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Computing isogenies between abelian varieties

David Lubicz and Damien Robert

ABSTRACT

We describe an efficient algorithm for the computation of separable isogenies between
abelian varieties represented in the coordinate system given by algebraic theta functions.
Let A be an abelian variety of dimension g defined over a field of odd characteristic.
Our algorithm comprises two principal steps. First, given a theta null point for A and
a subgroup K isotropic for the Weil pairing, we explain how to compute the theta null
point corresponding to the quotient abelian variety A/K. Then, from the knowledge
of a theta null point of A/K, we present an algorithm to obtain a rational expression
for an isogeny from A to A/K. The algorithm that results from combining these two
steps can be viewed as a higher-dimensional analog of the well-known algorithm of
Vélu for computing isogenies between elliptic curves. In the case where K is isomorphic
to (Z/0Z)9 for ¢ € N*, the overall time complexity of this algorithm is equivalent to
O(log ) additions in A and a constant number of ¢th root extractions in the base field
of A. In order to improve the efficiency of our algorithms, we introduce a compressed
representation that allows us to encode a point of level 4¢ of a g-dimensional abelian
variety using only g(g + 1)/2 - 49 coordinates. We also give formulas for computing the
Weil and commutator pairings given input points in theta coordinates.

1. Introduction

The general problem of computing separable isogenies between abelian varieties can be split
into different computational sub-problems depending on the expected input and output of the
algorithm. These problems are as follows.

— Given an abelian variety A over a field k and an abstract finite abelian group K, compute
all the abelian varieties By such that there exists an isogeny Ay — By whose kernel is
isomorphic to K, and give rational expressions for the corresponding isogenies.

— Given an abelian variety A and a finite subgroup K of Ap, recover the quotient abelian
variety By = Ai/K as well as a rational expression for an isogeny Ay — By.

— Given two isogenous abelian varieties Ay and By, compute a rational expression for an
isogeny Ap — By.

In the present paper, we are concerned with the first two problems. In the case where the
abelian variety is an elliptic curve, efficient algorithms have been described that solve all the
aforementioned problems [Ler97]. In particular, an algorithm proposed by Vélu [VéI71] takes as
input a finite subgroup G of cardinality ¢ of an elliptic curve Fj, and returns the equation of the
quotient Ej/G at the cost of O(¢) additions in Ej. The algorithm of Vélu also gives a rational
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expression for the isogeny Ej — Ej/G in the coordinate system provided by the Weierstrass
form of elliptic curves.

For higher-dimensional abelian varieties, much less is known. Richelot’s formulas [Ric36,
Ric37] can be used to compute (2, 2)-isogenies between abelian varieties of dimension two. The
paper [Smi08] also introduces a method for computing certain isogenies of degree eight between
the Jacobians of curves of genus three. In this paper, we present an algorithm for computing
(¢, ..., 0)-isogenies between abelian varieties of dimension g represented in the coordinate system
provided by algebraic theta functions, for any ¢ > 2 and g > 1, when the characteristic of k is
odd and relatively prime to /.

Possible applications of our algorithm include:

— transfer of the discrete logarithm from an abelian variety to another abelian variety where
the discrete logarithm is easy to solve [Smi08];

— the computation of isogeny graphs to obtain a description of the endomorphism ring of an
abelian variety [FMO02, Koh96];

— the computation of Hilbert class polynomials [CKL08, GHKRWO06].

We now give a more detailed description of the main results of this paper. Let n € N be
such that 2|n and n>4. Let n=(n,n,...,n) € Z9 and Z(n) =79/nZf. We denote by Mz
the modular space of marked abelian varieties which parametrizes triples (A, .2, ©4,) where
2 is a totally symmetric ample line bundle on A; and ©4, is a symmetric theta structure
of type Z(m) for £ (see [Mum66, §2]). In the following, a theta structure of type Z(m) will
also be called a theta structure of level n. The modular space Mz is well-suited for computing
modular correspondences, since the algebraic systems which play the same role in this space as
the classical modular polynomials have their coefficients in {1, —1} and are therefore much more
amenable to computations than their counterparts using the j-invariant in genus 1 or the Igusa
invariants in genus 2. In the article [FLR11], we defined a modular correspondence

@ Mg — My X Ma, (i) e zm) — <(ai)i€Z(n)a ( > ai+nj> )

ez i€ Z(m)
for £ € N* prime to n, which can be seen as a generalization of the classical modular
correspondence Xo(¢) — Xo(1) x Xo(1) for elliptic curves (see, for instance, [Koh03]). To be
more precise, let p; and ps be the first and second projections of Mgz x Mz, respectively,
and let 1 =p1 o and 3 =p2 0 9. The map ¢ : My, — Mz is such that the (z,¢i(z)) for
x € My,(k) are modular points corresponding to f-isogenous abelian varieties. In fact, consider
(@) ;e z(m) € gol_l((bz-)iez(ﬁ)). The modular point (a;);c (7 defines a triple (Ax, Z, ©24,), and
the classical isogeny theorem for algebraic theta functions [Mum66, Theorem 4] gives an explicit
isogeny 7 : Ar — By. As a consequence, the fiber of 1 over a geometric point of Mz is the
exact analog of the zeros of the univariate polynomial that we obtain by evaluating the classical
modular polynomial ¥, at a given j-invariant.

Note that the classical isogeny theorem for theta functions is not sufficient for the purpose of
computing isogenies between abelian varieties. Although it is effective, the isogeny theorem can
only be used to compute isogenies from a marked abelian variety of level £ to a marked abelian
variety of level n where n divides ¢, so it only provides us with a way to compute isogenies by
‘going down’ the level of the theta structures. At some point, we need a way to compute isogenies
by ‘going up’ the level, and this is precisely what Theorem 1.1 provides.
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We denote by 7 : By, — Ay, the isogeny that makes the following diagram commutative.

(]

T € Ay z € Ay
y € By
The main result of this paper is the following.
THEOREM 1.1. Let By be a g-dimensional marked abelian variety. Let (T1, ..., Ty) C By[¢] be a

basis of a maximal subgroup K of By[{] that is isotropic for the Weil pairing. Let 7 : By, — By /K
be the corresponding isogeny. One can compute the compressed coordinates of the modular point
(ai)iez(%) corresponding to 7 with O(log(¢)) addition chains in By and O(1) ¢th roots of unity
extractions. Once we have (a;) iz (fn)> Ve can compute the compressed coordinates of the image
of a point in By under « with O(log(¢)) addition chains in By. Taking the generic point of By,
we obtain, in particular, a rational expression for the isogeny 7.

This theorem relies in an essential manner on the notion of addition chains, the precise
meaning of which will be made clear later in the paper. Broadly speaking, the addition chain is
a form of addition on the abelian variety that uses Riemann theta relations to keep track of the
projective factors. We remark that we use in this theorem a point compression representation
which allows us to represent a point of level ¢n with only nY - g(g + 1)/2 coordinates. This is
especially useful when £ is large, since it enables us to keep a compact representation of the
points given by the theta coordinates of level fn. Another application of addition chains will be
given in §6, where we explain how the projective factors that we are using it to keep track of
allow us to compute the commutator pairing with the coordinates given by theta functions.

A proof of Theorem 1.1 is given in §§4.2 and 5.1. It should be remarked that this result
constitutes a higher-dimensional analog of the classical Vélu algorithm, since by combining the
two conclusions of the theorem, we obtain an efficient algorithm which takes as input an abelian
variety By and a maximal subgroup K of B[] isotropic for the Weil pairing, and computes a
rational expression for the isogeny By — Ay = By /K.

Once we have computed an isogeny 7 : By — Ag, it is possible to compose 7 with an
isogeny mo: A — Cp given by the isogeny theorem such that 7 o# is an /(?-isogeny (see
[FLR11, §3] or §2.2). In fact, let Ck be the abelian variety associated to the modular point
(¢i)iezm) = ©2((ai) ;e z(7m)); then we have the following diagram.

By,
X
[ A
RN
By, Ck
The isogeny m o 7% is then an #%-isogeny between Bj and C}, which are two marked abelian

varieties with a theta structure of level n.

For actual implementations of the algorithm, we want to use the smallest possible n to get
a compact representation of the points and fast addition chains. In fact, it is possible to tweak
Theorem 1.1 to make it work for n = 2. This case is very important in practice: along with the
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aforementioned gains for point representation and the efficiency of addition chains (for instance,
we gain a factor of 29 in space compared with n =4 for point representation), it reduces the
most time-consuming part of our algorithms, namely the computation of the points of /-torsion,
since there are half as many such points on the Kummer variety associated to an abelian variety.

For each algorithm that we use, we give an explanation of how to adapt it to the type-Z(2) case:
see §3.2.1 and the end of §§4.2, 5.1, 5.3 and 6.

We end this introduction with two remarks about the algorithms presented in this paper.
First, the assumption that n be prime to £ is not essential. There is, nonetheless, one noticeable
difference if we drop this hypothesis. Suppose that we are given By[l]. Since By is given by a
theta structure of level n, we can recover Bg[n| by using the action of the theta group on the
theta null point (b;);cz(m) (as explained in §2.1). If £ is prime to n, this gives us Bg[fn], and we
can use the first assertion of Theorem 1.1 to obtain a modular point of type Z(fn). If £ is not
prime to n, we have to compute By[¢n] directly. Although we only consider the case of (¢, . .., ¢)-
isogenies, it is also possible to compute more general types of isogenies with our algorithms. We
sketch in §4.2 the adaptations to be made to the definition and main results of this paper to
treat more general isogenies.

The paper is organized as follows. In §2, we recall the isogeny theorem and study the
relationship between isogenies and the action of the theta group. We recall the addition relations,
which play a central role in this paper, in § 3. We then explain in § 4 how to compute the isogeny
associated to a modular point. If the isogeny is given by theta functions of type Z(4¢), it requires
(4£)9 coordinates. We give a point compression algorithm in §4.1, showing how to express such
an isogeny with only g(g +1)/2-49 coordinates. In §5 we give a full generalization of Vélu’s
formulas, constructing an isogenous modular point with prescribed kernel. This algorithm is more
efficient than the special Grébner basis algorithm from [FLR11]. There is a strong connection
between isogenies and pairings, and we use the above work to explain, in §6, how one can
compute the commutator pairing and how it relates to the usual Weil pairing.

2. Modular correspondences and theta null points

In this section, we fix some notation that we will use in the rest of the paper. In § 2.1, we recall the
definition of a theta structure and the projective embedding (see [Mum66, § 1]) deduced from it.
In § 2.2, we recall the isogeny theorem, which relates the theta functions of two isogenous abelian
varieties with compatible theta structures. In §2.3, we study the connection between isogenies
and the action of the theta group on the affine cone of the projective embedding given by the
theta structure.

2.1 Theta structures
Let A be a g-dimensional abelian variety over a perfect field k. Let .Z be an ample totally
symmetric line bundle of degree d on Aj,. We suppose, moreover, that d is prime to the
characteristic of k. Denote by K (.Z) the kernel of the isogeny ¢ ¢ : Ay, — Ay, defined on geometric
points by x+— 77.% ® £ 7! where 7, is translation by z. Let § = (d1,...,,) be the sequence
of integers satisfying &; | §;+1 and such that, as group schemes, K (%) ~ @?_,(Z/8;Z)%. We say
that ¢ is the type of .Z. In the following we let Z(8) = @Y_,(Z/8;Z)x, let Z(5) be the Cartier
dual of Z(6), and let K(8) = Z(8) x Z(8). If z € Z(8) and £ € Z(6), we put (z, £) := {(z).

