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Canonical anti-commutation relations

Throughout this chapter, (), v) is a Euclidean space, that is, a real vector space
Y equipped with a positive definite form v.

In this chapter we introduce the concept of representations of the canonical
anti-commutation relations (CAR representations). The definition that we use is
very similar to the definition of a representation of the Clifford relations, which
will be discussed in Chap. 15. In the case of CAR representations we assume in
addition that operators satisfying the Clifford relations act on a Hilbert space
and are self-adjoint, whereas in the standard definition of Clifford relations the
self-adjointness is not required.

CAR representations are used in quantum physics to describe fermions. Actu-
ally, CAR representations, as introduced in Def. 12.1, are appropriate for the
so-called neutral fermions. Most fermions in physics are charged, and for them a
slightly different formalism is used, which we introduce under the name charged
CAR representations. Charged CAR representations can be viewed as a special
case of (neutral) CAR representations, where the dual phase space ) is complex
and a somewhat different notation is used.

CAR representations appear in quantum physics in at least two contexts. First,
they describe fermionic systems. This is to us the primary meaning of the CAR,
and most of our motivation and terminology is derived from it. Second, they
describe spinors, that is, representations of the Spin and Pin groups. In most
applications the second meaning is restricted to the finite-dimensional case. We
will also discuss the second meaning (including the Spin and Pin groups over
infinite-dimensional spaces).

12.1 CAR representations
12.1.1 Definition of a CAR representation

Let H be a Hilbert space. Recall that By (H) denotes the set of bounded self-
adjoint operators on H and [A4, B]; := AB + BA is the anti-commutator of A
and B.

Definition 12.1 A representation of the canonical anti-commutation relations
or a CAR representation over ) in H is a linear map

Y3y~ ¢"(y) € Bu(H) (12.1)
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satisfying

" (Y1), 0" (y2)]+ = 2y1-vypll, y1,y2 € V. (12.2)

The operators ¢ (y) are called (fermionic) field operators.

Remark 12.2 The superscript m is an example of a “name” of a given CAR
representation.

Remark 12.3 Unfortunately, the analogy between the CAR (12.2) and the CCR
(8.23) is somewhat violated by the number 2 on the r.h.s. of (12.2). The reason
for this convention is the identity ¢" (y)? = (y-vy)1.

Remark 12.4 Later on we will sometimes call (12.1) neutral CAR representa-
tions, to distinguish them from charged CAR representations introduced in Def.
12.17.

In what follows we assume that we are given a CAR representation (12.1).
By complex linearity we can extend the definition of ¢™(y) to CY:

" (y1 +iye) = ¢" (y1) +i0" (v2), 1,92 € V.

Definition 12.5 The operators ¢™ (w) for w € CY are also called field operators.
We have
[¢7T (w1)7 (bﬂ— ('[UQ)]+ = 211)1 Vw2 ]11 wi, Wz € (Cy7

where v¢ is the complexification of v.
We will sometimes use a different terminology. Let I be a set. We will say that
{¢F : i eI} C By(H) is a CAR representation iff

(07, 71+ = 20i5. (12.3)
Clearly, if Y 5 y — ¢™(y) is a CAR representation and we choose an o.n. basis
{e; : i €I}, then ¢7 := ¢"(e;) is a CAR representation in the second meaning.
Theorem 12.6 Introduce the notation |y|, := (y~1/y)§’. Letye ), dim)y > 1.
(1) spec 67 (y) = {~lolos ol ). 17 ()] = ol

)
(2) Lettec y €Y. Then |[t1+ ¢ (y)| = max{|t + |yl |, [t — [yl |}-
(3) €7 W) = cos [y, T+ i22lte g (y).
(4)

lylv
4) Let y"vl be the completion of Y. Then there exists a unique extension of

(12.1) to a continuous map
Y3y o™ (y) € BW). (12.4)
(12.4) is a representation of CAR.
Proof Since (¢™)?(y) = |y|>1, we have spec ¢™ (y) C {~|yl,, |yl, }. If there exists

yo € Y with yg # 0 and ¢™ (yo) = Ay, then dimY = 1. But we assumed that
dim Y > 1. Therefore, the spectrum of ¢™ (y) cannot consist of only one element,
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which proves (1). Statements (2) and (3) follow from (12.2), and statement (4)

follows from (1). a
Motivated by Thm. 12.6 (4), henceforth we will assume that ) is a real Hilbert
space.

12.1.2 CAR representations over a direct sum

Constructing a CAR representation over a direct sum of two spaces is not as
simple as the analogous construction for CCR relations (compare with Prop. 8.6).

