AN ELEMENTARY PROOF OF
SOME CHARACTER SUM IDENTITIES OF APOSTOL

by BRUCE C. BERNDT
(Received 19 May, 1971)

Let x denote a primitive character modulo k. Using two different representations for
Dirichlet L-functions, Apostol [1] recently derived a representation for

k-1
M) = X, 2"
involving the sums
k-1
T = Zl X(r) cot™ (nr/[k),

where m is a positive integer. Furthermore, if y(r) = (r | p), the residue class character modulo
the odd prime p, he derived a representation for M,,(y) involving the sums

p—1
= Y cot"(nr?p).
r=1%

A completely elementary proof of these identities is given here.
We shall use the simple facts,

£ k, if k|h,
Z e2mrh/k ={ . (l)

0, if kth,
and
k
2 x(r)=0. )
Let G(m, x) denote the Gaussian sum
k-1
G(m, y) = Y, x(r)e*=m",
r=1

and put G(x) = G(1, x). We shall need the factorization theorem for Gaussian sums associated
with a primitive character [2, p. 67],

G(m, ) = x(m)G()- 3)
Throughout the sequel, y denotes a primitive character.

THEOREM 1. If n is a positive integer, define

2k Yn
fG,m)= Z X(h){ z,.u./k}
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Then
(m =6 Y Juize--dnxGitizt. . +in).

Jtad2seees Jn=1
Proof. If k) h, for any positive integer r,

2ribfk _ g2mi(r+ 1)hk

r
Y e2niblk - e
~ | — gZmihik
Hence
k-1 n m . e21ti(rm+ 1)h/k
fam= T 70 n{ ) ’+t—~/—} @
h=1 m=1 jm=1 4

where 1 Sr, <k, 1 £m<n Now sum both sides of (4) over r,,, 1 Sr, Sk, 1 Emgn.
Upon using (1), we find that

k-1 k k ry rn
k"f(X9 n) — Z Z(h) Z . Z Z . Z eZni(j1+j2+...+j,,)h/k.
h=1

rn=1 m=1j=1 Jn=1
Invert the order of summation on r,, and j,, (1 £ m < n) and use (1). We obtain

k=1 k k
Kfom =3 i) ¥ (k=j + D Y (k=j,+ 1)t
h=1 j

J1=1 jn=1

k k=1
= (_1)'- Z jxfz . -j,, z i(h)eZM(jl+j;+...+j,.)h/k
Jusj2seeandn=1 h=1
k

=(_1)"j ; zj lfljz---jnG(jl+j2+---+jn,J-C)
L9J 29000y, n=

k
=(=1YG® Y iz duxCr izt i),

Jd2enin=1

by (3), and the proof is complete.

For 1 £ m £ 4, Apostol {1] expressed M, (x) as a linear combination of T',(3), ..., T, ().
From his calculations it became clear that the same result is valid for an arbitrary positive
integer m. These representations for M,(y) can be derived from Theorem 1. We shall work
out the details for the first two examples.

Examp?e 1. If x is not an integer, then
Yicotnx = 3 +e2"¥/(1 — ™), (5)

Hence, by the use of Theorem 1 and (2), we have

HKT,) = K 1) = —G(D) . 20

G(f)Ml(X) = —%ile()_()-
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Example 2. Upon using (5) and (2), we find that

~32TH(0) = K (4, D+K* (1, 2)- (6)
To evaluate f(x, 2) we use Theorem 1. Letting j, = r—j, and j, =j, we obtain, with the use
of (2),
s ko tk
Kf, =60 X Jj Y rx.
j=1 r=j+1

If we invert the order of summation, we find that

= r=k+1 j=r—k

Kf(1,2) = Goz){22 nOT i+ T a3 j}

k k
- G(;z){ 5 47—+ T ¢+ RrOEkk+ D= 1)]}

= G(D{3Kk2M () + kM () — 3kM, ()}, )

upon simplification and the use of (2). We now substitute (7) into (6) and use the results of
Example 1. After a little simplification we arrive at

GIOM,(x) = —3ik>T (1) + 3k T,(3)-

Next, we show that the second class of identities given by Apostol [1] can be derived in
an elementary manner.

THEOREM 2. If p is an odd prime and n is a positive integer, define

p—1 e21rlrz/p n
g(p,m)= 3, {m}

r=1

If x(r) = (v| p), then

P p-1 n
(=pglp,m)=G() ¥ Jijz--daxUrtiat...+jd+ ) { i iez"”""’} )
: : J

J1s2sees Jn=1 h=1{j=1

Since
% e = 3p(1-icot(mhp)},
the second expression on the right side of (8) may be written as
('Y, (1= icot(h/p)Y
Proof. Proceeding as in the proof of Theorem 1, we arrive at

P p=1
PP M= Y Jifpeds 3, eIt i,
: Cor=1

Juizsenin=1
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Since each congruence r? = A (mod p) has either 0 or 2 solutions modulo p, we have

-1

p P .
P9 =2 Y jupedy 3, ettt

J1sdzseadn=1 h=1
(hip)=1
’ p—l Y .
= Y Jiae-dn X, {(h] p)+1}emiCrtiat et inbie
Juvdzeeajn=1 h=1
p . - 3 p—l p 2 .-h "
=G(pn Z ]l]z---]nX(j1+jz+---+j,,)+Z{Zje wij /P},
Jiej2eeenin=1 n=1 =1

upon the use of (3).

Theorem 2 may be employed to show that M,,(x) can be written as the sum of a polynomial
in p and a linear combination of S;, ..., S,. We shall work out the details for the first two
cases.

Example 3. Upon the use of (5) and Theorem 2,
1ipS, = 1p(p—1)+py(p, 1)
4 P—l P
= $p(p—1)—G(OM,(x) - zl j;.zl 2P
j= =

-1
= $9(p= 1)~ GOOM,(0+ X, = (=D,

or, upon simplification,
GOOM,(x) = —3ipS;.

Example 4. Employing (5) and the value of g(p, 1) from Example 3, we hav-e'
—18; =4S, - Hp-1+9(p, 2).

Using Theorem 2 and Example 2, we find after simplification that
1

' : 2 P R e
GOOM,(x) = 3pS,—ip®S, = 3p(p—1)+= YT jij, 3, eHUr*ibe, ©)
A=1

Juj2=1
This last expression may be evaluated by separating out the terms when j, +j, = p or 2p.
Upon doing this, we find that the triple sum in (9) becomes
p

P X
(p—=1) Y jij2+p(p=-D— Y jij.=—p*12+p*3-5p*/12.

ji.j2=1 L Jud2=1
htjx=p jrtj2#p.2p

Upon substituting the above into (9) and simplifying, we obtain
G(OM,(x) = 3pS,—1ip*S, —3p(p—1)(P—2).
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