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ABSTRACT

For any smooth proper rigid space X over a complete algebraically closed extension K of
Qp we give a geometrisation of the p-adic Simpson correspondence of rank one in terms
of analytic moduli spaces: the p-adic character variety is canonically an étale twist of the
moduli space of topologically torsion Higgs line bundles over the Hitchin base. This also
eliminates the choice of an exponential. The key idea is to relate both sides to moduli
spaces of v-line bundles. As an application, we study a major open question in p-adic
non-abelian Hodge theory raised by Faltings, namely which Higgs bundles correspond
to continuous representations under the p-adic Simpson correspondence. We answer
this question in rank one by describing the essential image of the continuous characters
7t (X) — K* in terms of moduli spaces: for projective X over K = C,, it is given by
Higgs line bundles with vanishing Chern classes like in complex geometry. However, in
general, the correct condition is the strictly stronger assumption that the underlying
line bundle is a topologically torsion element in the topological group Pic(X).

1. Introduction

The Corlette—Simpson correspondence for a smooth projective variety X over C is an equivalence
of categories between finite-dimensional C-linear representations of the topological fundamental
group m1(X) of X(C) on the one hand, and semi-stable Higgs bundles on X with vanish-
ing (rational) Chern classes on the other hand [Sim92, §1]. For any n € N, there are natural
complex analytic moduli spaces of the rank-n objects on either side, and the correspondence in-
duces a homeomorphism between them, see [Sim92, Proposition 1.5] and [Sim95, Theorem 7.18].
However, this map does not respect the complex analytic structures.
Our first result is a very close p-adic analogue of this equivalence in rank one.

THEOREM 1.1. (i) Let X be a connected smooth projective variety over C, and fix a point
x € X(Cp). Then any choice of an exponential map for C, and of a flat B /52 -lift of X
induce an equivalence of categories

one-dimensional continuous ~, Higgs bundles on X of rank one
C,-representations of m$*(X, x) with vanishing Chern classes |’

By passing to isomorphism classes, this induces an isomorphism of topological groups

Homegs (5" (X, 2),Cf) 2 Pic™(X) x HY(X, Q' (-1)).
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(ii) More generally, let X be a connected smooth proper rigid space over any complete al-
gebraically closed field K|C, and assume that the rigid analytic Picard functor of X is
representable by a rigid space Picx. Then the analogous statements as in part (i) hold when
we replace the condition of ‘vanishing Chern classes’ by the strictly stronger condition that
the underlying line bundle is ‘topologically torsion’ in Picx (K).

This is the first instance of a correspondence relating p-adic continuous representations to
Higgs bundles with an explicit topological condition. It gives useful insights into what to expect
in higher rank, e.g. that Chern classes do not define the correct condition in general.

In order to clarify the statement of Theorem 1.1, we now elaborate on the terminology.

— An exponential map for K is a continuous group homomorphism K — 1+ mg splitting the
p-adic logarithm log : 1 + mg — K. Here mg is the maximal ideal of the ring of integers Ok
of K. An exponential exists since K is algebraically closed.

— We define Pic™(X) as the group of isomorphism classes of line bundles L on X for which there
is n € N such that L™ defines a class in Pic% (K), where Pic% is the connected component of
the identity of the rigid analytic Picard functor of X.

— The topological group structures in Theorem 1.1(i) come from regarding either side as
K-points of natural rigid moduli spaces (see §1.1), endowed with the canonical topology
inherited from K. For example, Pic” (X)) inherits a topology from Picx.

— The ‘topologically torsion’ condition in Theorem 1.1(ii) means that with respect to this
topology on Pic”(X), the line bundle L satisfies L™ — 1 for n — oo.

1.1 Geometrising the p-adic Simpson correspondence of rank one

The main aim of this article is to show that, surprisingly, Theorem 1.1 can be upgraded to a
geometric statement about moduli spaces: we show that there is always a smooth rigid analytic
moduli space Pict)gét of topologically torsion line bundles. This is an open rigid subgroup of the
Picard variety Picx if the latter exists, but, in fact, we do not need representability of the Picard
functor for the construction. Using the Hitchin base A of rank one, this allows us to define the
‘Dolbeault moduli space’ of topologically torsion Higgs line bundles

Mp,l := Picl 4 x A, where A := HY(X, Q' (-1)) ®k G,.
On the other side of the p-adic Simpson correspondence, we have the p-adic character variety
M := Hom(n{'(X, z), Gm)

defined as the internal Hom in v-sheaves over K, where the profinite group Trft(X ,x) is considered
as a profinite v-sheaf. As we explain in §3.1, the functor Mp is represented by a rigid group
variety, playing the role of the ‘Betti moduli space’ in this context. We show the following.

THEOREM 1.2 (Theorem 4.1). Let X be a connected smooth proper rigid space over K and fix
x € X(K). Then there is a natural short exact sequence of rigid analytic groups

0 — Pick s — Mp % 4 — 0, (1)
On tangent spaces, the associated sequence of Lie algebras recovers the Hodge—Tate sequence
0 — H},(X,0) = Hy(X,Qp) ®g, K 5 H(X,Q'(~1)) - 0. (2)

Here exactness of (1) is to be understood with respect to the étale topology. While the
map HTlog in (1) can be defined explicitly using the p-adic logarithm, the first map is more
subtle: it generalises and geometrises a construction of Deninger and Werner [DWO05b], as well
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as of Song [Son22| in the case of curves over @p as we explain in §4. It induces a generalised
‘Weil pairing’

. tt 4
Picy ¢ x 7] (X, 2) = Gy,

namely a bilinear morphism of v-sheaves (or adic groups) where 7¢*(X, x) is the profinite v-sheaf

associated to the profinite group Wft(X ,x). We refer to Theorem 4.1 for more details.

We use Theorem 1.2 to describe a geometric p-adic Simpson correspondence in rank one in
terms of a comparison of moduli spaces: the projection Mp, — A may be interpreted as the
Hitchin fibration. Theorem 1.2 now yields an analogous map HTlog on the Betti side as follows.

Mg Mbpor
HTlog ™ A & Titchin

From this perspective, Theorem 1.2 says that both My and Mp, are Picggét—torsors over A,
but the latter is split, whereas we show that the former is never split outside of trivial cases. It
follows that we can regard Mp as an étale twist of Mp,. In fact, our main result is that one
can more canonically compare these two torsors in a geometric fashion as follows.

THEOREM 1.3 (Theorem 5.4 and Corollary 4.6). We have Mp % Mp, as rigid spaces except in
the trivial case that H°(X,Qx) = 0. Instead, any choice of a flat B:R/§2—lift X of X induces a
natural Picx ¢ [p™]-torsor Lx over A and a canonical isomorphism of rigid spaces

MB XALXLMDOI XA]Lx.

Here the local system LLx can roughly be thought of as a moduli space of exponentials, in
the sense that it parametrises preimages of a certain logarithm map, see Definition 5.3. We
also give a completely canonical variant of Theorem 1.3 over a moduli space of all lifts. These
results explain the choices necessary in Faltings’ p-adic Simpson correspondence in a geometric
fashion: any choice of an exponential induces a splitting of Lx — A on K-points. We take this
as a first sign that in the p-adic situation, a more geometric formulation of the p-adic Simpson
correspondence is possible. We will pursue this further in [Heu22¢].

Remark 1.4. A choice of X induces a choice of splitting of the Hodge-Tate sequence (2), see
[Guo23, Proposition 7.2.5]. If we are given a model of X over a local field L|Q,, this induces
such a lift X, and Theorem 1.3 then provides a completely canonical comparison.

Remark 1.5. 1t is very surprising to us that the p-adic Simpson correspondence in rank one
allows for a more refined comparison of the rigid analytic structures as in Theorem 1.3: if X is
instead a smooth projective curve over C, the analogue of (1) is the exact sequence

0 — Pic’(X) — Hom(m (X),C*) — HY(X, Q") — 0, (3)

where the first map is defined as Pic’(X) = Hom(7(X), S') — Hom(H;(X,Z),C*) using the
decomposition C* = S! x RY; see [Sim92, p. 21] and [Sim93, § 2]. This is clearly only real-analytic
and not complex-analytic. Instead, the only result we know in the literature that resembles
Theorem 1.3 is Groechenig’s result in the mod-p-Simpson correspondence that for curves over
F,, the de Rham moduli stack is a twist of the Dolbeault moduli stack [Grol6].

We now discuss the precise relation to previous results in the p-adic Simpson correspondence,
and explain in more detail the topologically torsion condition and the moduli spaces.
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1.2 The conjectural p-adic Simpson correspondence: known results

Let K|Q, be any complete algebraically closed extension and let X be a connected smooth
proper rigid space over K with fixed base-point x € X (K). In this setting, the conjectural p-adic
Simpson correspondence is expected to be an equivalence of categories (depending on choices)

finite-dimensional continuous ~, Higgs bundles on X
K-linear representations of 7*(X, ) satisfying. ..?? ’

(4)

where ‘77’ is a condition yet to be identified. In order to construct a fully faithful functor from
representations to Higgs bundles, Faltings [Fal05] introduced a category of ‘generalised repre-
sentations’ into which representations of Wft(X ,x) embed fully faithfully. This category can be
shown to be equivalent to the category of v-vector bundles on X (see [Heu22a, Proposition 2.3]).
If we gloss over some technical differences in setups, then reformulated in this language, Faltings
proved that if X is a smooth projective curve, there is an equivalence

{v-vector bundles on X} — {Higgs bundles on X}. (5)

More generally, such an equivalence has recently been constructed in [Heu23, Theorem 1.1] for
any smooth proper rigid space X over K. Previously, Faltings constructed a ‘local’ version of
this correspondence under additional ‘smallness’ assumptions, which was reinterpreted in terms
of period rings and studied in detail by Abbes, Gros and Tsuji [AGT16]. There are other known
instances of this, e.g. due to Wang for X of good reduction [Wan23]. In rank one, we previously
constructed the equivalence (5) for general X by way of a ‘Hodge—Tate sequence for G,,” for the
group Pic,(X) of isomorphism classes of v-line bundles on X: a short exact sequence

0 — Picg (X) — Pic,(X) — HY(X, Q' (-1)) — 0, (6)

see [Heu22b]. We note that neither of the (conjectural) equivalences (4) and (5) is canonical,
instead they will depend on choices of an exponential for K and a flat B;R/§2—lift of X. For
example, these choices induce a splitting of (6), which is not canonically split.

Given correspondence (5), a fundamental open problem in p-adic non-abelian Hodge theory,
raised by Faltings in [Fal05, § 5], is to find the condition ‘77’

Question 1.6. Which Higgs bundles on X correspond to continuous representations of ¢*(X, z)
under the p-adic non-abelian Hodge correspondence (5)7

In the case of vanishing Higgs field, this question had been studied by Deninger and Werner
[DWO05b, DW20] prior to Faltings’ article. Based on their work, Xu has recently made progress on
Question 1.6 in the case of curves by identifying a condition for Higgs bundles to be ‘potentially
Deninger-Werner’, from which he is able to construct a functor to representations [Xu22]. This
raises the question if this condition has a more classical description that can be used in practice
to see whether a Higgs bundle is ‘potentially Deninger—Werner.’

The construction of Deninger—Werner has been extended to the rigid analytic setup by
Wiirthen [Wiir23, §3], whose results suggest that in the special case of vanishing Higgs field,
pro-finite-étale vector bundles give the correct subcategory of Higgs bundles. Here a vector bun-
dle is called pro-finite-étale if it becomes trivial on a pro-finite-étale cover in Scholze’s pro-étale
site [Sch13] (we note that this is strictly stronger than being trivialised by a finite étale cover).
Such vector bundles were further studied in [MW23]. We showed in [Heu22b, § 5] that the pro-
finite-étale condition also gives the correct category for all Higgs bundles in rank one, namely
we constructed an equivalence as in (4) where the left-hand side consist of continuous characters
and the right-hand side of Higgs line bundle whose underlying line bundle is pro-finite-étale.

