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ANALOGUES OF THE BRAID GROUP WHOSE GRAPHS ARE
STARS

by ANDREW K. NAPTHINE
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1. Introduction

Let G be a group having presentation
Hxizi=1,...,n+1}|r;, 1Si<jSn+1) (1)

where
-1,-1,-1.
T XXX Xy X =X, X )

or

xxx7 x; =g, x;],
a braid relator and a commutator respectively, and define the graph of such a group as
having vertices labelled x,,...,x,+, and such that x; and x; are joined if and only if
rijz(xi’xj)' :
With this definition Artin’s braid group, B,, [2] has graph which is an interval and in
[1] Al-bar and Johnson examine those groups whose graphs are regular of degree two.
In this paper we investigate those groups, henceforth called G,, whose graph has
exactly one vertex of degree n and all others have degree one, in other words the
bipartite graphs K, ,. (For graph theoretic terminology and notation see Wilson [6]).

2. The derived group of G,

We shall always assume that x,; is a vertex of degree one and that the vertex of
degree n is x,. Note that any necessary re-labelling of vertices corresponds to
elementary Nielsen transformations and therefore preserves the group (up to
isomorphism).

Using an argument similar to that of Gorin and Lin [3] it can be seen that
G,/G,=Z, and we may choose {xi:ieZ} as a Schreier transversal for G,. The
Reidemeister—Schreier rewriting process now yields generators

Xj‘,-:=xi1xjxl_('.+”, j=2,...,n+1,
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36 ANDREW K. NAPTHINE
and relations
Xz,iX2,i+2=X2,i+1,
X;i=X; i1 j=3,...,n+1
X2,iXji+1X2,i42=X;,iX3,i+1Xj,i 42, Jj=3,...,n+1
X iXeiv1=X0,: X 41, J<j<ksn+1
forallieZ.
It has been shown (in [5]) that this presentation can be reduced to a finite one, and

this may be further modified (by Tietze transformations) to the following:

{u,v,{a;,0;:i=3,...,n+1} | [a:,a;], [0, ],

uau '=aq,, (i)
uou~ =ala o, (i)
va;p~1=a; ta;, (iii)
vo,v = (a; ;) %a 2y, (iv)

fori, je{3,....,n+3}) 2

where u=x,x7', v=x,%,%7 %, a;=x;x7", a; =x,x;x; 'x;!. Note here, that when n=2
we have B, and the above presentation is that found by Gorin and Lin [3].

Write T,:={{a;,o;:i=3,...,n+1}), then the presentation (2) together with the relations
u lqu=a;07ta?, u lqu=a;, v 'qu=a0'a}, v 'qv=a;07 'a? for all i=3,...,n+1,
shows that T, <1 G,. G,/T, is (u,v|>, a free group of rank two and we determine a
presentation for T, as follows.

Define
R,={{b;,Bi:i=3,...,n+1}|[b:,b;1,[B:, B;]

for 3i<j<n+1),

a free product of two copies of Z*"~1 and let U={y,v|) be free of rank two.
Consider the split extension E of R, by U having presentation

v, {by, Biii=3,...,n+1}|[b;, b1, [Bi, B;),
pbu~ =4,

#ﬁi#_l=ﬁi2bi_lﬁ.',
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vb;v~1=b18;,
vBiv™ ! =(b; 'B:)°b; *Bs,
for i, je{3,...,n+1}).
This gives us two extensions

1T, -G, - G,/T, > 1

T T T 1
1R, E—-> U -1

where all of the vertical arrows indicate isomorphisms and the square commutes. A
modified version of the five lemma now implies that R, is isomorphic to T, so that G, is
the split extension of a free product of two copies of Z*"~1) by a free group of rank
two.

3. The main theorem
The structure of G, may be revealed by showing that T, is, in fact, normal in G, and
not just in G,. This may be done by direct calculation for

-1 -1_ -1
X a:Xxy - =4, X 00Xy T =a; o,

—1_ —1_
XaQ; Xy " =0y, Xl Xy " =04 Xy,
-1_ —1_ . -1
Xi@iX; ~=4a;, X x; T =oa; 7,
x;a;x; ' =a, x;ox7 Y=a;a” toe;a;
JiNj i § hat Rad ] ji i%ji >

and

-1 _
Xy a4;xy =a,

-1
X; Qi X;=4ay,

x;1!

j aiX;=4a,

for i, je {3,...,n+1} with i# j.

-1 _

Xy o Xy =a;a;,
-1 _

X "0 Xy =4y,

-1 _
X; X =ao;a;,

-1 — -1
x,- al-Xj—aiaj (‘Xi s

Thus T, is normal in G, and, by putting each a; and «; equal to the identity in G,,
that is putting x, =x; for each 3<i<n+1, we obtain that G,/T,~ B,. In fact we prove

the stronger result below.

https://doi.org/10.1017/50013091500003175 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500003175

38 ANDREW K. NAPTHINE

Theorem. {(a) Let

H0=G:|’Hl=[H07H0]5'-'aHk+l=[Hk’H0]"~'

be the lower central series of the group G,. Then T,= ﬂ,‘:‘;oH,‘. In particular, T, is a fully
invariant subgroup of both G, and G,,.

(b) The kernel of every homomorphism ¢: G,— B; contains T,.

(¢) The kernel of every epimorphism ¢:G,— B, coincides with T,.

Proof. (a) Since Hy=G,, T, < H, and we proceed by induction.

Assume that for some k=0, T, < H,. By the relations (i)

o; =ua;u” ' =a;a” 'ua;u” ' = agq, say,

where

g=a; ‘uau~'e[T,,Hy]J<[H:,Hol=H, ., fori=3,...,n+1.
Thus a; 'a;=qeH, ., for i=3,...,n+ 1. Now from (iii) we have
a;=v Ya; 'a;)ve Hy ., and therefore
oa;=a;qeH, ,(,fori=3,....n+1.

Thus T, < H,,, and, by induction, we have T, = (>, H,.

For the reverse inclusion, note that the image of the subgroup ()&, H, <G, under
the natural projection 7: G,—G,/T, is contained in the intersection of the lower central
series of G,/T,. However G,/T, is free of rank two and a theorem of Magnus (see [4] p.
38) implies that this intersection is trivial. Thus (2o H,Skert=T,.

(b) Let ¢:G,—»B; be an arbitrary homomorphism. Since T,<G, we have
HT)<¢(G,)=B;. From part (a) we may deduce that ¢(7,) is contained in the
intersection of the lower central series of B;. But Bj is free, and again, by Magnus, this
intersection is trivial and ¢(T)={e}.

(¢) Let S=ker ¢. Then the homomorphism G,/G,—B,/B} induced by ¢ has kernel
SG,/G,. Now finitely generated free groups have the Hopf property (see [4] p. 59) and
since G,/G, and B,/Bj are both infinite cyclic SG,/G, is trivial so that S G,,.

Furthermore, the restriction of ¢ to G, is onto B3 which yields G,/S= B}, but
G,/T,= B}, both free groups of rank two and by part (b) G,/S is (isomorphic to) a factor
group of G,/T,. Using the Hopf property again gives us that S< T, as required.

It should be noted here that the proof of this theorem is a straightforward
generalization of that which may be found in Gorin and Lin [3].
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