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On the Coarse Geometry of James Spaces

Gilles Lancien, Colin Petitjean, and Antonin Prochdzka

Abstract. In this note we prove that the Kalton interlaced graphs do not equi-coarsely embed into
the James space J nor into its dual J*. It is a particular case of a more general result on the non-
equi-coarse embeddability of the Kalton graphs into quasi-reflexive spaces with a special asymptotic
structure. This allows us to exhibit a coarse invariant for Banach spaces, namely the non-equi-coarse
embeddability of this family of graphs, which is very close to but different from the celebrated property
Q of Kalton. We conclude with a remark on the coarse geometry of the James tree space JJ and of its
predual.

1 Introduction

In a fundamental paper on the coarse geometry of Banach spaces [14], N. Kalton intro-
duced a property of metric spaces that he named property Q. In particular, its absence
served as an obstruction to coarse embeddability into reflexive Banach spaces. This
property is related to the behavior of Lipschitz maps defined on a particular family of
metric graphs that we will denote ([N]*, d§ ) xan. We will recall the precise definitions
of these graphs and of property Q in Section 2.2. Let us just say, vaguely speaking for
the moment, that a Banach space X has property Q if for every Lipschitz map f from
([N]*,dk) to X, there exists a full subgraph [M]* of [N]¥, with M an infinite subset
of N, on which f satisfies a strong concentration phenomenon. It is then easy to see
that if a Banach space X has property Q, then the family of graphs ([N]¥, d£ ) oy does
not equi-coarsely embed into X (see the definition in Section 2.1). One of the main
results in [14] is that any reflexive Banach space has property Q. It then readily fol-
lows that a reflexive Banach space cannot contain a coarse copy of all separable metric
spaces, or equivalently does not contain a coarse copy of the Banach space ¢o. In fact,
with a strengthening of this argument, Kalton proved an even stronger result in [14]:
if a separable Banach space contains a coarse copy of cg, then there is an integer k
such that the dual of order k of X is non-separable. In particular, a quasi-reflexive
Banach space does not contain a coarse copy of co. However, Kalton proved that the
most famous examples of a quasi-reflexive space, namely the James space J and its
dual J*, fail property Q.

The main purpose of this paper is to show that, although they do not obey the con-
centration phenomenon described by property Q, neither J nor J* equi-coarsely con-
tains the family of graphs ([N]¥, d¥ ) xen (Corollary 5.3). This provides a coarse invari-
ant, namely “not containing equi-coarsely the Kalton graphs”, that is very close to but
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different from property Q. This could allow us to find obstructions to coarse embed-
dability between seemingly close Banach spaces. Our result is actually more general.
We prove in Theorem 4.1 that a quasi-reflexive Banach space X such that X admits an
equivalent p-asymptotically uniformly smooth norm and X* admits an equivalent
q-asymptotically uniformly smooth norm (see the definition in Section 3) for some
conjugate p and q in (1, c0), does not equi-coarsely contain the Kalton graphs.

We conclude this note by showing that if the James tree space J7 or its predual
coarsely embeds into a separable Banach space X, then there exists k € N so that the
dual of order k of X is non-separable. This slightly extends [14, Theorem 3.5].

2 Metric Notions

2.1 Coarse Embeddings

Let M, N be two metric spaces and let f: M — N be a map. We define the compression
modulus p ¢ and the expansion modulus w ¢ as follows. For ¢ € [0, c0), we set

ps(1) = inf {dn(F(x), F(3) : du(x,7) > 1},
w(t) = sup {dn(F(x), () : du(x.7) < 1}.

We adopt the convention sup(@) = 0 and inf(&) = co. Note that for every x, y € M,

pr(du(x)) < du( £ f() < (7).
We say that f is a coarse embedding if w¢(t) < oo for every t € [0, +00) and lim;_, o,
py(t) = oo.

Next, let (M; )1 be a family of metric spaces. We say that the family (M; ) ;¢; equi-
coarsely embeds into a metric space N if there exist two maps p, w: [0, +00) — [0, +00)
and maps f;: M; — N for i € I such that

(i) limy,eo p(t) = o0,
(i) w(t) < oo forevery t € [0, +00),
(iii) p(t) <pys(t) and wy,(t) < w(t) for every i € Iand t € [0, c0).

2.2 The Kalton Interlaced Graphs and Property Q
For k € N and M an infinite subset of N, we put [M]*F = {S ¢ M : |S| < k}, [M]¥ =

{ScM:|S|=k}, [M]®={ScM:Sisinfinite}, and [M]<“ = {S c M : S is finite}.
We always list the elements of some 1 in [N]<“ or in [N]“ in increasing order, mean-

ing that if we write m = (my, my,...,m;) or m = (my, my, ms,...), we tacitly as-
sume that m; < m; < ---. Note that [M]*F and [M]<“ contain the empty sequence,
denoted @.

Form = (my, my,...,m,) € [N][*“ and 7 = (ny,na,...,15) € [N]<%, we write
m<mn,ifr<s<kandm; =n;,fori =1,2,...,r,and we write m < nif m <% or

m = 7. Thus, m < 7 if m is an initial segment of 7.
Following Kalton [14], for M € [N], we equip [M]* with a graph structure by
declaring 7 # 7 € [M]¥ adjacent if and only if

m<m<<ny --<ng<myg or m<n <my---<mg<ng.
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For any m, 7 € [M]F, the distance df (777, 7) is then defined as the shortest path dis-
tance in the graph [M]*.

Remark 2.1 We do not make a reference to M in our notation d¥, because the
distance df is independent of the set M. By this, we mean that if M and L are two
infinite subsets of N and 71, 7 both belong to [M]* and [IL]¥, then the shortest paths
from 7 to 7 in [M]* and in [LL]* have the same lengths. In particular, [M]* is a
metric subspace of [IL]* whenever M € [IL]¢.

