ with a unique irreducible representation .

The result we actually need in our discussion of symmetric groups S,, follows immedi-
ately by a simple recursive argument.

Corollary 1.4. The trace characters )™ =T 5;(1&) of the induced representations
{Ux: A € A} form a Z-basis for the representation ring R[S,,].

We also note that (irreducible) trace characters on S,, can only have integer values.
Obviously, they lie in Q, by (2) and Corollary 1.4, but, as is well known, the values of
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trace characters on any finite group are algebraic integers; hence, they lie in Z when
G=25,.

All Uy, are induced from proper subgroups except for Uy, = 1g, . This poses a problem
if we wish to reduce the study of the Brauer property for .S,, to certain proper subgroups.
We circumvent this by constructing a new trace character 1(°) such that

{WOYU{pN: X e A, X # A} is a Z-basis for R[S,]. (1.4)

The ¥ we construct can take two forms, depending on whether or not n is a prime
power. When n = p™ our new character will be a sum of induced characters I 1‘3" (),
where

e N, is a p-Sylow in Spm and m; =1, or

e N, is the cyclic subgroup generated by a long cycle o in Sp» and m; is the canonical
unitary character x(o*) = e2™k/P,

When n is not a prime power, we can write n = ning with relatively prime factors. In
this case, we start with a long cycle o and construct a trace character

0 =I5 (1),

where H C S, is a subgroup that contains o and is isomorphic to a direct product of
symmetric groups S,, X Sp,. However, the embedded subgroup is not a product of the
subgroups Sa, C S, acting on disjoint subsets A; C [1,n] of cardinality |4;| = n;, unlike
the subgroups Sy = Sy, X -+ x Sy, corresponding to partitions of [1,n].

Finally, we recall that all finite p-groups are nilpotent; hence, elementary groups are
nilpotent. Furthermore, any finite nilpotent group N is a direct product of its Sylow
subgroups, which are unique (see [5, pp. 154-156]).

If a nilpotent group has order n = []._,p!", each of its Sylow subgroups S,
is normal and N is their direct product N = []._,S,,.

We need the following general facts regarding tensor and Kronecker products of rep-
resentations.

(1) Tr(p®@v)g = Tr(ug) - Tr(v,) for representations of a group G.

(2) If u is a representation of a group G and 7 a representation of a subgroup H, then
1@ Ind$ (7) = nd% (| H) @ 7) (see [8, §4.3]).

(3) Kronecker products of representations on a direct product G; x Gz have the fol-
lowing properties:

(1) Tr(p X v)(ap) = Trpia - Trvy, for (a,b) € G1 x Go,
(ii) Igll:fé (X V)(ap) = Igll (1) Ig; (v)p as functions on Gy x Ga,

(iii) every irreducible finite-dimensional complex representation p € (A x B)" is
>~ X v for some p € A, v € BN,
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At the start of our discussion we consider the class A(G) of nilpotent subgroups in a
finite group G, in place of the elementary subgroups £(G) that figure in Brauer’s theorem.
The class N'(G) includes all abelian and elementary subgroups, and any H € N(G) is the
direct product of its p-Sylow subgroups. More importantly for our purposes, the class N’
is closed under formation of direct products and subgroups, while the class £ is not.

We write I (p) for the trace character of an induced representation Ind% (p). For any
class C(G) of subgroups we define the following subsets of the representation ring R[G|:

I¢(C(Q)) = Z-span{I§(n): H € C(G), m € H"},
JE(C(G)) = Z-span{I§(¢): H € C(G), dim¢ = 1}.
The following observation is fundamental to our discussion.
Lemma 1.5. For any class of subgroups C(G) the functions I¢(C(G)) form an ideal
in the group ring R[G].
Proof. As noted above, if H € C(G), 7 € H", and p is any finite-dimensional repre-
sentation of G, then (p | H) ® m decomposes into the irreducibles @, 7; and

1 ® Ind$ () = @ nd (m;).

Taking trace characters, we get x, - I€(C(G)) C I¢(C(Q)). O

Since I¢(C(G)) is an ideal, it equals R[G] if and only if it contains the trivial repre-
sentation 1¢. The set of functions J&(C(G)) need not be an ideal, but, by the Mackey
subgroup theorem [6], it is a subring if the class C(G) is closed under intersections and
invariant under conjugation by elements of G.

2. Symmetric groups S,
Brauer’s theorem asserts that
R[G) = JZ(E(@)).
Our first step towards a proof is to show that the symmetric groups have the weaker

property (B*):
for any permutation group S, we have that R[G] = IS (N(S,,)). (B*)

Thus, we have the following.

Theorem 2.1. Every symmetric group S, has property (B*): R[S,] = I2"(N(S,)),
where N is the class of nilpotent subgroups.

In §3 we show that the nilpotent groups N have the strong Brauer property R[N| =
JN(E(N)), and then, by induction in stages,

Ind3} (¢) = Indyr (Indf(4)) (N € N(S,), HC N),

we conclude that all symmetric groups are of strong Brauer type.

The following lemma underlies our discussion of the symmetric groups.
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Lemma 2.2. Let C,, be the conjugacy class in S, consisting of all n-cycles. For
f € R[Sy,] define the unital ring homomorphism P(f) = f(C,). The kernel of P is
precisely M = Z-span{yy™) : X\ #£ \, in A}.

Proof. Obviously, P(R) = Z. Furthermore,
ker P O M = Z-span{yp™: X # A, }.