Proposition 12.7 Let Yy, V> be two real Hilbert spaces. Suppose that I; €
B(Hy) is such that
N @R (yi,t) = 6 (y1) +th € B(Hy),
V2 3y — ¢*(y2) € B(Ha)

are CAR representations. Then
Vi@V (y,p2)— ' (1) @ 1+ 11 ® ¢°(12) € B(H1 @ Ha)

is a CAR representation.

12.1.3 Cyclicity and irreducibility

The following concepts are essentially the same as in the case of CCR represen-
tations.

Definition 12.8 We say that a subset U C 'H is cyclic for (12.1) if

Span{¢™ (y) - " (ya)¥ © VEU, y1,....yn €V}

is dense in H. We say that ¥y € H is cyclic for (12.1) if {¥o} is cyclic for
(12.1).

Definition 12.9 We say that the representation (12.1) is irreducible if the only
closed subspaces of H invariant under the ¢™ (y) fory € Y are {0} and H.

Proposition 12.10 (1) A CAR representation is irreducible iff B € B(H) and
[¢7 (y), B] =0 for all y € Y implies that B is proportional to identity.
(2) In the case of an irreducible CAR representation, all non-zero vectors in H

are cyclic.
12.1.4 Intertwining operators
Let
Y3y ¢ (y) € Bu(Hi), (12.5)
Y3y ¢*(y) € Bu(Ha) (12.6)

be CAR representations over the same Euclidean space ).
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Definition 12.11 We say that an operator A € B(Hy,Hs) intertwines (12.5)
and (12.6) ff

Apl(y) =’ (YA, y eV
We say that it anti-intertwines (12.5) and (12.6) iff

A (y) = =" (y)A, ye .

We say that (12.5) and (12.6) are unitarily equivalent, resp. anti-equivalent if
there exists a unitary U € U(Hy, Ha) intertwining, resp. anti-intertwining (12.5)
and (12.6).

Proposition 12.12 If the representations (8.11) and (8.12) are irreducible, then
the set of operators (anti-)intertwining them equals either {0} or {\U : X € C}
for some U € U(H).

Proof The proof is an obvious modification of the proof of the analogous fact
about CCR representations and about C*-algebras; see Thm. 8.13. O

12.1.5 Volume element

Consider a CAR representation (12.1). Let X be a finite-dimensional oriented
subspace of V. Let (eq,...,e,) be an o.n. basis of X compatible with the orien-
tation.

Definition 12.13 The volume element of the subspace X in the representation
(12.1) is defined by

Qx =9 (e1) - ¢ (en).
In what follows we drop the superscript w. Note that QQx does not depend
on the choice of an oriented o.n. basis. Changing the orientation amounts to
changing Q) x into —Q x. We have

ng = (_1)”(”—1)/2]17 Q% = Q;»l — (_1)77,(71,—1)/2@/\/.

Thus Qu is self-adjoint iff n = 0,1 (mod 4); otherwise it is anti-self-adjoint.
Define uyx € O(Y) by

Uxy = (_]1) D ]13
where we use the decomposition ) = X @ X*. Clearly,
Qro(y)Qx' = (-1)"d(uxy), ye.

12.1.6 CAR over Kdhler spaces

In this subsection we fix a CAR representation (12.1). We use the notation and
results of Subsects. 1.3.6, 1.3.8 and 1.3.9.
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The following proposition shows that choosing a sufficiently large subspace
of anti-commuting field operators is equivalent to fixing a Kéahler structure in

Y,v).
Proposition 12.14 Suppose that Z C CY is a subspace such that

1) CYy=2aZ;
(2) 21,20 € Z implies [¢"(21), 9™ (22)]+ =0 (or equivalently, Z is isotropic for
V(C).

Then there exists a unique Kahler anti-involution j on (Y, v) such that
Z={y—ijy : yel}. (12.7)

Proof (1) implies that there exists a linear map j € L(}) such that Z is given
by (12.7). (2) implies

0= (y1 +1ijy1)-ve(y: +ijye)
=y1-vy2 — (y1)v(iy2) +1(Gy)vye +y1viye) -

Hence,

yr-vye — (y)v(ye) =0, (jy1)-vy2 +y1-vjye =0,

which shows that j is orthogonal and anti-symmetric, hence is a Kéahler anti-
involution. O

Motivated in part by the above proposition, let us fix j, a Kéhler anti-involution
on (Y,v). Recall that the space Z given by (12.7) is called the holomorphic
subspace of C).

