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Abstract. Let (;, H;) be a unitary highest weight representation of the con-
nected Lie group G and g its Lie algebra. Then g contains an invariant closed con-
vex cone Wy such that, for each X € W0 | the selfadjoint operator i - dm; (X) is
bounded from above. We show that for each such X, the space H}° of smooth vec-
tors for the action of G on H; coincides with the set D*°(dr; (X)) of smooth vectors
for the generally unbounded operator dr; (X).
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0. Introduction. Let (i;, H;) be a unitary highest weight representation of the
finite-dimensional connected Lie group G and g its Lie algebra. Then g contains an
invariant closed convex cone Wpax such that, for each X € ng, the selfadjoint
operator i - dm; (X) is bounded from above. In this note we show that, for each such
X, the space H;° of smooth vectors for the action of G on H, coincides with the set
D> (dnA(X)) of smooth vectors for the generally unbounded operator drm;(X). This
result greatly facilitates the determination of the space of smooth vectors and hence
of the distribution vectors for highest weight representations.

Our result has been motivated by the following problem. Suppose that we have
realized the representation (mr;, H;) in a space of holomorphic functions on a com-
plex domain D with values in some finite dimensional complex vector space V' (cf.
[1], [2], [3], [4] and [12, Chapter XII]). Then the action of G and of its Lie algebra g
extend naturally to the space Hol(D, V) of all holomorphic V-valued functions on D.
Now the characterization from above implies, in particular, that the space H; * of
distribution vectors can be described as ),y dm;:.(X)" . H,.. If, in addition, X is con-
tained in the center of a maximal compactly embedded subalgebra, then the action
of X on Hol(D, V) is quite simply given by some sort of Euler operator and the
result described in this paper can be used to obtain a direct analytic characterization
of the elements of the space H; * considered as a space of V-valued holomorphic
functions on D.

The description of the smooth and therefore the distribution vectors of a highest
weight representation is an essential step towards the determination of the H-invariant
distribution vectors for a given closed subgroup H of G. A question that is particu-
larly interesting, and still open, is the case in which (G, H) is a symmetric pair.

1. Basic concepts and definitions.

DEFINITION 1.1. (a) Let g be a finite dimensional real Lic algebra. For a sub-
algebra a € g we write Inn(a) := (¢*%) C Aut(g) for the corresponding group of
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inner automorphisms. A subalgebra a C g is said to be compactly embedded if Inn(a)
has compact closure.

(b) Let t € g be a compactly embedded Cartan subalgebra and recall that there
exists a unique maximal compactly embedded subalgebra f containing t (cf. [5,
A.2.40]).

(c) Associated to the Cartan subalgebra t¢ in the complexification g¢ is a root
decomposition as follows. For a linear functional « € g we set

af = (X € ge : (VY € to)[Y. X] = «(1)X)

and we shall write A :={aet;\{0}:g% #{0}} for the set of roots. Then
ac = tc ® Pyen 98, a(t) SR, for all « € A, and g = gg¥, where Xi— X denotes
complex conjugation on g¢c with respect to g. Put X* := —-X

(d) A root « is said to be compact if g¢ C fc and non-compact otherwise. We
write Ay for the set of compact and A, for the set of non-compact roots. If
g =1 x 3 is a f-invariant Levi decomposition, then we set

Ai={ae Aigé Crel and Ay :i={x e A:g¢ € 5¢}

Recall that A = A, UA, is a disjoint decomposition (cf. [12, Definition VII.2.4]). If
a € Ay, then we write & for the uniquely determined element in the one-dimensional
space [g¢, gc“] € fc satisfying a(a) = 2.

(€) A positive system AT of roots is a subset of A for which there exists a regular
element X, € it with A* = {a € A: (X)) > 0}. We say that a positive system AT is -
adapted 1f the set Al‘f := A, N AT of positive non-compact roots is invariant under
the Weyl group Wy := Ninn()(1)/ Zinnes (1) acting on t. We recall from [8, Proposition
I1.7] (cf. also [12, Proposition VII.2.14]) that there exists a f-adapted positive system
if and only if 34(3(f)) = f. In this case we say that g is quasihermitian. Note that a
simple real Lie algebra is quasihermitian if and only if it is either compact or her-
mitian.