In fact, by (1.2), v (C,) = 0, since C,, N Sy is empty for every X # \,. In the reverse
direction, if
/= Z MaXr (Mr € Z),
TeSH
each y, is an integer combination of the M), X\ € A, and so is f. Thus, if P(f) = 0, the
coefficient of 1)*+) must be 0 and f € M. O

We produce a new Z-basis for R[S,,], as in (1.4), by adjoining one extra trace character
to {M: X # A}, which is already a Z-basis for M. By Lemma 2.2 we get a Z-basis
for R[S,] if 1(®) = 41 on C,,. We construct a vector ¢(%) having the following particular
form:

¥ is a sum Z milf;’f (m;) of trace characters induced from
i i
irreducible representations m; € H/*, and ’(/J(O) = +1 on the

maximal class C,,. (2.1)

We accomplish this using only pairs (H;, ;) of the following types.

e For general n we use 15 (1), where H is a copy of Sp, X Sy, (n = nina relatively
prime) constructed from a long cycle in S,,.

e For n = p™ we use Iﬁ"(l), where H is a p-Sylow subgroup of Spm, a class of
p-groups whose structure is well understood.

e For n = p™ we use Ifl" (x), where H = (o) is the cyclic group generated by a long
cycle and y is its canonical character X(ak) — e2mik/p,

For general n, the remaining characters 1M needed to generate R[Sy] are induced from
the trivial character 1 on the products Sy = Sy, x --- x Sy, for A € A*.

Constructing the extra character. In what follows we regard S,, as permutations of
X = {1,2,...,n} on which we impose the standard cyclic order; with this in mind it
is convenient to identify X with Z, = {[1],[2],...,[n]}. Let o¢ be the particular ‘long
cycle’ (1,2,...,n) in C,, and let Hy = (0p) be the cyclic subgroup it generates in .S,,.

Definition 2.3. A permutation 7 € S,, is a cyclic k-shift if 7(s) = s+ k (mod n) for
all s € X. Obviously, of is the unique k-shift on X, and the various shifts comprise the
cyclic group Hy & (Zy, +).
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Not all powers o are n-cycles; in fact, it is not hard to see that

ohecC, <<= oof)=n <<= kecU,= (multiplicative units in Z,).

Before proving the claims in (1.4) we establish a few facts we will need later.

Lemma 2.4. Ifo is an n-cycle in S,, and H = (o), this subgroup is its own centralizer:
Zs, (H)=H.

Proof. We may assume that o = 0o = (1,2,...,n). Then 7 € S,, centralizes H <=
oot = (7(1),7(2),...,7(n)) is equal to oy, which means that the cyclically ordered
list (7(1),...,7(n)) is just (1,2,...,n) subjected to a cyclic k-shift, which means that
7(s) = s+ k (mod n) for all s € [1,n]. Thus, T = of and Zs, (H) = H. O

One can also identify the normalizer of Hy as an explicit subgroup of \S,,, showing that
it is the natural semi-direct product of (Z,,+) acted upon by the multiplicative group
of units (Uy, -), but we do not need this in the present work.

The second fact we need has already been posted as Theorem 1.2, which we now prove.

Proof of Theorem 1.2. When n = p™, we prove the uniqueness of the p-Sylow
containing a particular n-cycle by induction on the exponent m in p™, the result being
trivial if m = 1. Assuming that it holds for exponents < m — 1, we consider n = p™; we
may restrict our attention to the particular long cycle og = (1,2, ...,n). For brevity we
write r = p™ ! and n = p™ below.

The cardinalities of Sylow subgroups in S,, are well known (see [5, pp. 81-83]). When

n = p™ we get that
(Ipt+tp™ 1)

Syl,| =p
for any p-Sylow in Spm. This is related to the size of Sylow subgroups in S,m-1 by the
identities
1SYL (Spr )| = [S¥L, (Sp )7 - p = 97 - [S¥1, (Spre1)]- (2.2)

The first identity is immediate from the wreath product construction described in [5,
pp- 81-83], where Syl,(S,m) is shown to be a semi-direct product

Syl (Spm) = N x Zp,, where N = Syl (Sym-1) x -+ x Syl,(Spm-1).
The second identity follows because
(I+p+--+p — (Pt tp™ )

m—l)

Now consider the power of, (r =p , an element of order p in Hy = (0y). It decomposes

into r» = p™~! disjoint p-cycles

ob=71-7r, whereT, = (k,k+rk+2r,....k+(p—1)r).
Orbits in [1,p™] under the action of A = (of}) are the supports

I =supp(my) = {k,k+7,...,k+(p—1r}, 1<k<r=pm "

of these cycles.
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Lemma 2.5. If Syl, is any p-Sylow subgroup in Spm= that contains the long cycle
oo = (1,2,...,p™), then o} (r = p™~1) is in the centre Z = Z(Syl,) and Z C Hy = (00)-

Proof. Syl, is nilpotent and has the non-trivial centre Z; this must be C Hoy = (00).
In fact, if oo € Syl,,, elements of Z commute with og, but, by Lemma 2.4, the centralizer
of o¢ in Spm is Hp.

For each divisor d of |Hy| = p™ there exists a unique subgroup such that |Hy| = d.
Since ¢fj has minimal order equal to p and Z = H, for some d = p* we get that Z D (o),
so o is central in Syl g

It follows from Lemma 2.5 that Syl, permutes the A-orbits in [1,p™], which are just
the supports I, = supp(7x) of the cycles in of. If X is the space of orbits and Per(X)
the full group of permutations, we get the sequence of homomorphisms

e — M, — Syl, 5 Per(X) & Spm-1,

where M, is the ‘action kernel’ M), = {z € Syl,: x(Iy) = I for all k}. We identify
X ~[1,r] = [1,p™ 1] via I, — k. The action of Syl,, is transitive: we know the cycles 7
explicitly, from which it is clear that

m—l)

00TKOG V= (reckoning subscripts mod p ,

but then o¢(Ix) = Ix11 and, since og € Syl,,, transitivity follows.
The action kernel M, is the same subgroup of Sy~ for all p-Sylow subgroups contain-
ing 0g. To see this, consider the kernel M, for a particular p-Sylow and the subgroup

My = {z € Sym: zmpx™' =74, Vk € [1,p]}.