Definition 12.15 We define the j-creation and j-annihilation operators:
a"*(2):=¢"(2), d"(2):=¢"(Z), z€Z.
They are bounded operators, adjoint to one another.
Proposition 12.16 One has ¢" (2,Z) = a™*(2) +a" (z), z € Z,
[a™(21),a™ (22)]+ =0, [a"(21),a" (22)]+ =0,
[a" (1), @™ (22)]+ = (21|22)1, 21,22 € 2.

The Kéhler structure appears naturally in the context of Fock representations.
It also arises when the Euclidean space (Y, v) is equipped with a charge 1 U(1)
symmetry, as in Subsect. 1.3.11. We discuss the latter application in the following
subsection.

https://doi.org/10.1017/9781009290876.013 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.013

318 Canonical anti-commutation relations

12.1.7 Charged CAR representations

CAR representations, as defined in Def. 12.1, provide a natural framework for the
description of neutral fermions. Therefore, sometimes we will call them neutral
CAR representations. In the context of charged fermions (much more common
than neutral fermions) physicists prefer to use another formalism described in
the following definition.

Definition 12.17 Suppose that (Y, (-|-)) is a unitary space and H a Hilbert
space. We say that an anti-linear map

Yoy—¢T(y) € B(H)
is a charged CAR representation if

[ (Y1), 0" (y2) ]+ = " (11),¥" (y2)]+ =0,
W (Y1), ¥" " (y2)]+ = (y1ly2)1, Yi,Y%2 € V.

Suppose that y — ¥™ (y) is a charged CAR representation. Set
¢" (y) = (¥ (y) + ¥ (y)),
y1-vy2 == Re(yi]y2).

Then Y>3y~ ¢"(y) € Bp(H) is a neutral CAR representation over the
Euclidean space (Y,v). In addition, Y is equipped with a charge 1 symmetry
U(l)3 80— e? €0).

Conversely, charged CAR representations arise when we have a (neutral) CAR
representation and the underlying Euclidean space is equipped with a charge 1
U(1) symmetry. Let us make this precise. Suppose that (),v) is a Euclidean
space and

y Sy ¢W(y) € Bh(H)
is a neutral CAR representation. Suppose that
U(1) 30 — up = cos 01 + sinbje, € O(Y)

is a charge 1 symmetry. We know that j.; is a Kahler anti-involution. Following
the standard procedure described in the previous subsection, we introduce the
holomorphic subspace for j.,, that is,

Zn ={y —ijay : ye Y} CCY.

We define creation and annihilation operators associated with j.,. We have a
natural identification of the space Z., with Y:

1
Yoy z= §(ll—ijch)y€ZCh. (12.8)
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We use the identification (12.8) to introduce charged fields parametrized by
elements of Y-

YY) =97 (2), T (y) =97 (7).

Then we obtain a charged CAR representation over Y with the complex struc-
ture given by je, and the scalar product

(y1ly2) == y1-vy2 — iy1-Viewye, y1,42 €Y. (12.9)

12.1.8 Bogoliubov rotations

Consider a CAR representation (12.1). To simplify notation, we drop 7, that is,
we consider a CAR representation

Yoy oly) € By,(H). (12.10)
Let r € O(Y). Clearly,
Y3y ¢ (y) = o(ry) e UH) (12.11)
is also a CAR representation.

Definition 12.18 We say that the representation (12.11) is the Bogoliubov
rotation or transformation of the representation (12.10) by r*.

Proposition 12.19 (1) Ifri,ry € O(Y), then (¢ )™ (y) = ¢™" ().

(2) The set of r € O(Y) such that (12.11) is unitarily equivalent to (12.10) is a
subgroup of O(Y).

(3) (12.11) is irreducible iff (12.10) is.

12.2 CAR representations in finite dimensions

Throughout the section we assume that (), v) is a finite-dimensional Euclidean
space.

In this section we discuss CAR representations in the finite-dimensional case.
In the literature the material of this section is usually described as a part of the
theory of spinors and Clifford algebras.

12.2.1 Volume element

Suppose that ) is oriented and we are given a CAR representation (12.1). Let
(e1,...,e,) be an o.n. basis of ) compatible with the orientation. The following
definition is a special case of Def. 12.13.

Definition 12.20 The operator

Q" =¢"(e1) 9" (en)

will be called the volume element in the representation (12.1)
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In what follows we drop the superscript 7. Let us summarize the properties of
@, which follow from Subsect. 12.1.5:

Theorem 12.21 (1) @ depends only on the orientation of Y and changes sign
under the change of the orientation.
(2) Q is unitary. It is self-adjoint for n=0,1(mod4), otherwise anti-self-
adjoint. Moreover, Q* = (—1)»(»=1)/2,
(3) Qo(y) = (—=1)"'o(y)Q, y € V.
(4) If n = 2m, then Q* = (=)™, Q anti-commutes with ¢(y), y € Y, and
RS (1) = ly) £ 1" Q

are two representations of the CAR.
(5) If n=2m +1, then Q> = (=1)™, Q commutes with ¢(y), y € Y, and

H =Ker(Q —i"1) @ Ker(Q +i"1)

gives a decomposition of H into a direct sum of subspaces invariant for the
CAR representation.