Let G(%) and H(0) be, respectively, the theta group of (Ag,.#) and the Heisenberg
group of type d (see [Mum66, p.294]). In this article, elements of G(.%) will be written
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as (z,1y) with z € K(Z) and ¢, : £ — 7.2 an isomorphism. We know that G(.£) and H(J)
are central extensions of K(.%) and K(0) by the multiplicative group Gy,. By definition, a
theta structure © 4, on (A, .Z) is an isomorphism of central extensions from H(J) to G(.Z).
We denote by ey the commutator pairing (see [Mum66, p.203]) on K(.%¥) and by es the
canonical pairing on K (8) = Z(8) x Z(6). We recall that if (x1,22) and (y1,y2) are in K (6),
we have es((z1, z2), (Y1, y2)) = (x1, y2)/(y1, x2). We remark that a theta structure © 4, induces

a symplectic isomorphism © 4, from (K (0), es) to (K(Z),ey). Let K(Z)=Ki(Z) x K2(Z)
be the decomposition into maximal isotropic subspaces induced by 4, .

The section K (6) — H(J) defined on geometric points by (z, y) — (1, z, y) can be transported
by the theta structure to obtain a natural section sg(g¢): K(Z)— G(Z£) of the projection
k:G(ZL)— K(Z). We denote by sk, () (respectively, s, (»)) the restriction of this section to
K1(.Z) (vespectively, Ky(2)). Recall (see [Mum66, p.291]) that a level subgroup K of G(£) is
a subgroup such that K is isomorphic to its image by k.

Let V =T(Ayg, ). There is an action of the theta group G(£) on V by v ;175 (v) for
veV and (z,1,) € G(Z). This action can be transported via ©4, to an action of H(J) on V.
It can be shown that there is a unique (up to a scalar factor) basis (;);cz(s) of V' such that this
action is given by

. O, . . ©4
(o, i,7) -9, " =a-(=i—h,j) 0, F. (1)

If there is no ambiguity, in this paper we will sometimes drop the superscript © 4, from the

notation ﬁSAk.

This basis gives a projective embedding g A A — IP’z_l which is uniquely defined by the
theta structure © 4,. The point (ai)icz(s) = Po,, (04,) is called the theta null point associated
to the theta structure. Mumford proved in [Mum66] that if 4[4, then we, (Ag) is the closed

subvariety of szl defined by the homogeneous ideal generated by the Riemann equations.

THEOREM 2.1 (Riemann equations). For all x,y,u,v € Z(20) which are congruent modulo
Z(6) and all x € Z(2), we have

< Z X(t)ﬁx+y+t19xy+t> : < Z X(t)aqu'qutaqurt)

teZ(2) teZ(2)

= < Z X(t)ﬁx+u+t19xu+t) : ( Z X(t)ay+v+tayv+t>- (2)

teZ(2) teZ(2)

The data of a triple (Ag, .2, ©4,) is called a marked abelian variety of type Z(6). We denote
by Mg the quasi-projective variety defined as the locus of all theta null points associated to
marked abelian varieties of type Z(d). We recall (see [Kem89, Theorem 28]) that if n > 4, then
M is an open subset in the projective variety described by the following equations in P(k(Z(7))):

< > X(t)%+tax+t> : ( > X(t)au+tau+t>

teZ(2) teZ(2)
= < Z X(t)az—x+taz—y+t> : ( Z X(t)az—u+taz—v+t)7 (3)
teZ(2) teZ(2)
Ay = Q_g

for all &, y, u, v, z € Z(7) such that  +y +u+ v =2z and all y € Z(2).
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2.2 Isogenies compatible with a theta structure

Let Ay be an abelian variety of dimension g over a perfect field k, and denote by K(Ay) its
function field. An isogeny is a finite surjective map of abelian varieties 7 : Ay — Bi. An isogeny
is said to be separable if the function field K(Ay) is a finite separable extension of K (Bj).
A separable isogeny is uniquely determined by its kernel, which is a finite subgroup of Ay (k).
In that case, the cardinality of the kernel is the degree of the isogeny. In this paper, we only
consider separable isogenies whose degree is prime to the characteristic of k. By an ¢-isogeny for
£ >0 we always mean a (¢, ..., {)-isogeny where (¢,...,¢) € NY.

Let (ai)icz(s) € Ms be a theta null point associated to a triple (Ay, 2, ©4,). Let do € Z9
be such that 4 |dy | 6, and write § = dp - §’. In the following, we think of Z(dy) as a subgroup
of Z(8) via the map ¢ : (%i)ic(1.g9) € Z(0) = (6;%i)ic)1..9) € Z(9). From now on, when considering
Z(60) C Z(0), we shall always refer to this map.

Let K C K(.£) be any isotropic subgroup for e such that we can write K = Ky x Ky with
K; C K;(%). Let By = Ai/K and let 7 : Ay, — By, be the associated isogeny. Since K is isotropic,
K:=s k() (K) is a level subgroup, so by Grothendieck descent theory there exist a polarization
%y on By, and an isomorphism % ~ 7*(%p). The theta group G (%)) is isomorphic to Z (K)/K
where Z(K) is the centralizer of K in G(.&¢) (see [Mum66, Proposition 2]). We say that a theta
structure O p, on (By, %) is m-compatible with © 4, if it respects this isomorphism. The isogeny

© ©
theorem [Mum66, Theorem 4] then gives a way to compute (7*(9; ~* ))iez(m) given (9, A )iez(@m)-

Note that @ZI(K) = 71 X Zy; we call Z1 x Zy the type of 7. If Z1 =0, we say that « is of type 1;
and if Zo =0, we say that 7 is of type 2. We note that Zi- = {x € Z(8) | (x, Z2) = 1}. Thus
there is a bijection between the set of w-compatible theta structures on (By, -%p) and the set of
isomorphisms o : Zi-/Z1 — Z (o) (see [Mum66, Theorem 4]).

Since we are mainly interested in f-isogenies, we now specialize to the case where § = /n
and &' = £ so that 5o =7 (recall that for n € N*, m = (n,...,n) € N9). Take K = A.[¢] N K2(2);
we then have Z; =0 and Zy = Z({) C Z(fn) so that 7 : Ay — By, is an (-isogeny of type 1. In
this case we have Zi- = Z(m) C Z(¢n), and we always consider the compatible theta structure
on By, corresponding to o =1d (see [FLR11, §3]). We recall the following proposition [FLRI11,
Proposition 4].

PROPOSITION 2.2 (Isogeny theorem for compatible theta structures). Let (ai)iez(%) be a
theta null point associated to a triple (Ay, £, © 4,) and (bi);e z(m) a theta null point associated to
(Bk, 0, ©p,)- Let p: Z(n) — Z({n) be the canonical embedding. Then (b;);c z(m) = (ay(i))icz(m)
if and only if there is an (-isogeny 7 of type 1 such that ©p, is m-compatible with © 4, . In this

case, let (19?%)1.62(%) (respectively, (19?3’“ )icz(m)) be the canonical basis of £ (respectively, of
%) associated to © 4, (respectively, to ©p, ); then there exists some w € k' such that for all
i€ Z(m),
%0948y _ Oy,
T, ) = Wt ;- (4)

It is easy to describe f-isogenies of type 2 from Proposition 2.2. In fact, let Jy be the
automorphism of the Heisenberg group H(fn) that permutes Z(¢n) and Z(ln): Jo(a, x,y) =
(v, y, z). We define J4, =©4, 0Jpo @Zi, where J 4, is the automorphism of the theta group of
Ay, that permutes K (%) and K2(.Z). (There is a similar automorphism Jp, of the theta group
of By; we will usually denote these automorphisms simply by J, since the theta group is clear from
the context.) If 75 is a compatible isogeny of type 2 between (Aj,.Z, ©4,) and (B, %, OB, ),
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then 7y is a compatible isogeny of type 1 between (Ay, £, T4, ©©4,) and (By, Z,JIp, 0 Op,).
Since the action of J is given by

o7 = ST (i, oy (5)
jeZ(tn)
(see [FLR11, §5]), we see that for all i € Z(n),

@ ©
Bk; Z 191+A,rf] (6)

JeZ(0)

Applying (4) and (6) to 6Ak yields the formulas for the modular correspondence ¢ : My —
Mz x My from §1 (see also [FLR11, §4]).

2.3 The action of the theta group on the affine cone and isogenies

Let 7:(Ag, Z,04,) — (Bk, %,0p,) be an f-isogeny of type 1 between compatible theta
structures. The action by translation, py, from K(.Z) on Aj descends to an action on By:
if z € K(.%), the induced action on By is simply translation by 7(z). The situation is more
interesting if we consider the action of G(.Z). Since G(.Z) is a central extension of K(.Z) by
G, it is natural to let G(.%) act on an algebraic line bundle over Aj with fiber G,,. More
precisely, let V =T'(Ag, Z) and let py, (v): Ax(V) — Px(V) be the canonical projection. Let
Ay :p&;(v) (Ag) be the affine cone of Aj. The action of G(.Z) on V given by (1) induces an

action pgy on Ag. This action is compatible with the action of K (%) on Ay in the following
way: if k:G(Z) — K(Z) is the projection, py, (1) 0 p.g = pg o k. Similarly, we let By, denote
the affine cone of By, and fg, the action of G(%) on B.

~O ~ (C]
We say that a coordinate system (9, )iz (i) o A lifts the projective system (9, )iez(@m)
eAk)

k. Obviously, such a coordinate system (51) ic 7 () is defined up to an action of G,,

and we fix a choice of this action for the rest of the paper. In the same manner, we denote by
~Op
(9,

()

on Ay if for all j € Z(fn), on the principal open set defined by 19?’4’“ we have pzk % ( @A’“ /9
{9"@Ak /{9@14

. =S . . ©
*)icz@m) a coordinate system on By that lifts the coordinate system (4, P

)iGZ(ﬁ) We will
394, . OB,
usually replace (J; %), 7 (vespectively, (9; ™" )iezm)) by (9 )icz(am (respectively, (9 )iez(@))
when no confusion is possible.
Since .% is symmetric, there is an action of the morphism [—1] on V given by f € V — ®(.*f)
where ¢: Ay — Ay maps x to —r and ® is the normalized symmetry isomorphism (*.¢ — £
This action extends to an action on A, which we also denote by [~1]:7 € Ap(k) — —Z. Now,

since O 4, is a symmetric theta structure, we have [—1]* U; =9_; (see [Mum66, p. 331)); so if

~ 7 = . ~y /3O -0 . _ ~ .
Let 7 : Ay, — By be the morphism such that 7*(J, *¥) =4, ** for i € Z(m). Note that 7 is
just a lift to the affine cone of the isogeny m: Ay — By, so the following diagram commutes.

Pay

/Tk Ak
ko,
Bk Bk

We call 7 the lift of © compatible with the choice of affine coordinates on 2{,6 and Ek
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We now study the link between the action pg of G(.Z) on A, and the morphism 7. To
simplify the notation, if (cv, 7,4) € H(8) and 7 is a geometric point of Ay, we let (a4, j) - T :=
pz(©4,((a,i,§))) - T. Let Ky =04,(Z(f)) be the kernel of the isogeny 7 : A, — By, and recall
(see §2.2) that G(%) = Z(K,)/Kr.

PROPOSITION 2.3. Let g € Z(K,) and let g be its image in Z(K,)/Ky. Then we have pg,(g) =
7o pz(9).

Proof. This is an immediate consequence of the fact that the two theta structures © 4, and ©p,
are m-compatible. O

For i € H(fn), we can define a mapping 7; : /Tk — Ek given on geometric points by T +—
T(pr(©a, (i) -x). If ©4,(i) € Z(K,), Proposition 2.3 shows that m; = p.4, (04, (7)) o7, hence

m; can be recovered from 7 and the action pg,. Since Z(Kr) D sg () (K2(£)), the interesting

mappings to study are then 7; :=7(y ;) for i € Z (fn). They are given on geometric points by

%i((ﬁj@))jez(%)) = (Vige (7)) jez(m)-
COROLLARY 2.4. Keeping the notation from above, the following hold.
(i) Let S be a subset of Z(n) such that S+ Z(m)= Z(fn). Then & € Ay(k) is uniquely

determined by {7;(Z) }ics.

