ON A CONJECTURE OF LINDENSTRAUSS AND PERLES
IN AT MOST 6 DIMENSIONS

by D. G. LARMAN
(Received 18 September, 1976)

1. Introduction. In [1]J. Lindenstrauss and M. A. Perles studied the extreme points
of the set of all linear operators T of norm <1 from a finite dimensional Banach space X
into itself. In particular they studied the question ‘“When do these extreme points form a
semigroup?”’.

Let X be a Banach space. Then S(X) denotes the unit ball of X and B(X) denotes
the unit ball of all operators from X into itself (with the usual operator norm). Let ext A
denote the set of extreme points of a set A.The two principal theorems of [1] are:

TueoreM 1. The following three assertions, concerning a finite dimensional Banach
space X, are equivalent:

(1) xeext S(X), Teext B(X)=> Tx eext S(X);

(2) T,, T,eext B(X)> T, T, e ext B(X);

Q) {T}m eext B(X)2D|T, ... T l=1, form=1,2,....

THeOREM 2. Let X be a Banach space of dimension <4. Then X has properties (1) to
(3) of Theorem 1 if and only if one of the following conditions holds:

(i) X is an inner product space;

(if) S(X) is a polytope with the property that for every facet K of S(X), S(X) is the
convex hull of KU —K.

In 5 dimensions they give an example of a polytope S(X) which satisfies (ii) of
Theorem 2 but for which X does not have properties (1) to (3) of Theorem 1. However,
they conjecture that any finite dimensional Banach space X which has properties (1) to (3)
of Theorem 1 also satisfies (i) or (ii) of Theorem 2. The purpose of this note is to prove
this conjecture for Banach spaces X of dimension at most 6. The methods probably work

for higher dimensions but are limited by the large number of cases which need to be
considered.

2. Pre-requisites. We state here the definitions and results of [1] which we shall use.

Derinrrion. Let pext B(X) denote the subset of B(X) consisting of all finite products
of elements of ext B(X) and let cl pext B(X) denote its closure.
In [1] it was shown that if X satisfies Theorem 1 then

cl pext B(X) =ext B(X).
DerinrTion. Let k(X) =min{dim TX: T € ¢l pext B(X)}.

Let X be a Banach space of dimension n. Then X has properties (1) to (3) of
Theorem 1 if and only if k(X)>0. If k(X)=n then X is an inner product space, and if
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k(X)=1 then S(X) is a polytope with the property that, for every facet K of S(X), S(X)
is the convex hull of KU — K. The conjecture of Lindenstrauss and Perles therefore is that
there does not exist X with 1< k(X)<n. In [1] it was shown that k(X)#n—1 or n—2
which, of course, proves Theorem 2.

Furthermore it was shown that the following result holds.

Lemma 1. Let X have properties (1) to (3) of Theorem 1 and let 1<k(X)<n. Say
k(X) = k. Then ext S(X) is closed and is the union of an infinite number of k-dimensional
ellipsoids, say ext S(X)= U X, where X, is a k-dimensional ellipsoid. Also there is a

acA

projection P, in ext B(X) from X to X,, and the restriction of every T € ext B(X) to X, is an
isometry.

Since k(X)=k(X™), Lemma 1 also holds for X*, say ext S(X™) is the union of an
infinite number of k-dimensional ellipsoids {X}}s.5. The various projections P, induce
circumscribing k-dimensional elliptic cylinders to S(X), say {Cg}g.s, Where Cg is the polar
of X3, B B. Consequently {C,}s.p is also infinite and closed in the obvious sense. Also
each X, (a € A) lies on the boundary of each C;(8 € B).

3. Additional lemmas. If, using the notation of the previous section, we consider a
k-dimensional ellipsoid X, of the collection {X_},c4, we may consider X, as a base for C,
and let L, denote the (n— k)-subspace of generators of G, i.e.

Cy=Xo+L,, BEB.