The above remark is intuitively clear, but one could argue that it needs a justifica-
tion for distances larger than 1. In any case, it is an immediate consequence of the
following explicit formula for the distance, which we will also use in the proof of
Proposition 4.3.

Proposition 2.2 Letk € Nand M e [N]“. Then d§ (n,m) = d(7n, m) for all i, m €
[M]* where d(n,m) = sup{| [0 S| - [m n S|| : S interval of N}.

Proof It is easily seen that d is a metric on [M]*. Since df is a graph metric on
[M]*, in order to show df = d, it is enough to verify that dX (72, #) = 1if and only if
d(n, m) =1and that d is a graph metric.

For A c N, let us denote 1,: N — {0,1} the indicator function of A and let us first
observe the following fact.

Fact  Foreveryn, m € [M]F,
d(n,m) = max F(i) - min F(i),
where F(i) = Fa (i) = 2 1i(j) - I (j) (and F(0) = 0).

Indeed, we have for any interval S = [a, b] that

[Snal-|snm| =3 (1:(j) - 1(j)) = F(b) - F(a-1).

jeS

In particular, maxs |[S 7|~ |Sn || < max F—min F. On the other hand if § = [a, b]
is such that {F(a — 1), F(b)} = {max F, min F}, then ||S nnl—|Sn WH > max F —
min F, which finishes the proof of the fact.

It is clear that df (77, m) = 1 if and only if max F — min F = 1. Thus, it only remains
to prove that d is a graph metric. Now given 7, 712 in [M]¥ such that d (7, m) > 2, we
are looking for € € [M]* \ {m, 7} such that d(m,n) = d(#,€) + d(€, m). Without
loss of generality, we will assume that max Fy; 7 > 0. Notice that the sets arg max(F)
and arg min(F) are disjoint. We select inductively {a; < --- < a,} c argmax(F) and
{by <--- < by} cargmin(F) (with p > 1and g > 0) with the following properties:

* a; = minarg max(F);
e fori>1,b; =min({n > a;} nargmin(F)), if this is not empty;
e a;;1 =min({n > b;} nargmax(F)), if this set is not empty.
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Notice that {ay,...,a,} c "~ mand {by,...,bs} c m \ 7. Notice also that either
p = qorp=q+1 In the latter case, we define b, := r for some r such that r > a,
and F(r — 1) > F(r). Such r must exist, since F(max{ny, my}) = 0. Also, we have
rem\ n. We will set

e=nu{by,....b,} ~{ai,...,a,}.

It is clear that £ € [M]¥. We also have max Fyo = maxFys; — 1and min Fy ;=
min F; 7. Indeed, the point £ is constructed in such a way that when F; 7; attains its
maximum for the first time (going from the left), F; - is reduced by one and stays
reduced by 1 until the next time the minimum of Fy ; is attained (or until the point r)
where this reduction is corrected back, and so on. Thus d(¢, ) = d (7, m) — 1. Also,

since the sets {al, e ap} and {bl, e bp} are interlaced, we have F; 7z — 1< F; - <
Fy 7. Therefore, since Fi 7 = F, 5 + F; ., we have that 0 < F.; < 1, and so finally
d(7,€) =1, since it is clear that 77 # €. |

Note that if X is a Banach space and f: ([M]¥,dk) — X is a map with finite expan-
sion modulus wy, then w¢(1) is actually the Lipschitz constant of f as dk is a graph

distance on [M]*.
In [14] the property Q is defined in the setting of metric spaces. For homogeneity
reasons, its definition can be simplified for Banach spaces. Let us recall it here.

Definition 2.3 Let X be a Banach space. We say that X has property Q if there exists
C > 1 such that for every k € N and every Lipschitz map f: ([N]¥,dk) — X, there
exists an infinite subset Ml of N such that

v, e MY, | f(71) - f(m)] < Cws(1).

The following proposition should be clear from the definitions. We will however
include its short proof.

Proposition 2.4 Let X be a Banach space. If X has property Q, then the family of
graphs ([N]¥, dk) .y does not equi-coarsely embed into X.

Proof Let C >1be given by the definition of property Q. Aiming for a contradiction,
assume that the family ([N]*, dE),cy equi-coarsely embeds into X. That is, there
are maps fi: ([N]*,dE) - X and two functions p, w: [0, +00) — [0, +00) such that
lim;, o p(t) = co and

VkeN Vt>0 p(t) <ps(t) and wy(t)<w(t)<oo.
Thus, for every k € N, there exists an infinite subset Ml; of N such that
diam(f([Mi]")) < Ca(1).

Since diam([M]*) = k, this implies that for all k € N, p(k) < Cw(1). This contra-
dicts the fact that lim;_, o p(t) = co. ]

A concrete bi-Lipschitz copy of the metric spaces ([N]¥, dk) in ¢, is given by the
following proposition.
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Proposition 2.5 Let (s,)5, be the summing basis of co, that is s, = >, e;, where
(i), is the canonical basis of co. For k € N, define fi : ([N]*,dE) — co by fi(7) =
Yk sn,. Then

(1, < 1) = )] < b ()
for all n,m e [N]*,

Proof Since d& = d, one can show (as in the Fact in the proof of Proposition 2.2)
that dX (71, 7) = max(fi (7) - fi (m)) - min(fi (%) - fi()). The result then follows
easily, since min( fi (77) — fx (7)) < 0 < max(f (%) — fi(m)) forall ,7m € [N]*. m

Remark 2.6 We already explained that ¢ cannot coarsely embed into any Banach
space with property Q (in particular into any reflexive Banach space) and that Kalton
even showed with additional arguments that if ¢ coarsely embeds into a separable
Banach space X, then one of the iterated duals of X has to be non-separable. An
inspection of his proof shows that the uniformly discrete metric spaces

k
My = { zsn; X1yt (nl,...,nk) € [N]k,AE [N]w} c ¢o
i=1

do not equi-coarsely embed into any Banach space X such that X(") is separable for
all 7. Here, the notation s, x 1, stands for the pointwise multiplication of elements in
¢+ when they are seen as functions on N. See Theorem 6.1 for more on this subject.