An element x € My can only act as a k-shift on the cyclic-ordered entries of 7, (perhaps
with a different shift on each cycle), and any element in S, with this property is in Mj.
Hence,

|Mo| =p"  (r=p""").
For a fixed p-Sylow let M, be its action kernel. We first show that M, C M,. If y € M),
we have that y(Ix) = I, for all k, but og is central in Syl,, so

I =0cb=voty " =]Jymv™"

k k

Each conjugate is a p-cycle with the same support as 7, so by uniqueness of disjoint
cycle decompositions we get that yryy~! = 73 for all k. Thus, M, C M,.

The equality M, = My follows if they have the same cardinality. Since 7(Syl,) is a
p-group in S,m-1, we have that

Syl,,|
|7(Syl,)| < [Syl,(Spm-1)| = Tp (by (2.2)).

T
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By transitivity and the fact that |M,| < |Mp|, we also have that

_ ISyl ISyl
| M| P

|m(Syl,)|

hence, all these items are equal and, in particular, |M,| = |My| = p". Thus, M, = M
for every p-Sylow in Sp= that contains oy.

The preceding calculation also shows that |7(Syl,)| = [Syl,(Spm-1)|, so the image
group S = 7(Syl,) is a p-Sylow in Sj,m-1. We obtain the exact sequence

e — My — Syl, 5 S = Syl (Sym—1) — e

The image 6o = 7(0g) is easily seen to be the long cycle (1,2,... ,p™~ 1) under our

identification X = [1,p™1]. By the induction hypothesis, S is the unique p-Sylow con-
taining &g, regardless of which p-Sylow containing oy we started with. It follows that a
unique Syl,, € Spm is determined, and the first part of Theorem 1.2 is proved.

The second part is now easy. Let o € C,, be any n-cycle and let Syl, be the unique
p-Sylow containing it. For z € S,,,

rox~t € Syl, == is in the normalizer Ng, (Syl,),

because zox ™! lies in two Sylow subgroups Syl, and SyI;, = xSylpx’l; hence, Syl;7 = Syl,
and x normalizes Syl,. It follows immediately that

CnNSyl, =S, -0NSyl, = Ng,(Syl,) -0,
and that completes the proof. O

We now address the claims made in (1.4) and (2.1).

Proposition 2.6. For n > 3, let o¢ be the n-cycle (1,2,...,n) in the maximal con-
jugacy class Cy, and assume that n = p™. If S = Syl,(S,) is the Sylow p-subgroup
containing o, and 1 is the trivial character on it, the value at C,, of the induced trace
character ISS;IP 50 (1) is a non-zero integer relatively prime to p.

If Hy is the cyclic group {(oo) = (Z,,+) and x is the canonical character

X(o) = /P,
the value of I}?{g (x) at C,, is a power of p. Therefore, some Z-linear combination 1)(*) €
R([Sa] of IS (1) and Ij; (x) has () (Cy) = 1.

Note. We can actually compute the exact value T ;30 (x) = (—=1)p™~ 1, but we will not
need it here.

Proof. First consider the representation induced from the trivial representation 1 on
the unique p-Sylow subgroup Syl,(S,) that contains the long cycle og. By the usual
induced character formula,

Sn

150600 = [
D n

[Cn NSy, (Sw)]

1
T 1on. O 0SS
(&% CuSyL (S0) |Sy1p(Sn)|
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since |Cy| = (n — 1)!. Tt follows from Theorem 1.2 that
Cn N Syl,(Sn) = Sy - 00 N Syl (Sy) is the conjugation orbit N, (Syl,(Sn)) - o0

and, hence, that [Syl,| divides |Ng, (Syl,(S,))|, which divides |S,| = n!. The stabilizer of
oo in Sy, is Hy, and Hqy C Syl,, since og € Syl,,, so the stabilizer of o9 in N = N, (Syl,)
is also Hgy. Therefore, the orbit O = N - ¢ has

O] = [N/[Ho| = |N|/p™,
and since C, NSyl, = N - 09 = O we get that

p" N N
Cunsl - 2 8N

[SyL,| 1 ol ISyL| »™  [SyL|’

This quotient is obviously relatively prime to p.
In the other case, we consider representations induced from Hy = (0¢) = (Zy,+). The
canonical surjective homomorphism of rings

Gp: [lp =+ nZ — [x]p =2 +pL € Ly = Lym [pLypym  (x €L, n=Dp")

yields a natural unitary character on (Z,,+) having values in the group of pth roots of
unity 2, C C if we take

Xp([x]n) = e?miz/p (x € Z, n=p™).
The value of the induced character on any class C, C S, is
1 . . ..
s ’H —| Z xp(h) if Hy N Cy is non-trivial,
Iy (xp)(Cy) = 0 heHoNC,y
0 lf HO N Cg - @

When C, = C,, the multiplier in front of the sum is equal to 1, since |Cy,| = |S,/Ho| =
(n—1)!. The fact that the remaining sum is a power of p follows from a general observation
about p-groups.

Lemma 2.7. Let |G| = p™. If H = (o) for some element o, and G - o is its conjugacy
class, then |G - 0 N H| is a power of p.

Proof. For x € G, we have that
rox”' € H <=z is in the normalizer Ng (o),
so G - o N H is the orbit Ng(o) - o in G. Hence,

|G-oNH|=|Ng(H)|/|Za(H)| is a power of p.

This proves Proposition 2.6. O
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We now take up construction of 1(?) in the case where n is a product n = M N with
relatively prime factors M, N < n.

Proposition 2.8. If n = M N with relatively prime factors, there exists a subgroup
S C S, algebraically isomorphic to Sy x Sy such that S contains an n-cycle oy and the
induced character Ign (1s) is equal to 1 on the maximal class C,,.