(ii) Let § € Ax(k) be such that () =7(%). Then there exists j € Z(f) C Z(fn) such that
§=(1,0,5) & and

i(y) = eg (i, §)mi ().

In particular, 7;(y) and 7;(x) differ by an ¢th root of unity.

Proof. (i) Since %i((@vj (5))3‘62(%)) = (5i+g.j (7)) jez(m), from {7;(Z) }ies one can obtain the values
{0;(2)}jes+zm)- I S+ Z(n) = Z(¢n), this shows that we can recover T = (ﬁj(%))jeZ(E)'

(i) If 7(§) = 7 (%), then pa, (§) — pa, (¥) € K. So there exists j € Z(f) and o € k" such that
y=(a,0,7)-z. Hence ¥;(y) = aeg, (i, j)Vi(x). Since 7(Z) = 7(y), we have o = 1. Moreover, as
JE€Z(0), ezy(i+ k, j) = g (i, ) if k € Z(7) so that 7(F) = ez (4, )7 (7). O

Corollary 2.4 shows that pg descends to an action on Bj/ux(f) where u(€) is the group
scheme of /th roots of unity on k.

Ezample 2.5. (i) If £ is prime to n, the canonical mappings Z(m) — Z(fn) and Z({) — Z(in)
induce an isomorphism Z(n) x Z(¢) = Z(¢n), and one can take S = Z(¢) in Corollary 2.4.

(ii) If ¢ is not prime to n, a possible choice for S is

5:{ > e

i€[l..g]

Ai €[0..0 — 1]}.

3. The addition relations

In this section we study the addition relations and introduce the notion of addition chain on
the affine cone of an abelian variety. These addition chains will be a basic tool in the isogeny
computation algorithm presented in §4 and the Vélu-like formulas of § 5.
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In §3.1 we use the action of G(Z) on the affine cone and the canonical section sk (y):
K(Z)— G(Z) to introduce some canonical affine lifts on the affine cone. In §3.2 we prove
in the framework of Mumford’s theory a particular presentation of the Riemann relations, and
we deduce from them the addition relations. In §3.3 we use the results of §2.3 to study the
properties of addition chains.

3.1 The canonical lift of the action of K(.Z) to the affine cone

In the rest of this article we suppose that we are given a modular point (b;);cz(m) corresponding
to a triple (B, %, ©p,). We choose a coordinate system (19?3’“)2-62@ on By and a 0p, €
pgi (0B, ). We remark that a choice of Op, € pgi (0p,) C By is nothing but a choice of evaluation
isomorphism gq : .Z(0) ~ k. In this section and §4 we also suppose that we are given a modular
point (ai)z‘ez(%) corresponding to a triple (Ag, 2, ©4,) such that gol((ai)l.ez(%)) = (bi)iczm)
where 1 : My — Mz is the first projection of the modular correspondence introduced in §1.
By Proposition 2.2 we then have an f-isogeny w of type 1 between A and Bj. We choose a

~0 ~ ~
coordinate system (1; A i€z () On Ay and denote by 04, the unique point in pEi(O 4, ) such

that 0p, = 7(04, ), where 7 is given by %*(5@3’“) = 5?% for i € Z(m).

7

We recall that the theta structure © 4, defines a section sg (g : K(£) — G(£), so that the
map v € K(Z) — sk () () 04, € Ay, induces a section K (.Z) — Ay, of the map DA, - Ay — Ay
Thus, once we have chosen 6Ak, we have a canonical way to fix an affine lift for any geometric
point in K(.Z). For i € Z(fn), let P;=(1,i,0)-04,; and for j € Z(fn), let Q; = (1,0, ) - 0a,.
We also put R; = 7(P;) = 7;(04,) and R; = pp, (R;). We remark that {Ri}icz() is the kernel K
of 7, which is the isogeny we want to compute. This explains the important role that the points
R; will play in the rest of this paper.

3.2 The general Riemann relations

The Riemann relations (3) for My, and the Riemann equations (2) for A are all particular
cases of more general Riemann relations, which will be used to obtain the addition relations on
Aj. An analytic proof of (a partial Fourier transform) of these relations can be found in [Igu72,
p. 137, Theorem 1].

THEOREM 3.1 (Generalized Riemann relations). Let (Ag,.Z,0©4,) € My and suppose that
2|n. Let x1,y1,u1,v1, 2 € Ap(k) be such that 1 +y; +uy +v1 =22 Let 1o =2 — 21, yo =
z— Y1, ug =2z —uq and v9 = z — vy. Then there exist T; € pgi(xl), 7 E pzi(yl), w1 € pzi(ul),
U] € p;li (v1), T9 € pZi (x2), 42 € pZi (y2), ug € pzi (uz) and vy € p;li(vg) that satisfy the following
relations: for any i,j, k,l,m € Z(fn) such that i +j +k-+1=2m, let ' =m —i, j=m — j,
k' '=m —k and I' =m — [; then for all x € Z(2),

(2 x0i@Tiam) - (T x0T

t€Z(2) teZ(2)

(X xOFss@ @) (X x0Tl ). )

teZ(2) teZ(2)

Proof. If x =y =u=v =04, the preceding result gives the algebraic Riemann relations, a proof
of which can be found in [Mum66, p. 333]. We just need to adapt the proof of Mumford to the
general case.
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Let p; and py be the first and second projections from Ay x Ay to Ag. Let 4 =p1*( L) ®
p2*(Z). The theta structure ©4, induces a theta structure ©4, x4, for (Ay x Ag, #) such
that for (i,7) € Z(fn) x Z(fn) we have 19%‘“ :p’{(ﬁ?A’“) ®p§(19?A’“) (see [Mum66, p. 323,
Lemma 1]). Consider the isogeny &: A X Ay — A X Ag, (z,y)— (x +y,z —y). We have
(M) = M*. Since Oy, is a symmetric theta structure, there exists a theta structure e
on .2 such that ©Z” and ©< are compatible in the sense of Mumford; see [Mum66, p. 317].
The theta structure %~ then induces a product theta structure @4 * on .. One can check that
this theta structure is compatible with the isogeny £ (see [Mum66, D 325]). Applying the isogeny
theorem (see [Mum66, p. 324]), we obtain that there exists A € k' such that for all 4, j € Z(¢n),

* * >k >k >k 2
EEiW) epW) =X Y. @i o). (8)
u,vEZ(2In)

utv=i

u—v=j
Considering this equation on the affine cone, we can always choose affine lifts such that
taking the evaluation at these lifts yields A =1; in what follows, we assume that this is the case.
Using (8), we compute the following for all 7, j € Z(2¢n) which are congruent modulo Z(¢n), all

X € Z(2) and 7, € Ay (k):

ST X0 T ey = Y x0T @9 @)

teZ(2) teZ(2)
u,weZ(2ln)
utv=t+j+t
u—v=t—7j+t
= 3 x(t+ )05, @0, @)
t1,t2€Z(§)
- ( S TG )) - ( 3 <>ﬂ;?;t<~>) ©)
teZ(2) teZ(2)
So we have
(2 x0T 0T e™0)) - (5 XOF T 1)
teZ(2) teZ(2)
(X «0iz@) - ( £ «0im)
teZ(2) teZ(2)
(X wiz@) (X 0iLo)
teZ(2) teZ(2)
- ( S I (T (T v>)
teZ(2)
(X O T ). (10
teZ(2)

Now if we let © = ¢ + yo, Yy = o — Yo, 4 = ug + vg and v =ug — vy, we have r +y +u+v =
2(xo + up); hence we can choose z = g + ug, so that z —z=wuy —yo, 2 —y=uo+yo, 2 —u=
xg — vg and z — v = zg + vg. By performing the same change of variable for i, j, k and [, we see
that the theorem is just a restatement of (10); see [Mum66, p. 334]. O
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From the generalized Riemann relations it is possible to derive addition relations.

THEOREM 3.2 (Addition formulas). Suppose that 4 |¢n. Let x,y € Ay(k) and suppose that
we are given I € pzi (x), ye pgi (y) and 2 —y € pzi (x —y). Then there is a unique point
T+ye Zk(E) such that for i, j, k, 1, m € Z(fn) satisfying i + j + k + [ = 2m,

—~— —

( > x®)isi(z F Y@ —y)) : ( > X(t)5k+t(6Ak)5z+t(5Ak)>

teZ(2) teZ(2)
= ( > X(t)gi’+t(§){§j’+t(g)> ' < > X(t)gk’+t(5)5l’+t(%)>a (11)
teZ(2) t€Z(2)

where 1',5', k' and I' are defined as in Theorem 3.1. We have pAk(x/:—/y) =x+y.

Thus the addition law on Ay, extends to a pseudo-addition law on gk We call it an addition
chain and we put x + y = chain add(Z, y, x — y).

Proof. We apply the Riemann relations (7) to = +y,z —y,04,04. We have 2z = (x +y) +
(@—y)+0a+04, —y=z—(r+y), y=z— (@ —y), x=2—04, =2 —04; so Theorem 3.1
shows that there exists a point  + y € A, (k) satisfying the addition relations (11). (Remember
that (9;(— y))iez(m) (94 (y))iez(én ; see §2.3.)

It remains to show that this point is unique. For this, it is enough to prove that for all
i,7 € Z(fn) and all y € Z( ), there exist k',1',m’ € Z(fn) such that i+ j+ k' +1'=2m' and
2 tez@) X( )ﬁkurt(OAk)z?lurt(OAk) # 0. Then, by summing over the characters y € Z(2) the first
bracket of the left-hand side of (11) (which is uniquely determined by the knowledge of v, ()
and U, ;(y) for j € Z(fn)), we obtain the products Digt(T + 3 y)19]+t(x —y) for i, j € Z(¢n). From
these products and the data of U, (x —y) for j € Z(fn), we can recover the coordinates of the
point x + y.

Now let k, 1, m € Z(fn) be such that i + j + k + [ = 2m, and let k1, [; € Z(2fn) be such that
k=ky+ 1 and | = k; — [;. Using formula (9), we get

S DT 1y 0 FE 1, (0, = ( T x(t)ﬁz?;il(mk)) - ( 3 x(t)b*z%”it@w). (12)

teZ(2) teZ(2) teZ(2)

Using [Mum66, p. 339, Equation (x)], we obtain that for all x € Z(2) there exist &} € k; + Z(fn)
and [f € 1y + Z(¢n) such that

( > x(t)ﬁii@k)) : < 3 x(t)ﬁf_";t@Ak)) £0.

teZ(2) teZ(2)

By taking k' = k7 + 1} and I’ =k} — I} we obtain the result. O

In order to develop an efficient algorithm to comput@ddition chains, we first reformulate the
addition formulas (see [Mum66, p. 334]). Let H = Z(¢n) x Z(2), and for (i, x) € H define

Ui\ (T) = Z X()0i44(7).

teZ(2)
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Then for all 4, j, k, I, m € H such that 2m =i+ j + k + | we have that

i@+ )t (@ =)tk (04,)(04,)
= 2%9 Z (ma + 52)(251)%mg@)ﬂmfﬂa@ﬁmfw(fﬂm—ws(f) (13)

€EH 26=€Z(2)x0

It is easy to see that (ﬁi(g))ieZ(R) is determined by (u;(Z))icH-

Algorithm 3.3 (Addition chain).