1436

https://doi.org/10.1112/S0010437X24007024 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007024

A GEOMETRIC p-ADIC SIMPSON CORRESPONDENCE IN RANK ONE

In [HMW23], we deduced that on abelian varieties, the answer to Question 1.6 is given by
pro-finite-étale Higgs bundles also in higher rank.

However, these results in turn raise the question how pro-finite-étale vector bundles can be
characterised more classically, as it is a priori difficult to verify that a given vector bundle is
pro-finite-étale. In [Heu22b, § 5|, we characterised pro-finite-étale line bundles as those admitting
a reduction of structure group to a certain subsheaf G C G,,,, but we left it open how such line
bundles can be described more concretely, e.g. in terms of the Picard variety.

Theorem 1.1 now gives a fully satisfactory answer to this question, thus to Question 1.6, for
line bundles on any smooth proper rigid space. One reason why we think this description is the
‘correct’ one is that it is geometric, i.e. it can be phrased in terms of moduli spaces, opening up a
completely new possibility for a geometric formulation of the p-adic Simpson correspondence: we
believe that Theorem 1.3 stands a chance of being generalised to higher rank, as we will explore
further in [Heu22c]. Moreover, this suggests that a moduli-theoretic approach to non-abelian
Hodge theory may help answer Question 1.6 in general.

1.3 A new geometric approach via diamantine Picard functors
We now elaborate on our strategy to prove Theorems 1.1-1.3, as well as on the construction of
the moduli spaces, which yields additional results of independent interest.

A crucial new technical ingredient to this article are the diamantine Picard functors intro-
duced for this purpose in [Heu2lal: to motivate this, let us first mention that we show that a
line bundle L on X is pro-finite-étale if and only if it extends to a line blmdle on the adic space
X x Z whose specialisation at each n € Z C Z is isomorphic to L™. Here Z denotes the adic space
over Spa(K) which represents the v-sheaf lim o Z/NZ over K.

We would like to say that this induces a morphism of adic spaces from Z to the rigid Picard
variety of X. However, Z is no longer a rigid space, rather it is perfectoid. We therefore use the
diamantine Picard functor Picyx defined on perfectoid test objects. More precisely, according
to (6), there are two different such functors, one for étale line bundles, denoted by Picx ¢, the
other for v-line bundles, denoted by Picx ,. Explicitly, for 7 € {ét, v},

Picx , : Perfx — Ab, T — Pic(X xT')/Pic.(T).

In order to characterise maps to Picy r that ‘extend 2—linearly’ as previously, we now define the
following.

DEFINITION 1.7. For any v-sheaf F' on Perfy, the topologically torsion subsheaf F** C F is the
sheaf-theoretic image of the map Hom(Z F) — F given by evaluation at 1 € Z.

We give a more classical description of F*** when F is a rigid group: for example, the afore-
mentioned topologically torsion subsheaf G C G,, can be shown to be represented by the open
subgroup generated by the open unit disc around 1 and the roots of unity.

These definitions, combined with a systematic study of topologically torsion subsheaves,
allow us to give a much more conceptual characterisation of pro-finite-étale line bundles than
that we gave previously in [Heu22b, Theorem 5.7.3]: namely, in the category of diamonds, there is
a universal pro-finite-étale cover X — X, a pro-finite-étale torsor under 7{*(X, z). The following
result now describes which line bundles are trivialised by pro-finite-étale covers, or equivalently
by X and, thus, give rise to p-adic characters.

THEOREM 1.8 (Theorem 3.6). Let 7 € {ét,v}. There is a short exact sequence of sheaves

o tt .
0— Plcva — Picx , — P1C)~( -
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on Perfy . The Cartan-Leray sequence of X — X thus induces a canonical isomorphism
Picl ,, = Hom(n$" (X, ), Gy,).

Here we crucially use that Picx , is defined on perfectoid test objects such as Z On K-points,
we deduce that the line bundles on X trivialised by X are given by Pic'{ 4 (K) = Pic(X)",
i.e. those classes L in the topological group Pic(X) for which L™ — 1 for n — co. To deduce
Theorem 1.1, we show that for projective X over C,, we in fact have

PiCEE,ét(Cp) = Picg (X), (7)

where Picl; (X) is the group of line bundles with torsion Néron-Severi class. These are precisely
the line bundles with vanishing (rational) Chern classes. To see (7), we use that Pic())(vét is
represented by an abelian variety A over C,, and we show that A*(C,) = A(C,). For this, we
use that the residue field of C, is a union of finite fields, and that v,(C,) = Q.

On the other hand, this shows that finding the correct condition ‘??’ in (4) is very subtle.

Remark 1.9. Over any extension K 2 C,, the inclusion Pict)gét(K ) € Pic” (X) can become strict:
if X is a curve of good reduction over K with Jacobian J = Pic% 4, then J(K)™ are precisely
those points of J(K) that reduce to a torsion point on the special fibre. This special case of
curves with good reduction is implicit in Faltings’ discussion in [Fal05, p. 856].

Remark 1.10. Already over C,, the equality (7) and, thus, the first part of Theorem 1.1 can
become false if we only assume that X is proper rather than projective, since Picg( is then no

longer necessarily an abelian variety: for example, if X is a Hopf variety, then Picx = G, (see
[HLOO, Remark 0.1.3]). However, we have Gy (C,) = Og € C)f = G (Cyp).

Remark 1.11. In terms of rigid spaces in the sense of Tate, the map Picggvét — Picx ¢ may by
(7) be an open bijective map that is no longer surjective when passing to adic spaces.

From this perspective, it arguably feels like a coincidence that ‘vanishing Chern classes’ are
the correct answer to Question 1.6 for line bundles on projective varieties over C,,. Instead, as
already in rank one the cleanest formulation of the condition of ‘topologically torsion’ requires
the geometric structure of Picy ¢ as a rigid space, this suggests that in general, analytic moduli
spaces may be necessary to answer Question 1.6 over general fields.

Structure of the article
In § 2 we introduce the notion of topologically torsion subsheaves and study these systematically.
In particular, with an eye towards applications to Picard varieties, we study topologically torsion
subsheaves of rigid groups.

In §3 we introduce the p-adic character variety and explain why this is isomorphic to the
topologically torsion subsheaf of the v-Picard functor, that is we prove Theorem 1.8.

In §4 we prove Theorem 1.2. We also give the application to Deninger and Werner’s map by
constructing a generalised Weil pairing. As a further application, we comment on applications
to the study of the structure of rigid Picard functors.

In §5, we prove the étale comparison of Betti and Dolbeault moduli spaces, Theorem 1.3, as
well as several related comparison isomorphisms.

Notation
Throughout, let K be a (complete) non-archimedean field of residue characteristic p. We denote
by Og = K° the ring of integers consisting of power-bounded elements. More generally, we
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denote by K C K any ring of integral elements. Let m C KT be the maximal ideal, and I" the
value group. From §3 on, K will be a perfectoid field extension of @Q, in the sense of [Sch12],
and we then use almost mathematics with respect to m.

By a rigid space over (K, Kt) we mean an adic space locally of topologically finite type
over Spa(K, K*). In the following, we often abbreviate Spa(K, K*) by Spa(K) when the ring
K™ is clear from the context. In particular, we then denote by SmRig, the category of smooth
rigid spaces over Spa(K, K1), by Perfx the category of perfectoid spaces over (K, K™), and by
LSD the category of locally spatial diamonds over Spd(K, K*) in the sense of [Sch18, §11].
More generally, for any rigid space X we denote by SmRigy the slice category of rigid spaces
over X. In accordance with this notation, for any two rigid spaces X and Y over K, we also
write Yx := Y X g X. Similarly for the other categories.

We denote by B? the rigid unit polydisc of dimension d over (K, KT), by G,, the rigid torus
over (K, K™) defined as the analytification of the algebraic torus, and similarly by G, the rigid
affine line with its additive structure. We denote by @m the open unit disc around 1 in G,,.
These are all examples of rigid groups: by a rigid group we mean a group object in the category
of rigid spaces over (K, K1). In this article, we always assume this to be commutative without
further mention. Similarly for adic groups.

There is a fully faithful diamondification functor SmRigj < LSDg, X — X, see [Sch18,
§15.6], and we shall freely identify X with its image under this functor. In particular, we often
drop the diamond —¢ from notation. For example, we just write X, for the v-site XU<> .

For any formal scheme & over Spf(K™), we denote by 6?7(1 =6 Xgpa(k+,Kk+) Spa(K, KT)
the adic generic fibre in the sense of Scholze and Weinstein [SW13, §2.2]. If & is locally of
topologically finite type over Spf(K ™), this is a rigid space over Spa(K, K1) in the above sense.
We say that a rigid space has good reduction if it is isomorphic to 6%‘1 for some formal scheme
S that is smooth over Spf(K ™).

2. The topologically torsion subsheaf

The purpose of this section is to introduce a new technical device that plays a key role in this
article: the topologically torsion subgroup of a v-sheaf.

2.1 Locally profinite v-sheaves

We start by recalling the definition of locally constant sheaves, and record some basic lemmas for
later reference. For this it is beneficial to work in greater generality than in the introduction, over
general non-archimedean fields (K, K*). We first adapt [Sch18, Example 11.12] to this setting.

DEFINITION 2.1. Let X be an adic space over Spa(K, K*). Then we have a natural injective
map X (K, K") < |X| sending a morphism z : Spa(K, K™) — X to the image of the unique
closed point under z. We use this to endow X (K, KT) with the subspace topology.

DEFINITION 2.2. For any locally profinite set G we define a locally profinite v-sheaf G.

(i) If G is a discrete topological space, then we associate to G the locally constant sheaf G on
Perfg , that is the sheafification of the presheaf X + G. This is represented by the adic
space g Spa(K, K™).

(i) If G =lim__, G; is a profinite set where the G; are finite sets considered as discrete
topological spaces, then we associate to G the v-sheaf of sets G := @iel G,. By [SW13,
Proposition 2.4.5], this is represented by the affinoid adic space

G= Spa(MapCts(G, K), Mapcts(Gﬂ K+)) ~ liiniel @

This is sheafy as by Lemma 2.3, any cover of |G| admits a disjoint refinement.
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(iii) In both the profinite and the discrete case, we have a natural homeomorphism |G| =
| Spa(K, K1)| x G by Lemma 2.3. Simultaneously generalising both parts (i) and (ii), we
can therefore extend the definition to locally profinite sets G by glueing.

If G is a locally profinite group, then G inherits the structure of an adic group: this is immediate
from the observation that the functor = commutes with finite products.

The following lemma was used in the definition.
LEMMA 2.3. Let G be a locally profinite set, then we have natural homeomorphisms
|G| = |Spa(K,K")|x G and G(K,K")=GaG.
Proof. We can reduce to profinite sets G = @Gu for which we have
G| =1lim|G;| and G(K,K")=limG;(K,K").
This reduces us to the case of finite sets, where the statements are clear. ]
LEMMA 2.4. Let H be a locally profinite set, and let G be any adic space over (K, K™). Then
Morg (H,G) = Map(H, G(K, K™T)),

functorially in H and G. If H is a locally profinite group and G is an adic group for which
G(K,K™) is a topological group, this induces

Hom(H,G) = Homs(H, G(K, KT)).

Proof. The second part of the lemma will follow from the first by functoriality.
For the first part, evaluation on (K, K™)-points defines by Lemma 2.3 a morphism

Map(ﬂa G) - Ma‘pcts(H7 G(K7 K+))

Here continuity is clear as G(K, K) has the subspace topology of |G|, and H that of |H]|.

The map is clearly functorial in H and G. To see that it is a bijection, we can therefore by
glueing reduce to the case that H is profinite and G is affinoid.