Proof. Obviously, S will contain Hy = (o(). We construct S so it has the property
zogr eSS = ze€8 forallzes,,

from which we get that Ig”(lg)(Cn) =1 by the following lemma.

Lemma 2.9. Let Hy = (0g) be the subgroup generated by an n-cycle oy in C,,, and
suppose that M C S,, is a subgroup containing H( that has the property

zogx ' €M = €M forallz€S,. (2.3)

The trace character )(®) = I37 (1) induced from the trivial character on M is then
equal to 1 on C,.

Proof. Conjugation by a suitable y € S, yields yooy~! = of = (1,2,...,n). Since
(2.3) holds for M’ = yMy~" and o}, and since Ind37,(1ar) = Ind3y (1a), we may
hereafter assume that oo = (1,2,...,n).

Next, consider an arbitrary subgroup of H C S,, containing (. The value of If;"(l H)
at C,, is given by the standard formula (1.2):

1 Sy,
A 1:’H

zeHNC,

|[HNC,|  [HNGCy|

If(1g)(Ch) = ’i}’ -1 " H]|

When S,, acts on itself by conjugations, we have shown that Stabg (o) = Zg, (00)
is equal to Hy (see Lemma 2.4), so |Stabg, (0¢)] = n. Since H D Hy, we get that
Staby (09) = H N Hy = Hp. Hence,

[Stabgy(00)| = |Stabg, (00)| = n (2.4)

for any H containing oy.
Now assume that H = M, a subgroup having the property (2.3). In this case, we have
MN(S,-00)=MN(M-0¢g) =M 09,50 MNC,, =M - 5¢ and

| M]| |M]| |M]|

MNC,|=|M - = = = —. 2.5
| | =100l = {qb o)l ~ Stabs, (o)l ~ n (2:5)
Therefore,
MNCy| n |M|
15 )G = P0Gl Iy
M | M| |M|  n
as claimed. 0O
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To construct S we encode [1, n] as the Cartesian product space Ip xIn = [1, M]x[1, N]
via any bijection ¢: [1,n] — Ip; X Iy. This bijection of underlying spaces induces an
isomorphism ¢*(0) = po¢~! from S,, to Si,, x1, that sends k-cycles to k-cycles.

We may transfer the problem in our proposition over to Sy, x 1, Where we seek

(i) a subgroup S = Sy x Sy = S5, X Siy 0 Sty xIns
(ii) an n-cycle o € S such that

zor €S = x€8 (Vo€ S, xin)

For S = S); x Sy we take the subgroup
S={rxp:7€S8n, pesnt inSn iy, (2.6)
where 7 x p(i,7) = (7(4), u(4)). This subgroup includes the long cycle

oo = ((11)7 (22)a ) (nn)) In Sry sy

Notation. In what follows, the intervals [1, M] and [1, N] should be regarded as cyclic-
ordered lists, whose entries are reckoned mod M and mod N, respectively. Thus (i,7) =
([1] 45 4] ) for i, j € Z, where [i],,, [§], are congruence classes in Zyy, Zy, respectively. By
the Chinese remainder theorem, the pairs (11), (22),..., (nn) run through all of Ip; x In
before the first repeat.

Our discussion employs the particular encoding map

o(k) = (kk), ie. ¢([kln) = ([Ky, [K]y) for k € Z. (2.7)

This is an n-cycle by the Chinese remainder theorem, and has the great advantage that
¢* maps the ‘standard’ n-cycle oo = (1,2,...,n) in S, to 6o € S in Sy, x1y-
We now observe the following.

Lemma 2.10. Every n-cycle o € Sy x Sy is conjugate within Sy; x Sy to the
standard n-cycle 6.

Proof. Let 0 = 7 x p. If 7 is not an M-cycle, there exists a proper 7-invariant subset
Ain Ips; then, A x Iy is a proper subset invariant under 7 X u, which is impossible for
an n-cycle. Thus, 7, u are long cycles in Sy, Sy, respectively.

There exist * € Sy, y € Sy such that xr7a=! = (1,2,...,M) and yuy ! =
(1,2,...,N),s0if z = (z,y) in Sy x Sy = Sp,, X Siy, We get that

zoz ' =(1,2,...,M) x (1,2,...,N) = 5.
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As for (ii), if o is any n-cycle in S = Sy x Sy and x € S, is an element such that
zor~! € S, we must show that € S. By the preceding lemma, there exist a,b € S such
that

Y=o and (bza)do(bza)™' = &,

acoa—
so bza is in the centralizer Zg, , (G0). The particular isomorphism ¢*: S, — Sr,, <1y
we have chosen sends o to Gg, so the centralizer Zg_ (cg) maps to the centralizer of &
in Sy, x1y- By Lemma 2.4 we have that Zg, (09) = Hy = (09), so the corresponding
centralizer of &g is Hy = (6¢). Therefore, bxa is a power (), which lies in Hy C Sps x Sn.
Then,

r=0b0""'6a" =b"ta"t - agha .
The first factor is in Sy x Sy, and so is a; thus, the conjugate yohy~! is in Sy x Sn,

and so is x. This completes the proof of Proposition 2.8. 0

We have now verified the claim of (1.4) when the extra character ¢(?) is defined as in
Proposition 2.8 and Lemma 2.9.

Corollary 2.11. If we define the extra character ¥(°) as in Proposition 2.8 and
Lemma 2.9, the characters

(O3 U {pW X #£ N, in A}

are a Z-basis for the representation ring R[S,].

3. S, has the weak Brauer property (B*)

Here, we show that all symmetric groups have the weak Brauer property (B*): R[S,] =
I3 (N (Sn))-
Proposition 3.1. For any n, we have that R[S,] = I2"(N(S,)), where N'(S,,) is the

class of all nilpotent subgroups, proper or not.

