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Abstract

We consider, on an Archimedean Riesz space, the spaces of all linear operators lying between
two multiples of the identity (for the order), those leaving all ideals invariant and the order
bounded orthomorphisms. We find, if E is uniformly complete, necessary and sufficient condi-
tions for all such operators defined on sublattices of E to extend to the whole of E. Examples
are given to show the role of uniform completeness. For the space of all orthomorphisms we
give a sufficient condition on E for such an extension to exist.

1980 Mathematics subject classification (Amer. Math. Soc.): 47 B 55.

1. Introduction

Let E be an Archimedean Riesz space (we follow Luxemburg and Zaanen (1971)
for general Riesz space terminology). We let Stab(E) denote the space of all
orthomorphisms on E (see below for all definitions) and P(E) denote the subspace
of order bounded orthomorphisms. We also use S(E) to denote the space of all
linear operators on E which leave all ideals invariant and Z(E) to denote those
linear operators T on E for which there is A>0 with —Ax<Tx < Ax for all xe E+.

It is known that P(E)+ Stab(E) in general. At one time the author conjectured
that P(E) = Stab(F) when E is Dedekind complete. In an attempt to disprove
this the author needed to extend an orthomorphism from an Archimedean Riesz
space to its universal completion (Luxemburg and Zaanen (1971), Definition 50.4).
This led him to ask when such extensions are possible, for each of the four spaces
mentioned above.

Given an Archimedean Riesz space E and a sublattice H of E it is not easy to
describe even when each element of Z(H) extends to an element of Z(E) (the
simple case E = C(X) will give some idea of the difficulties involved). A more
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tractable problem is to seek those E for which the appropriate operators extend,
for any sublattice H. For the spaces Z(-), S(-) and P(-) we have a necessary and
sufficient condition, at least when FE is uniformly complete (when this assumption is
used, examples are given to show that it cannot be dispensed with). For Stab(-),
however, we have only a sufficient condition. It seems to the author that there is
little hope of deciding whether or not this condition is necessary until rather more
is known about the structure of orthomorphisms which are not order-bounded.

Section 2 contains the definitions of the spaces involved together with some
relevant results of representation theory. The extension results are all in Section 3.

2. Orthomorphisms and representations

Let E be an Archimedean Riesz space. A linear operator T on E is called an
orthomorphism if Tx1y whenever x!y. An orthomorphism is order bounded
(in the sense that it maps order bounded sets to order bounded sets) if and only
if it is the difference of two positive orthomorphisms (see Meyer (1977), Corollaire
2.4). We follow Meyer by writing Stab (E) for the space of all orthomorphisms on E,
but retain the notation of Wickstead (1977) in writing P(E) for the space of all
order bounded orthomorphisms on E. We also retain the use of S(E) to denote the
space of all linear operators on E which leave every ideal invariant and Z(E) to
denote those linear operators 7 on E for which there exists A >0 with — Ax<Tx< Ax
for each xe E+.

There are always inclusions

Z(E)< S(E)< P(E)< Stab (E)

and in general all three inclusions may be proper (see Wickstead (1977) for the
first two and Meyer (1977), Example 2.6 for the third. A similar example has been
communicated to the author by Luxemburg (1977). That the inclusion may be
proper will also follow from example (f) below).

If S is a topological space then C®(S) denotes the continuous extended real
valued functions on .S which are finite except on a nowhere dense set. In general
this will not be a linear space when we define 4 = f+ g to mean that A(s) = f(s) + g(s)
whenever the sum is defined (we shall say that sums of the form oo+ (—o0) and
products of the form 0-( + co) are not defined). If S is extremally disconnected then
C*®(S) is a linear space and even an algebra when we define fg(s) = f(s)g(s)
whenever the product is defined (see Luxemburg and Zaanen (1971), Theorem 47.2).

We say that the map x> x" of E into C*®(S) is a representation of E if

(i) E~ ={x": xeE} is a linear space and sublattice of C*(S).

(ii) x> x" is a Riesz space isomorphism of E onto E™,

If, further,
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(iii) For each s€ S there is x € E with 0 < x™(s) < o0, we say that the representation
is admissible.