Studying further the property Q in [14], Kalton exhibited non-reflexive quasi-
reflexive spaces with the property Q but showed that J and J* fail property Q. It is
worth noticing that a theorem of Schoenberg [22] implies that L; coarsely embeds
into L,, and therefore L; provides a simple example of a non-reflexive Banach space
with property Q. Let us mention that a very simple concrete formula for the embed-
ding of L, into L, is given in [20, Corollary 3.1].

We conclude this section with two propositions that we state here for future refer-
ence. We start with a classical version of Ramsey’s theorem.

Proposition 2.7 ([10, Corollary 1.2]) Let (K, d) be a compact metric space, k € N
and f:[N]* — K. Then for every e > 0, there exists an infinite subset M of N such that

d(f(n), f(m)) < e for every n, m € [M]*.

For a Banach space X, we call tree of height k in X any family (x(7))ze[n)=t>
with x(7) € X. Then if M € [N], (x(7))ze=x will be called a full subtree of
(x(7) )sie[ny=x- A tree (x™(7) )z in X* is called weak™-null if for any 7 =
(n1,...,n;) € [M]¥*1\ {7}, the sequence (x* (11,..., 1}, t))>n;.cen is weak* -null
and the sequence (x; )ay is also weak*-null.

The next proposition is based on a weak* -compactness argument and will be cru-
cial for our proofs. Although the distance considered on [N]* is different, the proof
follows the same lines as [3, Lemma 4.1]. We therefore state it now without further
detail.
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Proposition 2.8 Let X be a separable Banach space, k € N, and let f: ([N]¥,
dk) — X* be a Lipschitz map. Then there exist Ml € [N]° and a weak*-null tree
(x* (M) )mepaay=k in X* with | x| < ws(1) for all'm € [M]=F \ {@} and so that

k
vie MY, f(n) =x+ > x*(m,...,n) = Y. x*(m).
i=1 m=<n
3 Uniform Asymptotic Properties of Norms and
Related Estimates

We recall the definitions that will be considered in this paper. For a Banach space
(X, ] - 1), we denote by Bx the closed unit ball of X and by Sy its unit sphere. The
following definitions are due to V. Milman [19], and we adopt the notation from [13].
For t € [0, 00 ), we define

px(t) =sup iI}f sup ([x+ty|-1),
x€eSx yeSy

where Y runs through all closed subspaces of X of finite codimension. Then the norm
| - || is said to be asymptotically uniformly smooth (AUS) if

p.(t
limipx( ) =

t—0 t

0.

For p € (1,00), it is said to be p-asymptotically uniformly smooth (p-AUS) if there
exists ¢ > 0 such that for all t € [0, 00), p () < ctP.
We will also need the dual modulus defined by

—% . . * | _
(0) = nf sup inf (I 1y -1).

where E runs through all finite-codimensional weak*-closed subspaces of X*. The
norm of X* is said to be weak™ asymptotically uniformly convex (in short AUC*) if

Sz(t) > 0 for all # in (0, 00). If there exists ¢ > 0 and g € [1,00) such that for

all t € [0,1] 5;(1‘) > ctd, we say that the norm of X* is g-AUC*. The following
proposition is elementary.

Proposition 3.1 Let X be a Banach space. For any t € (0,1), any weakly null sequence
(x4)52, in Bx and any x € Sx, we have

limsup |[x + tx,| <1+ p,(1).

n—oo

For any weak* -null sequence (x})52, ¢ X* and any x* € X* ~ {0}, we have

limsup [ + x5 > | (14 8y (22221 ).

*
n—>oc0 ]|

We will also need the following refinement (see [18, Proposition 2.1]).
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Proposition 3.2  Let X be a Banach space. Then the bidual norm on X** has the
following property. For any t € (0,1), any weak™ -null sequence (x;* )52, in Bxs+, and
any x € Sx, we have

limsup |x + tx, " || <1+p, ().

n—oo

Let us now recall the following classical duality result concerning these moduli
(see, for instance, [8, Corollary 2.3] for a precise statement).

Proposition 3.3  Let X be a Banach space. Then | - || x is AUS if and only if | - | x+ is
AUC*.

If p, q € (1, 00) are conjugate exponents, then | - ||x is p-AUS if and only if || - | x is
g-AUC".

We conclude this section with a list of a few classical properties of Orlicz functions
and norms that are related to these moduli. A map ¢: [0, 00) — [0, c0) is called an
Orlicz function if it is continuous, non-decreasing, convex, and so that ¢(0) = 0 and
lim; .o ¢(t) = co. The Orlicz norm | ||, , associated with ¢ is defined on cgo, the
space of finitely supported sequences, as follows:

V= ()i € oo [xe, =inf{r>0, 3 o(xafr) <1},
n=1
The following lemma is immediate from the definition.

Lemma 3.4 Let ¢: [0,00) — [0, 00) be an Orlicz function and p € [1, o).

(i) If there exists C > 0 such that ¢(t) < Ct?, for all t € [0,1], then there exists A > 0
such that | x|, < Allx||e,, for all x € coo.

(ii) If there exists ¢ > 0 such that ¢(t) > ct?, for all t € [0,1], then there exists a > 0
such that | x| ¢, > a|x||e,, for all x € cop.

Assume now that ¢: [0, 00) — [0, 00) is an Orlicz function that is 1-Lipschitz and
such that lim,_, ., ¢(t)/t = 1. Consider for (s, t) € R?,

NS (5.1) - {:t: /) it <0,
Then define by induction for n > 3,

V(s1r...r80) €R", NY(s1,...55,) = Nf(NZ’?l(sl, .. ,sn_l),sn).
The following is proved in [15] (see Lemma 4.3 and its preparation).