Definition 12.22 Let dim)Y = 2m + 1. We will say that a CAR representation
is compatible with the orientation if @ =i" 1.

12.2.2 Pauli matrices

Consider the space C?. Occasionally we will need its canonical basis, whose
elements will be denoted | 1), | |).

Definition 12.23 Pauli matrices are defined as

_Jo1 C[o—i 10
=000 2T io|lr BT lo-1|"

Note that 0? =1, 0f = 0;, i = 1,2, 3, and

0109 = —0201 = io3,
0203 = —0302 = io71,
0301 =— —0103 = iO’Q.

Moreover, B(C?) is generated by {01, 02}. Clearly, {o1,09,03} is a CAR repre-
sentation over R®.

Lemma 12.24 Let {¢1, ¢2} be a CAR representation over R? in a Hilbert space
H. Then there exists a Hilbert space K and a unitary operator U : C2 @ K — H
such that

o1 @1 U=U¢51, oo 1 U=Ugps.
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Proof Set I :=i¢¢y. Clearly, I = I* and I? = 1. Note that I # 1, since [ = 1
would contradict the fact that ¢ is self-adjoint. Hence, spec I = {1, —1}. Let
K := Ker(I — 1). We unitarily identify H with X @ K by the map

U UV = (%(gbl — 1)V, %(]1+ I)\I/).

Then Upy = 01 @1 U, Uy = 021U U. O

12.2.3 Jordan—Wigner representation

In this subsection we introduce certain basic CAR representations over a finite-
dimensional space. We start with the case of an even dimension, which is simpler.
In the algebra B(®™C?) we introduce the operators

o) = ]1®(j71)®0i®]1®(mij)7 =123, j=1...,m

Note that a:(}j ) =gl >0§j ), Moreover, B(®@™C?) is generated by
(o7 j=1,....m, i=1,2}.
We also set Iy := 1, I; := oél) ~-~a§j) for j=1,...,m. If we set
oV =L0), oW =10y j=1,...m, (12.12)
it is easy to see that
(@1, o ) (12.13)
is an irreducible CAR representation over R*" in the Hilbert space ®” C?. Note

that Q = I,,.

Definition 12.25 The CAR representation (12.13) will be called the Jordan—
Wigner representation over R?™ .

In the odd-dimensional case with n = 2m + 1, there exist two inequivalent
irreducible CAR representations, both in ®™C?. They are obtained by adding
the operator £1,,, to (12.12). In other words,

(@, oo L), (12.14)

( !IW7"'7 ;xy?*Im) (1215)

are irreducible CAR representations over R>” 1. We have Q = i" 1 in the case

of (12.14) and @ = —i™ 1 in the case of (12.15). Thus the representation (12.14)
is compatible with the natural orientation of R*™+1,

Another useful, but reducible, CAR representation over R>"*! acts on the
space @™ +1C2. It is given by

(¢1]VV7 ;¢%Xi>¢%>§+1) (1216)
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It decomposes into the sum of two irreducible sub-representations, one equivalent
to (12.14) and the other equivalent to (12.15). We have Q =i" 1" ® o;. The
commutant of (12.16) is spanned by 1€+ and Q.

Definition 12.26 The CAR representation (12.16) will be called the Jordan—
Wigner representation over R>"+1.

12.2.4 Unitary equivalence of the CAR in finite dimensions

The following two theorems can be viewed as the fermionic analog of the Stone—
von Neumann theorem. Again, we first deal with the even-dimensional case.

Theorem 12.27 Let (¢1,¢2,...,¢2m) be a CAR representation over R*™ in
a Hilbert space H. Then there exists a Hilbert space K and a unitary operator
U:®"C?*®K — H such that

UiV @ e = U, j=1,...,2m.

The representation is irreducible iff I = C.
In particular, every irreducible CAR representation over an even-dimensional
space is unitarily equivalent to the corresponding Jordan—Wigner representation.

Proof Set
Ly:=1, Ij:=¥¢-¢;, j=1,...,n,
U =T o1, 69 =T 1005, j=1,...,m.
From the CAR we get

T _ T, 72
=1, =1

- ] . i ) . (12.17)
Ouly = —Lidn, k<2j, ¢ply =1, k>2j.