(f) We associate to a positive system AT the convex cones

Cinin = cone{i[ Xy, Xo]: Xy € aF, 00 € A;r}
and Crax = (iA))" = {X € t: (Yo € A)ie(X) > 0}.

In the following we assume that @ is a quasihermitian Lie algebra, t C g is a
compactly embedded Cartan subalgebra, and A is the corresponding system of roots.

DEFINITION 1.2. Let AT C A be a positive system.

(a) For a gc-module V and B € tf we set VP := {v e V': (VX € te)X.v = B(X)v}.
This space is called the weight space of weight g and B is said to be a weight of V if
VP £ {0}. We write Py for the set of weights of V.

(b) Let V be a gc-module and v € V* a te-weight vector. We say that v is a pri-
mitive element of V (with respect to A™) if g%.v = {0} holds for all « € A™.

(c) A gec-module V is called a highest weight module with highest weight A (with
respect to A1) if it is generated by a primitive element of weight A.

(d) A highest weight module V is said to be unitarizable if there exists a unitary
representation (7, H) of the simply connected Lie group G with L(G) = g such that
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V is isomorphic to the gc-module HX of K-finite vectors in H (cf. [8, Section III]),
where K = expf. In this case (, H) is called a unitary highest weight representation
of G.

2. Estimates and smooth vectors for highest weight representations. Let (1) be a
unitary highest weight module with respect to A™ and highest weight A. We recall
from [10] that such a highest weight module exists essentially only for f-adapted
positive systems).

We write ‘H, for the Hilbert space completion of L(1) and 7, for the unitary
representation of the corresponding simply connected group G on H,. If H5’ denotes
the subspace of analytic vectors of the representation (r;, H;), then L(A)—H® is an
embedding of gc-modules. As the theory of holomorphic representations shows, the
representation of G on H, extends to a holomorphic representation of the maximal
Ol’shanskil semigroup S = Gexp(iW?, ) on H; (cf. [10, Section 4] or [12, Chapter
XI]). Let Xy € i W?nax. Then [7, Proposition A.5] shows that

H® = U . (exp tXg). H.

t>0

From the representation theory of the group R one now gets

H® = D?(dn(Xy)) = {v e H:(3t > 0) Z;—’: ldr(Xo)" v < oo};
n=0"""

that is, H” coincides with the space of analytic vectors for the selfadjoint operator
dn(Xp).

In this note we shall see that this characterization carries over to the space of
smooth vectors. We shall show that

H™ = D*(dn(X)) = [ ) D(dn(Xo)").

neN

Both characterizations yield quite explicit descriptions of the space of smooth
and analytic vectors in terms of the weight decomposition. Let P, := Py C t¢
denote the set of weights of the gc-module L(A), L(A) = ZﬁePh L(\)? the corre-
sponding weight space decomposition, and write v=)__ v, for the corresponding
decomposition of an element of v e H,. We note that |v||> = > [vell*. Since
WO = Ad(G).(W°,. N1) (cf. [11, Lemma I1.10]), we may without loss of generality

max ax
assume that Xo € i(t N WY, ) =iC% . Then

max-*

dr(Xo).v =) a(Xo)va

o

and therefore

D> (dr(Xo)) = {v € H:(Yn € N) Y |a(Xo)|"Ivall* < o0},
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so that

D°(dn(Xo)) = {v € H:(3r > 0) Ze’“(xo)nvanz < oo}

LEMMA 2.1. For X € 3(f) the space D (dm(X)) is K-invariant.
Proof. For g € G and X € g we have dr(Ad(g).X) = n(g)dn(X)m(g)”"; hence
D*(dn(Ad(g).X)) = 1(g).D™ (dr(X)).
The lemma is a direct consequence of this observation. ]