Then, if xeX,;, (x+Lg)NS(X) is a face of S(X) of dimension at most n—k. The
collection {Cy}scp is closed and infinite, and consequently it contains a limit cylinder

Our first objective is to establish Lemma 3 which asserts that for each xe X,
(x+Lg ) N S(X) has dimension less than n—k. To do this, we need to establish

LemMMA 2. Let Y,, = {X:(Xx—¥,.)'A.X—Y,.)<a,.} (o, >0) be a closed convex elliptic
cylinder in E", where X'A,X is a positive semi-definite quadratic form, m=1,2,....
Suppose that there exist n+1 affinely independent points x,,..,x,., which lie on the
boundary of each Y,,,m=1,2,.... Then there exist a subsequence M and a closed convex
n-dimensional set Y such that

(1) Y,,NB—YNB as m—x through M for any closed ball B,

(ii) x,, ..., X, lie on the boundary of Y and at least one of the line segments [ x,, x;]
does not lie in the boundary of Y.

Proof. By using the Blaschke selection theorem and a standard diagonalisation
argument we choose a subsequence M and a closed convex n-dimensional set Y such that
Y,.NB— YN B as m— through M for any closed ball B. We suppose that Lemma 2 is
false, i.e., that [x;, x;] lies on the boundary of Y for 1si<jsn+1. As X;,...,X,4; are
affinely independent, conv(x,,...,X,,,) meets the interior of Y. Consequently we may
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pick a (d+1)-membered subset (2<d=n), say X,,...,X 41, SO that conv(x,,...,X,)
meets the interior of Y but conv(x;,...,x;) is contained in the boundary of Y for
1si)<...<igsd+1.

Let D be the affine space spanned by x,, ..., X4.;. Then D\ Y,,—conv(x,,...,X,4.,)
as m— in M. Consequently DN Y, is bounded for sufficiently large m in M, and so
DNY,, is a d-dimensional ellipsoid for sufficiently large m in M. But then DNY,, is
centrally symmetric and so conv(x,, ..., X,4,,) is centrally symmetric, which is not so. This
contradiction establishes Lemma 2.

LemMa 3. The subset X3~ = {x: (x+ L ) N S(X) has dimension n— k} of X, is empty.

Proof. We suppose that the lemma is false. Let y,€ Xg~*. Then (yo+ Lg)N S(X)
contains n—k + 1 affinely independent extreme points y,, . . ., ¥~ Each of these extreme
points y,, ...,y.—x is contained in (at least) one k-dimensional ellipsoid, X, ..., X, _x
respectively say, from amongst the collection {X_,}, ca-

Now C, = X,+ Lg, is a limit cylinder of the collection {Cy}4.g, and so we can choose
distinct cylinders

Cg,=Xo+Lg, m=0,1,2,...
so that Cg_— C, as m—x. The set Y, =(yo+Lg )N (X, + L, ) is the intersection of the
flat y,+Lg with the elliptic cylinder X,+L,_ and consequently Y, is also an elliptic
cylinder (possibly an-ellipsoid) in y,+Lg.

By Lemma 2, there exist a subsequence M and a closed convex (n — k)-dimensional
set Y in yo+Lg so that

(i) Y,NB—YNB as m—>» through M for any closed ball B in y,+Lg,

(ii) Yo»---,Yai lie on the relative boundary of Y and at least one of the line
segments [y, y;] does not.lie in the boundary of Y.

We may suppose, without loss of generality, that [y,, y,] does not lie in the relative
boundary of Y. Now, by continuity there exists a neighbourhood U of y, in X, such that
U is contained in X7~*. Let x,,, be that point of X, such that y, and x,, lie on the same
face of C,,, ie., x,, =(y; +Lg_ )N X,. Then, since C;_—> C, as m—®, X, —>Yy, as m—>®,
Also, if x,, =y, for all but finitely many m € M then the line segment [y,, y,] lies on the
same face of Cg,, N(yo+Lg)=Y,, for all but finitely many me M. So [y,,y,] is on the
boundary of Y, which yields a contradiction. Consequently, we may suppose that x,, #y,
for all me M.