Lemma 3.5 (i) For any n > 2, the function N§ is an absolute (or lattice) norm
on R", meaning that N, (s1,...,s,) < N,u(t1,...,t,), whenever |s;| < |t;| for all
i<n.

(ii) Foranyn e NandanyseR":

1
EHSHQD <Ny (s) <es]e,-
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When X is a Banach space, it is easy to see that p, is a 1-Lipschitz Orlicz function

such that lim;_. py(¢)/t = 1. But due to its lack of convexity, 5; is not an Orlicz
function, and we need to modify it. Following [15], we define

8(1) = fous*xs(s)d&

It is easy to see that S;(t) /t is increasing and tends to 1 as ¢ tends to co. Therefore, &
is an Orlicz function which is 1-Lipschitz, such that lim;_, . 6(¢)/t = 1 and satisfying:

Vee[0,00), Ox(t/2) <8(t) <dy(t).
The following statement is now a direct consequence of Lemmas 3.4 and 3.5.

Lemma 3.6 Let X be a Banach space and p € [1, 00).

(i) If there exists C > 0 such that py(x) < CtP, for all t € [0,1], then there exists
A > 0 such that

VneNVxeR", Ngx(x) <Alx

en
(i) If there exists ¢ > 0 such that S;(t) > ctP, for all t € [0,1], then there exists a > 0

such that
VneNVxeR", N°(x)2 alxer.

We will also use the following reformulation of Propositions 3.1 and 3.2 in terms
of the norms N? and N4*.

Lemma 3.7 Let X be a Banach space.
(i) Let (x;;) c X* be weak*-null. Then for any x* € X*, we have

limsup |x* + x| > N2 (|| x* |, limsup || x}]).

n—oo

nl
(ii) Similarly, if (x*) ¢ X** is weak™-null and x € X, then

liminf |x + x*| < N2*(|x|, liminf | x*]).
n—oo

Proof Ifx* =0, there is nothing to do, so we can assume that x* # 0. By application
of Proposition 3.1, we see that

limsup [x* + x| > Hx*||(1+ Oy

*
n—oo

2Hx”||(1+5(

=+ (limsup [ x; |
( 1m31;p X ))

lim sup ||x;; |
]|

The proof of the second claim is even simpler, so we leave it to the reader. ]

)) = N3 (" | limsup | ]).
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4 The General Result

Let us first recall that a Banach space is said to be quasi-reflexive if the image of its
canonical embedding into its bidual is of finite codimension in its bidual. We can
now state our main result.

Theorem 4.1 Let X be a quasi-reflexive Banach space, let p € (1, 00), and denote
by q its conjugate exponent. Assume that X admits an equivalent p-AUS norm and
that X* admits an equivalent q-AUS norm. Then the family ([N]*, dX) ey does not
equi-coarsely embed into X**.

We immediately deduce the following corollary.

Corollary 4.2 Let X be a quasi-reflexive Banach space, let p € (1,00) and denote
by q its conjugate exponent. Assume that X admits an equivalent p-AUS norm and
that X* admits an equivalent q-AUS norm. Then the family ([N]¥, d&) ey does not
equi-coarsely embed into X, nor does it equi-coarsely embed into any iterated dual X(")
(r>0)of X.

Proof Since X is quasi reflexive, we infer that X(*) admits an equivalent p-AUS norm
when r is even and admits an equivalent g-AUS norm when r is odd. Indeed, note
that when r is even X(") is isomorphic to X ® » F where F is finite-dimensional (resp.
X ~ X* @, F when ris odd). Now it is obvious from Theorem 4.1 that ([N]¥) zey do
not equi-coarsely embed into X(") when r is even. When r is odd, we just exchange
the roles of p and q. ]

Before going into the detailed proof of Theorem 4.1, let us briefly indicate the main
idea. We assume that there is an equi-coarse family of embeddings ( fi) of [N]* into
X** with moduli p and w. We fix k sufficiently large and observe that, up to passing
to a subgraph, fi can be represented as the sum along the branches of a weak™-null
countably branching tree of height k, say (27 )z}t Moreover, the norms of the ele-
ments of this tree stabilize on each level towards values (K; ) c [0, w(1)]. Applying
the existence of a g— AUS norm on X*, one can show that 3%, KP < c?w(1)? where ¢
is a constant depending only on X. The benefit of this observatlon is twofold. On one
hand, we will be able to construct two elements 7, 7179 € [N]' (with I < k) such that
ZLI Z(n,..oni) = Z(m,...,m;) i small in norm (say less than 2cw (1)), while d& (no, myp)
is large (say p(dk (n9,m0)) > 3cw(1)). On the other hand, the p— AUS renormability
of X together with the quasi-reflexivity allows to extend these elements to elements
7, m € [N]¥ such that df (7, m) is still large and

H zk: Z(n1yesni) T 2(mye rn)H ( Z |z(ns,.onsy = Z(mpsecsmi) | )/P
i=l+1
. »)\ '/
( i=lz+1K1 ) < cw(l).
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Eventually, summing the tree from 1 to k over the branches ending by 7 and 7, we
get the desired contradiction

3cw(1) < p(dig(71,7)) < | fi(7) = fie(m)]| < 3cw(1).

Proof of Theorem 4.1 Let us assume that there are two maps p, w:[0,+00) —
[0, +00) and maps f; ([N]¥,dk): — (X**,||-|) for k € N such that
(i) lim¢oo p(t) = o0;

(ii) w(t) < oo forevery t € (0, +00);
(iii) p(t) <pf (1) and wy, (t) < w(t) for every k e Nand ¢ € (0, c0).
Note that all f;’s are w(1)-Lipschitz for |- | and so w(1) > 0. Since all the sets [N]*
are countable, we can and will assume that X, and therefore by the quasi-reflexivity
of X all its iterated duals, are separable.