LEMMA 2.2. Let X € ngjaX. Then, for each Y € t, there exist C, D > 0 such that

for all @ € P; we have |a(Y)| < Cla(Xy)| + D.
Proof. First we recall that

Py C conv(Wr.A) — cone(A)) 2.1

(cf. [9, Proposition 2.3]). Let C; > 0 be such that |8(Y)| < C|B(Xp)| = CB(Xp)
holds, for all peAf, and hence for all gecone(Af). For a=a—p,
o € conv(We.A), B € cone(A;) we then obtain B(Xy) = (xg — )(Xp) < |a(Xp)| + C»,
where C; = max [(Wkr.A, Xo)|. Now

l( V)] = leo(V)] + |B(Y)] < max [(Wr.A, V)| + C1B(Xo) = C3 + Ci(le(Xo)| + C2),
and this proves the lemma. [

LEMMA 2.3. For each Y € t and X, € iC°?

max

we have D™ (dn(XO)) c D™ (dn( Y)).

Proof. We choose C,D >0 according to Lemma 2.2. For v=) v,
€ D™(dn(Xo)) we then have

Dl Ivell® < D (CleXo)| + DY'llvall?

=23 () D et

a k=0
n n
= ckpr* a(Xo)Fvall? < .
;(k) 2 et
]
PROPOSITION 2.4. If Xy, X\ € iCY,,, then D™ (dn(X,)) = D> (dn(X))).
Proof. This is an immediate consequence of Lemma 2.3. O

According to Proposition 2.4, we may further assume that the element

Xo € iCY, . is contained in i3(f). In this case the following lemma provides some
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additional information. In the following we shall write Z* := —Z for elements
Z € gc, where Zi—Z is the complex conjugation with respect to the real form g. We
extend the map Zi— Z* to an antilinear involutive antiautomorphism Di— D* of the
enveloping algebra U(qgc).

LEMMA 2.5 If Xo€i(Ch. N3(), then for each Yef we have
D> (dn(Xp)) € D> (dn(Y)).

Proof. In view of f= Ad(K).t, the assertion follows from Lemma 2.3 and
Lemma 2.1. ]

Lemma 2.5 implies in particular that

= () D¥(dn(1)) = D*(dn(Xp)) 0 [ ) D*(dn(}).

Yege acA; Yegr

Now we deal with the different types of root spaces. Let « € AT and
Go(Z) :=spanp{Z — Z*, (Z+ Z*)} +t C g.
Then Wpax N a,(Z) is an elliptic cone with interior points. Since ; is a trace class
representation of the maximal semigroup S = Gexp(iW?_ ) (cf. [10]), the restriction
to the subgroup G,(Z) := (expg,(Z£)) € G decomposes as a direct sum of holo-
morphic representations of the semigroup Suo(Z):= Gu(Z)exp (z( max N ga(Z)))
with finite multiplicities (cf. [12, Theorem I11.3.21]). Furthermore each highest

weight p occurring in L(A) is contained in P;, and from (2.1) we conclude that for
each Y € iChax

u(Y) < sup(Wr.A, Y). (2.2)
For Ze g, a e A;, we further have
[Z*, Z] = i[iZ, Z] € iCpin € iCpax. (2.3)

Now the condition A € —(iCy,;,)* that is necessary for unitarizability (cf. [10] or [12,
Chapter 1X.2]) and (2.1) together imply that

w(lZ*, 7)) <0, (2.4)
for all u € P;.
LEMMA 2.6. For each Z € g¢ there exists Y € it such that

Q:=-Z*Z—-Z7Z"+ Y[Z*, Z] € U(ac)

is central in L{(ga(Z)C). For a € A} we can choose Y € iCyyx and for a € AT we can
even choose Y € iCmax N 3(f). Moreover we have

Q=1+ Y2 2] -22*Z = (Y — 1)[Z*, Z] — 2ZZ".
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Proof. 1t is clear that [tc, Q] = {0}. Furthermore we have

[Z, Q] = —[Z,Z1Z - ZZ, Z*| + [Z, YIZ*, Z1 + Y| Z.[Z*, Z]]
= [[Z*, 2], Z) + 22| Z*, Z] - « V) Z| Z*, Z] — ([ Z*, Z)) Y Z
=a((Z*, ZDZ + (2 — (V) Z[Z*, Z] — A[Z*, Z)Y. Z) — ([ Z*, Z)ZY
=a([Z*. ZDZ + (2 — () Z[Z*, Z) — A[Z*, Z)A V) Z — a([Z*, Z)DZY

= (7", Z)(1 - (V) Z + Z((2 — a(N)[Z", Z] - a((Z", Z])Y).