Given a continuous map ¢ : H — G(K, K™), there is an associated map of K*-algebras

O™ (G) — Map(H,K™)
that interprets f € OT(G) as a map f: G — B! := Spa(K(X), K*(X)) and sends it to
H% Gk, k) LBY(K KT = K.
This is clearly functorial in H and G. We have thus defined natural morphisms
Mapes(H, G (K, KT)) — Map(H, G) — Map(H,G(K,KT)).

It is now formal from the functoriality that these compose to the identity: we can first reduce to
the case H = {z} and then to G = Spa(K, K1), for which the statement is clear.

It remains to prove that the second map in the above composition is injective. For this,
consider the topological space H' whose underlying set is that of H, but endowed with the
discrete topology. There is by functoriality a natural map H' — H, which on global sections

ot (ﬂ) = Ma‘pcts(H7 K+) - OJF(E) = Map(H’, KJr)

is injective. Consequently, so is the pullback Map(H,G) — Map(H, G) for affinoid G. We are
therefore reduced to the case of discrete H, where the lemma, is clear. ]
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2.2 Topologically torsion sheaves
From now on, let K be a perfectoid field, and K™ C K a ring of integral elements as before. We
work in the category of v-sheaves on Perfg. For a locally profinite set G, to simplify notation,
from now on we also denote just by G the pro-constant v-sheaf G from Definition 2.2 when it is
clear from the context what is meant.

DEFINITION 2.5. Let F' be an abelian v-sheaf on Perfg.
(i) Consider the internal Hom sheaf Hom(i, F) where

7 :=17 = lim Z/NZ
it
NeN

is the profinite sheaf of Definition 2.2. There is a natural evaluation map at 1 € Z:
er : Hom(Z, F) — F.
We define the topologically torsion subsheaf of F' to be the abelian subsheaf
F*™ =im(er) C F.

(i) We say that a v-sheaf F' is topologically torsion if F** — F is an isomorphism.
(iii) We say that F'is strongly topologically torsion if already ep is an isomorphism.
(iv) We say that F is topologically torsionfree if F** = 0.

DEFINITION 2.6. We make analogous definitions for the topologically p-torsion subsheaf
F(p>®) :=im(Hom(Z,,F) — F) C F

by replacing Z with Zyp. Via the natural projection 7 — Zyp, we see that F(p>®) C F** C F. In
particular, if F' is topologically p-torsion, it is automatically topologically torsion.

Ezample 2.7. As we show in §2.3, for the v-sheaf represented by the rigid group Gy, the sheaf
G (p™) C G,y is given by the open unit disc G, C Gy, of radius 1 around 1, and G is the
open subgroup given by the translates by all roots of unity uy C G, for N € N.

Remark 2.8. The construction of F'(p>°) may be seen as an analogue for v-sheaves of a related
construction by Fargues [Far19, §§1.6 and 2.4] for rigid groups in characteristic zero which gives
rise to analytic p-divisible groups in the sense of Fargues, cf. §2.3. This is what motivates our
notation.

LEMMA 2.9. For any abelian v-sheaf F, the sheaf F'** is itself topologically torsion. Sending
F +— F'% thus defines a right-adjoint to the forgetful functor from topologically torsion abelian
v-sheaves to abelian v-sheaves. The analogous statements hold for F(p™).

Proof. Tt suffices to show that the natural map (F*)" — F* is an isomorphism. It is then formal
that this defines the unit of an adjunction with co-unit given by F* — F.

It suffices to show that the map is surjective, for which it suffices to prove that the map
Hom(Z, F**) — F* is surjective. For this it suffices to prove that the top map in the diagram

Hom(Z, Hom(Z, F)) — Hom(Z, F)

| !

Hom(Z, Ftt) —— Fit

1441

https://doi.org/10.1112/S0010437X24007024 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007024

B. HEUER

is surjective. This holds because for any perfectoid space T' over K and any T-linear homo-
morphism ¢ : ZxT— F', a preimage is given by the map Z x 7 x T — F defined by (a, b, x) —
©(ab, z). Thus, F'** is topologically torsion. The case of F(p™) is analogous. O

Example 2.10. The reason why we need both the notion of topologically torsion and strongly
topologically torsion sheaves is that each has its advantages and pathologies.

(i) For an example where F'(p™°) # Hom(Z,, F'), consider the v-sheaf F' =7Z,/7 in the exact
sequence

0—2Z—Zy,— Zp/Z — 0.

One can show that Hom(Z,, F') = Q) (see [Heu2lc, § 2.3]), but nevertheless F'(p>°) = F'. This
also shows that the category of topologically torsion sheaves is not abelian, that subsheaves
of topologically torsion sheaves need not be topologically torsion, and that in contrast to
Hom(Z,, —), the functor —(p*°) is neither left-exact nor right-exact.

(ii) On the other hand, the analogue of Lemma 2.9 does not hold for Hom(Z, —), namely

Hom(z, Hom(z, -)) — Hom(z, -)

is not an equivalence: indeed, by the Yoneda Lemma and the tensor-hom adjunction this
follows from the fact that Z — Z ®z Z is not an isomorphism of v-sheaves.

We show in § 2.3 that such pathologies cannot occur for v-sheaves represented by rigid spaces.
However, we first prove some useful lemmas that hold in greater generality.

LEMMA 2.11. (i) The cokernel of F** — F' is torsionfree.
(ii) The cokernel of F(p>) — F is p-torsionfree.

Proof. The v-sheaf 2/ Z is uniquely divisible by a snake lemma argument. Thus, M},(Z/ Z,F)
is also uniquely divisible. The statement follows since we have an exact sequence

Hom(Z, F) — Hom(Z, F) — Ext}(Z/Z, F).
Similarly for the v-sheaf Z,/7Z, which is uniquely p-divisible. O

LEMMA 2.12. The functors Hom(z, —) and Hom(Z,, —) preserve injectives in the category of
abelian sheaves on Perfy . for T € {ét,v}.

Proof. Let F' — G be an injection of abelian sheaves on Perfr ;. Let @ be an injective sheaf
on Perfr . Then F' ®z7 Z — G ®z Z is injective as Z is a torsionfree sheaf and thus flat over Z.

Hence,
Hom(G, Hom(z, Q)) — Hom(F, Hom(i, Q))
I I
Hom(z ®z G, Q) —— Hom(i @z F,Q)
is surjective since @ is injective. O

LEMMA 2.13. Let F' be a strongly topologically torsion v-sheaf. Let m: X — Spa(K, K™) be
a locally spatial diamond. Then the evaluation map e : Hom(Z, R17T7—*F) — RY7..F admits a
splitting for 7 € {ét,v}. In particular, R 7, F is topologically torsion.
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Proof. There is a natural equivalence of functors on sheaves WT*HOHI(Z, —-) = Hom(z7 Tre—). By
Lemma 2.12 this induces Grothendieck spectral sequences which yield a natural map

R'7.,F = R'r.,Hom(Z, F) — R (r~Hom(Z, —))(F) — Hom(Z, R'7,,F).

Since this equivalence is also natural in the first entry Z, it is compatible with the evaluation
map, which means that the above map defines the desired splitting. O

2.3 Topologically torsion subgroups of rigid groups

Assume from now on that K is a perfectoid field extension of Q,, and that the v-sheaf F' is
represented by a rigid group G. We recall that by our conventions, this means a group object
in the category of adic space of locally finite presentation over Spa(K, K™'). In this case, the
topologically p-torsion subgroup G(p>°) can be described explicitly, and is often represented by
an analytic p-divisible subgroup in the sense of Fargues: namely, we prove the following extension
of a result of Fargues [Far19, Théoréme 1.2] which shows that our notion of topologically torsion
subsheaves generalises his notion of analytic p-divisible subgroups from rigid groups (in the sense
of Tate) to general v-sheaves.

PROPOSITION 2.14. Let G be a rigid group over (K, K™). Then we have the following.

(i) We have G(p>*) = Hom(Z,,G) C G, and this subsheaf is represented by a rigid open
subgroup that is strongly topologically torsion. Its K-points are characterised by

n—oo

M(vaG)(K7K+) = {33‘ S G(K7K+) | p" e —— O}'

(ii) This open subgroup fits into a left-exact sequence of v-sheaves

0 — G[p™*] — G(p™) Log, Lie(G) @k G,.
If [p] : G — G is surjective, this sequence is also right-exact.
(iii) We have G** = Hom(Z, G) and this is represented by the open subgroup of G

G"= | INITHGE™)).
(N,p)=1

If K is algebraically closed, we can more explicitly describe this as the union

G'=Gp>™)- |J GINIK KM CG.
(N,p)=1

(iv) Assume that G has good reduction, i.e. there is a formal group scheme & that is flat of
topologically finite presentation over KT such that Qﬁ%d = G. Let &[p>] be the sheaf on
p-nilpotent KT -algebras R defined by &[p®](R) =lim __&[p"](R). Then

—neN

G{p>) = B[]y

is the adic generic fibre in the sense of Scholze and Weinstein [SW13, §2.2]. In particular,
G(p>®)(K,K™") (respectively, G*(K, K*)) consists of those points of (K ™) which reduce
to a p>-torsion point (respectively, torsion point) on the special fibre.

Remark 2.15. The aforementioned Theorem of Fargues asserts that for a (classical) rigid group
over (K, Ok) of characteristic 0, there exists a rigid open subgroup U C G such that

n—o0

|U|ger = {z € |G|Ber | p" - @ —— 0}.

Proposition 2.14 recovers U and shows that it is equal to G(p*°). Fargues also shows part (ii) in
this case, and part (iv) is his point of view on the p-divisible group of G (see [Farl9, §0]).
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From this perspective, the new aspects of Proposition 2.14 in the special case of classical
rigid groups over (K, Ok) are the description of U in terms of the v-sheaf Hom(Z,, —) (which
crucially uses the language of v-sheaves), and the extension to coprime torsion via part (iii).
Remark 2.16. In the second part of Proposition 2.14(iii), we form the disjoint union in the
category of adic spaces. This is relevant because in the setting of classical rigid spaces in the
sense of Tate, the subspaces G (p™°) for z € G[N](K) typically form a set-theoretic cover of G
that is not admissible. In the setting of adic spaces, this cover misses some points of rank two in
G that are intentionally not included in G*. See also §2.4.

Ezample 2.17. (i) To obtain an explicit description of G(p*°), it suffices by part (iv) to find
an open subgroup of good reduction Gy C G such that [p]~!(Go) C Go. For example, for
G = Gy, such an open subgroup is given by the affine torus & = G,,, 0, . This shows that
G (p™) = @m C Gy, is the open disc of radius 1 around 1. In particular, by part (iv), we
deduce that G = u(K)G,,, justifying the description in Example 2.7.

(ii) More generally, such an open subgroup exists for semi-abeloid varieties A, which are of
interest in the context of Picard functors. By Raynaud uniformisation, there is a maximal
open subgroup AT C A that admits a connected smooth formal model. We then let G be
the disjoint union of translates of A" over points in A[p>]. In fact, with this definition, the
analogues of parts (i), (iii) and (iv) also hold in characteristic p.

(iii) If G = G,, then we cannot find an open subgroup of good reduction Gy such that [p]~*
(Go) € Go. This is consistent with the fact that the G, 0, [p"] do not form a p-divisible
group. Instead, in this case, we have G,(p>°) = G'* = G,.

(iv) The restriction to the rigid case is necessary: for example, set G = Z; for | # p. Here G(p™°) =
0 C G is not open, rather it is closed. For part (iv), consider also the example of the formal
scheme & = @1@] Gy, i+ Its adic generic fibre G is a perfectoid group whose topologically

torsion subgroup is given by the open subgroup 1&1[])] @m This is closely related to the

universal cover of p, in the sense of Scholze and Weinstein [SW13, §3.1]. However, the
description of G(p*°) in terms of torsion points of the special fibre is no longer valid as &
is uniquely p-divisible, and hence its special fibre is p-torsionfree.