There will be a hyperplane of support, say H,,, to X,+ L, _, and hence 1o S(X), which
contains both x,, and y,. Then (y,+ L, )N H,, is a hyperplane in y,+ Lg, which supports
(yotLg) N S(X) at y,. Since [y,, y,] does not lie in the relative boundary of Y, (yo+ Lg )N
H,, may be supposed to converge to a hyperplane (yo+Lg )N H, and H,, converges to H,
which supports Y at y, and y, & (yo+Lg) N H.

Now consider a line segment [y,, z,] passing through the relative interior of (y,+
Lg)N S(X), where z, € relbdy{(y,+ Lg,) N S(X)} and z, is chosen so close to y, as to
ensure that the hyperplane H cuts the line through [z,,y,] in a point b,, where b,, z,, y,
occur in that order. Consequently, we may suppose that for me M, H,, cuts the line
through (z,, y,] in a point b,,,, where b,,, z,, ¥, occur in that order.
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Consider next the 3-dimensional subspace G,, generated by z,, y, and x,,.. In G,,, the
2-plane H,, N G,, contains b,, and x,, and is tangent to X,N G,,. Consequently H,, N G,,
strictly separates the point y, from the ray

€m = {xm + t(zl _yO)a t> 0}
So ¢,, does not meet the face (x,, +Lg)N S(X). But

€o=lim €, = {yo+ t(z, —y,), t > 0}

meets (yo+Lg )N S(X) in a relatively interior point z=(z, +Y,)/2. So there exists a finite
set q;,...,q, of extreme points of S(X) in (yo,+Lg)NS(X) whose convex hull is
(n—k)-dimensional and contains z as a relatively interior point. Let X,,..., X, be
ellipsoids amongst {X,},c4 such that ;e X, (i=1,...,p), and let q{"=X, N(x,,+Lg)
(i=1,...,p). Then q"—¢q; as m—» (i=1,..., p) and so, for sufficiently large m in M,
2" =X, +(z,~yo)/2 lies in the relative interior of the (n-—k)-dimensional set
conv(q?, ..., q7) which is contained in (x,,+Lg)N S(X). This contradicts the previous
result that ¢,, does not meet (x,, + Lz )N S(X) and completes the proof of Lemma 3.

The next lemma uses an extension of the methods used to prove Proposition 4.3 of

1]

LemMa 4. Let X be a finite dimensional Banach space with 0< k(X)<n. If [a, b] is an
edge of S(X) then there must be at least 2 members of {X_},ca Which contain b.

Proof. If the lemma is false, then there is an edge [a,b] of S(X) such that b is
contained in exactly one member X, of {X_} ... Let Z be the 2-dimensional subspace of
X spanned by [a,b] and let k=k(X). Then, if B(E*, X) denotes the set of linear
operators of norm at most 1 from E* to X, there exists T B(E*, X) such that

Te,=4(a+b), T(ae,+Be,)=yeZ
with a?+B%=|ly|=1, B#0 and Te; =0 for i >2 (here {e;}"., denotes the usual coordinate
q q
basis of E*). Let T= Y AT, with A,>0 (i=1,...,q), ¥ A,=1 and T,eext B(E¥, X)
i=1 i=1

(i=1,...,q). Then, since T; takes extreme points to extreme points (see Lemmas

3.11-13 of [1]), T,e;=aorbfori=1,..., q. We assume that T,e, =afori=1,...,p and
P q

T.e;=b for i=p+1,...,q. Then we have 1/2= 3 A;= } A, and T; is an isometry
i=1

i=p+1

from E* to X, for i=p+1,...,q. Let

P
Yo=2 Z AT (ae, + Be,)
i=1

and

yi=2 i AT (ae, + Be,).

i=p+1
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Then y =(yo+Y,)/2, and consequently y, and y, lie on the boundary of S(X). Also y, lies
on the relative boundary of X, and so

T (ae,+Be,) =y, ptlsisgq

Since B#0, y, # =b.