Proof. We argue by induction on n, the result being trivial for n = 1,2. By Corol-
lary 2.11, if m € S/, its trace character can be written as

Xa = moyp!? + Z maIg (1s,)
AFA.
=mo @ + Y mxp®  (mg,my € Z),
AFA

where, as in (1.4), the extra character is one of the following.

(i) When n = p™, ¥ is a Z-linear combination of characters I ]‘3" (7) induced from
irreducible representations of nilpotent subgroups.

(ii) When 7 is not a prime power the extra character is equal to I‘g” (1g), where S C S,
is a subgroup algebraically isomorphic to Sy; x Sy, with n = MN and M, N
relatively prime.
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Our task is to show that the induced characters 1)) fall within I (N(S,)). The same
sort of argument will apply to (9 in the second case above, while in the first case we
already have ¢ € IS (N (S,,)).

We observe that 1g, is a Kronecker product 1g, X---Xx1g, on the subgroup S\ =
Sx, X -+ x Sy, in Sy,. By the induction hypothesis (since A, < n for all k if A # A.), we
have that

1s,, € Z—span{[f,k’“(ﬁ): N € N(Sy,), me N}

Thus, 1g, is a Z-linear combination of functions on Sy, x --- x Sy, having the following
form. For oy, € Sy, ,

F(O1se e y00) = TN () (00) - - I (1) (00)

Sxy X=X Sx,
= (IN/11><~-><N: (m1 X -e X ﬂ—n))(glwv-aan)

- le...an(ﬂ'l X X 7Tn)07
where 0 = o1+ --0,, in S). Each N}, C Sy, is nilpotent and 7, € N}, som =1 X+ -+ X,
is an irreducible representation of the nilpotent direct product N = Ny X --- X N,.
(Note that this is where you would get in trouble working with characters induced from

elementary subgroups; the class £ is not closed under direct products, but class A is.)
We have shown that, for every A # A4,

1s, € Z-span{Iy*(m): N € N(Sy) CN(S,), m € N"}.
By induction in stages, ) = I gA (1s,) is a Z-linear combination of terms

I57 (I (7)) = Iy (x), where N € N(S,,) and m € N,

A
proving the proposition. O

We now observe that symmetric groups are of (strong) Brauer type if we can prove
that all finite nilpotent groups are of Brauer type.

Lemma 3.2. If all finite nilpotent groups are of Brauer type, so are all symmetric
groups S, .

Proof. In Proposition 3.1 we showed that every irreducible character y, is a sum
of induced characters I'y"(u), where N € N(S,) and u € N”. If nilpotent groups are
type B, each x,,(u € N™) is a sum of characters I}y (¢) with H € E(N) C £(S,,) and ¢
one dimensional. By induction in stages, .S, is of Brauer type. (I

4. Nilpotent groups are Brauer type

In this section we show that the Brauer property holds for nilpotent groups if it can be
established for abelian groups of the form Zf,q ~ Zi X Zr21'

Proposition 4.1. If the Brauer property holds for abelian groups of the form qu
(with p, q distinct primes), then all finite nilpotent groups are of Brauer type; hence, so
are all symmetric groups S,,.
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We start with a lemma.

Lemma 4.2. Let (: G — G be a surjective homomorphism between finite groups, let
P be the proper subgroups in G, and let (~*(P) be their pullbacks to G. Then,

IF(¢H(P)) = Z-span{Ifj(m): H € ("'(P), = € H"}
is an ideal in R[G]. If 15 € IS (P), then
lg=1go( € IZ((TH(P))
and IS (¢71(P)) = R[G].

Proof. If H is the pullback of a proper subgroup H in G, and if 7 € H”, then for
any representation p of G we have that [8]

p® Ind (r) = Indf ((u | H) @ ).
Hence, the trace character of this representation is

> Ifi(6p) € IE(P)
B

when we decompose (u | H) @ 7 as a direct sum of irreducible representations 63 € H”.
Pullbacks m = 7 o ¢ of irreducibles on a proper subgroup H C G are irreducible on
H = (' (H). Furthermore, we have that IG(7 o () = Ig(ﬁ) o (. Thus,

IS¢ (P)) 2 IE(P) o .
If 15 € IS(P), then 1¢ = 15 o C lies in I¢(¢~1(P)), and this ideal is equal to R[G]. O

Corollary 4.3. If every irreducible character p on G is a Z-linear combination of
characters IIGJ (7) induced from irreducible characters on proper subgroups H, then

R[G] = Z-span{I§(0): H= (' (H), H a proper subgroup and § € H"}.

Clearly, qu & Zpq X Zpg is not elementary, but its proper subgroups can only have
cardinalities p%q, pq, p¢?, p, q, 1 and are all elementary. Thus, the Brauer property for
G= Zf,q is equivalent to the statement

R[qu] = Z-span{lgi (¢:): H; a proper subgroup of G, ¢; € H]*}. (4.1)

Assuming that qu has the Brauer property, we prove Proposition 4.1 for a nilpotent
group N by induction on n = |N]|.

If N has qu as a homomorphic image, then by Corollary 4.3 we have that R[N] =
IN(¢7Y(P)), where P are the proper subgroups in Zf)q and (: N — Zf,q is the quotient
map. Proper subgroups in N are nilpotent, and of Brauer type by the induction hypoth-
esis, so by induction in stages all elements in R[N] are sums of characters induced from
one-dimensional characters on subgroups in (V).

The only remaining possibility is that N has no surjective homomorphism onto Zf,q.
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Lemma 4.4. A finite nilpotent group N has either a surjective homomorphism to Ziq,
or else N is already an elementary group.

