
ON THE INDEX OF A QUADRATIC FORM 

Jonathan Wild, P r i n c e A l b e r t , Sask. 

Given a vec tor space V = ; x , y , . . . \ over an arb i trary f ie ld . 
In V a s y m m e t r i c b i l inear form (x ,y ) i s g iven . A subspace W 
i s ca l led total ly i so trop ic [t.iTi if (x ,y ) = o * o r e v e r y pair 
x W, y W. 

Let V n and V m be two t . i . s u b s p a c e s of V; n < m . Lower 
ind ices a lways indicate d i m e n s i o n s . It i s a we l l known and 
fundamental fact of analyt ic g e o m e t r y that there e x i s t s a t . i . 
subspace W ^ of V containing V n £ cf. Dieudonné: L e s Groupes 
c l a s s i q u e s , P . 1S33 • A s no s imple d irec t proof s e e m s to be 
ava i lab le , we propose to supply one. 

We f irs t cons ider the c a s e that V n r \ V ^ = O. Thus V n and 
V m span a subspace V n + m . The v e c t o r s ot V n + m orthogonal to 
V n f orm a subspace W. 

E v e r y vec tor of V n + m > in part icular e v e r y vec tor x € W 
p e r m i t s a decompos i t ion x = y + z; y e V n > z ^ ^rn* Suppose a l s o 
x1 = y1 + z!c£. W; y1^. V n , z'«= V m - Since V n and v m a r e t . i . , we 
have ( y , y ! ) = ( z , z ! ) = O. By the definit ion of W, O = ( y , x ! ) = 
( y , y f + z !) = ( y , y , ) + ( y , z ! ) = ( y , z ! ) . S imi lar ly ( y f , z ) = O. Hence 

(x,x«) = (y + z , y« + z1) = (y ,y ' ) + ( y , z ' ) + ( z , y ! ) + ( z , z ! ) 
= 0 + 0 + 0 + 0 = 0 . 

Thus W i s t . i . A s d im W ^ m and V n d W,. this d i s p o s e s of our 
spec ia l c a s e . 

A s s u m e now V n f~\ V m
 = ^d* Thus V-n and V m p e r m i t d i rec t 

d e c o m p o s i t i o n s V n = V d + v n w ^ V m . = V d + V m _ d . F r o m the 
a b o v e , there e x i s t s a t . i . subspace W m _ d sat is fying 

< * > V n - d < ^ V d C J r k d i V m - d ' „ • 
Since. V d ^ ( V n - d + V m . . d ) = *>, we a l s o have V d / ~ \ W m - d = O a n d 
(2)' V n = V d + V n . d d V d + W m . d = W m . 

Let y e V d , z e W m _ d . By (1) , z = r + s where r e V n _ d , 
s ^ - V r n . d . Since y and r Cy and s] l i e in the t . i . subspace 
V n Tvrn]' w e h a v e (y» z ) = (y> r ) + ( y , s ) = 0 + O = O. Thus V d 
and W m _ d a re orthogonal . 

By (2) , any two v e c t o r s x , x ! of W m p e r m i t d e c o m p o s i t i o n s 
x = y + z , x1 = y1 + z1 where y,y !<~ V d ; z , z l €L W m . d . F r o m the 
above ( y , z ! ) = (z,y») = O. Since V d and W m _ d are t . i . , we a l s o 
have ( y , y l ) = ( z , z ! ) = O. Thus(x,x«) = (y,y<) + (y,z«) + ( z , y ! ) + 

( z , z ! ) = O and W m i s t . i . 
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