Since X, meets the subspace spanned by a, b only at +b, it follows that a, b, y,, y,
span a 3-dimensional subspace F. Using the methods of Lemma 3.8 of [1], we see that
there exists Veext B(X) such that V(a)= V(b)=b. Consequently, if M denotes the
(k +1)-dimensional subspace generated by X, and b—a, V(S(X)NM)=X,. So the
cylinder

C={(FNX,)+tb-a), t real}

supports FN S(X) and contains FN X, on its boundary; further, [a, b] is contained in a
generator of C.

Similarly, considering [y,, y,] and Weext B(X) with W(y,) = W(y,) =b, we see that
there exists a cylinder

C'={(FN X})+t(y; —Yo), ¢ real}

which supports FN S(X) and contains FN X, on its boundary; also [y, ¥,] is contained in
one of the generators of C'. Since 0 <lin (a, b, (yo+¥,)/2), ¥, — Y, is parallel to b—a only if
y, = xb, which is impossible. So C’ is not C and again 0€lin (a, b, (yo+y,)/2) only if y, is
+b, which is impossible. This establishes Lemma 4.

LeMMA 5. Let C be a convex body in E" such that ext C is contained in L, U L,, where
L, and L, are hyperplanes. Then, if y belongs to (ext C)N(L,\L,), there is an edge of C
which contains y.

Proof. The result is trivial when n =2 and, proceeding by induction, it is enough to
find a proper face F of C which contains y but which is not contained in L,.
Let H be a hyperplane of support to C aty. If L,NL,# J, we may suppose, by

taking a projective transformation if necessary, that HNL, contains a translate of
L,NL,. Then, if II denotes the orthogonal projection of E™ along L,NL,, y is an

extreme point of the 2-dimensional convex body IIC. The point Ily is not in IIL, and
extIIC is contained in IIL, UIIL,. So there exists an edge F* of IIC which contains ITy
but which is not contained in IIL,. Then F=CNII"'F* is the required face of C.

IfL,NL,= ie., L,is parallel to L,, then it is possible to choose H so that H# L,.
Then we project along HN L, and argue as before.

LemMmA 6. Let X be a 6-dimensional Banach space with k(X)=2. Then there are no
points on S(X) which lie on two distinct members of {X,}oca. Consequently S(X) does not
contain any edges.

Proof. We suppose that the lemma is false. Let X, X, be two ellipses of {X_},ca
which intersect. Without loss of generality we may suppose that

X, :x3+x3=1, X3=X,=Xs= X =0,
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and
X, x3+x3=1, X =X,=Xx5=X¢=0,

which intersect in the point (0, 1, 0, 0, 0, 0)'. Then the cylinders {Cg}g.5 Which arise from
the dual ellipses {X3}scp Of S(X™) meet the 3-dimensional space x,=xs=xs=0 in
cylinders of the form

x%+(x1 ix3)2 =1,

and hence their generators contain one of (1, 0, +1, 0, 0, 0)". This means that each of the
ellipses X3 is orthogonal to one of (1,0,+1,0,0,0) and hence the extreme points of
S(X™) are contained in two 5-dimensional subspaces L¥, L¥. Consequently, if X7 is one
of the collection {X%}s.p such that XTN(L¥\L¥)# &, then, using Lemma 5, if y*e
XFN(LF\LY) there exists an edge of S(X™) which contains y*. So, using Lemma 4, there
exists an ellipse of {X}},.p, different from XF, which contains y*.

Let y¥, y¥ be distinct points of X¥N(L,\L,) and let X3, X¥ be distinct from X¥ and

contain y¥, y¥ respectively. We now disregard the special forms, assumed previously, for
X, and X, and we may instead assume that

X’l":x§+x§=1, X3=X,=Xs= X6 =0,
X¥:xi+x3=1, X=X, =x5=xg=0,
X¥ xl+x3=1, X2 =X3= X=X =0,

and hence that
y§= (O’ 1’ 0’ 07 0? 0)”
y5=(1,0,0,0,0,0).