Order bounded orthomorphisms and representations tie in together nicely. If
TeP(E) and x—x" is a representation of E in C*(S) then there is ¢ € C*(S) such
that, for each x€E,

(Tx)™ (s) = @(s) x"(s)

for those s € S for which the product is defined (see Wickstead (1977), Theorem 2.5
for a general proof and Bigard and Keimel (1969) or Conrad and Diem (1971) for
a special case). Conversely any operator which can be described in this way lies
in P(E); so in particular the representation cannot be extended to Stab(E). Later
this will account for the difference between our results for Szab(E) and the other
spaces. It is, perhaps, worth recording here that, for 7€ P(E) and the corresponding
peC=(S), TeS(E) if and only if ¢ is bounded on the support of each x™ whilst
TeZ(E) if and only if ¢ is bounded.

Every Archimedean Riesz space has many admissible representations. It is not
always possible, even assuming uniform completeness, to choose one so that E~
is an ideal in C*(S). This is possible (and we shall need this later) if E is Dedekind
complete, that is every nonempty subset with an upper bound has a least upper
bound. Indeed let (e,), . be a maximal disjoint family of positive elements of E.
We may use the Yosida representation (Luxemburg and Zaanen (1971), Section 42)
to represent the ideal generated by e, as C(X,), where X, is compact Hausdorff.
As this ideal is Dedekind complete it follows from Luxemburg and Zaanen (1971),
Theorem 43.11 that X, is extremally disconnected. This representation may be
extended to take the band generated by e, into C*(S,). The natural representation
of E on the disjoint union of the X,’s will have the desired property.

3. Extension theorems

Our first result not only deals with the problem of extensions for Z(-) but also
will be referred to in the proof of Theorem 3.

Recall that an Archimedean Riesz space has the projection property if for every
band B, B® B? is the whole of E. For each ec E, the expression

[|x]l, = inf{A>0: —de<x< Ae}

defines a norm on the ideal generated by e. If each such ideal is complete for
|||l then E is uniformly complete.

THEOREM 1. Consider the following four conditions on an Archimedean Riesz
space E.
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(i) E is Dedekind complete.
(ii) If H is a sublattice of E and TeZ(H) then there is T€ Z(E) with T|H = T.
(iii) If H is a sublattice of E and TeZ(H) then there is Te P(E) with T|H=T.
(iv) E has the projection property.
In general (i) = (ii) = (iii) = (iv). If E is uniformly complete then all four conditions
are equivalent.

ProOOF. (i) = (ii). It suffices to prove that each TeZ(H)* extends as required.
Suppose also that A>0 with Th< Ak for all he H+. Define p: E-> E by ¢(x) = Axt,
so that ¢ is positive homogeneous and sublinear. As T<¢ on H we may use the
Hahn-Banach theorem to extend T to T: E—~E with 0<T<¢p. Thus if xeE™,
0<Tx< Ax and T is the required extension of T in Z(E).

(iii) = (iv). Let B be a band in E. Define T on B® B% to be linear and with T|B
being the identity on Band T| B2to be the zero operator. Let T'e Z(E) be an extension
of T. This is order continuous and hence positive. Thus, if xe E+,

Tx =sup{Tg: 0<g<f, gc B® B%
=sup{g: 0<g<f, geB}

which is the definition of the band projection onto B.

Theorem 42.6 of Luxemburg and Zaanen (1971) asserts that Dedekind complete-
ness is equivalent to the projection property together with uniform completeness.
This suffices to complete the proof, as clearly (ii) <> (iii).

We give now two examples to show that the implications (ii) = (i) and (iv) = (ii)
in Theorem 1 are not valid in the absence of the assumption of uniform complete-
ness. We refer to (ii) as the Z(-)-extension property. We first present a general
construction.

Let X be a completely regular Hausdorff space and A be any linear space of
continuous real valued functions on X, We say a function is locally in A if

(i) The domain of f, D(f), is a dense open subset of X.

(ii) If xe D(f) there is a neighbourhood U of x and ge 4 with g|U = f| U.