Remark 2.18. We note that if G is a rigid group, there is an alternative, ‘analytic’ description of
G", as follows. Using the p-adic logarithm, one can show that any morphism ¢ : Z, x T — G in
Hom(Z,, G)(T') admits an analytic continuation locally. More precisely, for n > 0, the restriction
of ¢ to p"Z, x T extends uniquely to a T-linear homomorphism ¢ : B, x T" — G where B,, C G,
is the closed disc of radius < [p"| with its additive structure. In other words, if Z,(e) denotes
for any € > 0 the open subgroup of G, defined by the union of closed discs of radius € around
Zy C Go(K), then we have
G(p™) = lim Hom(Z,(e), G).
e>0

Although we do not need this observation in this article, it is useful for other applications.

In light of Proposition 2.14, one can use the topologically p-torsion subsheaf to generalise
the notion of ‘analytic p-divisible groups’ in the sense of Fargues [Far19, §2 Définition 2]:

DEFINITION 2.19. (i) We call a rigid group G over (K, K1) an analytic p-divisible group if G
is topologically p-torsion (i.e. G(p™°) = G) and [p| : G — G is surjective.

(ii) We call a rigid group G an analytic divisible group if G is topologically torsion (i.e. G'* = G)
and [n] : G — G is surjective for all n € N.

1444

https://doi.org/10.1112/S0010437X24007024 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007024

A GEOMETRIC p-ADIC SIMPSON CORRESPONDENCE IN RANK ONE

Examples of analytic divisible groups include Q/Z, G, and G* for any rigid group G for
which [n] : G — G is surjective for all n € N, e.g. for abeloid varieties. One can then characterise
G*'" as the maximal analytic divisible subgroup of G, and similarly for G (p™).

We now start with the proof of Proposition 2.14. For this we use the following result.

LEMMA 2.20. Let G be any rigid group over (K, K1). Then G(K, K*) is a complete topological
group (complete with respect to the uniform structure given by open subgroups).

Proof. To simplify notation, let us just write G(K) for G(K, K*). We first note that G(K) is
a topological group: this is not completely obvious for adic groups since the map |G x G| —
|G| x |G| is usually not a bijection. However, the continuous bijection

(G x G)K)— G(K) x G(K)

on K-points is indeed a homeomorphism: this follows from the fact that any rigid group admits
a neighbourhood basis of 0 consisting of open rigid subgroups U C G such that U = B? as rigid
spaces ([Farl9, §1, Corollaire 4] over (K,Ok), [Heu22a, Corollary 3.7] in general). This also
shows that G(K) is Hausdorff.

To see that G(K) is complete, let (x,)nen be any Cauchy sequence. Then for n,m > 0, we
have x, — x,, € U and, thus, x, € x,, + U. After translating by x,,, we may therefore assume
xy, € U for all n. Now let f € OT(U) and consider the map

UxU—B, y,é6— fly+5)—fy).

For any € > 0, let V. C U x U be the pullback of the open ball B, of radius € around 0. Since
U x {0} C V., and U x {0} is the tilde limit of lim U x B, where By, is the ball of radius ",
it follows from a standard approximation argument that there is an open subgroup W, C U such
that U x W, C V.. For n,m > 0, we then have x,,, — x,, € W, which implies | f(zy,) — f(zn)| < €.
Thus, f(zm,) is a Cauchy sequence in K. It thus makes sense to define

2 ONU) = K, f el f ().

n

One easily checks that this defines the desired limit z,, — z € U(K,K") C G(K,K™). O

Remark 2.21. With more work, one can show that G(K, K*) is a complete topological group for
any adic group G over (K, K1) satisfying the following mild technical assumption: G admits a
basis of uniform affine open subspaces B such that for each U = Spa(A, AT) and V' = Spa(B, B™)
in B, the fibre product U x g V exists and is affinoid with O(U xx V) = AQx B the tensor
product of complete normed K-vector spaces. For example, this holds for perfectoid groups. One
then obtains the analogous description of K-points of G(p>°).

Proof of Proposition 2.14. We begin by describing the (K, K*)-points of G(p>°) and G*: By
Lemma 2.4, we have Hom(Z, G)(K) = Homes(Z, G(K)). Let ¢ : Z — G(K) be any continuous
homomorphism. This is uniquely determined by the image x = ¢(1) of 1. By continuity, since
nl — 0 in Z, we have 2" — 0 in G(K).

Conversely, let x € G(K) be such that z™ — 0. Let f:Z — G(K) be the homomorphism
defined by f(1) = z. For any open subgroup U C G(K), we have acf! € U for n > 0 and, thus,
n!Z C f~1(U), so f is continuous for the subspace topology on Z C Z. By the universal property
of the completion, f now extends to Z as G (K) is complete by Lemma 2.20.

The case of topological p-torsion is analogous. This gives the description of G(p>)(K, K™).

1445

https://doi.org/10.1112/S0010437X24007024 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007024

B. HEUER

By [Heu22a, Proposition 3.5, Corollary 3.8], there exists an open subgroup G; C G of good
reduction that admits an open immersion log : G; — Lie(G) ® G,. Let

Go = UneN[p]_n(Gl) c G,
this is clearly an open adic subgroup of G. We claim that G = G(p™).

To see that G(p™) C Go, let T = Spa(S,S*) be an affinoid perfectoid space over (K, K*)
and let

oL, xT —GxT
be any homomorphism over 7. Then the preimage of G; x T' contains some neighbourhood
p"Z, x T of the identity because |Z, x T'| = im|Z/p"Z x T| = Zy x |T|. By the definition of
G, this implies that ¢ factors through Gs.
To see the converse, let now & be the formal model of G; and consider the open subgroup

Go=6p ]2 C G C Gy CG.

We now invoke [SW13, Proposition 2.2.2.(ii)], which is written in the case that KT = Ok, but
its proof goes through verbatim also for (K, K™). This says that the points of Gy on perfectoid
(K, Kt)-algebras (R, RT) are given by the sheafification of the presheaf

(R,RT) — {z € (R")| for any n € N we have z mod p" € &[p™](R*/p")}.

Suppose first that we are given any point ¢ € Go(T'). To prove that this is contained in
G{p>)(T) C G(T), we may without loss of generality pass from 7" to an analytic cover. By
the above, we may therefore assume that ¢ has a formal model, i.e. comes from a group
homomorphism ¢ : Spf(ST) — & that reduces mod p" to compatible homomorphisms

Z, % SpE(S* /1) — © sy ]
for all n. Taking the limit over n and passing to the generic fibre, this gives the desired map

Z,x T — Gy = &[p™]2.

Finally, we observe that given any = € G3(T), there is n such that p"z € Go(T). Let ¢ :
Z x T — G be the homomorphism sending 1 +— z. As we have just shown, its restriction to
p"Z x T extends uniquely to a map @ : p"Z, x T'— Gy. Using the short exact sequence

0—=p"Z —p"ZyxZL— ZL,—0
of v-sheaves, ¢ now extends uniquely to Z, x T' by the universal property of the cokernel.

This proves part (i). Part (ii) follows from the open immersion G; — Lie(G) @k Gy,
which can be uniquely extended to G2 by sending = € Go(T') with p"x € G1(T) to log(x) =
p~"log(p"x). The statement about surjectivity follows as Lie(G) ®x Gq = J,,ey p~ " log(G1).

For part (iv), it remains to prove that any morphism ¢ : Z,, x T'— G factors through G C G.
Since this is an open subgroup, we see as in the beginning of the proof that there is n such that
o(p"Z, x T) € Go. However, in the case of good reduction, we also have [Pl (Go) = Go by the
above explicit description of Gg = 6[p°°]%d. Thus, ¢(Z, x T') C Go.

To deduce part (iii), write Z = Ly % Z(®) where Z(®) = liin(N =1 Z/N. Tt suffices to show the

)

following.

LEMMA 2.22. Let H = @iel H; be any profinite group for which the order of each H; is coprime
to p. Let G be any rigid group over (K, K™). Then we have

Hom(H,G) = lim, _, Hom(H;, G).
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Proof. Let f: HxT — G be any homomorphism of adic groups over a perfectoid space T. We
need to prove that some open subgroup of H gets sent to the identity. In the notation introduced
previously, we can therefore assume that f factors through the open subgroup Gy = &[p™] %d cG
and that f admits a formal model H x Spf(S™) — &. We claim that f is then trivial. To see this,
we may reduce to T' = Spa(K, K1). Then f corresponds to an inverse system of homomorphisms
H — &(Ogk /p™)[p™]. Since the right-hand side is discrete, this factors through H; for some i.
However, H; is of order coprime to p, so this map is trivial. O

This finishes the proof of Proposition 2.14. O

2.4 Topological torsion in abeloid varieties

An example of particular interest for our applications to the p-adic Simpson correspondence is
the case of abeloid varieties, i.e. connected smooth proper rigid groups. For these we have the
following curious special case.

PROPOSITION 2.23. Let A be an abeloid variety over K = C, or (C';D. Then
AMK) = A(K).

Remark 2.24. This does not mean that the open immersion A" — A is an isomorphism. Indeed,
this is not the case; for example, A is connected whereas A is an infinite disjoint union of open
discs by Proposition 2.14. A closely related phenomenon is that the statement of Proposition 2.23
becomes false for any non-trivial extension of K, already for Tate curves.

This difference is relevant to the p-adic Simpson correspondence as it explains why the
description in Theorem 1.1 in terms of vanishing Chern classes is only valid over C,.

Proof. If A has good reduction with special fibre Eover the residue field F,, then by
Proposition 2.14(iv), the specialisation map A(K) — A(F,) induces a short exact sequence

0 — Ap™)(K) — A(K) — A(Fp)[;] — 0, (8)

P

(TN — AT 17 _ 1

where A(F,)[2] := A(F,) 92 Z[}) = lim, i

abelian variety A is already defined over a finite extension F, of F, in F, and, hence,
A(F,) = lim, _ A(k)

—k|Fq

A(F,). This is an abelian torsion group: indeed, the

is a colimit of finite groups, where k ranges through finite extensions of F, in F,. By the
description of A*™ in Proposition 2.14(iii), this shows that A*(K) = A(K) in this case.

The general case follows from the case of good reduction via Raynaud uniformisation: By
[Liit16, Theorem 7.6.4], we can write A = E/M for some analytic short exact sequence

0—T—F—B—0

of rigid groups where B is an abeloid variety of good reduction and T is a rigid torus, and where
M C E(K) is a discrete lattice of rank equal to the rank of 7. It is easy to see that this exact
sequence of E becomes split over B(p>), hence induces an exact sequence

0 —T{p>) — E(p>) — B(p™) — 0. (9)
Let M - E(p>°) C E be the open subgroup generated by M and E(p*>°). The composition
M-Ep™® - E— A (10)

factors through A(p>). Recall that the cokernel of A(p™)— A™ is torsion by
Proposition 2.14(iii), so to prove that A"(K) = A(K), it suffices to prove that the composition
(10) is surjective on K-points after tensoring with Q. Hence it suffices to prove the following. O
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LEMMA 2.25. Let A = E/M be an abeloid variety over C, or (C;. Then
(E@p=)(K) - M)®Q=E(K)©Q.

Proof. As we noted previously, the group B(F,,) is torsion, and thus B(F,) ® Q = 0. By tensoring
with Q the short exact sequence (8) in the case of A = B, this proves the statement in the case
of good reduction, where the lattice M is trivial.

The same argument shows that the inclusion (1 +mg) ® Q — Oép ® Q is an isomorphism

as ﬁ; is torsion. Consequently, the valuation on K defines a short exact sequence
0—-(14mg)Q—->K*®@Q—Q—0.