Then each cylinder arising from the ellipses in {X,},.. meets the 4-dimensional
subspace x5=1xs=0 in a cylinder of the form

(xy 2 x3)> +(x,£x,)°=1.

So each cylinder arising from {X,},.. contains amongst its generators one of the four
2-dimensional subspaces

X, = £x;, X=X, Xs=x6=0,

and not all of these cylinders can share a common generator. This means that the extreme
points of S(X) are contained in at least two and at most four 4-dimensional subspaces
L,...,L, and L, N...NL; is the 2-dimensional subspace L : x,=x,=x;=x,=0. We
may suppose that

(ext S(X)\ Li) LD (k=1,...,)),

t+*k

for otherwise L, is redundant. For each L, we may pick X, X,, X; as XT, X7, X7 were
chosen above, and we deduce that the cylinders arising from {X}}s.5 contain, amongst
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their generators, one of four 2-dimensional subspaces L;,,..., L, 4, at most one of
which can be L and all of which lie in L,.

We may classify the cylinders arising from the {X%},.p into a finite number of classes
according to which of the 2-dimensional spaces L, ,,..., L, 4 are contained amongst its
generators (k=1,...,j). It is only in the class (if it exists) in which L occurs as the
2-dimensional subspace for each k that a 3-dimensional subspace of generators is not
determined.

In S(X™), this means that the extreme points of S(X¥*) are contained in finitely many
3-dimensional subspaces M,,..., M, and at most one 4-dimensional subspace N. Now
M,, ..., M, can contain at most two members each of {X}};.5, and so there are only
finitely many X3 that are not wholly contained in N.

There are two 5-dimensional subspaces N;, N, which contain ext S(X*) and we may
suppose that (ext S(X))((N;\N)# & and hence is infinite. By Lemmas 4, 5 it follows that
for each point y€ (ext S(X))N(N,\N) there are at least two members of {X%}s.5 Which
contain y. Consequently, there are infinitely many {X%}5.5 which are not contained in N.
This contradiction establishes Lemma 6.

LemMa 7. Let X be a 5- or 6-dimensional Banach space. Then k(X)# 2.

Proof. We only prove the lemma in the harder 6-dimensional case. We choose
Cs,=Xo+Lg, as in Lemma 3 with k(X)=2, and deduce that the subset

Xo={x:(x+L;)NS(X) has dimension 4}

of X, is empty.

If (x+Lg )N S(X) has dimension 3, let H be the affine hull of (x+Lg )N S(X). Any
cylinder Cg = X,+ Lg, with Lg# Lg, meets H in a cylinder HN C; which is either the
product of an ellipse and a line or the product of a line segment and a plane. The extreme
points of (x+ Lg )N S(X) must lie on the relative boundary of HN C; and so (x+Lg)N

S(X) must contain edges of S(X), which contradicts Lemma 6.
So, (x+Lg )N S(X) is either the single point x or a 2-dimensional ellipse, for each

x€ X,. Since {X,},c4 is infinite, (x+Lg )N S(X) is an ellipse, except for possibly two
opposite points of X,

Consider next a sequence of distinct cylinders C;, = X,+Lg (m=0,1,2,...), which
converge to Cg as m—, and an ellipse E =(x+ Lz )N S(X). Unless x+L,_ contains E,
the projection of E along L, , into X, must be an ellipse on X, and so must coincide with
X,. But, as m— o, this projection must converge to x, which would be impossible. So we
conclude that there exists M(x), such that if m = M(x), x+ Lg_ contains E. So L, contains
the 2-dimensional subspace D(x)=1lin{E —x}. As S(X) is 6-dimensional and X, is only
2-dimensional, we must be able to choose x,, X,, X, in X, such that D(x,), D(x,), D(x;)
arise from ellipses (x; +Lg )N S(X) (i=1, 2, 3) and span the 4-dimensional subspace Ly
Then, if m > max M(x;), Ly =L, and so C;_=Cg, which contradicts the fact that the

cylinders {Cy_} o are distinct.
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LemMa 8. Let X be a 6-dimensional Banach space. Then k(X)# 3.