For this expression to vanish it is necessary and sufficient that
ao[Z,Z)(1 —(Y)) =0 and (2—a(V))[Z*, Z] = ([Z*, Z))Y. (2.5)

If a([Z*,Z]) # 0, then we put ¥ =1a& € R[Z*, Z]. Note that a(Y) =1, which
means that [Z*, Z] = «([Z*, Z])Y and hence that (2.5) is satisfied. For « € A; we
further see that @ € iCpax follows from (2.3).

If a([Z, Z*]) = 0, then we choose Y € iCyax With a(Y) = 2, which is possible for
a € A} because iCpax is the dual cone Ay of Al‘f. Since 3(f) intersects the interior of
the cone Cpax, We even see that Y can be chosen in i3(f). It is clear that (2.5) is
satisfied in this case. This shows that in any case a suitable choice for Y yields
[2,Z] = 0. Hence [Q, Z*] = [Z, Q*]* =[Z, 2]" = 0 follows from

Q= -Z'Z—ZZ* +[Z5 ZI'Y = -Z*Z — ZZ* + Y|Z*, Z] = Q.
Thus [, tc + CZ + CZ*] = {0} and therefore Q is central in U(CZ + CZ* + t¢).
For the last statement we note that

Q=-Z'Z— 77"+ Y[Z, Z)=[Z", Z] - 2Z* Z + YIZ*, Z| = (1 + Y)[Z*, Z] — 22" Z

and

Q=-Z'Z — ZZ* + Y[Z*, Z]| =|Z, Z*] - 2ZZ* + Y|Z*, Z] = (Y — )[Z*, Z] — 2ZZ".

REMARK 2.7. We note that for non-compact simple roots we find a choice of Z
with [Z*, Z] = &, where a(&) = 2. Then Y[Z*, Z] = J&2. If « is compact simple, then
a suitable choice of Z leads to [Z*, Z] = —& and we get Y[Z*, Z] = — a2

The strategy to obtain estimates for the elements in the root spaces will be to
analyze the irreducible subrepresentations for G,(Z), respectively S,(Z), quite expli-
citly, and then show that the result we are heading for holds for this reduced case.

Ifv= Zﬁ vg € H, is a vector decomposed according to the weight decomposi-
tion, then Z.v = Zﬂ Z.vg is the weight decomposition of Z.v and similarly for Z*.v.
Hence

1ZvIP = 1 Zvgll,
B

so that we shall need estimates of the type
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1Zvgl? < CZ. Blvgl>  and  1Z7g]1> < CH(Z. B)lIvgl>

The following lemma shows that, for « € AT, it suffices to obtain estimates for the
action of Z*.

LEMMA 2.8. For a weight vector vg e L\ and Z € ag, ae A+, we have
1Z.vell* < 11Z* vgll*.

Proof. In view of (2.4), we have
1Zvgll* = 1 2% gl = (Z*Z — ZZ*).vp, vg) = ([Z*, Z)vp, vg) = BAZ*, ZD|vgll* < 0.
]
The following exact formula will be the key to the specific estimates.

LEMMA 2.9. For any weight vector v, € ker dn(Z) and vg = (Z*)".v,, we have
1
1Zvgll? =5 ((1+ BON)BAZ", 2D = (1 + w(D)u((Z". ZD) ) sl
and

127351 =5 (BN = 1)B1Z*, Z) = (1 + w(N)u((Z", ZD) vyl

N —

Proof. According to Lemma 2.6 and Z.v,, = 0, we have
Qv = L+ DNZ*, Z]v, = (1 + w(D)(Z*. Z)y,.
For vg = (Z*)".v, we now obtain from the fact that & commutes with Z

20 Zvgll* = 26Z* Zovg, vg) = (1 + YV)[Z*, Z] — Q).vp, vg)
= ((1+ BO)BAZ", 2D = (1 4+ (M) ul(Z", 2D) ) Il

and
201 Z* vgll* = 2(ZZ* vg, vg) = (Y — D[Z*, Z] — Q).v, vp)