If MV = Hom(T,G,,) denotes the character lattice of T', we obtain from this and the pairing
MY x T(K) — K* an exact sequence

0— T{p=NK)®Q — T(K)®Q — Hom(M",Q) — 0.
Now since B(p™)(K) ® Q = B(K) ® Q, we can use (9) to extend this to an exact sequence
0 — E{p*™)(K) ®Q — E(K) ®Q — Hom(M",Q) — 0.
Finally, we consider the composition
M — E(K) — Hom(M",Q),

which is injective by duality theory of abeloids (see [Litl6, §6.3, Proposition 6.1.8.c(ii)]).
Consequently, tensoring with Q turns it into an injective homomorphism of Q-vector spaces

of the same dimension rkM = rkT = rkM" and, hence, into an isomorphism. This shows that
E(p>)(K) and M generate all of E(K) after tensoring with Q. O

3. Pro-finite-étale line bundles in families

Let K be an algebraically closed non-archimedean field over @, with ring of integral elements
K*. Let m: X — Spa(K,K™) be a connected smooth proper rigid space over K. Based on the
preparations of the last section as well as the prequel articles [Heu2la, Heu22b], the goal of this
section is to answer the following question in the case of line bundles.

Question 3.1. Which vector bundles on X are trivialised by pro-finite-étale covers of X?

As explained in detail in the introduction, this question is of interest in the p-adic Simpson
correspondence, as it is known to lead to the answer of Question 1.6 in various situations,
including the case of Higgs field 0, the case of line bundles and of abelian varieties [Wiir23,
MW23, Heu22b, HMW23]. Our aim is to give a complete answer to Question 3.1 in the case of
line bundles, in terms of the topologically torsion subgroup of the Picard variety. This gives a
more geometric, more explicit, and more conceptual description than that we previously gave in
[Heu22b, §5]. Moreover, it naturally leads to a rigid moduli space of pro-finite-étale line bundles,
without assuming that the rigid Picard functor is representable.

3.1 The rigid analytic character variety of G,,
Our description of pro-finite-étale v-line bundles will be in terms of the p-adic analogue of the
character variety, which we can define by an application of Proposition 2.14.

DEFINITION 3.2. Let X be any connected smooth proper rigid space over (K,K™).
Let 7 € X (K) be a base point and let 71(X) := 7$*(X, x) be the étale fundamental group of X,
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a profinite group. Then the continuous character variety of X is the v-sheaf on Perfg ,
Hom(71(X), Gm),

where 71 (X) = m1(X) is considered as a profinite v-sheaf (Definition 2.2). Explicitly, the dis-
played sheaf sends T € Perfx to the set of T-linear homomorphisms 71 (X) X T' — G, which
we easily verify to be in bijection with the set of continuous group homomorphisms

Homygs(m1 (X), O*(T)).

LEMMA 3.3. The continuous character variety is representable by a rigid analytic group whose
identity component is non-canonically isomorphic to G¥, for d = dimg, H} (X, Qp) (here Gy, is
the open unit disc around 1). Its group of connected components is torsion.

If 71(X) is the profinite completion of a finitely generated group (e.g. if X is projective),
then the proof shows that Hom(71(X), G,,) is isomorphic to a finite disjoint union of copies of
(G!t)4. Here the disjoint union accounts for torsion in the Néron-Severi group.

Proof. Any continuous character m1(X) — O*(Y) for any perfectoid space Y factors through
the maximal abelian quotient 7 of 71(X), so we have

Hom(7(X), G,,) = Hom(7*, G,,).

Let T be the maximal torsionfree pro-p-quotient of 72, By [Heu22b, Corollary 4.11], T is a finite
free Zy-module of rank d (the finiteness is based on [Sch13, Theorem 1.1]). Thus,

7P =T x M x N

for some p*°-torsion group M and some profinite group N = lim N; where each N; has order
coprime to p. Hence,

Hom(m (X), G,,) = Hom(T, G,,) x Hom(M, G,,) x Hom(N, G,,)
= G, x lim Hom(N; x M, Gp,)
by Proposition 2.14 and Lemma 2.22. O
3.2 Diamantine Picard functors
The second ingredient in our description of pro-finite-étale line bundles are the diamantine Picard

functors introduced in [Heu21a]. We therefore begin the discussion by recalling the definition and
some basic properties.

DEFINITION 3.4. Let m:Y — Spa(K, K1) be any locally spatial diamond and consider the
associated morphism of big étale sites mg : LSDy ¢ — Perfg ¢. Then we call

PiCYvét = Rlﬂ'ét*Gm : PeerVét — Ab

the étale diamantine Picard functor, where Ab is the category of abelian groups. Explicitly,
Picy; is the étale sheafification of the functor on Perfx that sends T +— Picg (Y x T').
Second, there is also a v-Picard functor which instead parametrises v-line bundles, namely

Picy, := R'7,.Gy, : Perfy, — Ab,
the v-sheafification of T'+— Pic,(Y x T') where T ranges through perfectoid spaces over K.

We are most interested in the case that Y = X is a smooth proper rigid space as before. In
this case, the two main results of [Heu2la] about these functors are as follows: we first proved that
Picx 4 is the ‘diamondification’ of the classical rigid analytic Picard functor defined on smooth

1449

https://doi.org/10.1112/S0010437X24007024 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007024

B. HEUER

rigid analytic test objects [Heu2la, Theorem 1.1]. In particular, if the latter is represented by
some rigid group G (which conjecturally is always the case, and this is known, e.g., if X is
projective), then Picy ¢ is represented by G°. We therefore drop the additional —< used in
[Heu21la] from notation and write Picy ¢ instead of Pic%ét.

Second, we proved the following geometric version of the main theorem of [Heu22b].

THEOREM 3.5 [Heu2la, Theorem 2.7 and Corollary 2.9]. There is a natural short exact sequence
of abelian sheaves on Perf ¢, functorial in X,

HTlog

0 — Picx ¢ — Picx, —> HY(X, Q% (1)) ®x G, — 0. (11)

In particular, this shows that Picx ¢ is already a v-sheaf and that Picx , is represented by a
rigid group whenever Picy ¢ Is.

Note that in terms of the language introduced in the introduction, the last term in (11) can
be interpreted as the p-adic Hitchin base A in the context of line bundles.

3.3 The pro-finite-étale universal cover
To make the connection to Question 3.1, we first reformulate the question slightly: recall that
we have chosen a base point € X (K). We consider the universal pro-finite-étale cover of X,
defined as the spatial diamond
m: X := lim X" — Spa(K),
X=X

where the index category is given by connected finite étale covers (X' z') — (X, z) with
2’ € X'(K) a lift of 2 € X(K). This is a pro-finite-étale m(X) := n{*(X, 2)-torsor. We refer
to [Heu22b, Definition 3.8] for further background.

By [Heu22b, Lemma 4.8], we see that a vector bundle on X is pro-finite-étale if and only if
it becomes trivial after pullback to X — X. Moreover, we argued in [Heu22b, §5.2] that X—-X
plays a similar role for the p-adic Simpson correspondence as the complex universal cover plays
in the complex Simpson correspondence: there is an equivalence of categories

pro-finite-étale ~, continuous representations of 7$'(X, x)
v-vector bundles on X on finite-dimensional K-vector spaces

Vi V(X)

since X — X is a m (X )-torsor and O(X) = K.

In order to describe the left-hand side for line bundles, we now use the diamantine Picard
functor Picy  of the universal cover. Namely, the main technical result of this article is that we
can descrlbe pro finite-étale line bundles in terms of the topologically torsion subsheaf as defined
in §2 applied to the diamantine Picard functor of X:

Pic 4 := (Picxe)™.

Here, we note that it makes sense to apply —' to Pic x,¢t since this a v-sheaf by Theorem 3.5.
Moreover, Pic}fé’ét has a close relation to the character variety from Definition 3.2.

THEOREM 3.6. Let m: X — Spa(K, K™) be a connected smooth proper rigid space.
(i) There is a short exact sequence of abelian sheaves on Perf i ¢
0 — Picl 4 — Picx ¢ — Picg 4,

in which the first term can equivalently be described as Picl ¢ = R'me (Gl).
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(ii) In the v-topology, we similarly have a short exact sequence
0 — Pic%, — Picx, — Picg ,,
in which the first term can be naturally identified with the character variety
Pick , = R'm.(G}}) = Hom(m (X), Gp).

We prove Theorem 3.6 over the course of this section. First, we note that this gives the desired
answer to Question 3.1 for line bundles: the pro-finite-étale line bundles on X are precisely the
topologically torsion K-points of the (classical) rigid-analytic Picard variety.

COROLLARY 3.7. Assume that the rigid analytic Picard functor of X is represented by a rigid
group G. Then there is a left exact sequence

0 — G(K)'™ — Picgt (X) — Picg (X)),
where G(K)% C G(K) is the subgroup of elements x such that z™ — 1 for n — oc.

Proof. By [Heu2la, Theorem 1.1], the assumption implies that also Picy ¢ is represented by the
rigid group G. The result thus follows from Theorem 3.6(i) by evaluating at K and using that
G"(K) = G(K)" by Proposition 2.14(i) and (iii). O

Remark 3.8. (i) If K = C, and the identity component GV is abeloid, then by Proposition 2.23,
G"(C,) = G™(C,) is generated by GY(C,) and torsion in the Néron—Severi group. In par-
ticular, these are then precisely the line bundles in Pic(X) with vanishing Chern classes.
However, this is no longer true over extensions of C,.

(ii) Even without assuming any representability results, Picx ¢ is always a small v-sheaf (this
follows from [Heu22c, Theorem 7.13]), hence Picx ¢ (/) always has the natural structure
of a topological space by [Sch18, Definition 12.8]. One can then still describe Picgzét(K ) as
those  in Picy ¢ (K) such that z™ — 1 for n — oo.

(iii) In general, the sequence is not right-exact: if X is an abelian variety with good supersingular

reduction X, then Pic(X) = Pic(X) ® Q by [Heu21b, Theorem 4.1].
(iv) We cannot expect Pic % O be represented by an adic group: if Picx ¢ and Pic K.t ere
both representable by adic groups, then the kernel of Picx ¢ — Picg ., would be closed, a

contradiction to Proposition 2.14 if Pic())(vét is a rigid group of dimension > 0. In fact, we
show in [Heu21b, §6.5] that Picg , is typically not even a diamond.

3.4 Relative universal property of the universal cover

The first step for the proof of Theorem 3.6 is to show that G'i-torsors become trivial on the
pro-finite-étale universal cover X — X. This is part of the following analogue of the statement
that the complex universal cover is simply connected. We recall that we write 7 : X — Spa(K)
for the structure map.

PROPOSITION 3.9. Let F be any one of the v-sheaves Q% /pF, Ot O, O+ O G,,(p>), GY,
or Z/NZ, where k, N € N. Then for any affinoid perfectoid space Y over K and for n € {0,1},

Hi(X x Y, F) = HE(Y, F) = H}(Y,F) = H}(X x Y, F).
In particular, TgnF = F = TpeF and R\ Tg F = 0 = R'7, F on Perf.

Remark 3.10. The restriction to n € {0, 1} is necessary in general: the proposition does not hold
for n = 2 for any of the sheaves in the example of X = P! = X and Y= Spa(K).
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Proof. This is a relative version of [Heu22b, Proposition 3.10], and the technical results of
[Heu21a, § 4] enable us to essentially follow the same line of argument: we start with 7 = O /pF.
By [Heu2la, Proposition 4.12.2], which we recall as Lemma 3.11,

Hy(X xY,0"/p*) £ lim Hi(X' xY,0"/p¥),
X=X

where the X’ are as in the definition of X. By [Heu2la, Corollary 4.6], this equals
= lim Hy (X, Z2/p") @ 0F(Y) /" =0,
X'—X

which vanishes because every class in H}, (X', Z/ pF) is trivialised by a connected finite étale cover
of X’ and, thus, of X. This gives the case of n = 1.

