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Let A be a commutative Banach algebra, D a closed derivation defined on a
subalgebra A of 4, and with range in 4. The elements of 4 may be called derivable
in the obvious sense. For each integer k =.1, denote by 4, the domain of D* (so
that 4, = A); it is a simple consequence of Leibniz’s formula that each 4, is an
algebra. The classical example of this situationis A = C(0, 1) under the supremum
norm with D ordinary differentiation, and here 4, = C*(0, 1) is a Banach algebra

under the norm || - ||;:
k

e = %~ sup [0l
n=0n!tero, 1

Furthermore, the maximal ideals of 4, are precisely those subsets of 4, of the form
M n A, where M is a maximal ideal of 4, and M n 4, = M, the bar denoting clo-
sure in 4. In the present note we show how this extends to the general case.

If A is a commutative Banach algebra then || - ||, v4(*),.#(4) will denote the
norm, spectral radius and maximal ideal space of A4 respectively. The author is in-
debted to the referee for the present proof of the following result.

THEOREM 1. Let A, B be commutative Banach algebras, with B a dense sub-
algebra of A in the norm topology of A. Suppose that there is a constant K such that
vp(x) < Kv,(x) for xe B. Then the map I' : #(A) > M (B): M~ M Bisa
homeomorphism of M (A) onto M (B) (and so vg(x) = v,(x) for x € B).

ProOF. If i is a multiplicative linear functional on A then y|B is clearly such
a functional on B. Conversely, if ¢ is a multiplicative linear functional on B, the
given inequality shows that ¢ is continuous in the norm topology of 4, and so has
a unique continuous extension, also multiplicative linear, to all of 4. From the
correspondence between multiplicative linear functionals and maximal modular
ideals it follows that I is bijective. That I' is a homeomorphismis an immediate con-

* This paper is based on a portion of the author’s doctoral thesis, Monash University 1968,
written under the supervision of Professor J. B. Miller and supported by a General Motors-
Holden’s Limited Research Fellowship.
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sequence of the fact that B is dense in 4. The last statement is clear from the form
of I'.
We now turn to the situation at hand.

LeMMA 1. Let A be a Banach algebra with norm ||'||, D a closed derivation
defined on a subalgebra A of A, with range in A. Then for each integer k = 1, 4, is
a Banach algebra under the norm ||'||;:

k

il = ¥ = D"l
n=0n.

PrOOF. As was remarked above each A4, is certainly an algebra, and an ap-
plication of Leibniz’s formula shows that ||-||, is a norm on 4,. If {x,} < 4, is
Cauchy under |||, then {D’x,} is Cauchy in 4 for 0 < j £ k. Setting y; = lim,D’x,,
the closure of D shows that y; = D’y,, whence y, € 4, and |{x,—yoll, — O as
n— oo.

LEMMA 2. Let A be a commutative normed algebra, D a derivation defined on a
subalgebra A of A, with range in A. Denote by vi(-) the spectral radius in 4, calculated
from |||l,. Then if x € Ay, vi(x) = v,4(x).

Proor. It is clear that v,(x) = v,(x) for all xe 4,. Now for j < n and

x € 4;,

s j .
D"x'I = Z u,-,jx"_'
i=1
where the u; ; are polynomials in D"x, 1 < r < j, of degree < j, the scalars con-
cerned being polynomials in n of degree < Jj.1 To see this, note that the formula
is true for j = 1, since Dx" = nx"~'Dx. Supposing by way of induction that
it holds for j = m—1, we have
m—1
D"x" = Y {D(u; - )x" '+ (n—i)u; 1 X"~ 'Dx},
i=1
which is of the desired form.
Thus if xe 4, and n > k,

k .

n 1 z n—i

T = 11 3 ol 32~
j= :

i=1

k i 1 =
< I {1+ S Y 5 Tl 12 i)

ji=1i=1
-k
< Knf1x" 74|
! The exact form is
Dj xn Dix Dinx
Fi ir+ e Hip=j i! in!
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for some constant K, by the properties of the elements u; ;. But this means
vi(x) £ va(x)

Our main result is an immediate consequence of Lemmas 1 and 2, and
Theorem 1.

THEOREM 2. Let A be a commutative Banach algebra, D a closed derivation on
a subalgebra A of A, with range in A. Suppose that A, is dense in A for some integer
k= 1. Then the map I;: M(A)— #(4;): M~ Mn A; is homeomorphism
of M(A) onto M(4;), 1 £j =< k.

COROLLARY 1. If A has an identity e then e € A.

Proor. Theorem 2 shows that .#(4) is compact, and so by Silov’s theorem
there is an idempotent f€ 4 with f = 1 on .#(4), and hence on .#(4). But this
means the idempotent e —f is quasi-nilpotent, and hence zero.

COROLLARY 2. If A is dense in A and D has non-empty resolvent set then I';
is a homeomorphism for each j = 1.

Proor. By Lemma VIIL.2.9 of [1] 4; is dense in 4 for eachj = 1.

REMARK. In the situation of Theorem 2 define, for « > 0,

feo] a n
4y, 0 = {xeﬂAk:”x“w,a =) —-|ID%|| < 0.
k21 n=0 n!

An argument similar to that of Lemma 1 shows that 4, , is a Banach alge-
bra under |||, ., however .#(4)and .#(4,, ,) are not homeomorphic in general,
even when 4, , is dense in A. Indeed, in the classical situation mentioned at the
beginning of this paper, #(A4) = [0, 1], while .#(4,, ,) is homeomorphic to the
closed unit disc.
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