We define an equivalence relation on the set of all functions that are locally in
A by defining f=g to mean f|D(f)n D(g) = g| D(f)n D(g). Let L ,(X) denote
the space of equivalence classes, under =, of the functions which are locally in 4.

L (X) is a linear space if we define

D) = D(f), (M) =2Af(x) (xeD()),
D(f+g) = D(f)nD(g), (f+8)(x)=Sf(x)+g(x) (xeD(f+g)),

where, as usual, we do not bother to distinguish between functions and their
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equivalence classes. For the pointwise ordering L ,(X) is a vector lattice which is
Archimedean provided X has the Baire property. For example, if we define fv g by

D(fvg) = [D(f)n DI\ o{xe X: f(x)= g(x)},
fvglx) =f(x)vegx) (xeD(fvg))

then it is not difficult to check that fv g is the supremum of fand g (divide D(fv g)
into three disjoint open sets on which f<g, f=g and f>g respectively to show
that condition (ii) is satisfied).

A band B in L ,(X) is any set of the form {feL ,(X): f| Yo D(f)=0} where ¥
is a regular closed subset of X (that is Y is the closure of its own interior). Any
space L 4(S) has the projection property, for if geL ,(X), let

&|D(g)°n Y=0, g|D(g)\Y=¢g|D(g)\Y.

Then g,eBand g—g, 1 B.
Any element Te P(L ,(X)) may be described by specifying that, for feL ,(X),

Tf(x) = p(x)f(x) (x€D(f)n D(p)

for some @ €Ly x)(X). The proof of Theorem 2.5 of Wickstead (1977) may be
repeated to show this, where the role of points where a function is infinite is now
taken by points where the function is not defined.

L2(X) ={feL(X): f is bounded} is an ideal in L (X) and thus also has the
projection property. The representation result for order bounded orthomorphisms
also works for this subspace.

(a) Archimedean Riesz space with the projection property but without the Z(-)-
extension property

Take I = [0, 1], G to be the space of all polynomial functions on I, F the linear
span of G and the exponential function, exp, and C the space of constant functions.
Let E = L3(I) and H be the sublattice LY(I). It is easy to check that we may identify
Z(H) with H itself, in the sense that if Te Z(H) there is h € H with, for fe H,

Tf(x) = h(x) f(x) (x€D(f)0 D(h))

(or see Theorem 3 of Zaanen (1975)). Now suppose T extends to T'e Z(E). Clearly
we still have

Tf(x) = h(x) f(x) (x€D(f)n D(h)),

where now fis any element of E. Consider T(exp). At each point x € D(k) 0 D(T(exp))
there is a neighbourhood U on which T(exp) coincides with p+ «-exp, where p is
a polynomial and a €R. It follows that, on Un D(h), k coincides with (p/exp)+ «.
There is a neighbourhood V of x on which 4 coincides with ¢, a polynomial function.
Thus on UnVnD(h) the functions ¢ and (p/exp)+o« coincide. Thus, on
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UnVnD(h), p=0 and g=a. That is if T is to extend to TeZ(E) then he Li(I).
Clearly L%(I)#LY%(I) and so the Z(-)-extension property fails for E. We have
already seen that E has the projection property, so we have the desired example.

(b) Archimedean Riesz space with the Z(-)-extension property but which is not
Dedekind complete

With the notation of example (a), let E = L%(I). Z(E) may be identified with
L2%(I) in the usual manner. If H is any sublattice of FE and Te€Z(H) then there is
@, defined on Y = {xe1I: there exists h € H with h(x)# 0}, with

Th(y) = (N h(y) (€Y.

Clearly ¢ is bounded and coincides, on some neighbourhood of any given point of
Y, with a constant function. It may be extended to $eLl(I) by defining, for
example, D(¢) = Su(Z\S) and @|(I\ $)=0. & now defines the required extension,
T, of T. Thus E has the Z(-)-extension property, while it is easy to check that it is
not Dedekind complete.

We now turn our attention to the space S(-). The relevant condition here is
rather different in character from those in all our other results. Note in particular
that uniform completeness plays no role here.

THEOREM 2. The following condition on an Archimedean Riesz space E are
equivalent:

(i) Every principal ideal in E is finite dimensional.