Input 7,7 and = — y such that pa, (Z) — pa, (7) = pa,(z — ).
Output z +y= chain add(z, ¥, x/:/y)

> (Step 1) For all i € Z(fn), x € Z(2) and X € {z + 4, 7,7, 04, } compute
T (X) = 3 x®Fini(X).

teZ(2)
> (Step 2) For all i € Z(In), choose j, k, 1 € Z(fn) such that i + j + k + I = 2m, U;(z — y) # 0,
uk(04,) #0, u;(04, ) # 0 and compute
o~ 1
wirty)=———o————
22000 (x — y)uk(04, )t (04,)
> (m2 + £2)(261) Uit (V) Um—j+€ (Y) tm—fote (B) U—i46 (). (14)
EeH 26=€Z(2)x0

> (Step 3) For all i € Z(¢n), output
Yi(x +y)= 2% Z Ui (T +Y).
£€2(2)
Complezity Analysis 3.4. As Uiyyy = x(t)U,, we only need to consider (¢n)? coordinates,
and the linear transformation between @ and 9 can be computed at the cost of (2nf)9 additions
in k. We also have @; (=) = u_; (Z).

Using the fact that for ¢t € Z(2), the right-hand terms of (14) corresponding to & = (&1 + ¢, &2)
and to £ = (&1, &) are the same up to a sign, one can compute the left-hand side of (14) with
4 - 49 multiplications and 49 additions in k. In total, one can compute an addition chain at the
cost of 4 - (4¢/n)? multiplications, (4¢n)¢ additions and (¢n)Y divisions in k. We remark that in
order to compute several additions using the same point, there is no need to convert back to the
U at each step, so we only need to perform Step 2.

The addition chain formula forms a basic step for all the algorithms to be presented later in
this paper. We will use it as a convenient unit of time for all our running-time analyses.

Remark 3.5. In some cases it is possible to greatly speed up this computation. See, for instance,
[Gau07], which uses the duplication formula between theta functions to speed up the addition
chain of level two. See also §4.1, where it is explained how to employ isogenies to compute the
addition chains for a general level by using only addition chains of level two, so that we can take
advantage of the speed-up of [Gau07] in general regardless of the level of the theta structure.

The addition chain law on Zk induces a scalar multiplication law which reduces via p4, to the
scalar multiplication deduced from the group law of Ag. Let Z,7 € Ay, and 2+ y € pgi (x +v);
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then we can compute 2z +y:= chain,add(m, Z,y). More generally, there is a recursive
algorithm to compute, for every m > 2,

mx + y:= chain_add((m — 1)z + vy, &, (m — 2)z + y).
We put chain multadd(m, r+uy, 7T, y) = m/a;\—'l—/y and define
chain mult(m, ¥) := chainmultadd(m, 7, %, 0.4, ).
We have py, (chain mult(m, Z)) =m - pa, (z). We call chain multadd a multiplication chain.
Algorithm 3.6 (Multiplication chain).
Input méeN and m, T,y € Zk.
Output chain multadd(m, r+y,7, Y).
- (Step 1) Compute the binary decomposition of %Zf:o b22i
Set m' :=0, xy, =y, xy_; := chain_add(y, —Z, x + y), x0 := 04, and x1 :=7.
- (Step 2) For i :=1 to 0 step —1 do
If b; =0 then compute
Xom/ := chain_add(X,,/, X, X0)
Xom/41 := chain_add(X,,/ 41, Xm/, X1)
XY, = chain_add(xy,,,, Xm’, X¥)
m' = 2m’.
Else compute
Xom/+1 := chain add(X,/ 11, Xm/, X1)
Xom/+2 := chain add(X,/11, Xm/+1, X0)
XYom41 = chain_add(xy,,, Xm/, Xy_;)
m' :=2m' + 1.

- (Step 3) Output xy,,,.

Correction and Complexity Analysis 3.7. It is not completely trivial to see that me + y does not
depend on the Lucas sequence used to compute it. We prove this in Corollary 3.13, where we
show that multiplication chains are associative. In order to do as few divisions as possible, we use
a Montgomery ladder (see [ACDFLNVO06, Algorithm 9.5]) for our Lucas sequence, hence the
algorithm.

We see that a multiplication chain requires O(log(m)) addition chains. Here, the use of the
O-notation reflects possible improvements upon the length of the Lucas sequence used to compute
the multiplication chain for specific values of m. An overall worst-case time complexity of the
multiplication chain is given by 3 log(m) addition chains.

3.2.1 The case of n=2. Let % be a symmetric principal line bundle on Ay,. Then .¥ = %2
has degree two and for all i € Z(2) we have that (—1)*9; =9;, where (—1) is the inverse
automorphism on Ay. As a consequence, .Z gives a projective embedding of the Kummer variety
Ky=A,/ £ 1

There is no properly defined group law on K 4, but the group law of Ay endows K 4 (k) with

an action of Z. To explain that, we use the following suggestive notation: if = € Ay (k), we denote
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by +x the image of  under the canonical projection Ay(k) — K4(k). Note that we have, in

particular, 2 = +(—x) for all x € A(k).

Let z,y € Ag(k). From +2 € K4(k) and +y € K4 we may compute +(z +y) and £(x — y),
which gives two points on K 4. However, if we are also given 4(z — y) € K(k), then we can
identify +(x +y) € {£(z + y), £(= — y)}. Thus the addition chain law from Theorem 3.2 gives a
pseudo-addition on the Kummer variety which, by composition as in the algorithm chain mult,

allows us to compute m(£z) for all m € N and +x € K4 (k).

Let x,y € Ag(k). It is possible to obtain the set {£(x + y), £(x — y)} from the knowledge
of 2 and =4y in the following way. Let X = (X,-)Z-GZ@) and Y = (Yi);c () be two formal points
with coordinates being the variables X; and Y; for ¢ € Z(2). The relations obtained by writing
the formal chain addition X = chain add(z,y,Y) describe an algebraic system of degree two
whose solutions are {£(z + y), £(x — y)}. It is possible to solve this system at the expense of a
square-root extraction in k. (The preceding claims are proved in [LR10, Lemma 3].) We call this a
normal addition. Coming back to the computation of isogenies, it means that when working with
n = 2, we have to avoid computing normal additions since they require a square-root extraction
and are much slower than addition chains.

Finally, to make our algorithms work with n =2, we have to introduce the notion of
compatible additions. Suppose that we are given +x, +y, +z € Ky, together with +(z + y)
and +(y + z). Using a normal addition, we can compute {+(x + z), =(x — z)}; we want to
find +(x 4 2). If we apply the normal addition to +(z +y) and +(x + z), we find {£+(2x +
y+ z),£(y — z)}, while the normal addition applied to +(z +y) and +(x — z) produces the
set {£(22+y — z), £(y + 2)}. This allows us to identify +(x + z) if we suppose that 2z # 0,
2y #0,2z#0and 2(z + y + 2z) # 0. We call this the compatible addition +(x + z) with +(z + y)
and +(y + 2).

3.3 Theta group and addition relations

The aim of this section is to prove the associativity of chain additions, which is a key ingredient in
establishing the correctness of Algorithm 3.6. For this, we first show that the Riemann relations
are compatible with isogenies. Then, we study the action of the theta group on the addition
relations. From the previous results, we deduce addition relations linking the coordinates of the
points (Ei)ieZ(%) on Bj,. By considering different modular points (ai>ieZ(E) € @Il((bi)iez(ﬁ))
and the associated isogenies 7 : A — By, we conclude with Corollary 3.13. We begin with two
easy lemmas.

LEMMA 3.8. Suppose that %1,§1,ﬁ1,51,52,§2,ﬁ2,§2egk@) satisfy the general Riemann
relations (7). Then:

~ for every g€ G(Z), g-T1,9 1,9 U1,9-V1,9 T2, 9 Y2,9-U2,g-Va also satisfy the
Riemann relations;
— for every type-1 (-isogeny 7 : (A, £, 04,) — (B, £, Op,), the points

F(@1), (@), 7 (W), 7(@), 7(F2), (W), 7 (Ua), 7(V2) € By

also satisfy the Riemann relations.

Proof. This is an immediate computation. O
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LEMMA 3.9. Let (i, j) € H(n) and & € Ay. Then we have —(a, i, j) - % = (o, —i, —j) - (—7)
and (—x) = —7(T).

In particular, —(«, i, j) '6Ak = (o, =i, —J) -6Ak.

Proof. If x = (wi)iez(%)’ recall that we have defined —x = (x*i)ieZ(%)' The relation —(«, i, j) -
7= (a,—i,—j) (—Z) is a direct consequence of the fact that the coordinates (J;) iez(m) of T
are the theta functions associated to a symmetric theta structure. We can also check this with
a direct computation: if u € Z(¢n), then we have by (1) that ((«,i,7) - @)—y = a{u — i, j)T_yti
and ((o, =i, —J) - T)y = a(—u + 4, —J)Ty—;. The rest of the lemma is trivial. O

We now turn to the action of H(fn) on Ag. Since H(¢n) is generated by G,,, Z(fn) and
Z(fn) (where we embed Z(fn) and Z(fn) in H(fn) with the section s K(%)), it is enough to
study separately the action of these subgroups on the addition relations. The action of Gy, is
immediate.

LEMMA 3.10. For Ay, Ay, Ay—y € k" and T,y € Ar(k), we have

— A2 )2 —
chain add(A\;7, A\y¥, \y—yT — y) = —~chain add(Z, g, z — y), (15)
z—y
__ Ap=1) __
chainmultadd(n, Ap1y® + Y, \aZ, A\yY) = Twchairunultadd(n, r+y,z,y), (16)
y
chain mult(n, \,=) = /\g2 chain mult(n, ). (17)

Proof. Formula (15) is an immediate consequence of the addition formulas (11). The rest of the
lemma follows by an easy recursion argument. |

A more interesting result is the compatibility between the addition formulas and the action
of Z(¢n) on Ay.

PROPOSITION 3.11 (Compatibility of the pseudo-addition law). For z,y, T —ye A, (k) and
i,j € Z(fn), we have
(1,i+4,0) - chain_add(Z, J,  — y) = chain_add((1,4,0) - Z, (1,4,0) - 7, (1,5 — 4, 0) - & — y).
N B (18)
In particular, if we set P;=(1,4,0) - 04,, we have

P;yj = chain_add(FP;, P;, P;—;).

Proof. Let z +y= chain add(z, v, x/:/y) By Theorem 3.2, for all a,b,c,d,ec Z(fn) with
a+ b+ c+ d=2e we have that

< Z X(t)5a+t(em>5b+t(m)> : < Z x(t)ﬁcﬁ(ﬁ)@dﬂ(ﬁ))

teZ(2) te2(2)
(X A OTcsaet@Perss®) - (£ A OFe-cts@esn®)- (19)
teZ(2) t€Z(2)
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Applying (19) tod' =a+i+j, b/ =b+i—j,d =c,d =d, e =e+1i, we get

(2 xOTssatldF i siae= D) - (5 \0ese @7 0))

teZ(2) teZ(2)
_ < ) x<t>5j6+a+t<m5j+e_b<@) - ( 3 x(t)ﬁwcH(%)%ﬂ_dH(f)). (20)
teZ(2) teZ(2)

Thus (1,i+4,0)-z+y, (1,i,0)- &, (1,5,0)-7 and (1,7 — j,0) -z — y satisfy the addition
relations. O

By applying 7, we obtain the following corollary.

COROLLARY 3.12. ForZ,y, 72—y € /Tk(E) and i, j € Z(fn), we have

Tivj(chain add(Z, 7, ¢ — y)) = chain add(7:(%), 7;(7), Tij(x — y)).

Proof. Remember that, by definition, 7;(z) = 7((1, 4, 0) - ). The corollary is then an immediate
consequence of Proposition 3.11 and Lemma 3.8. O

We remark that by setting = ﬂ:ﬁAk in Corollary 3.12, we find
ﬁﬂ_]’ == chain,add(éi, Ej, éi_]’).

By considering different isogenies 7: Ap — Bp, we can use Corollary 3.12 to study the
associativity of chain additions.

COROLLARY 3.13. Let x € Bi[{] and y € By(k). Choose any affine lifts Z, § and T+yofz,y
and x + y, respectively.