Proof. N is a direct product N = H N, of its Sylow subgroups (all normal) with
[N,N] = [[,[Np, Np|. Then, [T ,N,/[N, ] 11, N, is the Sylow decomposition of
the abelian group N = N/[N, N ] It subgroups N and N, both require at least two
generators, for distinct primes p # g, we will show that N X N has Z 4 88 a quotient,
yielding a natural surjective homomorphism N — N, x N, — N, x N, —> Z

In the remaining case, there exists at most one prime pg such that N fails to be cyclic.
By the following lemma, N, is itself cyclic for all p # py (so Hp 2o Np 18 cyclic), while
Ny, is a p-group. Thus, N is itself an elementary group in this case.

Lemma 4.5. If N is a finite nilpotent group and H a subgroup such that
H[N,N]= N, then H=N.

Proof. Let Zy = (¢) C Z; = Z(N) C --- C Z, = N be the ascending central series,
and inductively define Hy = H and H;{1 = Z;41H;. Then, H; is normal in H;; and,
if H # N, there exists a first index such that H; # N but H;;1 = N. Then, N/H;
is non-trivial abelian (2 a subgroup of Z;;1/Z;) and, therefore, H; D [N, N]. But then
H[N,N] C H;[N,N] = H; # N, contrary to the hypothesis. O

Corollary 4.6. For any finite nilpotent group, the minimal number of generators is
the same for both N and N = N/[N, N]. In particular, if N is cyclic, N is also cyclic
(and, in particular, abelian).

Proof. If {Z,...,Z,} is a minimal set of generators for N, let z; be any preimage
of Z; and let H = (x1,...,2,). Then, H[N, N] = G because, if y € N, we have that
7=¢(y) =1, ---Us, whereay € {Z:',..., 7 '}
There then exists a v € [N, N] such that y = u;---us -y € H[N,N] and H = G by
Lemma 4.5. O

The last step in proving Lemma 4.4 is to exhibit a surjective homomorphism ¢: N, x
N — ZQ when Np, N are not cyclic. By the fundamental structure theorem for abelian
groups, 1f |N,| = p", we have that

N, = @Hj, where Hj = (Zy; @ -+ ® Zy;) (n; factors; n; > 0), (4.2)

with > jn; = n. Since N, requires at least two generators, there exist at least two
distinct factors in this direct sum, so there exists a subgroup of the form Z,: X Z,; (i = j
allowed if n; > 1). In each of these factors there exists a subgroup C;, C; of index p, so
if we kill all other direct summands and factor C;, C; out of Z,:, Z,;, we get Z, X Zj, as
a quotient of N,. Likewise for N, yielding a surjective homomorphism from N, x N, to
Z127 X Zi = qu. |
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5. Abelian groups Z2  are of Brauer type

We prove this using a finite Fourier transform. Together with the preceding results, this
establishes our fundamental result: that all S,, are of Brauer type. From this it follows
easily (see §6) that all finite groups are of Brauer type, by regarding them as subgroups
of S,, and applying the Mackey subgroup theorem (see [6], [7, pp. 138-142] and [8]).

Theorem 5.1. If p and q are distinct primes, the abelian group G = Zf,q is of Brauer
type. It follows that all nilpotent groups and all symmetric groups S,, are of Brauer type.

Proof. Proper subgroups of G can only have orders 1, p, q, pq, p?q, pqg?; all are
elementary. We parametrize elements of G as (a,b,¢,d) € Zy X Zyp X Zq X Zj.

The dual G for any finite abelian group consists of the multiplicative characters
on G, and R[G] is just the ring of integer coefficient trigonometric polynomial functions
f =2 caraxx (ax € Z) with the usual pointwise (+) and (-) operations. When G = z2,,
we show that the identity element 14 € R[G] is in the ideal

IS[P] = Z-span{I§(x): H a proper subgroup of G, x € H"},

where P is the family of all proper subgroups; as previously noted, proper subgroups of
G are elementary, so G is of Brauer type.
The Fourier transform on a finite abelian group is

X Zf x(g) for all y € G".
|G\ v

By Fourier inversion,

= Z f(X)X(g) for all g € G and all f,
XEGN

so the Fourier transform f (x) provides the integer weights needed to write f as a sum
of characters y € G”. For instance, the identity element 15 is Z ayX, with ay =1 for
X = 1g, and a, = 0 otherwise, so (1¢)”" is the Dirac delta d,, at the trivial character
Xo = 1g € G. The annihilator of a subgroup H C G is H° = {x eGN: x| H=1}in
G”, which has the property

(1x)" = |H|/|G|-1go (Poisson summation formula).

In fact, if f = 1y and x € G”, we have that

f) |G| Z]-H

geG
H -
h
‘ ’ i 2 X
heH
‘H’ 1 if x e H,
B if v ¢ HO,

by the orthogonality relations on H.
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The induced character corresponding to a multiplicative character x, on a subgroup H
is
G ’ .
= | Xxolg) ifgeH,
I (xp)(9) = ‘ H
0 ifg¢ H.

For the trivial representation on H, the class function f = I§(1y) = |G|/|H| - 1y is
identified as an element of R[G] by taking the Fourier transform:

A H
f:’G"g’]_HU:]_HU OIlCY'/\7 (51)

so f = Ig(lH) = ZxEHO X-
When G = Z;', its multiplicative characters are conveniently labelled by ‘dual vectors’
a € Zy,, m-tuples such that

Xa(w) — 6271'1(511301*F"'ﬁLC'LmJEm)/P7 = Zm

m
vy TEL,

so we identify G = (ZZ, +). The same sort of labelling is also convenient for the products
G = A x B, with A = Z2 and B = Z2. Non-trivial elements = € A generate cyclic
groups H, of order p, which are essentially disjoint: H, N H, = (e) if H, # H,. There
are p+1 = (p> —1)/(p — 1) such subgroups. If E = (e) is the trivial subgroup and we
sum over representatives for the distinct H,, the function

= (T riam) - )
has Fourier transform
f: <21Hg) -1, onA/\%A:ZI%.