(ii) There is a set S and a linear order isomorphism, x> x", of E onto the space
of all real-valued functions on S which vanish except on a finite set.

(iii) If H is a sublattice of E and T S(H) then there is Te S(E) with T|H=T.

PROOF. (i)<>(ii) is Theorem 61.4 of Luxemburg and Zaanen (1971).
(ii) = (iii), Let R={s€S: there exists he H with h™(s)#0}. Each TeS(H)
defines ¢ € C*(R) (= C(R)) such that, for he H,

(Th* (N =e(r)h™(r) (reR).
Extend ¢ to @ on S in any manner. & defines T on E by
(Tx)"(s) = @) x"(s) (s€S)

for each x€ E. This is the desired extension of 7.

(iii) = (i). Let ee E+, If the ideal it generates is not finite dimensional we can
find (e,) N With 0<e,<e and Ose, for all neN and e, Le,, if n#m. Let H be
the linear span of the e,’s, a sublattice of E. Define T on H by setting Te,, = ne,
and extending it linearly. Clearly T S(H). Suppose T extends to Te S(E). We
may, by replacing T by its positive part if necessary, assume that T is positive.
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There exists A>0 with Te < Ae. It follows that Tx < Ax for all x in the positive part
of the ideal generated by e. In particular we have ne, = Te, = Te, < Ae,, so that
Azn for all neN, a contradiction.

This proof shows that P(FE) = S(E) for such spaces (it is also true that
P(E) = Stab (E) for them). It is easy to check that the spaces satisfying the equiva-
lent conditions of Theorem 2 are precisely the spaces of all real-valued functions,
on some fixed set, which are zero except on a finite set. These spaces have several
characterizations, see Section 61 of Luxemburg and Zaanen (1971).

Recall that an Archimedean Riesz space E is universally complete if every
disjoint family of positive elements of F has a supremum. The Dedekind complete
and universally complete Riesz spaces are precisely those linearly order isomorphic
to C=(S) for some compact extremally disconnected space S. We shall define E
to be universally bounded if every disjoint family of positive elements of E has an
upper bound. Clearly if E is universally bounded and Dedekind complete it will be
universally complete. Example (d) below will be universally bounded and have the
projection property but will fail to be universally complete.

THEOREM 3. Consider the following three conditions on an Archimedean Riesz
space E.

(i) E is Dedekind complete and every principal band is universally complete.

(i) If H is a sublattice of E and T€ P(H) then there is Te P(E) with T|H=T.

(iii) E has the projection property and every principal band is universally bounded.

In general (i) = (ii) = (iii). If E is uniformly complete then all three conditions are
equivalent.

Proor. (i) = (ii). Let x—x" be an admissible representation of E as an ideal in
C=(S), where S is a disjoint union of extremally disconnected compact Hausdorff
spaces. Let R = {s€ S there exists he H with 0 < h"(s) < 0} and let p € C*(R) with,
for he H,

(ThY"(r) = @(r) k™(r)

for all r € R for which the product is defined. Extend @ to e C*(S) (as in Theorem
1). We need only prove that if xe E then x~€E” to be able to define Tx = y,
where y* = $x~, and deduce that T is the desired extension.

Without loss of generality we may assume & and x are positive. Define,
inductively, open and closed sets 4,, by

g A, ={seS: g(s)< 1},

A, ={seS: (s)<n\ A,

so that n—1<&| 4, <n. As E” is an ideal in C*(S) we have §yx[4,]x" € E”. Let
z,€E with z,”~=@y[4,]x". Define z to be the supremum of the z,’s,
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which exists as each z, lies in the band generated by x, which band is universally
complete. Note that

ZAIAnZZnAIAn = ¢xA|An

so that z* > @x” by continuity. That gx™ € E™ now follows as x™ € C*(S) and E*
is an ideal in C*(S) (in fact x = z™).

(ii) = (iii). The implication (iii) = (iv) of Theorem 1 shows that E has the pro-
jection property.