The case n =0 follows from Lemma 3.11 and [Heu2la, Proposition 4.2.2.(iii)] which says
that

HO(X' x Y,0% /p*) £ HO(Y, 0" /pb).

Next, consider F = O%: the last equation implies that R! lim, HO(X xY,0%/pF) £ 0, so we
deduce from the fact that the v-site is replete and [BS15, Proposition 3.1.10] that

HY(X xY,07) £ lim H)(X x Y, 07 /p*) £ 0
keN

The case of O follows. A similar limit argument gives the cases of ©’* and then O”.

Since we have an injection H} (X x Y, F) — HYNX x Y, F), the result for H} (X x Y, F)
follows from the respective statements for H, (X x Y, F) for each of these sheaves.

For F = Z/N7Z, we know that étale and v-topology agree. By [Sch18, Proposition 14.9],

HE(X x Y,Z/NZ) = lim H, (X' x Y, Z/NZ).

For n =0, it follows from [Heu2la, Corollary 4.8] that m,Z/NZ = 7Z/NZ. To see the case of
n = 1, it thus suffices by the Leray sequence to prove that R'7,Z/NZ = 0, which follows from
the same cited result in the colimit over the X'.

Finally, the case of G,,(p>°) follows from that of fi,ec =2 h_H)lZ/ka (as K is algebraically
closed) and that of O by the logarithm sequence, and similarly for G where we also include
coprime-to-p torsion. This also shows that étale and v-cohomology agree in this case. O

LEMMA 3.11. Let Y be any perfectoid space over K and let X = piniel X, be a diamond which

is a limit of smooth quasi-compact quasi-separated (qcqs) rigid spaces over K with finite étale
transition maps. Then for the v-sheaves F = Ot /p or F = G,, /G, we have for n € {0,1}:

HY (X xY,F) = lim,  HE(Xi x Y, F).
Moreover, both sides stay the same when we exchange the v-topology for the étale topology.

Proof. For F = O%%/p and F = G,,,/G,,,(p™) this is [Heu2la, Proposition 4.12.1 and 2] (where
the latter sheaf was denoted by @X). The case of G,,/Gt follows by tensoring with Q since
Gm/GY = (G, /Gy (p™)) @7 Q, see [Heu22b, Lemma 2.16]. O

COROLLARY 3.12. The natural map Pic)}’ét — Pic)?’v is injective.
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Proof. By Proposition 3.9, we have 7,0 = O and, thus, 7.G,, = G,,. We can therefore apply
[Heu2la, Lemma 4.13], which gives the following commutative diagram with short exact rows.

1 —— HL(Y,Gp) —— HA(X xY,Gy) — Picg

| i |

1 —— H{(Y,G,) —— HY(X X Y,Gy,) — Picg (Y) —— 1

Y)— 1

As the first column is an isomorphism by [KL16, Theorem 3.5.8], and the middle column is
clearly injective, we can deduce that the last column is injective as well. ]

Remark 3.13. We do not know whether the map in Corollary 3.12 is an isomorphism in general.
Although this is true for curves, it is certainly not always true that v-vector bundles on X agree
with étale vector bundles, as the example of X = X = P! shows.

Remark 3.14. An alternative proof of Proposition 3.9 in the case of Z/NZ and n = 1 would be
to show that (X X Y)gs = Y. One could deduce this from the following rigid analogue of a

well-known algebraic statement: let X be a connected proper rigid space and Y any connected

reduced rigid space. Then is the natural map 74X x V) — 7{*(X) x 7¢*(Y") an isomorphism?

We suspect that one could see this like in [SGA1, X Corollaire 1.7], or using [SW20, § 16]. By an
approximation argument, one could deduce that (X x Y ')t = Yigt.

3.5 Topologically torsion line bundles
Next, we show that any pro-finite-étale line bundle admits a reduction of structure group from
G to GI. For this, we first show the following result.

LEMMA 3.15. For any perfectoid space Y, there is for n € {0,1} a natural isomorphism
HY (X XY, G [Gly) = HJ(X X Y, G /G ™ 0.
Moreover, both sides remain the same when we exchange the v-topology for the étale topology.

Proof. We form the Cartan-Leray spectral sequence of the 7 (X)-torsor XXxY — X xY for
the sheaf G,,,/G%, see [Heu22b, Proposition 2.8]. Endow H(X x Y,G,,/G%) with the discrete
topology, then by Lemma 3.11, we have for any profinite group G:

HY(G x X X Y,Gyp/G) = Mapys (G, HN(X X Y, G /GL)).

For n = 0, the lemma follows by setting G = 71(X) and using the v-sheaf property of G,,/G*%.
For n = 1, this equation ensures that the conditions of [Heu22b, Proposition 2.8.2] are satisfied.

Setting G := m1(X) and F = G,,,/G, we thus obtain an exact sequence
0— HL (G, F(XxY))— HNX xY,F) - H{(X xY,F)¥ - H% (G, F(X x Y)).

cts

Since G = m(X) is profinite and F = G,,,/G! is a sheaf of Q-vector spaces, the outer
two groups vanish by [NSWO08, Proposition 1.6.2.c]. This gives the desired statement for the
v-topology. The étale case follows from this by Lemma 3.11 and [Heu2la, Proposition 4.12.1],
or alternatively from the more general [Heu22a, Proposition 4.8]. O

LEMMA 3.16 [Heu2la, Lemma 4.11.2]. We have 7,+(G,,/G%) = G,,, /G for 7 € {ét,v}.
Proof. The reference shows this for G,,/G,,(p>°). The lemma follows by tensoring with Q. O
We can now complete the first steps of the proof of Theorem 3.6.
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Proof of Theorem 3.6. Let T € {ét,v} and consider the following morphism of exact sequences.

0 = R'7.GY —— R7.G,, —— R7.(G,,/G%)

| I J

0 — R'7.,G% —— R'7n..G,, —— R'7(G,,/G%)

Here the top left entry vanishes by Proposition 3.9. The right vertical morphism is injective by
Lemma 3.15. The bottom left morphism is injective by Lemma 3.16.
This shows that we have a left-exact sequence:

0 — R'7.G — Picx, — Picg . (12)
We first consider 7 = ét. Note that (12) combines with Theorem 3.5 and Corollary 3.12 to
show that R'ms, Gt is the kernel of a morphism of v-sheaves, hence it is itself a v-sheaf. For

Theorem 3.6(i), it remains to prove that R'me, Gl = Picl ¢ This relies on the following key
calculation, which crucially uses that our Picard functors use perfectoid test objects.

PROPOSITION 3.17. We have Hom(Z,PicX, o) =L

Proof. For any affinoid perfectoid space Y over K, a section [ € Hom(z,PicX «)(Y) is by
definition of Hom a morphism of sheaves on Perf g 4

fiZxY = Picg
making the following diagram commute.

ZxY)xy (ZxY) —"5ZxY

Picg X ét i 4

Here, in each row, m denotes the multiplication morphism of abelian sheaves on Perfx ¢;. Denote
by q; the morphism sending a map f : ZxY — Pic; ., to the composition m o (f x f) in the
diagram, and by g2 the map sending f to fom, then we can reformulate this description as
saying that

ZxY) a Picy L(Z2 xY)). (13)
q2

Hom(z, Picxét)(Y) = eq(Picy @l

We now use that for any n € N, we have, by Lemma 3.18 applied to F' = Gy, and the composition
X XY XZN Y xZn — Y, a natural identification

PicX’ét(Z" xY) = Pic; Y).

Zrx X et(
It follows that the right-hand side of (13) equals the sheafification of the presheaf
Y — eq( Picet(Z x X X Y) = Picey (Z? x X x Y))
on Perfg ¢. We claim that this sheaf vanishes: let g be the map defined as the composition
g: 72" x X L 7" L Spa(K),

where 7 is the projection to the first factor and r is the structure map. Invoking Lemma 3.18
again, we deduce that

1 tt 1 tt
R gét*Gm = rees R Wi,ét*Gm
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However, Rlﬂ'l’ét*G% = 1 by Proposition 3.9. Hence, R!gs.G' = 1. It therefore suffices to prove
that the presheaf on Perfy given by

15 o v tty L1 52 L v tt
Y — eCl(Hét(Z X X XY, G /Gy,) = Hg (27 x X X YaGm/Gm)) (14)
a

is trivial. For this, we use that by Lemma 3.11, we have for any n € N an identification
H{(Z" x X x Y, G /Gyi) = Mapyo (2", Hy (X x Y, G /G1)),

where Map,, denotes the set of locally constant maps. Translating the morphisms ¢, g2 in (14)
via this identification, we see that the presheaf (14) is precisely given by sending Y to

Homye(Z, HY (X X Y, Gy /GE)).
However, the second argument is a Q-vector space, so this group is trivial, as desired. ]
LEmMA 3.18. For any spatial diamonds X and Y over K and any profinite set S, write
XxYxSHyxs 2y
for the projections. Then for any abelian sheaf ' on LSDg ¢ and any n > 0, we have
Rn(7T2 © Wl)ét*F = 7T2,ét*Rn7T1,ét*F-

Proof. We claim that the functor 7y ¢, from abelian sheaves on (Y x S)g to abelian sheaves
on Y is right-exact. Indeed, let F' — G be a surjection of sheaves on (Y x S)¢ and let o €
m260xG(Y) = G(Y x S), then there exists an étale cover ' — Y x .S such that the image of a in
G(T') can be lifted to F(T'). Write S = lim S; for some finite sets S;, then ¥ x § =limY x S,
in the category of diamonds. It follows using [Sch18, Proposition 11.23] that the étale cover
T —Y x S can be refined by one of the form (Y’ x U; =Y x S)jc; where Y/ — Y is an étale
cover of Y and Ujc;U; = S is a disjoint open cover of S. Hence, « also lifts to

[, F(Y x Uj) = F(Y' x 8) = ma e F(Y).

This shows that m ' — T4t G is still surjective. It follows from this right-exactness that
Ry ¢t = T2 ¢t The lemma now follows from the Grothendieck spectral sequence. ]

~

To prove Theorem 3.6, we now apply the left-exact functor Hom(Z, —) to (12) and find
Hom(Z, R'm4. G ) = Hom(Z, Picx &)
by Proposition 3.17, hence
(R'7mee G = Pic' 4.
Since G is strongly topologically torsion by Proposition 2.14, Lemma 2.13 guarantees that the
v-sheaf R'7mg.GE is topologically torsion, thus the left-hand side equals
(Rlﬂét*G::L)tt == Rlﬂét*G‘;:L.

This finishes the proof of part (i) of Theorem 3.6.
For the second part, we need to incorporate the character variety into the picture.

3.6 Relation to the character variety
Let Y be an affinoid perfectoid space over K. The Cartan-Leray short exact sequence for the
m1(X)-torsor X x Y — X x Y and the sheaf G,, yields an exact sequence

0— HL (71(X),Gn(X x Y)) = Picy(X x Y) — Picy(X x Y). (15)
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By Proposition 3.9, G, (X X V) = Gy, (Y), so the first term equals Homegs (71 (X ), Gy (Y)). Using
the character variety from Lemma 3.3, we thus obtain a left-exact sequence on Perfg ,

0 — Hom(m(X), Gpn) — Picx, — Picg .

We can describe the composition of the first map with HTlog more explicitly: recall that
Hom(71(X),G,,) = Hom(m (X),G!), so we can compose characters with log : G — G,.

LEMMA 3.19. The following square is commutative and has a surjective diagonal.

Hom (7 (X), Gy) ——— Picxy,
ilog \\\\\\~\\\ lHTlog
HT i
Hom(my(X),Ga) —— H(X,Q%(-1)) ® G,

Proof. By functoriality of the Cartan—Leray sequence (left square) and the definition of HTlog
in [Heu2la, Proposition 2.15] (right square), the following diagram commutes.