Proof. We suppose that k(X)=3. Then, using Lemma 3, (x+Lg)N S(X) is at most
2-dimensional for all xe X. If two ellipses do not coincide then they meet in at most four
points. So, if (x+Lg )N S(X) is not an ellipse then it is either a single point, an edge or a
2-dimensional convex set whose boundary consists of at most four edges. Hence, as
{X,}aca is infinite, for almost all x in X, (x+L, )N S(X) is a 2-dimensional ellipse.

We may suppose that X, is the 3-sphere

xi+xi+xi=1,  x=x5=x4=0
and that one of these ellipses (x+Lg )N S(X) is
(xs—1)%+x2=1, x; =1, X, =x6=0,

where x=(1, 0, 0, 0, 0, 0)'.
Consider any 3-cylinder arising from {X%};.p intersected with the 5-dimensional
subspace x¢=0. This has equation

(xy Fayx,+ By xs)* + (X + ayxs + BrXs)* + (X3 + @zxs + B3xs)° = 1.
If we consider the subset lying in the 2-dimensional affine subspace
x,=1. X, =X3=Xxg=0,
we obtain
(1+a,x,+ B1X5)* +(@2x + Baxs)* +(asxs + Baxs)* =1,
which must be equivalent to
(xs—1)2+xZ=1.

So a;=-1, B;,=0, a,=a;=0, B5+B3=1. Hence if we write 8,=cos A, B;=sin A the
3-cylinder, intersected with x4 =0, then has the form
(X7 = x4)*+(x,+ x5c08 A)> + (x5 + x5sin A )> =1,
or
xi+x3+ x5+ x53+x3-1-2x,x,=—2x5(x, cos A + x5 sin A).

If there is an extreme point of S(X) in the 5-dimensional subspace xq =0 which does not
lie in either x5 =0 or x, =x; =0, then A can take one of two values A;, A, in [0, 27]. Say

Y=(Y1> Y2, ¥3> Ya» Vs Ye)’
with :
yi+y3+yi+yi+ys—1-2y,y,=-2ys(y,cos A +y;sin ).

Then the two sets of 2-dimensional generators for the cylinders are given by

X, =Xy, X3 =—X5C0S Ay, X3 =—XsS8in A,
and
X1 = Xy X, = —Xs5 COS /\2? X3=—Xs5 Sin Az.
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So both sets of generators lie in the 3-space
X1 = Xg, X3y, T X3Y3 = CXs,

where ¢ is a constant determined by y. Hence the two sets of generators intersect, i.e., all
the cylinders {Cg}ges have a common generator, which is impossible.

So any point of ext S(X) in xs =0 must lie in either the set x;=0, orin x,=x3;=0, or
in both. Each of the 3-spheres meets xs=0 in at least a 2-sphere. If one of these
3-spheres X, other than X, meets xs=0, xs=0 in a 2-sphere, then X, and X, intersect.
Otherwise, any two 3-spheres of {X_,},.. meet the 3-dimensional subspace x,= x3=x¢=
0 in at least a 2-sphere and so intersect. So we may suppose, in any event, that there are
two 3-spheres X, X, of the collection {X_,},.. which intersect. If X is

x3+x2+x3=1, X4= x5 =% =0,
then we may suppose that the other 3-sphere X, is one of

(i) x3+x3+xi=1, X =X5=x6=0,

(i) x53+x3+x3i=1, X=X, = x=0.