Let e E* and (x,) be a disjoint family of positive elements in the band generated
by e. If neN let P, , be the band projection onto the band generated by x, Ane
and @, , = P, ,~ P, 4, which is also a band projection. Note that Q,, , x, <ne
and that x, = sup,, Q,, ., x,. The family of all @,, ., x, is disjoint so its linear span is
a sublattice H of E. Define Te P(H) with T[Q, , x,] = n[Q, ,x,]. Let T be any
positive extension of T to the whole of E (if T has an extension in P(F) take its
positive part). Now

nQ,,x, =T[Q, x,1<nTe

so that @, , x, < Te and hence x, < Te for all y.
Finally it is clear that (iii), together with uniform completeness, implies (i).
Neither implication (ii) = (i) nor (iii) = (ii) is valid without the assumption of
uniform completeness. We shall refer to (ii) as the P(-)-extension property.

(c) Archimedean Riesz space with the projection property and which is universally
complete but does not have the P(-)-extension property

In example (a) replace E by Li(I) and H by Lg(I). The only extra comment
needed is that every space L (J) is universally complete.

(d) Archimedean Riesz space with the P(-)-extension property which has a weak
order unit but is not universally complete (and hence not Dedekind congplete)

Let P be the space of piecewise affine functions on I = [0,1]. That is those
f€C(I) such that there exist xo =0, Xy, ..., X,_y, X, = 1 with f][x;,x;,,] affine
(0<i<gn). Let E be the sublattice of Lp(I) consisting of those f which coincide
with a product gh (g e L), h €P) where it is defined (so E contains the functions
with only finitely many slopes).

It is not difficult to check that P(E) consists of multiplication by functions in
L. If H is any sublattice of E and TeP(H) it is represented by a function ¢
on Y = {x eI there exists h € H with 0 h"™(x)}, which it is not difficult to check lies
in Lgp(Y). Defining D(@) = D(p)u(I\S) and $|I\S=0 gives us an extension
of ¢ in L(I), which defines the extension T of T that is required.
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Define f, € E by D(f,) = I\{l/n,1/(n—1)} and

1.0 nt—1 (te(l/n,1/(n—1)),

)=

"o (telo, 1/nyu(1/(n— 1), 1]).
It may easily be checked that (f,),.n has no supremum in E.

We come now to our final theorem. The proof differs from our previous ones
as we do not have a representation of general orthomorphisms available to us.
Note that we do not need uniform completeness for this theorem, but we do need
the additional assumption of order density of the sublattice H.

THEOREM 4. Let E be an Archimedean Riesz space with the principal projection
property and with all principal bands universally complete. If H is an order dense
sublattice of E and Te€ Stab(H) then there is T € Stab(E) with T|H = T.

PROOF. Let & = {(F, S): F is a linear subspace of E, H<F, S: F—- E is linear,
S|g =T and xeF, yeE with x L y implies Sx L y}. P£@ as (H,T)eP, forif ye E*
then y is the supremum (in E) of {y € H: 0<y’ <y} (using the order density of H
in F). Thus if xe H and x1y we have x1y’ whenever 0<y'<y, y'€ H. Hence
Tx1y', for all such y’, and hence Tx 1 y.

Order 2 by defining (F, S)<(F’, S’) to mean F<F'and S = S'| F. If (F,, S,), .
is a chainin Z let G = U,.r F and define R on G by R(g) = S,(g) if geF,. This
is a well-defined linear mapping. If g€ G and y€ E with g1y then g€F, so that
y1S,g = Rg. Thus (G, R)€Z and it is clear that (G, R) is the supremum in & of
the given chain. It follows from Zorn’s lemma that there is a maximal element
(E,T) of 2.

We claim £ = E, from which it will follow that T is the desired extension. Note
first that we may, for each g€ E, assume that P, E< E, where P, denotes the band
projection onto the band generated by g. For define S on P, E® (I— Pg)E by

S[P,f+(f' =Py f)] = PTf)+(If — P(If")).
S is well defined, for
P, f+(f'—P,f) = Pyh+(h —F, k)
P(f—=h)=0=(I-P)(f'—H).

Thus f—hlg so T(f—h)Lg and P/Tf)=P,(Th), and f—h lying in the band
generated by g implies that T(f— &) is there also, so that (I— P,)(If") = (I- P,) (TH').
Clearly also S has the required orthogonality property, so that S = T by maximality.