(i) For all n € N*, put nx = chain mult(n, =) and na +y= chainmultadd(n, & +y, Z, 7).
Then for all ny, no € N* such that ny > ns, we have

—_— P
—_—~—

(n1 + n2)x + y = chain_add(niz + y, naz, (n1 — n2)x + y). (21)

In particular, we see that nt + 1 y and nx do not depend on the particular sequence of chain_add
used to compute them.

(i) For all n € N*, —nz + y = chain_add(n, —(z + y), — %, —7).
Proof. First, to prove assertion (i), let K be a subgroup of By, (] containing  which is maximal
and isotropic for the Weil pairing. Consider the isogeny 7 : By — Dy = By /K and let 7 : Dy, — By,
be the contragredient isogeny. We choose any theta structure on (Dy, 7*.%)) compatible with 7.
Let ¥ be any point in 7 1(7).

There exist i € Z(f) and Aj, A, A3 €k such that &= \7;(0p,), 7= \7(¥) and = +y =
A3 (¥). A simple computation using Lemma 3.10 shows that (21) does not depend on the

chosen affine lifts of Z, ¥ and a:/—F/y As a consequence, it is enough to prove the assertion for
A1 = A2 = A3 = 1. By Corollary 3.12, we have for all natural integers n; > no that

Ty itns.i(chain add(y, 0p,, 7)) = chain add(Fn, i (7), Tns.i (0D, ) Fnyinp i (7)) (22)

Now, chain_add(¥/, 0p,,7) =¥, and an easy recursion using (22) for ny = 1 shows that for all
n €N, T,.;(y) =nz +y. Thus (22) with n; and ns being positive integers gives the result.
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Next, we prove assertion (ii). Once again, let ¥’ be any point in 7 1(¥). Let i € Z({) and
AL, A2 €k be such that z=Mmi(0p,); by homogeneity we may suppose that A\; =1. By
Corollary 3.12 and Proposition 3.11, we have nz + y = 7((1,n-4,0)-9). Now, by Lemma 3.9,
we have

—~—

—nz+y=7(—(1,n-4,0)-7)=7((1, —n - 4,0) - —=7') = chain_add(n, —(z + y), —%, —J). O

The next remark concerning Corollary 3.12 will be a useful fact for studying the case where
£ is not prime to n.

Remark 3.14. Let Z€ Ay, i€ Z(fn) and §=7(F). Let meZ be such that ¢|m. By
Proposition 3.11 and Corollary 3.12, we have

7((1,mi,0) - T) = chain multadd(m, 7;(Z), R;, y).

But if £ | m, then mi € Z(n) C Z(¢n). By Proposition 2.3 we have 7((1, mi, 0) - ) = (1, mi, 0) - 4,
and (1, mi, 0) - y can be computed with the formulas (1). Hence

(1,mi, 0) - § = chainmultadd(m, 7;(Z), Ri, ).

To gain a complete picture of the action of H(¢n) on Ak, we have yet to describe the action
of Z(fn) on Ay. In order to do so, we recall from §2.2 that J is the automorphism of the theta
group that permutes Kj and Kj. Since sg,(y) =T 0 sk, () 0T, we just have to describe the
action of J on the addition relations.

ProrosiTION 3.15. Suppose that x,y, u, v, x,y, u' v e gk(E) satisfy the general Riemann

equations (7). Then J.x, 3.y, J.u, Jv, J.2', Ty, T/, T also satisfy (7).
Proof. If z = (xi)iez(%), we recall (see (5)) that

3.3:_< > e(i,j)xj>

ez (i) i€Z(fn)

where e = e is the commutator pairing.

By hypothesis, for i, j, k,1 € Z(fn) with i + j + k + [ = 2m we have that

(Z Dive(2)0544(y ) <Z D () D ))

teZ(2) teZ(2

Dirya ()9 4y Dpre (W) Oy (V') (23)
(> ") (Z )

teZ (2 teZ (2

Let Ay oy = ez X(t)§i+t(az)1§j+t(y)). If I, J, K, L € Z(¢n) are such that I + J + K +
L =2M, then

Masanis = X O L i+ T00@)( 5 a0 +T0)70)

TeZ(2) i€Z(tn) JEZ(fn)

(
_ ST DT i+ e, el §)Ti(a)d;(y),

T€Z(2),i,j€Z(In)
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Ay a2,30,0,0 Ax 30,30, KL

= Y T+ D)e(Tr,i+ j)e(T, k+ De(l, i)e(J, je(K, k)e(L, 1)Ji(x)d; (y) Iy (u)di (v)
Tl,TQEZ(E)
i.j,k,1€Z (En)

= Y el i)eld, 5)e(K, k)e(L, 1)Di(2)0;(y) 0k (u)dy(v)
i,9,k,1€Z (fn)

Z X(TI +T2)€(T1,i+j)€(T2,k+l)>.
Tl,TQEZ(E)
But

( Z X(T1 + To)e(Th, i+ j)e(To, k + l)) -

{49 ife(-i+ ) =e( k+1)=x,
Tl,TQEZ(i)

0  otherwise,

and e(-,i+j) =e(-,k+1) (as characters on Z(2)) if and only if there exists m € Z(¢n) such
that i +j + k + 1 =2m. Now, since [ +J + K + L =2M, we have e(I + J,-) =e(K + L, -) and
therefore

A Z 6([, i+ tl)e(Jv J+ tl)e(K7 k+ t2)6(L7 [+ tQ)gi+t1 (:C){g]#h (y){;k-‘rh (u){gl-i-tz (U)
t1,t2€Z(2)
el )e(J, §)e(K, Ke(Z, 1)

S e+ el + Lt ()70, (1) Tty ()T (0)
t1,t2€Z(2)
= el i)e(, )e(K, K)e(L. ]

ST el T )l 4 L )1y ()T (a0 (0041, (0)
tl,tQGZ(i)
= )\6([’, i+ tl)e(J', j/ + tl)e(K', E + tQ)e(L/, U+ tg)
Z 7~A9Ji/+tl (x,){gjurh (y/)gk’+t2 (u/){glurtz (U)
t1,t2€Z(2)

where A=49 if i +j+ k+1=2m and A =0 otherwise. By combining these relations, we find
that

Ay 32,0y.1,0 Ay gude KL = Ay gz gy 1,0 Ay g 50 K L
which concludes the proof. O

COROLLARY 3.16. Let 7,7,z — y € Ay(k), and let i, j € Z(fn) and k, | € Z(fn). Then we have
(1,i+ j,k+1) - chain_add(Z, 7, = — y)
— chain add((1,4, k) - &, (1,4, 0) -5, (L,i — . k — 1) -7 —y). (24)
Proof. By Propositions 3.11 and 3.15 we have

(1,0, k +1) - chain_add(Z, §, © — y) = chain_add((1,0, k) - 7, (1,0,1) - 7, (1,0, k — 1) - = — ).
(25)
Now, since (1,1, k) = (1,0, k)(1, 4, 0), we conclude by combining (18) and (25). a

Using Proposition 3.15, we can prove that the addition relations are compatible with any
isogeny.
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tions (7). If m: (A, Z,04,) — (B, £, Op,) is an isogeny such that Op, is m-compatible with

©a4,, then w(x1), 7(y1), m(u1), m(01), 7(x2), 7(Y2), T(uz), T(v2) € By, also satisfy the general
Riemann relations. In particular, for all 7,7, © — y € Ay, we have

7(chain_add(Z, J,  — y) = chain_add(7(%), 7(¥), 7(z — y)).

Proof. 1t is easy to see that Lemma 3.8 is valid for any compatible isogenies of type 1 (it is
not restricted to f-isogenies). By Proposition 3.15, we can apply Lemma 3.8 also in the case
of compatible isogenies of type 2. We conclude by observing that every compatible isogeny is a
composition of isogenies of type 1 or 2. O

4. Application of the addition relations to isogenies

In this section we apply the results of §3 to the computation of isogenies (see §4.2). More
precisely, we present an algorithm to compute the isogeny # : By — Ay from knowledge of the
modular point 04, . In §5 we will give algorithms to compute 04, from the kernel of 7.

First, however, we remark that since the embedding of A; that we consider is given by a
theta structure of level #n, a point #(x) is given by (/n)J coordinates. When £ is large, this
representation quickly becomes impractical. In order to mitigate this problem, in §4.1 we give
a point compression algorithm which enables us to represent points of level ¢n with only n9
coordinates.

Recall that in § 3.1 we chose 0.4, = (ai)iez(%) such that 7(04, ) = 0p, and defined, fori € Z(?),
Ri = (aiyj)jezm) € Br(k).

4.1 Point compression

Suppose that £ is prime to n. We know that Z € A (k) can be recovered from (7i(T)) e 7(7) using

the fact that for i € Z(¢) and j € Z(n) we have (Z)nit¢; = (7:(2));. Actually, if (di,...,dy) is
a basis of Z({), we are going to prove that Z can easily be computed from just (7g, (T))ie[1..g]
and (Tg,+d,(T))ijeq1.q- If (€1, .., €y) is the canonical basis of Z(fn), in the following we take

(di =nei)icp..q) as a basis of Z(£).
PROPOSITION 4.1. Let & € A(k) and i, j € Z(fn). We have
%it;(%) = chain_add(7i(%), R, Ti_;(T)).

Proof. We apply Corollary 3.12 with gjzﬁAk and T — y =7, so that we have chain add(z, ¥,

x —y) = . We obtain

7i+j(F) = chain_add(7;(%), 7 (04, ), 71— (%)) 0

DEFINITION 4.2. Let S C G be a subset of a finite abelian group G such that 0g € S. We denote
by S the smallest subset of G (for the inclusion) such that S’ > S and S'=5"U{x+y|z € Y,
ye S, x—ye S} Wesay that S is a chain basis of G if S"=G.

Ezxample 4.3. Let G =Z({). Let (e1, ..., ey) be the canonical basis of G. If ¢ is odd, a chain
basis of G is given by

S ={0g, ei, ei + €j}i je1.gli<j-
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If £ is even, a chain basis of GG is given by

S = {OGv €i1s €iy T Cigy v ooy €y T+ €ig }i1,...,i96[1..g],i1<~~~<ig'

In each case, the chain basis S is minimal, and we call it the canonical chain basis &(G) of G.

Recall that, in Example 2.5, we defined a subset S C Z(¢n) such that S+ Z(n) = Z({n).
To S we associate a canonical chain basis & C S as follows: if ¢ is prime to n, then &=
Z(0) C Z(fn) and we define & =6&(Z(¢)) ={d1,...,dy,d1 +dg,...,dg_1 + dy}; otherwise we
take & = &(Z(In)).

THEOREM 4.4 (Point compression). Let I € gk(E) The point T is uniquely determined by 6Ak
and {7;(Z)};cs. Moreover, 0y, is uniquely determined by {7;(04,)}ice = {Ri}ice

Proof. By Proposition 3.11 we have 7;1;(7) = chain,add(?m(f),%j(@;k) Ti—; (), 05,). So by
induction, from {7;(z)};ces we can compute every {7;(z)};cg where & is the smallest subset of
S (for the inclusion) such that &' > & and &' =& U{z+y |z €& ,ye & v —yec &}

Since &' =S (or contains S if n is not prime to ¢), Corollary 2.4 shows that Z is
entirely determined by {7;(z)}ice and {7i(04,)Yics In particular, 04, is entirely determined
by {7i(04,)}ice. But m;(04,) = R; by Proposition 2.3 and we are done. O

In the description of the algorithms, we suppose that £ is prime to n, so that S = Z(¢) C Z({n).
Algorithm 4.5 (Point compression).

Input 7= (0:(%));c s € Ar(E).
Output The compressed coordinates (7;(T));ce.

> (Step 1) For each i € &, output (7;(%)) = (I, ni+tj (%)) jezm)-

Algorithm 4.6 (Point decompression).
Input The compressed coordinates 7(Z);ce of T.
Output 7 = (J;(% () ;ez(m) € A (k).

> (Step 1) Set §':= 6.