Consider first case (i). Any cylinder arising from {X7}};.5 meets the 4-dimensional
subspace xs=x¢ =10 in a cylinder of the form

(X1t x,) 2+ (xp +ayx,)® +(x3+ azx,)> = 1.
In the 3-dimensional subspace x, = x;= x5 =0, this reduces to

43 X4 + (X2 + a2X4) + (X3 + a3x4) = 1
which must be equivalent to
x2+x2+xi=1.

So a;=+1, a,=a;=0, i.e., all the cylinders have one of (1, 0, 0, 0,0, 0) amongst their
generators. Dually, this means that the extreme points of S(X™*) are contained in two
5-dimensional subspaces L, and L,. So the cylinders arising from {X_,},.. give rise to
faces of S(X™*) whose extreme points are (almost always) disconnected. So these faces
cannot (almost always) be ellipses, which gives the required contradiction in case (i).

Consider next X, as in (ii). Any cylinder arising from {X¥},. 5 meets x,=0 in a
cylinder of the form

(x;tox,+ 31"5)2 +(x+ayx, + Bz’cs)2 +(x3tasx,+ Bsx5)2 =1,
which, when also x, = x, =0, has the form
(ay x4+ B1xs) +(arx,+ Boxs)* + (X3 + azxy+ B3xs)* =1,
which must be

x2+xi+xi=1.
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Consequently,

a;=B5=0, al+tai=1, BI+B3=1, o,B;+a,B,=0.
Let a,=cos \, a,=sin A, B;=cos p, B, =sin p. Then

cos A cos p+sinAsinp =0,
that is,
cos (A —p)=0.

So p=A+37/2 or p=A+n/2. Hence the cylinder has the form

(x,+x4c08 A +xs58in A)? 3 (x,+x,8in A —x5cos A)2+x2=1,

or
(x,+ x4 cO8 A — x5 8in A)*+ (x,+x,8in A +x5c08 A)>+x2=1.
i.e., either
x3+x3+x3+x3+x3—-1=—2sin A(x;x5+ x2%,) — 2 cOs A(x, X, — X,Xs5), 1
or
x3+x34+x3+x24+x2—1=2sin A(x;x5— X,%,) — 2 cos A(x; X4+ X,Xs). (2)

If (1) occurs and there exists ¥, = (Y11, Y12, Y13» Y1a> Y15, 0) In ext S(X) such that at
least one Of y,;¥;s+ ¥12¥14 OF Y11¥14a— Y12Y1s iS non-zero, then A can take at most two
values in [0,27]. Consequently, the generators of the cylinders {Cg}s.p arising from
{X%}scp contain at least one of four 2-dimensional subspaces. Hence the extreme points
ext S(X*) of S(X¥) lie in the union of at most four 4-dimensional subspaces. So the
cylinders arising from {X_},.. give rise to faces of S(X*) whose extreme points are
(almost always) disconnected. So these faces cannot (almost always) be ellipses, which
gives a contradiction.

So, if (1) occurs, then, for all extreme points in ext S(X),

X, X5+ X,%, =0, X1X4— XpXs =0 (3)
and, if (2) occurs,

X1Xs— X%, =0, X1X4+ X,x5=0. 4)
We deal only with the case when (1), and hence (3), occurs; the argument when (2), and

hence (4), occurs is similar.
From (3) we obtain

(x3+x2)xs=0.

Hence either x;=x,=0 or x;=0. If x, #0 and x;=0, then x,=0. If x,#0 and x5=0,
then x,=0. Consequently, either x;,=x,=0, or x,=xs=0. So, if X, is a 3-sphere
amongst {X,},c, but different from X; and X,, then X, meets one of X, X, in a
2-sphere and we are again in case (i), which completes the proof of Lemma 8.
Combining Lemmas 7 and 8 and Proposition 4.4 of [1] (which says that if dim X =n,
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k(X)#n—-1 or n—2) we obtain

THEOREM 3. Let X be a Banach space of dimension at most six. Then X has properties
(1) to (3) of Theorem 1 only if one of the following conditions holds:

(i) X is an inner product space;

(i) S(X) is a polytope with the property that for every facet K of S$(X), S(X) is the
convex hull of KU—K,
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