Let g€ E\ E, contrary to our claim. Without loss of generality we may suppose
the band generated by g is the whole of E. For if we can extend T| P, E to P, E® Rg
in the appropriate manner, the extension to £@ Rg is routine.

implies
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If yeE, feE and f+gly, define
P(y’f;g) = '—Py(T_f)s

where P, denotes the band projection onto the band generated by y. Note that if
also y'€E, f' e E with f'+g 1y’ then

PyP(y”f,,g) = Py'P(y,f;g)-
For f+g, f’'+gL|y|a|y'| imply that f—f"L|y|A|y’], so that T(f—f")L|y|A]|¥'|

and hence Py, (Tf) = Pyp(Tf). As we also have P, P, = P\, = P, P, we
see that

P,P(Y.f",8) = —P,PATf")
= =Py (TS")
= = Pyinu(Tf)
=—P,P/Tf)
= Py P(y,/,8).

I now claim that there is A€ E with
Pyh=P(y.1,8)

whenever y1lf+g(yeE,feE). Let (#))yer be a maximal disjoint family with
y,Lf,+g for some fyeE. Certainly the family (P(y,,/,,8)),r is disjoint. Using
the universal completeness of the band generated by g (= E) we may form

h= V P(yy,fy,g)+_' V P(yy7fy9g)_'
yel yel

Clearly P, h = P(y,,f,,g) for each y . Suppose y L f+g, withy€eE, fe E, then
we have seen that

Pny(yxf’g) = PyP'(y‘ysfy:g)
~P,P, h
=P, P,h.

If there is z€ E with | z| <|y| but z Ly, for each y €T, then z L f+g contradicting
the maximality of the disjoint family (y,),r. It follows that, as both P A and
P(y.£,8) lie in the band generated by all the y,’s, P, h = P(y,f,g) as claimed.

Now define E, = E@R,, Ty(f+ag) = If+ah. If f+ ag Ly € E then either « =0,
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sothat fly=TfLly=TH(f+0-g)Ly, orelse alf+gly=
P, T(atf+g) =P, y(T(a_lf )+h)
= y(T(ot‘1 f)+P,h

= PT(«71f))+P(y, 071 8)
= 0,

so that Ty(f+ag) = aTy(a~Lf+g) Ly again. This contradicts the maximality of T,
completing the proof.

(e) Example to show that order density cannot be dropped from the hypotheses of
Theorem 4

The example given by Meyer of an Archimedean Riesz space E with
Stab(E)+# P(E) is a lattice of real-valued functions on [0, 1]. This is a sublattice
of #([0,1]), the lattice of all real-valued functions on [0, 1], which is Dedekind
complete and universally complete. Suppose each TeStab(E) extended to
TeStab(#([0,1])). As Stab(F ([0, 1]) = P(F([0,1])) (if f(r) =0 then fL x[{t}]
implies TfL y[{}], which observation makes the representation of elements of
Stab (#([0,1])) as multiplication by functions on [0, 1] simple) we can form
T+eP(#([0,1])). But if xeE*+ then T+x = (Tx)* = (Tx)*€E. Thus T+H|E=T+
exists in P(E), and hence Te P(E). This contradicts Stab (E)# P(E).

() Example of an order bounded orthomorphism with an extension but no order
bounded one

Let us return to the example E = Lg(I), H= L) and take any TeP(H)
which does not extend to an element of P(E). Lz (I) has the projection property
and is universally complete, so we may certainly apply Theorem 4 to extend T
to TeStab(E).

(g) Example of a Dedekind complete, universally complete Riesz space M with
P(M)+ Stab(M)

Every Archimedean Riesz space L can be embedded as an order dense sublattice
of a Dedekind complete, universally complete Riesz space M (Luxemburg and
Zaanen (1971), Theorem 50.8). This applies in particular to Meyer’s space or to
Li(I), both of which have a non order bounded orthomorphism on them. If we
extend this by Theorem 4 the argument used in (e) shows that this extension cannot
be order bounded.
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