0 —— Homegs(m1(X), 0%(Y)) —— HI(X x V,G%) 1% F0(x QL. (~1)) @ O(Y)
llog llog H
0 —— Home(m1(X), O(Y)) —— HNX x Y,0) L HO(X, QL (-1)) @ O(Y)
This shows commutativity. That the left map is surjective follows from Lemma 3.3 and
surjectivity of log : G¥ — G,. The map HT is surjective by [Heu2la, Proposition 2.6]. d

We can now put everything together: the diagram from Lemma 3.19 combines with (15) and
the sequences from Theorems 3.5 and 3.6(i) to a commutative diagram

1 tt . .
0 — R 7 Gy Picx ¢ ——— P1c)~(7ét

0 —— Hom(m (X),Gy) ——— Picxy, ———— Picg

Hom(m (X),G,) —— HO(X, 0% (1)) ® G,

with left-exact rows. By Corollary 3.12, the morphism in the rightmost column is injective. By
Lemma 3.19, the bottom dashed diagonal map is surjective. It follows from a diagram chase that
Picx, — Pic K admits a factorisation through the top dashed arrow: for example, it suffices to
observe that by the snake lemm@\, the cokernels of the two horizontal maps in the top left square

are isomorphic. Applying Hom(Z, —), we deduce from Proposition 3.17 that this map becomes
trivial, and we can thus argue as in the first part to deduce from the middle exact sequence that

Hom(7(X),Gy,) = Hom(m (X), Gy)™ = Pick,,
where the first equality follows from Lemma 3.3. This finishes the proof of Theorem 3.6(ii). O

4. The morphism of Deninger and Werner

We now use Theorem 3.6 to give a reinterpretation, a generalisation, and a geometrisation of a
construction of Deninger and Werner in the context of the p-adic Simpson correspondence.

Let X be a connected smooth projective curve over @p. We fix a base-point z € X (@p). In
[DWO05b], Deninger and Werner construct a functor from a certain category of vector bundles on
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Xc, to Cp-linear representations of the étale fundamental group m (X) := 7§'(X, z) of X, thus
defining a p-adic Simpson functor in the case of vanishing Higgs field, or in other words a partial
analogue of Narasimhan—Seshadri theory. In [DWO05a], they go on to study this functor in the
case of line bundles under the additional assumption that X has good reduction: in this case,
their functor induces an injective continuous homomorphism

o Picg{((Cp) — Homgs(m1(X), (C;;) = Homs(TAY, (C;),

where A = Pic% (Cp) is the Jacobian of X and T'AY is the adelic Tate module of its dual, i.e. of
the Albanese. Deninger and Werner give an explicit description of « in terms of the Weil pairing
of A, and extend their construction to any connected smooth proper algebraic variety X over @p
satisfying a certain good reduction assumption (see [DWO05b, §1.5]), obtaining more generally
a morphism o defined on the Cp,-points of the open and closed subgroup Pic’ of the Picard
variety whose image in the Néron—Severi group is torsion.

In the case that X is a curve over @p with good reduction, Song [Son22] has recently shown
that the morphism o can be ‘geometrised’, i.e. interpreted as the Cp-points of a morphism of
rigid group varieties.

4.1 Geometrisation of Deninger and Werner’s morphism

We now generalise and geometrise the results of Deninger and Werner and Song to any smooth
proper rigid space X of arbitrary dimension over any complete algebraically closed field K over
Qp. For this we use a completely different method based on Theorems 3.5 and 3.6. Namely, we
have the following result, which includes a topologically torsion version of Theorem 3.5.

THEOREM 4.1. Let X be a connected smooth proper rigid space over K. Then we have the
following.

(i) The topologically torsion Picard functor
Pic%ét = R'7m. G

is represented by a disjoint union of rigid analytic divisible groups.
(ii) There is a natural short exact sequence of rigid group varieties

0 — Picl ¢, — Hom(m(X),Gyp) HTlos, 4 — 0, (16)

where A := HY(X, Q% (—1)) ® G,. It is functorial in X — Spa(K) and canonically isomor-
phic to the topologically torsion part of the sequence (11) in Theorem 3.5.

(iii) The exact sequence obtained from (16) by passing to Lie algebras, i.e. tangent spaces at the
identity, is canonically identified with the Hodge—Tate sequence

0= H},(X,0) = Hy(X,Qp) ®g, K~ H(X,Q'(~1)) = 0.
(iv) The first map of (16) induces a natural non-degenerate pairing of adic groups
Pick s x m1(X) — Gp.

(v) If Pick is an abeloid variety, then the pairing in part (iv) is the unique analytic
continuation of the Weil pairing.

The first morphism in (16) generalises the map « of Deninger and Werner and Song. Indeed,
if Pic ¢, is abeloid and K = C,, then by Proposition 2.23, we have Pic 4 (C,) = Pic%ét(((:p).
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However, this is no longer true over more general fields, where we need to use the topologically
torsion subsheaf rather than all of Pick 4 to define a. The last part is our analogue of the
statement in [DWO05a, § 4] that « is an extension of the Weil pairing in the case of curves.

Remark 4.2. We note that in contrast to [Son22, Theorem 1.0.1], the domain of our morphism is
not Picy ¢ but the open subspace Picggét C Picy ¢;. For curves over C,, both spaces have the
same Cp-points, but the latter has more points when considered as an adic space. In particular,
the assumptions of [Son22, Theorems 1.0.1 and 1.0.3] are never satisfied. Indeed, note that any
morphism from the proper space Picg(’ét to G,y is trivial. That said, for curves, one can use
Song’s construction to explicitly define a map on Pic'}gét.

Remark 4.3. As pointed out in Remark 1.5, in the setting of curves, the analogue of the short
exact sequence of Theorem 4.1 in the complex analytic setting of the Corlette—Simpson corre-
spondence is only real-analytic. This difference to the p-adic case can in part be attributed to
the fact that the pro-étale fundamental group appearing in Theorem 4.1 is profinite and thus
ignores the second factor in the decomposition (C; = Ep x Q.

Proof of Theorem J.1. We first construct the exact sequence (16) in v-sheaves: as such, it arises
from (11) by applying the functor —* from §2.2. To see that this preserves exactness, we use
that by [Heu2la, Theorem 2.7.3], the sequence (11) is split over the open subgroup

AT C A= H'(X,0")(-1) ®k Gq

defined by the image of Hom(71 (X)), pG) under the morphism HT : Hom(m;(X),G,) — A. More
explicitly, let Pic},v be the pullback under HTlog of AT, then the induced sequence

: P +
0 — Picx ¢ — Picy , — AT —0

is split and, in particular, exactness is preserved by the additive functor —'. This shows left-
exactness. Right-exactness follows from Lemma 3.19.

We deduce that Picggvét is the kernel of a morphism of rigid groups. Hence, it is itself repre-
sentable by a rigid group. Since the other terms in (16) are disjoint unions of analytic divisible
groups, so is Picl ¢ We have thus shown parts (i) and (ii).

In order to deduce part (iii), we note that adding kernels to Lemma 3.19 induces the following
morphism of short exact sequences.

0 = Pic} ¢, —— Hom(m (X),Gp) 5 HO(X, Q4 (~1)) ® Gg —— 0
|

0— HL(X,0)® G, — Hom(m (X),G,) — HO(X,Q4(-1))® G, — 0

Since the middle arrow is an isomorphism in a neighbourhood of the identity (because log is),
this induces an isomorphism between the associated sequences on tangent spaces.

The pairing in part (iv) is associated to the map Picggét — Hom(m (X),G,,) by the adjunc-
tion of ® and Hom. It remains to prove part (v). Via the theory of the rigid Albanese variety
developed in [HL20, §4], and using the functoriality of Theorem 3.5, we can reduce to the case
that X is itself an abeloid variety. We postpone the explicit description of the pairing in the
abeloid case to the next subsection.

First, we give two corollaries. For this we first note the following very general fact.

Remark 4.4. Given any short exact sequence of rigid groups 0 - A — B LCo—=0 (say, in the
étale topology), we can forget the group structure on B and C' and regard the map ¢ : B — C as
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an A-torsor in a natural way. (Slightly more precisely, it is a torsor in Cg under the group object
in Cg; represented by A x C'— C, but we still call this an A-torsor.) Indeed, over any étale cover
D — C where ¢ admits a splitting s : D — B over C, the natural map A x D — B X¢ D is an
isomorphism with inverse (b, d) — (b — s(d), d).

With Remark 4.4 in mind, we can deduce the following from combining Theorems 3.5
and 4.1.

COROLLARY 4.5. (i) The map HTlog : Picx, — A is an étale Picx ¢ -torsor.
(ii) The map HTlog : Hom(7(X),G,,) — A is an étale Pict},ét—torsor.
(iii) The torsor in part (i) is the pushout of the torsor in part (ii) along Picgg’ét — Picx .

COROLLARY 4.6. The sequences (11) and (16) are never split unless H°(X, %) = 0. Indeed,
any morphism A — Hom(m(X), G,,) is constant.

Proof. Any splitting of (16) would be a morphism of rigid spaces s:.A — Hom(m (X),G,,).
While its source is a product of copies of G, each connected component of the target is contained
in an affinoid subspace of G¢, for some d € N. Hence, s is constant.

The statement for (11) follows as we obtain (16) from (11) by applying the functor —*. O

4.2 The Weil pairing from a pro-étale perspective

We now prove Theorem 4.1(v), namely that the pairing from part (iv) can be described as a
unique analytic continuation of the Weil pairing if X is abeloid. This is a pleasant application
of Theorem 3.6 in its own right.

Remark 4.7. We note that it has long been known that such analytic Weil pairings exists: for
abelian varieties of good reduction this is constructed in [Tat67, §4]. Another related construc-
tion is by Fontaine [Fon03, Proposition 1.1] who gives for any abelian variety A over a finite
extension L of Q, a natural continuous Galois-equivariant homomorphism that reinterpreted in
our notation (via Propositions 2.23 and 2.14) is of the form

Ap=)(L) = TpA(-1) ® (1 + mg,) = Hom(T, A", Gr).

By comparing Fontaine’s construction to ours, it is clear that (the topologically p-torsion part
of) the analytic Weil pairing from Theorem 4.1 is a geometrisation of Fontaine’s map.

Let A be an abeloid variety over K. The Weil pairing of A is the perfect pairing
ey : A[N] X AV[N] — UN

defined as follows: let P be the Poincaré bundle on A x AV, then by bilinearity its restriction
to A x AV[N] has trivial Nth tensor power. It follows that P admits a canonical reduction
of structure group to a uy-torsor Py on A x AV that becomes trivial after pullback along
[N]: A — A. Consequently, we have a natural commutative diagram of bi-extensions

0 — A[N] x AV[N] —— Ax AY[N] 229 45 aviN) —— 0

- | | e

0 UN PN AXAV[N] — 0

and the Weil pairing is defined as the induced arrow on the left.
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We can now extend this construction using the universal cover A of A from §3.3. In the

abeloid case, this is given by the space A = @[ N]NEN A and thus sits in an exact sequence

0>TA—A—A— 0,
where TA = 7$4(A,0) = anNeNA[N] is the Tate module of A. We now restrict to the open
subspace A x AV?" C A x AV. By Theorem 3.6(i), this is the locus where P admits a reduction
of structure group to a G -torsor P, which inherits from P the structure of a bi-extension

1—>G:fb—>73—>A><AVtt—>0.

Concretely, this means that it becomes an exact sequence of abelian sheaves on LSD,4 and
LSD 4vtt, respectively, when restricted to test objects relatively over either factor.

By Theorem 3.6(i), this bi-extension becomes trivial upon pullback to A. Using the short
exact sequence of j’ we thus obtain a pushout diagram of adic groups relatively over AY*

0 — s TAx A™ s Ax AVt s Ax AVEE 4

| l H

0 GEEL P A X AVtt — 0

where the middle arrow exists because P becomes split on A x AV* and is unique because any
two morphisms differ by a map from A to G%, which has to be trivial by Proposition 3.9.