= (B = 1)B1Z*, 2D = (1 + WN)(Z", 20) ) I1vp .
t

Lemma 2.10. For each ne N, Z e g¢, a € A,, and Y as in Lemma 2.6, there
exists a polynomial P with non-negative coefficients such that for any tc-weight vector
vg € L(1)? we have

1Z"vgll> < P(IBY)) vl
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Proof. Let Z € g¢ and « € A;r. To prove the lemma we have to estimate the
expressions ||Z”.vﬂ||2 and ||(Z*)’1.Vﬁ||2 because, in the statement of the lemma, it is
not assumed that « is a positive root.

Since L()) decomposes as an orthogonal direct sum of highest weight modules
L(u)z, for the Lie algebra g,(Z)¢, we only have to prove the estimates for such
modules and have to check that the polynomials obtained are independent of the
highest weight x4 of such a submodule. We let v, € ker dn(Z) and Vﬁ (Z*)'” V.

We first assume that o € A and recall that in this case ¥ = za =5 L[z*, Z]if Z
is normalized such that a([Z* 7)) =2 (Remark 2.7). From Be u — Ny and
a(a) = 2 we conclude with (2.4) that B(a) < w(a) < 0; hence |8(a)| > |u(c)|. Thus
Lemma 2.9 gives

20Zvsl> < 2+ 1B@)IB@Nvell> < (2 + 1B@)]) vl (2.6)

Inductively this leads to

2 ol = o T T2 = (B — 26— D) sl < o (20— A@) Il

- n
J=1 2

and so we have an estimate of the type
ICZY"vgll> < PL(IBOD) Vg,

where P is a polynomial of degree 2n with non-negative coefﬁments
Using Lemma 2.8 and (2.6), we get 2[|Z.vg|* < (2 + |,8(a)|) lvg* and, induc-
tively, this also leads to an estimate of the form

I1Z"vglI> < P2 (IBCY)]) llvgll.

Now we consider the case where a([Z*, Z]) = 0; i.e., @ € AF. We choose Y € 3(f)
(Lemma 2.6). Then [Z*, Z] is central in g (cf. [12, Section VII.2]), so that
B(Z*, Z)) = M([Z*, Z]) holds, for all B € P,. Moreover u € P, and (2.1) show that

B(Y) < u(Y) < A(Y). Therefore
1B(Y) — (V) = u(Y) = BY) = MY) = B(Y).

Hence

12 g1 = 5 ((B) = DAZ" 2~ (1 + w(D)uliZ", 2D) Il

([Z* Z])(/g(y) w(Y) — 2)||V;3||2
S @@m_ﬁmu)nvﬁnz

|A([Z* Z)) (|)\.(Y)| +18(Y)| + 2)||Vﬂ”

Now the same arguments as for « € A;X apply and show that the inequalities
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IZ*Y vgll> < Ps(IBOD)Ivsll®, 12" vs01> < Pa(I1B)) v
hold for polynomials P3, P4 with non-negative coefficients. O

THEOREM 2.11. For each Xy € iW?  we have H® = D™ (dn(Xo)).

max

Proof. Since WO = Ad(G).CY_ . (11, Lemma II.10]), we may without loss of

generality assume that X, € iC% . Further Proposition 2.4 shows that we may even

assume that Xy € iC% N i3(f). Then Lemma 2.5 shows that for each Y € f we have

max

D> (dn(Xy)) € D*(dn(Y)). It remains to show that, for each @ € A, and Z € ¢, we
have D (dn(Xy)) € D> (dn(Z)).

Using Lemma 2.2, we find C, D > 0 with |8(Y)| < C|8(Xy)| + D, for all B € P;.
Thus we see from Lemma 2.10 that for v =Y, vs € D (dn(X))) we get

1Z"v))* = Z 1Z".vgll> < ZP 1B lvell®

52 C|ﬁ(Xo>|+D)||vﬁ|| < o0.
B

We conclude that D(dn(Xy)) € D(dn(Z)). This completes the proof. O
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