> (Step 2) While &’ # S.

e Choose i, j € S" such that i +j € S\S and i — j € S".
e Compute %i+j (f) = chain,add(%i (5), Rj, %ifj (f))

o S':=8"U{i+j}.
> (Step 3) For all i € Z(fn), write i = nig + £ and output U;(%) = (74, (%));.

Correction and Complexity Analysis 4.7. By using repeatedly the formula of Proposition 3.11,
Fi15(7) = chain add(7,(7), Ry, iy(7), 05, ),

we recover in Step 2 every 7;(Z) for i € Z({), since & is a chain basis of Z(£). We then obtain the
coordinates of T in Step 3 by applying a permutation on the coordinates of the {7;(%) | i € Z(¢)}
(see §2.4). To recover T, we need to do #S — #6& = O(¢9) chain additions. The compressed point
{mi(7) }ice is given by #6 x nY coordinates.
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If ¢n = 2ng and ng is odd, we see that we can store a point in A (k) with 29(1 + g(g + 1)/2)
coordinates (49 if ng is even) rather than (2ng)Y.

4.1.1 Addition chains with compressed coordinates. We remark that in order to carry out an
addition chain, we do not need to use the decompression algorithm as it is possible to compute the
addition chain more effectively directly with compressed coordinates. In fact, let z, 3, :c/:/y € Zk
Suppose that we have the compressed coordinates (7;(Z))ics, (7i(7))ice and (7;(z — y))ies Then,

if i € &, we have by Corollary 3.12 that
Ti(z + y) = chain_add(7;(Z), 7o (9), Ti(z — v)),
and hence we may recover the compressed coordinates of a:/—l\—/y

We can compare the running times of an addition chain with the full coordinate representation
(of level n) and one with the compressed representation. By the formulas from Theorem 3.2, since
2 | n and the formulas sum over points of 2-torsion, we see that we are doing #S addition chains
in By, using representations of level n. The addition chains with the compressed representation
run much faster than the addition chains with the full representation, since we need only do
#6 addition chains of level n. In particular, since we can compute the multiplication by m with
addition chains, we see that the cost of a multiplication by m is O(#6 log(m)) addition chains
of level n (and a point decompression if we want to recover the full coordinates).

Since we can take n = 2, the addition formulas of level 2 allow us to compute addition chains
of any level. In particular, the speed-up method for these formulas given by [Gau07] can be used
for all levels.

4.2 Computing the dual isogeny

Recall that we have the following diagram.

_ V4 _
2 € A(F) & 2 Ap(R)

y € Bi(k)

Let ngpgi(y) and let T € A(k) be such that 7(Z)=7. In this section, we describe an
algorithm to compute 7;(¢ - T), for i € Z(f), efficiently from the knowledge of 7 and 04, (that

is, without using 7, which may be hard to compute). Let (d;)ic[1.4) be the basis of Z(0)
defined in §4.1. By using this algorithm for ¢ € {dy,...,dg, d1 +da,...,dg—1 +dy}, we can
recover 7(y) = pa, (¢ - ) (see Theorem 4.4). We know that for all i € Z(¢), m;(z) = y + R; where
x=pa, (T). For i € Z({), we choose a point n¢(z) € p,*(y + R;)(k) so that for each i€ Z(¢)
there exists \; €k such that 7;(F) = \in?(z). If & is another point in 7 (7), then we have
mi(Z') = Nwd(x) with X} = ¢\, where € is an th root of unity by Corollary 2.4. As a consequence,
it is possible to recover A; only up to an ¢th root of unity, but this information is sufficient for

computing 7;(¢ - ).
THEOREM 4.8. Let § € By (k) and let & € Ay (k) be such that 7(%) = 7. For all i € Z(7),

7:(0- %) = X! chainmultadd(/, 7%(z), 7, R;)),
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where )\f is determined by
J = M chain multadd((, 7¢(x), R;, 7).

Proof. By Proposition 3.11 and Lemma 3.10, we have

7:(0 - %) = chain multadd((, 7;(%), 7(%), 7(P;)) = A chain multadd((, 7%(x), 7, R;).

Now we only need to find the )\f for i € Z(f). But by Proposition 3.11 and an easy recursion,
we have T = SKl(g)(i)é -, so that by Corollary 3.12 and Lemma 3.10,

7(%) = chainmultadd((, 7;(Z), Ri, J) = A!.chain multadd (¢, 7%(z), R;, 7). 0

Remark 4.9. We can use the preceding theorem to recover the equations of the isogeny by taking
for y the generic point of Bj.

Algorithm 4.10 (The image of a point by the isogeny).
Input y € By(k).
Output The compressed coordinates of 7 (y) € Ag (k).

> For eachic &
e (Step 1) Compute y + R; and choose an affine lift y; of y + R;.
e (Step 2) Compute y1R, := chain multadd(/, i, R;, yo).
Let A; be such that yo = \;y1R,.
e (Step 3) Output \; chain multadd(¥, y;, yo, R;))-

Correction and Complexity Analysis 4.11. Let y =1y, let T € gk(E) be such that 7(Z) =1y,
and let z=/(z. Then pa,(2) =#(y), and we put Z=7(y). Theorem 4.8 shows that we
compute 7;(7(y)) = \¢ chaannultadd(E i, yo, R ;)), since ! is given in Step 2 by yo=
M chain multadd(, yi, Ri, 9).

We can easily recover 7 (y) from the 7;(7(y)), i € Z({), but we note that it is faster to compute
the 7;(7(y)) only for i € & (with the notation of Example 4.3 in the preceding section) and then
use Algorithm 4.6 to obtain the full coordinates of 7 (y). This last step is unnecessary if we only
need the compressed coordinates of 7(y).

To compute 7;(7(y)), we need to do two multiplication chains of length ¢. We obtain the
compressed coordinates of ¢ - x after g(g + 1)/2 such operations. In total, we can compute the
compressed coordinates of a point with O(g(g + 1) log(¢)/2) additions in By (with g(g + 1)n9/2
divisions in k) and the full coordinates with O(¢9) additions in By.

The kernel of the isogeny. We know that the kernel of the isogeny 7 : By — Aj is the
subgroup K generated by (Ry,)ic[1.g- For y € Bgl(], let ﬂepgi (y). Up to a projective factor,
we may suppose that chainmult(f y) =0p,. Then y is in K if and only if for all i € Z(¢)
we have T;(7(y)) = Ri. Let y + R be any affine point above y + R;. Since y and and R; are points of
{-torsion, for all ¢ € Z(E) there exist o;, 3; € k' such that chain multadd(/, y + RZ, v, R)) = aZR,

and chain multadd(/, y + RZ, R;, ) = ;7. By Theorem 4.8, we know that 7;(7 (7)) = (as/3:) R
In particular, y € K if and only if «;/8; =1 for all i€ Z(@n). In fact, we show in §6 that
ai/Bi=e st (y, R;) where e ¢ is the commutator pairing on Z¢. This is consistent with the

fact that y is in K if and only if e g (y, Rij) =1forie{dy,...,dg}.
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The case of (n,£) > 1. In this case, we have to take & ={e1,...,eq,e1 +€2,...}. If i €5, R;
is a point of n-torsion and we have by Remark 3.14 that

(1,4i,0) - 7=\ chain multadd(/, 7(z), R, ),

so we can still recover Af.

The case of n=2. The only difficult part here is the ordinary additions y + R; (see §3.2.1),
since the addition chains work with n = 2. In particular, we first choose one of the two points

+(z £ ]3%1) which requires a square root. Now, since we have 0 A, given by a theta structure of
degree ¢n > 2, we have the coordinates of Re1 + 1 R on Bk This means that we can compute the
compatible additions Z + R; from % + R61 and Re1 + R;.

Adaption for more general isogenies. Although we only consider the case of (¢, . . ., £)-isogenies,
it is also possible to compute more general types of isogenies with our algorithm. With the
notation of §2, let dg = (d1,...,d,4) be a sequence of integers such that 2|d; and 0; | 41,
and let (bi)iez(s,) € Ms, be a modular point corresponding to an abelian variety Bj. Let
0'=(L1,...,4y) (where £;|l;iy1) and define 6 = (0141, ..., 04€y). Let (a;);cz(5) € Ms be such
that ¢1((ai)iez(s)) = (bi)iez(s,) Where 1 is the natural inclusion of Z(dp) into Z(J). The theta
null point (a;);ez(s) corresponds to an abelian variety Ay such that thereis a (£1, . .., £4)-isogeny
7 : Ay, — By, which can be computed by the isogeny theorem [Mum66, Theorem 4] (see §2.2).
We consider the contragredient isogeny 7 : By — Ay, of type (€g/l1,Lg/C2, ... 1,4y, Ly, ... Ly).
Using the modular correspondence ¢; to go back to a modular point of type Z(dp) (see §1)
gives an isogeny whose type is ({4/01,4y/la, ..., 1,018y, laly, ... L4ly). We leave to the reader
the easy generalization of Algorithm 4.10.

5. The computation of a modular point

We recall that (A, 7, 04,) and (Bg, %, ©p,) are marked abelian varieties and we let 7 :
Ar — By, be an isogeny of type 1. In §5.1, we explain how to compute the theta null point 6Ak
from knowledge of the kernel K of 7, the contragredient isogeny of 7. This section introduces
the notion of an excellent point of ¢-torsion, which is an affine lift of a point of ¢-torsion that
satisfies (29). We study this notion in §5.2, and use it in §5.3 to compute all (or just one of
the) modular points corresponding to marked abelian varieties (Ay, 2, ©4,) such that there is
an isogeny 7 : By, — A;, with kernel K.

5.1 An analog of Vélu’s formulas

We have seen in §4.2 how to use the addition formula to compute the isogeny 7 : By — Ay. The
theta null point (a;),. ) corresponding to (Ag, £, © 4, ) is an input of this computatlon In this
section we explain how to recover the theta null point (al)zez(én) given the kernel K = {T; }zeZ(e)
of 7, by using only the addition relations. By combining this result with the algorithm of §4.2,
we obtain an analog of Vélu’s formulas for higher-dimensional abelian varieties, since we are able
to compute an isogeny from the data of its kernel just by using addition relations. Because in the
algorithm we have to take /th roots in k, we suppose that k is algebraically closed. (If k =T,
with ¢ | ¢ — 1 so that the ¢th roots of unity are in k, we only have to work over an extension of
degree ¢ of k.)
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Let (Tg,, - - ., Ta,) be a basis of K. Let (ai)iez(%) be the theta null point corresponding to any
theta structure on Ay that is m-compatible with the theta structure of (By, %o, Op, ). We recall
that one can associate to 04, = (@) ;c 7z the points <§i)ieZ(Z) = 7;(04,), and Corollary 2.4
shows that this correspondence is one-to-one. By [FLR11, Proposition 7], we can recover all the
theta null points of the m-compatible theta structures on Ay by acting over 5Ak = (ﬁl)ze Z(0) by

(E )i i€Z(0) (R¢1( ))zEZ( ) (26)
(Bieney — (€(2(0), ) )i po, (27)

where ¢; is an automorphism of Z(¢) and 1)y is a symmetric endomorphism of Z(f). We remark
that the results of §4.1 Sh?W that 04, is completely determined by {Rq4,, R, 14, }i je[1..q Where
di,...,dg is a basis of Z().
Up to an action (26), we may suppose that OAk is such that 74, (OAk) Ty, Let i € Z(£) and let
T; be > any affine point above T;; then we have R = \T; for \; € k" Write £ = 2¢' 4 1; since R; =
ka(Ri) is a point of (-torsion, we have (1,¢ +1,0) - R; = —(1,/,0) - R;. By Proposition 3.11
and Lemma 3.10, we have
chainmult(? + 1, R;) = —chainmult(?, R;),
)\Z(e/+1)2 chainmult({ +1,T;) = —)\f/z chainmult(¢,T}),
Mchainmult(¢ + 1,T;) = —chain mult (¢, T}). (28)
Hence we may find A; up to an fth root of unity. If we apply this method for i€
{di,...,dg,dv +da,...,dg—1+dy}, we find R; up to an /th root of unity. But the action (27)
shows that every such ch01ce of Rl gives a valid theta null point 0 A, Via the correspondence of
Corollary 2.4.
Algorithm 5.1 (Vélu-like formula).
Input Ty, ... T4, a basis of the kernel K of #.
Output The compressed coordinates of 0 Ay, the theta null point of level ¢n corresponding to 7.
Let Gz{dl,...,dg,dl—|—d2,...dg_1—|-dg}.
> (Step 1) Let ¢ be such that £ =2¢'+ 1.
> (Step 2) For i, j € [1..g] compute the points Ty, + Ty,
- (Step 3) For each i € G.
e Choose any affine lift 7] of T; and compute (f3);cz(m):= chainmult(¢,T}) and
(yé)jez(ﬁ) := chain mult (¢ + 1, T)).
e Compute «; such that (7;-)]-62@ = ai(ﬂij)jez(ﬁ).
e Output R; := (ay)'/*- TV,
Correction and Complexity Analysis 5.2. The output of the algorithm is RZ, one of the ¢
affine lifts of 7; such that chain mult(¢' +1, R;) = —chain mult(, R;). Then (R;)ics are the

compressed coordinates of 0 A,, and we can recover 0 4, by doing a point decompression (see
Algorithm 4.6).