The annihilators H? are precisely the distinct proper cyclic subgroups in Zf,, and their
union picks up each element in ZZ once, except for the trivial character (0,0), which

occurs p + 1 times. Thus,

fla) =

A 0 if a # (0,0),
(p+1)—1=p ata=(0,0).

Likewise for B upon replacing p by q.
In G = A x B =72 x Z} we have subgroups and annihilators as follows (letting E be
the trivial subgroup in A and E the trivial subgroup in B = B"):

M,=H,xB,  M%=H’xB"=H?x/(0,0),
ExB, (ExB)"=A4x/(0,0).
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Now consider

= (ZIEIQEXB(]-HIXB)> — I, 5(1ExB).

Writing xo = (0,0,0,0) for the trivial character in G = Zp X oee X Zq, the Fourier
transform of f is

= (Z 1<me3)o(d,b)> — Lis0,)(@0)

[(Zow0) i)

{0 if (a,b) # (0,0,0,0)

p if (a,b) = (0,0,0,0)
:p6XO'

Reversing the roles of A and B and labelling the cyclic subgroups in B as H,, we get a
Z-linear combination of indicator functions on annihilator subgroups in G” such that

b) = (Z Liaxm,)o (a,b)) —L5,0)x5(a:b)
Yy

o if (a,b) #(0,0,0,0),
~a i (ab) = (0,0,0,0)

= 40xq-

Since p # ¢ there exist integers r, s such that rp + sq = 1; hence,
rf +sh = 6y, on G

and 1axp € R[A x BJ, as required. O

6. Transition from S, to arbitrary groups

With all this in hand we are ready to prove the main result. If A(G) is the class of nilpo-
tent subgroups, proper or not, we have shown that 17+ (N(S,,)) = R[S,]. An arbitrary G
is of Brauer type if R[G] = IS(N(G)). In fact, if N € N(G) and 7 € N”, then, by
Proposition 4.1 and Theorem 5.1, I§(7) is a Z-linear combination of characters

IS (I3 () = I (#),
where H € £(N) and ¢ is a multiplicative character on H.

Theorem 6.1. Every subgroup of S,, is of Brauer type.

Proof. If 7 € S}, then x, € IZ"(N(S,)), 50 Xx = Ziailf,? (m;), with m; € N/*. The
restriction 7 | G has trace character

X= | G = Zaz ") | G).
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By Mackey’s subgroup theorem (see [7] and [8, pp. 138-142]), we have that

Resgn (Ind%’: (7)) = @ Indgm,Ni (z-m | GNax- Ny,
z€G\S,/N;

where x - m;(g) = m;(x"1gx) on x - N = zN;z~ 1, so the trace characters satisfy

(I(m) |Gy = > Ifmen(e-m|GNaz-N;)
z€G\S, /N;

on the group G. Replacing = - m; | G Nz - N; with its irreducible decomposition, we see
that this is contained in I&(N(G)), so R[S,] | G C I€(N(G)), and the latter is an ideal
in R[G], by Lemma 1.5.

Since 1g, € I2"(N(S,)), we get that 15 = 1g, | G € IS(N(G)), which implies that
IS(N(Q)) = R[G]. Since nilpotent groups are of Brauer type, so is G. O

7. Further comments on R[S,,]

The class of elementary groups, or even the class of p-groups, is quite large and would be
hard to characterize. The preceding discussion suggests that the groups and multiplicative
characters needed to produce a set of additive generators for R[S,] can be narrowed to
a class whose members can be described explicitly. Essentially, R[S,] is generated by
induced characters If[(gb), where M = My X «-- X M, C Sp, ¢ = ¢p1 X -+ X ¢ IS a
multiplicative character, and the factors (M;, ¢;) are described by one of the following
cases.

(15) (i) M; = 8Syl,(Sm), a Sylow subgroup in some symmetric group (p a prime divisor
of m!) and ¢ = 1y, the trivial representation.

(i) M; =2 (Ze,+), with ¢ the canonical multiplicative character ¢([s],¢) = e?™is/P.

The structure of p-Sylow subgroups in S,,, for prime divisors of m! is described explicitly
in [5, pp. 81-83], and is particularly simple when m is a prime power p*. (Then, it is
a semi-direct wreath product of Z, acting on a product of copies of p-Sylow subgroups
in Spk—l )

A slight modification to previous notation helps to frame the next results. If G is a
group, let I'(G) be the set of pairs (M, ¢) = (M1 X -+ X My, ¢1 X - -+ X ¢,.), where each ¢;
is one dimensional and M C G is a direct product such that each factor (M;, ¢;) is of
one of the types listed in (15). We then define

IS1(G)] = Z-span{I§(6): (M. ) € I(G)}.

The groups G of interest are subgroups of S,, for a given n; clearly G C S,, implies that
I(G) € I'(S,) and I3 [[(G)]  I$"[1(S)].

In our discussion of R[S,] we defined a trace character V) = Ig:(lsx) for each
non-trivial partition A = (A > --- > A, = 0) of n and the corresponding subgroups
Sy = Sy, X xSy, C8,, where A, > A1 = 0. These provide a Z-basis for R[S,,]
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when we adjoin an ‘extra character’ 1(°), whose value is +1 on the maximal conjugacy
class O, of long cycles. The next result exhibits additive generators (not necessarily a
Z-basis) obtained by induction from one-dimensional representations on direct products
of groups of the types in (15).

Proposition 7.1. For any n > 2, we have that
R[Su] = I [[(S)] = Z-span{I3} (9): (M, ¢) € I'(Sy)}.