Let us fix N € N. Pick & € N such that o > g and set k = N'** e N. We also fix
# > 0. We obtain a contradiction at the end of our proof if N is chosen large enough
and # small enough. We denote by | - || the original norm on X, as well as its dual
and bidual norms. Let us assume, as we can, that || - | is p-AUS on X. We denote its
modulus of asymptotic uniform smoothness p| ., or simply p .

For the first step of the proof, we exploit the existence of an equivalent g-AUS norm
|| on X* (we also denote | -| its dual norm on X**). It is worth mentioning that if X
is not reflexive, |-| cannot be the dual norm of an equivalent norm on X (see, for
instance, [7, Proposition 2.6]). Assume also that there exists b > 0 such that

Vze X** b|z| <le| < |z]|.
Then we have that all f;’s are also w(1)-Lipschitz for |- |.
By Proposition 3.3, we have that there exists ¢ > 0 such that for all ¢ € [0,1],
5‘*. |(£) > ct?. We denote again

8(t) = [Ota'%(s)ds.

Recall that Lemma 3.6 ensures the existence of @ > 0 such that for all n € N, N? >
2al - en.

First, using the separability of X* and Proposition 2.8, we can assume, by passing to
a full subtree, that there exist a weak” -null tree (z(77) )zenj<x in X with |27 < w(1)

for all m € [N]** \ {@} and so that

k
v7 e [N, fi(7) = Z(:]z(nl,...,ni) = > z(m).

m=<n

For r € N, we denote E, = {m = (my,...,m;) € [NJ** \ {@}, m; = r} and
F, = U}, E,. Fix a sequence (1,)72; in (0,1) such that [T;2; A, > 1. We now use
Lemma 3.7(i) and the fact that (z(771) )z [wy)=+ i 2 weak” -null tree to build inductively

ny < -+~ < n,sothat forall 7',..., 7" € F,_,alle,...,ep e {-11} andalln € E,,
we have

, z(ﬁ)|).

‘z(ﬁ) + lie,z(n’)\ > 1,N3 (| lis,z(n’)
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Therefore, using the fact that N? is an absolute norm and after passing to a full subtree,
we can assume that forall r; < --- < rpinN, all ¢, ..., ¢ € {-1,1} and all ...t
so that 7' € E, for1< 1< L, wehave

L

0| Sas] 2 I o)) 2 o S))

i=1

Assume now that7 = (ny,...,nx) € NF is such that n; < -+ < ny, are even and choose
m = (my,...,mg) sothat ny < my <--+ < ng < my. It follows from (4.1) that

k
|f(ﬁ)_f(m)| = ‘ ZZ(nl,...,ni)—z(ml,...,m,-)

—_
=~

1/p
‘a(Z|Z(n1""’"i)|p+|Z(m1,...,m,-)|p) .

We now use the fact that d& (77,7) = 1and f is w(1)-Lipschitz to deduce

( é|z(n1,...,n,-)|p)l/p éw(l)

So replacing N with 2N and setting A = 1/a, we can assume that

k
(4.2) v e [N]F, (Z|z(n1,...,n,~)|P)l/PSAw(l).
i=1

By Ramsey’s theorem (Proposition 2.7), we can also assume, after passing again to
a full subtree, that for all i € {1,..., k}, there exists K; € [0, w(1)] such that

V(nl,...,ni)e[N]i, KiS|Z(T’11,...,I’li)|SK,'+I/[.
The estimate (4.2) yields

k
YK < APw(1)P.

i=1

Therefore, since k = N'**, there exists j € {0, N, ..., N(N% - 1)} such that

J+N AP w(1)?
Y KP< #
i=j+1 N
Then we deduce from Hoélder’s inequality that

(43) ]i\[ K < Nl/qA(U(l)

i=j+1

< Aw(l).

We now use the assumption that X is quasi-reflexive, so that X** = X & F, where

F is of finite dimension. Thus, for each (ny,...,n;) € [N]¥, we can decompose

z(ny,...,n;) = x(ny,...,n;) + e(ny,...,n;), with x(ny,...,n;) € X and e(ny,

..,n;) € F. Then the compactness of bounded sets in F and another application of
Proposition 2.7 allows us to assume, after passing to a full subtree, that

Vie{l,....k} Va,v e [N]', |e(n) - e(¥)| <1,

https://doi.org/10.4153/50008439519000535 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439519000535

88 G. Lancien, C. Petitjean, and A. Prochazka

which implies that for all i € {1,...,k} and all 77,7 € [N], we have
(4.4) [2(7) = 2] = |x(7) - x(@)|| < 7.

We are now ready for the last step of the proof, where we build 72 and % in [N]* so
that df (m,%) = N, but |f(m) — f(u)| is bounded by a constant depending only on
w(1) and on X. This will yield a contradiction with the fact that limy_,.. p(N) = .

First, we set m; = u; = i, forall1< i < j. Then,for j+1<i< j+ N,wesetm; =i
and u; = i + N. Finally, we build m; = u; inductively, for j + N < i < k. Note, that
when this is done, we will indeed have df (m, %) = N.

First, we obviously have

(4.5) z(my,...,m;) —z(uwy,...,u;) = 0.

j
i=1
The next estimate follows from (4.3):

J+N j+N
(4.6) | > oz(my,..omp) —z(ug,..ou)| <Y 2(Ki + 1) <3Aw(1),

i=j+1 i=j+1

if # was initially chosen small enough.