To find ]5%, we need to do two chain multiplications of length ¢/2 and then take an f(th
root. After g(g + 1)/2 such operations, we obtain the compressed coordinates of a valid Oy4,,
and we may recover the full coordinates of the corresponding 04, using the point decompression
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algorithm, Algorithm 4.6. We remark that we only need the compressed coordinates of ﬁAk to
compute the compressed coordinates of 7. In total we need to compute g(g + 11/ 2 (th roots and

O(g(g + 1) log(£)/2) additions in By, to recover the compressed coordinates of 04,. We can then
recover the full coordinates of 04, at the cost of O(¢9) additions in By.

Remark 5.3. Each choice of the g(¢g+ 1)/2 ¢th roots of unity appearing in the preceding
algorithm gives a theta null point corresponding to the same abelian variety A = By/K with
a different marking. The corresponding theta structures on A induce different decompositions
of the (-torsion A[¢] = K1(¢) ® Ka(¢). Since By, = Ap/K2(¢) and K2(¢) = K is fixed, each point
gives a different K (¢). This means that if we put Cy = Ay /K1(¢), we can recover the different
(?-isogeny B}, — C}, from such choices (see §2.2). More precisely, by looking at the action (27), we
see that there is a bijection between the £9(911)/2 choices of £th roots of unity and the £2-isogenies
whose kernel & C By, is such that K[(] = K.

The case of (n,f)>1. In this case, we once again have to recover R; for i€ &=
{e1,...,eq, €1 +ea,...,e1+e4}. Suppose that we have {Ti}ieZ(Z) and #9 points of ¢n-torsion

such that ¢-T; = (1, 4i,0) - 0. If i € &, we may suppose that R; = N
If £ =2¢+1 is odd, we have

A chainmult(? 4 1,T;) = —(1, £(n — 1), 0) - chainmult(?, T;),
so that once again we can find Af.
The kernel of 7 is then K = {nT;},_ 7@ Even when K is isotropic, it could be that the
{Ti}ic 7(7) are not isotropic, so some care must be taken in choosing the {Ti}ic 2(0)-

If ¢ =20 is even, we have
A2 chainmult(¢ + 1, T;) = —(1, {(n — 1), 0) - chainmult (¢ —1,T;),

so that we can recover only )\?Z. But every choice still corresponds to a valid theta null point
(ai);c 7(#m)» because when 2 | £, we have to add to the actions (26) and (27) the action given by
the change of the maximal symmetric level structure [FLR11, Proposition 7].

The case of n=2. The only difficulty lies in the standard additions. Using standard additions,
we may compute Re, + Re,, ..., Re; £ R, , making a choice each time. Then we can compute
Re, + Re; by doing an addition compatible with R., + R, and R., + R.;.

5.2 Theta group and £-torsion

Let & € By (k) be such that pB, () is a point of (-torsion. We say that z is an excellent point of
(-torsion if x satisfies

chain mult(¢ + 1,7) = —chain mult(¢, 7). (29)

Remark 5.4. If x is an excellent point of /-torsion, then by Lemma 3.10 so is A -z for any fth
root of unity A.

We saw in the previous section the importance of taking lifts that are excellent points of
{-torsion. The aim of this section is to use the results of §3.3 to show that the addition chain
of excellent points of /-torsion is again an excellent point of ¢-torsion. This result will be used in
§5.3 to compute excellent affine lifts of Bg[¢] by taking as few ¢th roots as possible.
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Let o = [{]* £ on By. As £ is symmetric, we have that ./ ~ ,,2”042 (see [Mum70, p. 59])
and that K (), the kernel of .#p, is isomorphic to K(¢?n). Let ©p, 4 be a theta structure
on (By, #,) that is [E] compatlble with the theta structure ©p, on (B}, £p). As in §2.3, we can

define the affine cone Bk associated to the canonical sectlons of .#( defined by the theta structure
OB, .#,- We choose a system of affine coordinates on Bk above the projective coordinates given

by ©p, . .#,, and we let [Z] : ka/ — By, be the lift to the affine cone of [¢] compatible with these
coordinates. Finally, we denote by Gﬁk S ka, the affine lift of the theta null point associated to

©B,,,.#, such that [Z]ﬁfg;/ = 0p, . Since . ~ .,S”(fz, the natural action of G(.#y) on H°(.#y) gives
via ©p, 4 an action of H(¢2n) on H°(.4y).

~ 1
LEMMA 5.5. Let y € Bi[{], y € pgi (y) and T €[] (y). Then there exists (a,ni,nj) € k** x
Z(0?n) x Z(£2n) such that & = (o, ni, nj) ‘6~/. Moreover, y is an excellent point of {-torsion if

and only if & = \; ju where p is an (th root of unity and \; j = (4, G)Ene=1),

We remark that if '€ ECI(E) is such that 7’ € [ ] (A) then 2’ = (1,4, ¢5") - T where
(i',7') € Z(£2n) x Z(£2n)), so the class of « in k*/k** does not depend on T but only on .
Proof. Since vak/(%) € By[f?], there is an element h € H(£2n) such that Z=h - Oka/, with h =
(a, ni, nj). By Remark 5.4, we only need to check that [¢]((\; jani,ng) - 0~k/) is an excellent point
of {-torsion. For m € Z, let Zp, = chain mult(m, z) and y, = chain mult(m,y). By Corollary 24
we have T, = ()\ZJ Ly, M ) ngz and by Corollary 3.17 we have y,, = [E]()\ m-i,m-j)-
OB;/. So by Lemma 3.9,

Z]’

Jo =[O 000 §) 050 = [4(1, en(¢ — 1)i, en(t — 1)5) (N>

1,59

/- gl -
Ez,ﬁj)-oévk/

= (('i, tn(€ = VAN, (€ + n(€ = 1)) i, (€' + n(f — 1)) - j) - 05
=\ CHD N~ +1) i, —(C +1) - j) - 05
= [Z](_W’—H) = —Yr41- O

PROPOSITION 5.6. Let 11, 92, yT:/yQ € Ek(E) be excellent points of £-torsion. Then ymg =
chain add(y1, ¥2, y1 — y2) is an excellent point of ¢-torsion.
Proof. Let (o, i1, j1) € H(£2n), (a2, d9, jo) € H(£2n) and (a3, i3, j3) € H(£2n) be such that

) (o, i1, J1) 'ng/ =v1, [{(az,iz,j2)- ng’ =12, [{(as,i3,73)" ng' =y1 — Y2.

By the remark at the end of Lemma 5.5, we may suppose that i3 =141 —io and jz = ji; — jo.
Since 31, y2 and y1 — yo are excellent points of ¢-torsion, by Remark 5.4 and Lemma 5.5 we may
suppose that aq = A;; j,, a2 = A, j, and ag = Xy, —iy j1—jo-

By Corollary 24 and Lemma 3.10, we have

Y1+ y2 = 2 (L i g1+ G2) - 00 = (Niig i tas 01+ B2, 1+ J2) - 07,
)‘ilfiz,jlfjé k k
SO yﬁ/yg is indeed an excellent point of ¢-torsion by Lemma 5.5. O
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5.3 Improving the computation of a modular point

In [FLR11], the following algorithm is used to compute the modular points 6Ak- Let 6Bk =
(bi)ie z(m)» and consider the algebraic system S defined by the Riemann and symmetry relations
(3) with (ai)ieZ(E) considered as the unknowns and where we put a; =b; for i € Z(n). The
algebraic system .S defines a zero-dimensional algebraic variety which contains the set of modular
points 6Ak- In [FLR11], we presented an algorithm to compute efficiently a Grobner basis of the
system S.

In this section we explain how, in order to improve the algorithm of [FLR11], by using the
‘Vélu-like formulas’ of § 5.1 it is possible to recover all the modular points 04, , solving the system
S from knowledge of the f-torsion of By. We then discuss different methods for computing the

{-torsion in By,.
Algorithm 5.7 (Computing all modular points).

Input 11,...,T5,, a basis of the {-torsion of By.
Output All /-isogenies.

We just outline the algorithm here, since a detailed explanation will be given in Example 5.8.
We suppose that we know how to compute e gt on By [¢] and postpone to the next section the
description of an algorithm to compute e 2t efficiently.

—_~—

> (Step 1) Compute any affine excellent ¢-torsion lifts 77, . . . ,ng, T+ T, ..., Ty + Ty,
and then use addition chains to compute affine lifts 7' for every point 7' € By[f]. By
Proposition 5.6, T' is an excellent point of ¢-torsion.

- (Step 2) For every isotropic subgroup K C By[{], take the corresponding lifts and use them
to reconstitute the corresponding theta null point 04, (see §5.1).

Example 5.8. Suppose that {11, ..., Ty} is a symplectic basis of By[f]. (A symplectic basis is
easy to obtain from a basis of the f-torsion; we just need to compute the discrete logarithms
of some of the pairings between the points, where the pairings can be computed with
Algorithm 6.3.)

Let ©p, 4, be any theta structure of level ?’n on By, that is compatible with © B> and let
0p, be the corresponding theta null point (see §5.2). We may suppose (see §5.1) that

Ti = [4(1, (n,0,...,0),0) -0,
Tp =01, (0,n,...,0),0) -0, ...,
Ty =[0(1,0,(n,0,...,0)) 05,
Tyro=[0(1,0,(0,n,...,0) 05, ...,

Ty + Tyi2 = [€)(1, (1, 0,...,0),(0,n,0,...,0)) - 0p,, ...

Then by Corollary 24, we compute using Algorithm 5.7 the following affine lifts of the
{-torsion:

{[AQ1,in, jn) - O, |4,5€{0,1,...,0—1}9 C Z(£*n)}. (30)
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Now, if K C Bg[{] is an isotropic group, then in the reconstruction process of Algorithm 5.1
we need to compute points of the form [¢](1, in, jn) 63% for i, j € Z(£*n). But we have

[A)(1, in jn) - 05, = [(CP G (1, ban, £8n) - (1, (i = La)n, (j — (B)n) - O,
= [P Etn (L, (i — ta)n, (5 — £8)n) - O,
where o, 3 € Z(£?n) and ( is a (£2n)th root of unity. As a consequence, we can always go back

to a point computed in (30) up to an ¢th root of unity.