Proof. Arguing by induction on n, we first demonstrate that 1) = ISA (1g,) is in
IS7[I(S,)] for A # A. Since \; < n for each i, we have that 15A e 12t )[F(S )]- The
trivial character on Sy is a Kronecker product 15, =15, X --- X 1g, , and since

ISEESE (m x mo) 2 IE (m) x Ig7 (),
1g, is a sum of functions f(o) = f(o1,...,0,), with o; € Sy;:
S S
o) = Iy (@1)(on) X oo X Iy () ()
s s
= IMA11>< ><>< o (1 X -+ X ¢n)(0)
= I}\gf(d))(a),
where each (M;, ¢;) € I'(S),). Each factor H(i) in
M = My x oo x My = (H{" x oo x H{)) oo (HYY %o x HY)

has one of the two isomorphism types in (15), and, by the definition of I'(Sy,), comes
equipped with a character ¢; | H ) of the appropriate type. Then, since M C Sy C 5,
we have (M, ¢) € I'(S,). By mductron in stages, we get that IS (¢) = ISA (IS*(QS)), SO

I3 () € IZ[1(Sy))-

Combining these last remarks, we see that ¢ = IS (1s,) is in 127 ['(S,)] for A # ..
To complete the proof we show that the extra character Y is in I27[I(S,,)]. In our
previous construction of ¥(?) there were just two possibilities.

Case 1 (n = p™). In this case we showed that 1(®) = 7. Iﬁ, (¢1)+s- 137 ' (¢2), where
My = Syl, (Sp) and ¢1 = 1py,, My = Zym, with ¢y the canonical character and r,s €Z
is chosen such that ¢(®) =1 on the rnaximal class C,, C S,,.

Case 2 (n is composite, with n = nin, and ged(nq,n2) = 1). There exists a
non-standard embedding of S,,, xS, as a subgroup M = M; x My C S, with My = 5,,,,
M, = 8,,,. In Proposition 2.8 we showed that M can be chosen such that I37 (1) is
equal to 1 on C,. Induction applies since ni,ns < n; hence, 15, € IM[I'(M;)] and
1y, € IM2[I'(My)]. Applying previous arguments, we conclude that 1, is a Z-linear
combination of functions having the form

flo) = flor,02) = I} (1w, ) (01) - 112 (1m, ) (02)

- IH1><H2 1H1><H2)<
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Each factor H; is a product of groups H;i) as in (15), so (Hy X Ha, ¢1 X ¢2) is in I'(S,).
By induction in stages, I57", . (L, xm,) is in I57[1'(S,)]. O

Although characters induced from direct products of subgroups of the form in (15)
provide additive generators for R[S,], it is no longer clear how to pick out a set of free
generators (Z-basis) of the sort described in Corollary 2.11.

A variant of Proposition 7.1 exhibits a different class of subgroups whose trivial char-
acters induce additive generators for R[S,]. Define P(S,,) to be the class of subgroups

M =M x---xM CS, suchthat M; =S m, (7.1)

where the p; are primes and p;"* < n. This result, to a large extent, reduces the study
of R[S,] to the study of symmetric groups such that n is a prime power, to which one
can apply Proposition 2.6.

We first observe that the arguments in Proposition 2.8 easily generalize to show that,
if n=T[._,p/*", we can produce a subgroup M = My x --- x M, C S, such that

(i) M contains the long cycle og = (1,2,...,n),
(i) rogpx ! C M =x € M forall z € S,,,
(ili) M; = S, m: for each i.

It follows by Lemma 2.9 that I57 (1a)(00) = 1, so this induced character serves as the
extra character 1(*), but now all prime divisors of n play equal roles in determining M.

Fix an integer n > 2. For any finite sequence o« = (v, ..., ;) of integers such that
2 < a; < n, we write M, for any subgroup of the form

My =My, x---x M, CS5, suchthat M,, =S5, for each ¢,

and let M(S,,) be the class of all such subgroups. The subfamily P(S,,) consists of all
subgroups M € M(S,,) such that o; = pf (p; prime, pf < n) for all 4. For any partition
A1 = - 2 Ay 2 0 of n, the subgroups S\ = Sy, x --- x 5, defined earlier all lie
in M(S,,), but M also includes the products M, with non-standard embeddings (as in
Proposition 2.8). Obviously, a; < n if S, D S,, is to fit inside S,,, but we might not
have )", a; = n for such embeddings, as we did for the subgroups S\ associated with
partitions of n.

Proposition 7.2. For any n > 2, we have that
R[Sn] = IZ[P(S,)] = Z-span{I3r (1a): M € P(Sp)}.

Proof. We know that {0} U {xM: X # A} is a Z-basis for R[S,]. If n = p*,
then, trivially, 1, € IS"[P(S,)]; otherwise, n = [[,p}* and there exists a product
So = Say X -+ x S,, embedded in S,, such that «; = pf and Ig:(lsa) =1on C,, so
we may take this as the extra character 1/(?). In either case, there exists an M € P(S,,)
such that 197 (157) = 1 on C, and

R[Sn] = Z-span{I}} (1a) and I5"(1s,), A # A}
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We now argue by induction on n. For each Sy = Sy, x --- x S, corresponding to a
partition A # A, we have that

RISx] = L [P(Sh,)] = Z-span{Tyy' (1ar,): M; € P(Sx,) € P(S)},

so, if 0 = (01,...,0.) € Sy, the trivial character 1g, is a sum of products

I (g )(on) % - x T (g, )(00) = T3 (1ar) (o),

where M = My x --- x M,.. Each M, is a direct product Ml(i) X oo X Mr(lz()z) C Sy, with

MJ@ ~ §,, for some prime power m. Then,

)X"'X(Ml(T)X"'XM(T)

My xox My =M x o x MW n(r)

n(1)

) C S,
is also in P(S,,). By induction in stages, Ig;(lSA) is a sum of terms of the form
Sn S
515 (1) = 15 (1),

with M € P(Sy).
The extra character (9, defined above, and the characters ™ X # )., are all
in I57[P(S,)] and, since these are a Z-basis, we get that R[S,] = I2"[P(S,,)]. O
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