We now select the remaining coordinates of 7 and % inductively using the fact
that | - | is p-AUS. To shorten the notation for the end of the proof, we now denote
xi =x(my,...,m;), zi = z(my,...,m;), xi = x(ug,...,u;), and 2} = z(uy, ..., u;).
First, we simply set mj, 41 = tjyn1 = j+ 2N + 1. We now use the fact that the tree
(2() )=+ is weak”™-null and Lemma 3.7(ii) to find mji 42 = Ujins2 > j+2N +1
such that

| N1 = x;‘+N+1 T ZjN+2 — Z;‘+N+2 I
< NDX([l#jene1 = Kol |2jewe2 = Zhnaal) + 11
It follows from (4.4) that
|zjsne1 = Z;’+N+1 T ZjeN+2 ~ Z;’+N+2 I
< NP (lzgewan = 2ol + 11 [2jonsz = Zhonial ) + 21
< Nzﬁx( %(ij“ +1) +1, %(Kﬁmz +1) ) +21.

Similarly, we can inductively find m j+N+2 = UjyNg2 <o+ < my = uy such that

H > (a-)

i=j+N+1

2 —
| < ENPy(Kjowanr- oK) + (1),

provided 7 is chosen small enough. Since Lemma 3.6 ensures the existence of C > 0

such that N°* < C | ller for all n € N, the above inequality yields

H Zk: (Zi—zi)‘ﬁ%( Zk: Kf)l/P+w(1)s(%+l)w(1).

i=j+N+1 i=j+N+1
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Finally, combining the above estimate with (4.5) and (4.6), we get that

) - f)] < 2R L),

As announced at the beginning of the proof, this yields a contradiction if N was ini-
tially chosen so that p(N) > Ww(l), as was possible. ]

Unlike reflexivity, quasi-reflexivity itself is not enough to prevent the Kalton graphs
from embedding into a Banach space. We thank P. Motakis for showing us the next
example.

Proposition 4.3 (Motakis) There exists a quasi-reflexive Banach space X such that
the family of graphs ([N]¥, d& ) e equi-Lipschitz embeds into X.

Proof The proof relies on the existence of a quasi-reflexive Banach space X of order
one that admits a spreading model, generated by a basis of X that is equivalent to
the summing basis (s,)52; of ¢o. This is shown in [9, Proposition 3.2] and based on
a construction given in [6]. We refer the reader to [5] for the necessary definitions.
Consequently, there exists a sequence (x, )52, in Sy and constants A, B > 0 such that
forallk <n;<---<ngandalle,...,¢e in {-1,0,1}, one has

k k
< H Zsixni < BH Zsisi
o i1 X in1

Fork e Nand 7 = (ny,...,n;) € [N]¥, we define

k
(4.7) AH Z £S;
izl

Co

k
k(1) = Xoksm;
i=1

It follows easily from Proposition 2.5, the inequality (4.7), and the fact that (s, )22, is
a spreading sequence that

A _ _ _
S dic(7,7) < [ e (7) - i (1) | x < By (71, 7)
for all 77, m € [N]*. ]

Remark 4.4 Let us mention that, more generally, it was proved in [2] that for
any conditional normalized spreading sequence (e, )52, there exists a quasi-reflexive
Banach space X of order 1 with a normalized basis (x;)2, that generates (e, )52, asa
spreading model.

5 The James Sequence Spaces

Let p € (1, 00). We now recall the definition and some basic properties of the James
space J,. We refer the reader to [1, Section 3.4] and references therein for more details
on the classical case p = 2. The James space J,, is the real Banach space of all sequences
x = (x(n)) yeny of real numbers with finite p-variation and verifyinglim,_, ., x(n) = 0.
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The space J, is endowed with the following norm

k-1 l/p
%13, = sup { ( 3 [x(pist) = x(p)P) 1< pr< pa <o < pi}
i=1

This is the historical example, constructed for p = 2 by R. C. James in [11], of a quasi-
reflexive Banach space that is isomorphic to its bidual. In fact, J;* can be seen as the
space of all sequences of real numbers x = (x(n)) ey with finite p-variation, which
is J, ® Re, where e denotes the constant sequence equal to 1.

The standard unit vector basis (e, )52, (e, (i) =1ifi = nand e, (i) = 0 otherwise)
is a monotone shrinking basis for J,. Hence, the sequence (e; );2, of the associated
coordinate functionals is a basis of its dual H;. Then the weak™ topology 0(3;, J p) is
easy to describe. A sequence (x,);2; in g, converges to 0 in the 0(J},d,) topology
if and only if it is bounded and lim,,_, o x}; (i) = 0 for every i € N.

For x € J,, we define suppx = {i € N: x(i) # 0}. For x, y € J,, we define x < y
whenever max supp x < min supp y.

Similarly, an element x* of Jj will be written as x* = Y2, x*(n)e,,, its support
assuppx* = {i € N: x*(i) # 0}, and we will say x* < y* whenever max supp x* <
minsupp y*.

The detailed proof of the following proposition can be found in [21, Proposition
2.3]. This a consequence of the following fact: there exists C > 1such that | Y7, x; HSP

<CYL % ng, forallx; <--- < x, in J,.

Proposition 5.1  There exists an equivalent norm |-| on J, such that its dual norm
||+ has the following property. For any x*, y* € J, such that x* < y*, we have that

o™+ 2 I

In particular, |- |, is g-AUC” for the weak™ topology induced by J,, and therefore |- | is
p-AUS on J,.

There is also a natural weak™ topology on J,. Indeed, the summing basis (s, )52,
(sn(i) =1if i < nand s,(i) = 0 otherwise) is a monotone and boundedly complete
basis for J,. Thus, g, is naturally isometric to a dual Banach space: J, = X* with
X being the closed linear span of the biorthogonal functionals (e, - e;.,;)52; in d}
associated with (s, )22;. Note that X = {x* € J%, 72, x*(n) = 0}. Thus, a sequence
(xn)p2y in g, converges to 0 in the 0(J,, X) topology if and only if it is bounded and
lim, o0 (%, (i) = x,(j)) = 0 for every i # j € N. The next proposition is easy (see
[17, Proposition 2.3] for the case p = 2).

