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Let A be a commutative Banach algebra, D a closed derivation denned on a
subalgebra A of A, and with range in A. The elements of A may be called derivable
in the obvious sense. For each integer k ^ . 1 , denote by Ak the domain of £>* (so
that Ay = A); it is a simple consequence of Leibniz's formula that each Ak is an
algebra. The classical example of this situation is A = C(0, 1) under the supremum
norm with D ordinary differentiation, and here Ak = Ck(0, 1) is a Banach algebra
under the norm [| • \\k:

llxll* = t - t sup |xw(0|.
n = O n ! <e[0, 1]

Furthermore, the maximal ideals of Ak are precisely those subsets of Ak of the form
M n Ak where M is a maximal ideal of A, and M n J , = M, the bar denoting clo-
sure in A. In the present note we show how this extends to the general case.

If A is a commutative Banach algebra then || • ||^, vA(-),*4tf(A) will denote the
norm, spectral radius and maximal ideal space of A respectively. The author is in-
debted to the referee for the present proof of the following result.

THEOREM 1. Let A, B be commutative Banach algebras, with B a dense sub-
algebra of A in the norm topology of A. Suppose that there is a constant Ksuch that
vB(x) ^ KvA(x) for xeB. Then the map F :J({A) -»J((B) : M \-+ M n B is a
homeomorphism of<Jf(A) onto ~£(B) (and so vB(x) = vA(x)for x e B).

PROOF. If \]/ is a multiplicative linear functional on A then \j/\B is clearly such
a functional on B. Conversely, if <f> is a multiplicative linear functional on B, the
given inequality shows that <p is continuous in the norm topology of A, and so has
a unique continuous extension, also multiplicative linear, to all of A. From the
correspondence between multiplicative linear functionals and maximal modular
ideals it follows that F is bijective. That F is a homeomorphism is an immediate con-
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sequence of the fact that B is dense in A. The last statement is clear from the form
of r.

We now turn to the situation at hand.

LEMMA 1. Let A be a Banach algebra with norm \\-\\, D a closed derivation

defined on a subalgebra A of A, with range in A. Then for each integer k ^ 1, Ak is

a Banach algebra under the norm \\-\\k:

11*11* = I - I|D"*II-
n = o n!

PROOF. AS was remarked above each Ak is certainly an algebra, and an ap-
plication of Leibniz's formula shows that ||-||t is a norm on Ak. If {jcn} S Ak is
Cauchy under ||-||fethen{DJxn}isCauchy in 4̂ for 0 ^j^k. Setting^ = limnZ)-'xn)

the closure of D shows that yt = DJy0, whence y0 e Ak and ||xn—yo\\k -> 0 as
n -* oo.

LEMMA 2. Let A be a commutative normed algebra, D a derivation defined on a
subalgebra A of A, with range in A. Denoteby vk(-) the spectral radius in A k calculated
from \\-\\k. Then if xeAk, vk(x) = vA(x).

PROOF. It is clear that vk(x) 7t vA(x) for all xeAk. Now for j < n and

DJxn = YJuitjx"-i

i = l

where the uitJ are polynomials in Drx, 1 ^ r Sj, of degree ^j, the scalars con-
cerned being polynomials in n of degree ^ j . 1 To see this, note that the formula
is true for j = I, since Dx" = nx"~iDx. Supposing by way of induction that
it holds for j = m— 1, we have

which is of the desired form.
Thus if x e Ak and n > k,

k j i

g Knk\\x"-k\\

The exact form is
Di x«
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for some constant K, by the properties of the elements utj. But this means
vk(x) ^ vA(x).

Our main result is an immediate consequence of Lemmas 1 and 2, and
Theorem 1.

THEOREM 2. Let A be a commutative Banach algebra, D a closed derivation on
a subalgebra A of A, with range in A. Suppose that Ak is dense in A for some integer
k ^ 1. Then the map Fj :J({A) -*<Jf(Aj) : M w- M n Aj is homeomorphism
ofJK{A) onto JV{Aj), 1 ^j ^ k.

COROLLARY I. If A has an identity e then ee A.

PROOF. Theorem 2 shows that JK{A) is compact, and so by Silov's theorem
there is an idempotent/e A with / = 1 on^(A), and hence on <J?(A). But this
means the idempotent e —f is quasi-nilpotent, and hence zero.

COROLLARY 2. If A is dense in A and D has non-empty resolvent set then Fj
is a homeomorphism for each j ^ 1.

PROOF. By Lemma VIII.2.9 of [1 ] Aj is dense in A for eachj ^ 1.

REMARK. In the situation of Theorem 2 define, for a > 0,

e n 4 : IWL,« = E -" \\D"x\\ < oo] .
til n=o n! )

An argument similar to that of Lemma 1 shows that Ax_a is a Banach alge-
bra under ll'lla,,,,, however J({A) a.nd^(Aoox) are not homeomorphic in general,
even when Axa is dense in A. Indeed, in the classical situation mentioned at the
beginning of this paper, Jt{A) = [0, 1], while ^(A^^) is homeomorphic to the
closed unit disc.
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