We give a detailed example with g =1, £ =3 and n = 4. Let B be an elliptic curve, with a
theta structure ©p, of level n. Let {11, T>} be a basis of Bj[¢], and choose excellent affine lifts

T1, Tg, T1 +T>. Let ©p, 4, be any theta structure of level 0?n compatible with @Bk, and let 0/
be the correspondlng theta null pomt (see §5.2). We take ©p, 4, such that T, = [Z](l n,0) - O'Bk,
T, = [6](1, 0,n)-0p and T1 +1Tr = [5}(1, n,n) - Bk‘

We have seen from (30) that in Algorithm 5.7 we compute the points [¢](1, in, jn) 6%31@ for
i,j€0,1,...,0—1CZ/(nZ.

Now let T'= [Z](l, n,2n) -~39k; K = (pp,(T)) is an isotropic subgroup of By[f]. Let Ay =
By /K, choose a compatible theta structure © 4, on A, and let 04, be the associated theta null
point.

As usual, we define R; = 7:(04,) if i € ZJIZ C Z./¢nZ, and we may suppose (see §5.1) that
© 4, is such that By =T'. More explicitly, if n =4 we have (remembering that we always choose
04, such that 7(04,) =0g,):

04, = (a0, a1, az, as, as, as, ag, az, as, ag, aio, a11),
%(.7}0, L1y, T2, X3, T4, L5, Ly L7y L&y LY, L10, 33‘11) = (1’0, I3, T6, $9),
Ry = (ao, a3, ag, ag) =0, ,
Ry = (a4, a7, arg, a1),
Ry = (as, a11, az, as).
Now, by Theorem 4.4 we know that 0 A, s entirely determined by R (and 0 Bk) in fact, we have
R2 = chain_add(R;, Ry, OBk) By Corollary 24, we have

Ry =[0)(1, 2n, 4n) - 0, = []¢2™37(1,0, 3n) - (1, 2n, n) -0, = (23 [0)(1, 2n, n) 0,
where ( is a (/2n)th root of unity.

This shows that in the reconstruction step, we have to multiply the point [Z](l, 2n,n) 6,Bk
that we have already computed by the £th root of unity ¢,

Complexity Analysis 5.9. To compute an affine lift ﬁ, we have to compute an ¢th root of unity
(and do some addition chains; but we can reuse the results for the next step). Once we have
computed the £(2¢ + 1)th root, we compute the whole (affine lifts of) /-torsion by using O(¢£%9)
addition chains. We can now compute the pairings e(7}, 7;) with just one division, since we have
already computed the necessary addition chain (see §6). From these pairings we can compute a
symplectic basis of By[¢]. This requires the computation of the discrete logarithm of the pairings
and can be done in O(¢) time. Using this basis, we can enumerate every isotropic subgroup
K C By[f], and reconstruct the corresponding theta null point with O(#9) multiplications by an
fth root of unity.
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The case of (n,£>1). In this case, the only difference is that we have to compute By[¢n] rather
than By[¢], and when T; is a point of ¢n-torsion, we compute an affine lift 7; such that

chainmult(? 4+ 1,T;) = —(1, {(n — 1), 0) - chainmult (¢, T).

The case of n=2. This works as in §5.1; once we have computed the Qz + ﬁi, we have to
take compatible additions to compute the T¢, + T¢,.

Computing the points of £-torsion in By. By applying the addition relations of §3.2 to the
generic point of By, we obtain an algebraic system of equations of degree £29 in n9 unknowns
defining By [¢]. We can compute the solutions of this system by using the general-purpose Grébner
basis computation algorithm.

In general, we prefer to work with Kummer surfaces (that is, with n = 2), since this cuts
the degree of the system by two. In genus 2, Gaudry and Schost [GS08] have an algorithm for
computing the ¢-torsion on the Kummer surface using resultants rather than a general-purpose
Grobner basis algorithm. The points are given in Mumford coordinates, but we can use the results
of Wamelen [Wam98] to get them in theta coordinates. This algorithm is in O(£5) (where we use
the notation O to mean we forget about the log factors). The computation of the excellent affine
points of /-torsion from Algorithm 5.7 is in O(¢*), and each of the O(¢3) isogenies requires O(¢?)
multiplications by an fth root of unity. In total we see that we can compute all (¢, £)-isogenies
in O(£%) time in genus 2.

Isogenies graph. A possible application of the algorithms presented in this paper is the
computation of isogenies graphs. In fact, the Vélu-like algorithm of § 5.1 allows us to compute a
theta null point 6Ak for a theta structure on Ay of level £n from a point corresponding to a theta
structure of level n. We can then use the modular correspondence described in §2.2, taking an
isogeny, to obtain a theta null point 6Ck corresponding to an abelian variety Cj with a marking
of level n. With this method, it is possible to compute ¢*-isogenies graphs.

In this manner, when we compute a sequence of ¢2-isogenies, it is possible to benefit from
the computation of the intermediate step 6Ak: since 6Ak is a theta null point of level ¢n, we can
recover from it all points in Ag[¢]. Denote by 7y : Ay — Cj the isogeny defined by the modular
correspondence. Then Ky := ma(Ag[¢]) gives half the ¢-torsion of C, (to get an explicit description
of Ko, just apply J to the results of §2.3). Since K3 is the kernel of the contragredient isogeny
of 75, we have a way to compute the graph of ¢?-isogenies where the composition of two such
isogenies gives an £4-isogeny and not, when g = 2 for instance, a (1, £2, £2, #*)-isogeny (it is enough
to consider the isotropic subgroups of C[¢] that intersect Ky trivially).

The knowledge of Ky can also be used to speed up the computation of Cy[¢]. In the following
section, we describe an algorithm to compute the Weil pairing ey on Cy[f]. Let (G1,...,Gy)
be a basis of Ko, and consider the system of degree £971 given by the ideal of ¢-torsion and the
relations e(G;, -) = 1 (which have a rational expression) for ¢ € [2..g]. Let H; be a point solution of
this algebraic system different from (G1) (which can be tested by verifying that ey (G1, H1) # 1).
We can now construct the system of degree ¢9 given by the ideal of ¢-torsion and the relations
ew(Gi, ) =1 for i #2 and ey (Hi,-) =1, and look for a solution Hy such that e(Ga, Ha) # 1.
Continuing this process, we obtain an algorithm to construct a basis G1,...,Gy, Hy, ..., Hy of
Cyi[f] by solving a system of degree 97! then a system of degree 9, ..., and finally of degree
2. This is faster than solving the ideal of (-torsion, which is a system of degree £%9.
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6. Pairing computations

In this section, we explain how to use the addition chains introduced in §3.2 to compute the
Weil and commutator pairings on abelian varieties. First, we recall how the commutator pairing
relates to the Weil pairing.

Since Bi[f] C K(£)", the commutator pairing e ¢ gives a non-degenerate pairing on By, [] (if
n is prime to ¢), denoted by e 7t which we will call the extended commutator pairing on By|[/].
We can give another interpretation of this pairing, which is more suitable for computations.
Let . =[{]*%y on By. We know that K(.#p) is isomorphic to K (£2n) (see §5.2). As .4
descends to %) via the isogeny [¢], the commutator pairing e 4, induced by the polarization .

is trivial on By[f]. For x1, zo € Bi[l], let 2, 2%, € Bi[(?] be such that ¢ -z =z; for i =1, 2. The

extended commutator pairing is then ey (21, 72) = € (7, 22) = €.y (21, 7)) = €.p, (], ).

Indeed, by [Mum?70, p. 228], we have e 4, (2}, z2) = ev%z(ﬁx’l, x2) = €gr (1, z2).

The isogeny ¢, : By, — By, has kernel By, [n], and by composing with ¢ & on the right-hand
side of the pairing egt, We obtain a perfect pairing ey, : Bi[l] X By[¢] — pp where p, is the
subgroup of £th roots of unity of k.

The following proposition is well known, and a proof can be found in [Mum?70, p. 228].

PROPOSITION 6.1. The pairing €}, is the Weil pairing ey .

Here, we explain how to compute the Weil pairing using addition chains. All known algorithms for
efficiently computing the Weil pairing on an abelian variety By, are based on a Miller loop [Mil04],
which can be used only in the case where By, is a Jacobian. We choose a theta structure ©p, 4,
for .4, compatible with ©p, , and we let 532  be an affine lift of the theta null point corresponding

to ©p,, as in §5.2.

PROPOSITION 6.2. Let 2 and y be geometric points of (-torsion in By, and let T, 7,z + y € By,
be affine lifts of x,y and x +y. Let \), )\2, AL, )\; €k be such that

. ~ 0
chain mult({, 7) = )\x()gk/,
. o
chain mult((, y) = )\yOB?’
chain multadd(/, r+y, T, 7 =7,
chain multadd(¥, T+, 7, z)= )\1115.

Then
ALXO
6$02 (ﬂf, y) = )\1 )\0 °
z\y

Proof. Let x,y € Bg[(] and 2’,y/' € B[f?] be such that ¢-a2'=y and £-y =y. There exist
(a1, @2), (B1, B2) € Z(£?n) x Z(¢?n) such that (1,0[1,0[2)'()B~k/ is an affine lift of 2’/ and

(1, 1, B2) -65/ is an affine lift of /.
k

Since Lemma 3.10 shows that e 7 is homogeneous, we can assume that the lifts =, y

and z +y that we have chosen are given by 7 = [Z](l,al,aQ)GEc,, y= [Z](l,ﬁl,ﬂg)agkl and
Tty= [z](L ai + B, az + ﬁ2>6§7€"
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We compute:
l- %: [Z](l, Eal, Bag) . 6@;/ :6Bk-

So in this case, A\ = 1. We also have
chainmultadd(/,z + y, T, §) = [Z](l, lay + B, bag + (B2) -673;/
= {tar, =) (1, bas, Laz) - (1, 1, B2) - Oy
= <€a17 _/82>37

so that AL = (¢ay, —32). In the same way, one can compute )\?1; = ({0, —ag).

Finally, we have

MNAY (tan, Bo) .
AN T (0B, any B

(z, ). .

The preceding proposition gives us an algorithm to compute the pairing.
Algorithm 6.3 (Pairing computation).
Input P, Q € Bi[/].
Output egoz(P, Q).

Let P, Q € B[], and choose any affine lifts P, é and P/—\F/Q; we can compute the following
via addition chains:

05, P 2P . 4P =)%0p,
Q P+Q 2P+Q ... (P+Q=)5Q

20 P +2Q

Q=205 P+0Q=)\,P
- (Step 1) Specifically, we compute
(P := chain mult((, P) (Q = chainmult(/, Q)
¢P + Q := chainmultadd({, P + Q, P,Q) P +(Q:= chainmultadd(/, P+ Q,Q, P)
- (Step 2) Then we have
AL

— . 31
LD (31)

e_iﬂoe(Pv Q) =

Complexity Analysis 6.4. By using a Montgomery ladder, we see that we can compute e 7 (P, Q)
with four fast addition chains of length ¢; hence we need O(log(¢)) additions. It should be

noted that we can reuse a lot of computations between the addition chains P, 2P, 4P, ... and
P+Q@Q,2P+Q,4P + Q, . . ., since we always add the same point at the same time between the
two chains.

The case of n=2. Let £P, £Q € Kp; then we have ef(f(:i:P, +Q) = {eféz(P, Q), egoz(P, Q).
Thus the pairing on the Kummer variety is a bilinear pairing Kp x Kp — k** where k** =
k*/{x =1/x}. We represent a class T € k** by z+ 1/x €k, and we define the symmetric
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pairing e/ (£P, +Q) = eféz(P, Q)+ €gr (P, —Q). We can use the addition relations to compute
P £+ @ and then use Algorithm 6.3 to compute e‘%z(P, Q) and ej(Je(P, -Q).

7. Conclusion

We have described an algorithm for computing an isogeny between two abelian varieties. However,
the level of the modular space that we use for this algorithm depends on the degree of the
isogeny. Still, we can go back to a modular point of level n by using the modular correspondence
introduced in [FLR11]. This means that we can compute isogeny graphs if we restrict to £2-

isogenies.
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