Proposition 5.2 The usual norm on J, is p-AUC* for the weak™ topology induced by
X. In other words, the restriction to X of the usual norm on g3 is q-AUS.

Then, since X is one codimensional in J%, we have that 3; is isomorphic to X ® R

and therefore also admits an equivalent g-AUS norm.
The above remarks combined with Corollary 4.2 immediately yield the following.
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Corollary 5.3 Let p € (1,00). Then the family ([N]¥, dk) ey does not equi-coarsely
embed into J,, nor does it equi-coarsely embed into 3;.

6 A Remark on the James Tree Space

Let us recall the construction of the James tree space JT. We denote by T = 2<¢ the
tree of all finite sequences with coefficients in {0, 1} equipped with its natural order:
fors, t € T, wesay that s < tifthe sequence ¢ extends s. The set of all infinite sequences
with coefficients in {0,1} will be denoted 2¢. For s € T, the length of s is denoted |s].
We call a segment of T any set of the form {s € T,t <s < t'} witht < ¢ in T. For a
map x: T — R, we define

Ix| g7 = sup{( Zn:( D x(s))Z)l/z}’

i=1 \ seS;

where the supremum is taken over all pairwise disjoint segments Sy, ..., S, of T. Then
the James tree space is the space JT = {x: T - R,|x|s5 < oo} equipped with
the norm |- ||g7. Fors € T, we denote e;: T — R defined by e (t) = 8.t € T.
Ify: N — T is a bijection such that |y(n)| < [y(m)| whenever n < m, then (ey ()52,
is a normalized, monotone and boundedly complete basis of J7. For s € T, the coor-
dinate functional e is defined by e} (x) = x(s), x € J7. Then the closed linear span
of {e}, s € T}in JT* is denoted B, and B* is isometric to 7. The space JT was built
by R. C. James in [12] to serve as the first example of a separable Banach space with
non-separable dual that does not contain an isomorphic copy of ¢;.

In [14] it was shown that if a Banach space X coarsely contains cg, then there exists
k € N such that X(¥), the dual of order k of X, is non-separable. A close look at the
proof of [14, Theorem 3.5] allows us to state the following theorem.

Theorem 6.1 (Kalton) Let X and Y be two Banach spaces such that X coarsely embeds
into Y. Assume moreover that there exist an uncountable set I and for every i € I and
k €N, a 1-Lipschitz map fF: ([N]*,dk) — X such that

. . . k(=Y _ ki —
e AR
Then there exists r € N such that Y7 is not separable.

As an application, we can show the following.

Theorem 6.2 Let Y be a Banach space such that B or JT coarsely embeds into Y.
Then there exists r € N such that Y") is not separable.

Proof Foro € 2% weletoy, = (0y,...,0,). Then, for k € N, we define f¥: [N]* - B

as follows. For 71 = (ny, ..., n;) € [N]¥, let
S -
n)=— e;.
P07k

i
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Assume, for instance, that n; < m; < ---n, < my. Then we can write
k k 1 zk: 5
fo(m) = f5(n) = —= e
’ ’ V=t
where Sy, ..., Sy are pairwise disjoint segments in T. Note that for any segment S;,
the sum } ¢, e belongs to the unit ball of J7*. It then follows from the Cauchy-
Schwarz inequality that f¥ is 1-Lipschitz on ([N]¥, dk). Assume now that o # 7 € 2¢.

Pick r € N such that g, # 7,. Then for any M € [N]® and any 7 = (ny,...,ny) € [M]*
with n; > r, we have

£ @) = fE@) s 2 [{f5 (@) - (7). eq,,)| 2 V.
By Theorem 6.1 and the uncountability of 2, this finishes our proof for B.
For 0 € 2° and k € N, define g¥: [N]* - JT by

_ _ 1 ¢
V7 = (ny,...,n) € [N]5, gk(n) = T Ze%.
i=1

It is easily checked that g¥ is 1-Lipschitz on ([N]¥, d¥ ). Assume that o # 7 € 2¢. Pick
r € Nsuch that o, # 7,. Then for any M € [N]® and any 7 = (ny,..., ng) € [M]* with
m2rletS={seT, o) <s<oj,,} ThesetSisasegmentin T,and x* = ¥ g e; is
in the unit ball of J7*. Therefore,

g6 (7) — g5 (M) la7 > (g5 (71) — g7 (1), ") >

SIS

This concludes our proof for J7. ]

Acknowledgments We are grateful to P. Motakis for allowing us to include
Proposition 4.3 and for very useful discussions. We also wish to mention that the
formula describing the interlaced distance given in Proposition 2.2 has been inde-
pendently obtained by F. Baudier, P. Motakis, and Th. Schlumprecht.

References

[1] E Albiac and N. J. Kalton, Topics in Banach Space Theory, Graduate Texts in Mathematics, 233,
Springer, New York, 2006.

[2] S. Argyros, P. Motakis, and B. Sari, A study of conditional spreading sequences. ]. Funct. Anal.
273(2017), 3,1205-1257.  https:/doi.org/10.1016/j.jfa.2017.04.009

[3] E Baudier, G. Lancien, P. Motakis, and Th. Schlumprecht, A new coarsely rigid class of Banach
spaces. 2018.  arxiv:1806.00702.

[4] E Baudier, G. Lancien, and Th. Schlumprecht, The coarse geometry of Tsirelson’s space and
applications. ]. Amer. Math. Soc. 31(2018), 3, 699-717.  https:/doi.org/10.1090/jams/899

[5] B.Beauzamy and J. T. Lapresté, Modéles étalés des espaces de Banach. Travaux en Cours, Hermann,
Paris, 1984.