On the left, we thus obtain the desired bilinear pairing e : TA x AV** — G . It is clear from
the construction via pullback to A that this is precisely the pairing from Theorem 4.1. On the
other hand, it is also clear from comparing to the pullback of (17) to A that this gives an analytic
continuation of the adelic Weil pairing

(eN)NGN:TAXﬁ_IQ AV[N] — M.

NeN
It remains to see that this property determines e uniquely: for this we use that by
Proposition 2.14, for each x € T'A the morphism e(x,—) is uniquely determined by its value
on prime-to-p torsion and a morphism on the analytic p-divisible group A(p>°) — G,,(p>°). By
fully faithfulness of Fargues’ functor from p-divisible groups to analytic p-divisible groups [Far19,
Théoréme 6.1}, this is uniquely determined on p-torsion points, as desired. O

Remark 4.8. As an application of Theorem 4.1, we point out that the geometric Simpson
correspondence can, in turn, be used to study classical rigid analytic Picard functors.

It is expected that for any smooth proper rigid space X, the Picard functor Picx g is
represented by a rigid group, and many instances of this are known, see [Heu2la, §1]. In all
known cases, one additionally has the structural result that the identity component Picg(yét is
a semi-abeloid variety, i.e. an extension of an abeloid by a rigid torus, see especially [HLOO].
However, it currently seems an open question if one should expect such a description in general.

From this perspective, Theorem 4.1 gives the new result that a topologically torsion variant
of the Picard functor is always representable. In particular, if Picx 4 is representable by a
rigid group, this describes its open topologically torsion subgroup. From this we can deduce
structural results on PicB},ét which provide evidence that Picggét might always be representable
by a semi-abeloid variety. Namely, Theorem 4.1 imposes concrete structural restrictions on what
rigid groups can appear as Picard varieties, such as existence of an analytic Weil pairing on
topological torsion, which are consistent with Picg(,ét being semi-abeloid.

As a basic example, we recover [HL00, Lemma 3.1], which says Hom(G,, Picx ¢;) = 0. Indeed,
as G = G, any such map factors through PicY ¢, — Hom(m(X),Gy,), but Hom(Gy, Gy,) = 0.

1460

https://doi.org/10.1112/S0010437X24007024 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007024

A GEOMETRIC p-ADIC SIMPSON CORRESPONDENCE IN RANK ONE

Similarly, if Picx ¢ was an open unit ball with additive structure, this would contradict it being
the kernel of a map from Hom(m(X),G,,) to an affine group.

5. Comparison of analytic moduli spaces

In this final section, we use our main theorems to show that the p-adic Simpson correspondence
in rank one admits a geometric description in terms of a comparison of moduli spaces. This also
proves Theorem 1.1 and explains the necessary choices in a geometric way.

As before, let X be a connected smooth proper rigid space X over an algebraically closed
complete extension K of Q, and choose a base-point z € X (K) to define 71 (X) := n{*(X, ).
For simplicity, let us assume in this section that the classical rigid analytic Picard functor is
representable (see Remark 4.8). As an application of Theorems 3.6 and 4.1, we can now define
rigid analytic moduli spaces on both sides of the p-adic Simpson correspondence, in very close
analogy to Simpson’s complex analytic moduli spaces of rank one [Sim93, §2].

DEFINITION 5.1. (i) The coarse moduli space of v-line bundles on X is
Bun, ; := Picx,.
(ii) Write A := HY(X,Q'(-1)) ® Gy, this is the Hitchin base of rank one. Then
Higgs, := Picy ¢ x A

is the coarse moduli space of Higgs line bundles on X.
(iii) We define the Betti moduli space to be the character variety of Lemma 3.3,

Mg := Hom(m1(X),G;,) = Pick,, C Pic,,

which is the moduli space of characters of 7 (X). Via Theorem 3.6(ii), we can equivalently
see this as the coarse moduli space of topologically torsion v-line bundles.
(iv) We define the Dolbeault moduli space to be the coarse moduli space

Mp, := Pic 4 x A C Higgs,
of topologically torsion Higgs line bundles on X.

While a priori defined as v-sheaves on Perf i, Theorems 3.5, 4.1 and Lemma 3.3 combine to
show that all of the above moduli functors are represented by smooth rigid spaces. This allows
us to investigate a new perspective on the p-adic Simpson correspondence, namely whether it
admits a description in terms of moduli spaces.

This turns out to be the case: in this section, we note three slightly different ways in which
we can compare Bun,, 1 to Higgs;, respectively Mp to Mp,. The basic idea for this comparison
is that HTlog on the Betti side, and the projection to A on the Dolbeault side, define a diagram

Mg < Bun, HTlog

LA

Mp, — Higgs,

in which by Corollary 4.5, the second column consists of Picx ¢-torsors, and the first column
consists of Pic'}gét—torsors. While the torsors on the bottom line are split, the torsors on the
top line are typically not split according to Corollary 4.6. The first, rather primitive way in
which the two sides can be compared is now the following ‘tautological comparison’, based on
the observation that any extension becomes tautologically split after pullback to itself.
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COROLLARY 5.2. There is a canonical and functorial isomorphism of rigid groups
Bun,; x4 Bun,; — Higgs; x4 Bun, 1,
given by (L1, Ls) — ((L1 ® Ly ', HTlog(L1)), La). It restricts to an isomorphism of rigid groups
Mg x4 Mp = Mpg X 4 Mpol.

Our second comparison isomorphism is geometrically more refined but no longer completely
canonical: it relies on the observation that the exact sequence (16) in Theorem 4.1 admits a
reduction of structure groups to the p-torsion subsheaf Picy ¢ [p™] C Picggyét.

DEFINITION 5.3. Let X be any flat B:{R/gz—lift of X, which by Remark 1.4 induces a splitting
sx of the Hodge—Tate sequence (2). Then we define the étale sheaf Lx — A as the pullback

0 —— PiCX7ét [poo} LX A 0

| | |

0 —— Picy.e[p™] —— Hom(m(X),Gp) —=+ Hom(m(X),Gq) — 0

where @m := G, (p™) is the open disc of radius 1 around 1, and the bottom row is obtained by

applying Hom(71(X), —) to the logarithm sequence 0 — fip00 — Gy Log, Gq — 0.
The sheaf Lx induces the following ‘étale comparison isomorphism’.
THEOREM 5.4. There is a canonical isomorphism
Bun,; x4 Lx = Higgs; x4 Lx.
It restrict to an isomorphism
Mg x4 Lx = Mpol % 4 Lx.

Proof. The defining sequence of Lx is a reduction of structure group of the short exact sequence
from Theorem 4.1: this follows from combining Definition 5.3 with

0 —— Picy.e[p™] —— Hom(m(X),Gpm) —2+ Hom(m(X),Gq) — 0

! / J

0 — Picl ; — Hom(m(X),Gp) — 5 A 0

and the fact that HT o sx = id. Since Lx — A is a Picx«[p™] torsor, there is a canonical
isomorphism Lx x 4 Lx = Picx ¢ [p™] x Lx, like in Corollary 5.2. Forming the pushout of the
Picx ¢ [p>]-torsor in the first factor along Picx ¢ [p™] — Picgiéyét gives the second isomorphism.
Pushing further along Picf{é’ét — Picx 4 gives the first by Corollary 4.5. g

Finally, there is an étale version which is completely canonical, and which can be described
as a universal version of Theorem 5.4 over the moduli space of all Hodge—Tate splittings.

DEFINITION 5.5. Let S be the rigid affine space associated to the finite K-vector space
Homy (H(X, Q% (—1)), Homes (71 (X), K)).
Set As := A x S. Then there is a tautological morphism
s: As — Hom(m (X),Gg).
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We use it to define a universal étale sheaf . — Ag via the following commutative diagram.

0 —— Picy ¢ [p™] L As 0

| J |

0 —— Picy.e[p™] —— Hom(m(X),Gp) —=+ Hom(m (X),Ga) — 0

Then for any lift X of X corresponding to a point x € S(K), the fibre of L over A x x is Lx.
We let P be the pushout of L along Picx ¢ [p™] — Picg ¢ This is an extension

0 — Picl gy — P — As — 0.
Note that this is completely canonical and does not depend on either lifts or exponentials.

We now have the following ‘universal comparison isomorphism’: in a way reminiscent of
the Deligne-Hitchin twistor space in complex geometry [Sim97, §4|, this exhibits Mp, as a
‘degeneration’ of Mp in the sense that there is an analytic morphism over a base S whose fibres
are generically isomorphic to Mp, but whose fibre over a special point is equal to Mp,. (This
is not to say that the universal comparison is directly related to A-connections over X, whose
closest known analogue are the g-connections of Morrow and Tsuji [MT21, §2].)

PROPOSITION 5.6. (i) For any Bin/&%-lift X of X, there is for the fibre P, of P over the
associated point x € S(K) a canonical isomorphism

P, = Mg.

(ii) For any morphismz : HY (X, Q') — HL(X,Q,) ® K = Homes(m1(X), K) factoring through
the Hodge—Tate filtration, we instead have a canonical isomorphism

Py = MDol-
(iii) There is a canonical and functorial isomorphism of rigid spaces
c:P xag L =5 Mpe x4 L

such that for any B:R/§2—11'ft X of X, the fibre of ¢ over the associated point = € S(K) is
canonically identified via part (i) with the isomorphism from Theorem 5.4.
The analogous statements hold for Bun;, Higgs, instead of Mg, Mp,1, respectively.

Proof. We have a commutative diagram

0—— PiCX’ét[poc] L .AS 0
l l lHTos
0 —— Picl ¢, — Hom(m(X),Gp) A 0

inducing a natural map P — Hom(m(X),G,,) by the universal property of the pushout.

Part (i) follows from comparing the definition of L to that of Definition 5.3, since in this case
the morphism on the right becomes the identity.

To show part (ii), observe that in this case HT o s specialises to 0. Thus, there is a canonical
morphism L, — Picgg’ét which induces a canonical splitting of P,. This is the same datum as

an isomorphism P, = Pic% ;, x A = Mpy.
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Finally, part (iii) follows from the tautological splitting
L x 45 L =5 Picx e [p™] x a4 L

after pushout along Picy ¢ [p™] — Picggét. The last part of part (iii) about compatibility with
Theorem 5.4 over x € S(K) is clear from comparing the proofs. O

It remains to note that this explains the choices in Theorem 1.1 in a geometric fashion.

Proof of Theorem 1.1. It is clear from the definition that any choice of exponential induces a
continuous splitting s of Lx — A on K-points, which induces the desired homeomorphism

Homegs(m1 (X), K*) = Mp(K) = Mpai(K) = Pick(K) x H*(X,Q")(-1)
by taking K-points in Theorem 5.4 and considering the fibre over s : A(K) — Lx(K). O

Remark 5.7. As an aside, Theorem 5.4 means that the term ‘geometric p-adic Simpson
correspondence’ in the title may be interpreted quite literally: it provides a diagram

Mp «—— Mg x4 Lx = Mpg X4 Lx —— Mpo
which is indeed an ‘étale correspondence’ in the sense of algebraic geometry.

Remark 5.8. The results of this section give an indication for what kind of geometric results one
can expect also in higher rank. More precisely, we believe that the statements of Theorem 5.4,
Proposition 5.6 and Remark 5.7 stand a chance to generalise: this suggests that the moduli space
of v-vector bundles is an étale twist of the moduli space of Higgs bundles over the Hitchin base,
and that the usual choices necessary for the formulation of the p-adic Simpson correspondence
can be interpreted as leading to a trivialisation of this twist.

We show in [Heu22c| that indeed, one can construct analytic moduli spaces of v-vector
bundles and Higgs bundles in terms of small v-stacks, and that both admit natural maps to
the Hitchin base. This provides further evidence that the results of this article provide the first
instance of a general moduli-theoretic approach to the p-adic Simpson correspondence.
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