[6] S.E Bellenot, R. Haydon, and E. Odell, Quasi-reflexive and tree spaces constructed in the spirit of R.
C. James. In: Contemp. Math. Vol. 85, American Mathematical Society, Providence, RI, 1989, pp.
19-43.  https:/doi.org/10.1090/conm/085/983379

[7]1 R.M. Causey and G. Lancien, Prescribed Szlenk index of separable Banach spaces. Studia Math.
248(2019), 2,109-127.  https://doi.org/10.4064/sm171012-9-9

[8] S.Dilworth, D. Kutzarova, G. Lancien, and L. Randrianarivony, Equivalent norms with the property
(B) of Rolewicz. Rev. R. Acad. Cienc. Exactas, Fis. Nat. Ser. A Mat. RACSAM 111(2017), 1, 101-113.
https://doi.org/10.1007/513398-016-0278-2

https://doi.org/10.4153/50008439519000535 Published online by Cambridge University Press


https://doi.org/10.1016/j.jfa.2017.04.009
http://www.arxiv.org/abs/1806.00702
https://doi.org/10.1090/jams/899
https://doi.org/10.1090/conm/085/983379
https://doi.org/10.4064/sm171012-9-9
https://doi.org/10.1007/s13398-016-0278-2
https://doi.org/10.1007/s13398-016-0278-2
https://doi.org/10.4153/S0008439519000535

On the Coarse Geometry of James Spaces 93

(9]

(10]

(1]
(12]

(13]

(14]
(15]
(16]
(17]
(18]
(19]

(20]

(21]

(22]

D. Freeman, E. Odell, B. Sari, and B. Zheng, On spreading sequences and asymptotic structures.
Trans. Amer. Math. Soc. 370(2018), 6933-6953.  https:/doi.org/10.1090/tran/7189

W. T. Gowers, Ramsey methods in Banach spaces. In: Handbook of the Geometry of Banach

Spaces. Vol. 2, North-Holland, Amsterdam, 2003, pp. 1071-1097.
https://doi.org/10.1016/S1874-5849(03)80031-1

R. C. James, Bases and reflexivity of Banach spaces. Ann. of Math. (2) 52(1950), 518-527.
https://doi.org/10.2307/1969430

R. C. James, A separable somewhat reflexive Banach space with nonseparable dual. Bull. Amer. Math.
Soc. 80(1974), 738-743.  https://doi.org/10.1090/S0002-9904-1974-13580-9

W. B. Johnson, J. Lindenstrauss, D. Preiss, and G. Schechtman, Almost Fréchet differentiability of
Lipschitz mappings between infinite-dimensional Banach spaces. Proc. London Math. Soc. (3)
84(2002), 3, 711-746.  https://doi.org/10.1112/50024611502013400

N. J. Kalton, Coarse and uniform embeddings into reflexive spaces. Q. ]. Math. 58(2007), 393-414.
https://doi.org/10.1093/qmath/ham018

N. J. Kalton, Uniform homeomorphisms of Banach spaces and asymptotic structure. Trans. Amer.
Math. Soc. 365(2013), 1051-1079.  https://doi.org/10.1090/50002-9947-2012-05665-0

N. J. Kalton and L. Randrianarivony, The coarse Lipschitz geometry of €5 @ £4. Math. Ann.
341(2008), 1, 223-237.  https://doi.org/10.1007/500208-007-0190-3

G. Lancien, Réflexivité et normes duales possédant la propriété uniforme de Kadec-Klee. Publications
Mathématiques de Besangon 14(1993/94).

G. Lancien and M. Raja, Asymptotic and coarse Lipschitz structures of quasi-reflexive Banach spaces.
Houston J. Math. 44(2018), 3, 927-940.

V. D. Milman, Geometric theory of Banach spaces. I. Geometry of the unit ball. (Russian). Uspehi
Mat. Nauk 26(1971), 73-149.

A. Naor, L, embeddings of the Heisenberg group and fast estimation of graph isoperimetry. In:
Proceedings of the International Congress of Mathematicians. Vol. III, Hindustan Book Agency, New
Delhi, 2010, pp. 1549-1575.

E Nétillard, Coarse Lipschitz embeddings of James spaces. Bull. Belg. Math. Soc. Simon Stevin
25(2018), 71-84.

1. ]. Schoenberg, Metric spaces and positive definite functions. Trans. Am. Math. Soc. 44(1938),
522-536.  https://doi.org/10.2307/1989894

Laboratoire de Mathématiques de Besangon, Université Bourgogne Franche-Comté, CNRS UMR-6623, 16
route de Gray, 25030 Besangon Cédex, Besangon, France
e-mail : gilles.lancien@univ-fcomte.fr antonin.prochazka@univ-fcomte.fr

Université Paris-Est Marne-la-Vallée, Laboratoire danalyse et de mathématiques appliquées (UMR 8050), 5
boulevard Descartes, 77454 Marne-la-Vallée cedex 2, France
e-mail : colin.petitjean@u-pem.fr

https://doi.org/10.4153/50008439519000535 Published online by Cambridge University Press


https://doi.org/10.1090/tran/7189
https://doi.org/10.1016/S1874-5849(03)80031-1
https://doi.org/10.1016/S1874-5849(03)80031-1
https://doi.org/10.2307/1969430
https://doi.org/10.2307/1969430
https://doi.org/10.1090/S0002-9904-1974-13580-9
https://doi.org/10.1112/S0024611502013400
https://doi.org/10.1093/qmath/ham018
https://doi.org/10.1093/qmath/ham018
https://doi.org/10.1090/S0002-9947-2012-05665-0
https://doi.org/10.1007/s00208-007-0190-3
https://doi.org/10.2307/1989894
mailto:gilles.lancien@univ-fcomte.fr
mailto:antonin.prochazka@univ-fcomte.fr
mailto:colin.petitjean@u-pem.fr
https://doi.org/10.4153/S0008439519000535