This implies that
O ~ (1) (1 =) ~(J
0?)05]) = ¢oj-1025, 1Ij = 1JU§ )Ué : '”Ugj)aé])’ (12.18)

Goj1 =1, 15], oy = fj—l&éj)-

We observe that the pairs {&Y ),&é‘”} satisfy the CAR over R? and commute
with each other. Applying Lemma 12.24 inductively we see that there exists a
Hilbert space K and a unitary map U : ®"C? ® K — H such that

Uo) @1k =570, Usy) @k =55'U, j=1,---,m.
From (12.18) we get that UI; ® lx = I;U, and hence
UIj,10§j)®]1](j:¢)2j,1U7 UijlUéj)(@]l]C:QSg]‘U, ]:]., ,m.

This completes the proof of the theorem. O
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Theorem 12.28 Let (¢1,¢a,. .., Pam+1) be a representation of CAR over R?™+1
in a Hilbert space H. Then there exist Hilbert spaces K_ and Ky and a unitary
operator U : @™ C? @ (K, ® K_) — H such that

Up/V @ I, e = ¢;U, j=1,...,2m;
UIm ® (]11C+ @ _]IIC_) = ¢2m+1U~

The representation is irreducible iff K, & K_ = C.
In particular, every irreducible CAR representation over an odd-dimensional
oriented space compatible with its orientation is unitarily equivalent to (12.14).

Proof Let I~j, 6§j), &5” be as in the proof of Thm. 12.27. Let U, : " C? ®
K — 'H be a unitary operator as in Thm. 12.27 for the CAR representation
(b1, P2m) over R*™. From (12.17) and the CAR we get

[¢j7f7n¢2m+1] :07 ] = 1,...,2m. (1219)
Since B(®™C?) is generated by {Ulm,j =1,...,m, i =1,2}, we see that
Ul*jmqmeJrlUl = ﬂ@ A, A S B(K:)

Again using the CAR, we get (I, pams1)? = 1. Hence, A2 = 1.

If A= =41, we get I:mgbgmH = +14. Hence, ¢o,,, 11 = :I:fm. In this case the
CAR representation is one of the two constructed in Subsect. 12.2.3. In the
general case we have K =K, § K_, A= 1k, & —1x_, and hence

UIm b2y (]IICJr S _]IIC,) = ¢2m,+1U~

The other identities follow from Thm. 12.27. 0

Corollary 12.29 (1) Suppose that Y is an even-dimensional Euclidean space.
Let Y 32y ¢'(y) € Bu(H) and Y 3 y — ¢*(y) € Bu(H) be two irreducible
representations of the CAR. Then they are unitarily equivalent.

(2) The same is true if Y is odd-dimensional and oriented, and both representa-
tions are compatible with its orientation.

12.3 CAR algebras: finite dimensions

As in the previous section, we assume that (), v) is a finite-dimensional Euclidean
space.

In this section we discuss *-algebras generated by the CAR in finite dimension.
As pure x-algebras they are not very interesting — they are full matrix algebras
over a 2" -dimensional space in the case of even dimension, and the direct sum of
two such algebras in the case of odd dimension. They become interesting when
we consider them together with the linear subspace of distinguished elements

P(y), y €.
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12.3.1 CAR algebra

Let (), v) be a finite-dimensional Euclidean space.

Definition 12.30 CAR(Y) is the complex unital *-algebra generated by elements
o(y), y € Y, with relations

o(Ay) = Ap(y), AR,  d(y1 +v2) = d(y1) + d(y2),
?*(y) = o(y), A(y1)d(y2) + d(y2)d(y1) = 2y1 vy 1.

The following theorem is a simple algebraic fact:

Proposition 12.31 If
Y3y~ ¢"(y) € B(H)
is a CAR representation, then there exists a unique *-homomorphism
7w : CAR(Y) — B(H)

such that w(1) = 1y and 7(H(y)) = ¢" (y), y € V.

Definition 12.32 Applying Prop. 12.31 to the Jordan—Wigner representations
(12.13) or (12.16) we obtain *-homomorphisms

W . CAR(R?™) — B(@™C?),
7TJW :CAR(R2m+1) N B(®7n+l(c2).

Proposition 12.33 (1) The *-homomorphisms ™V for n = 2m are bijective
and CAR(R?*™) is *-isomorphic to B(®™C?).

(2) The x-homomorphisms ™V for n = 2m + 1 are injective and CAR(R?*™*1)
is *-isomorphic to B(®™C?) ® B(@™C?).

Proof Choose an o.n. basis (e, ...,e,) in Y. For an ordered subset {i1,...,4}
of {1,...,n}, set ¢y, 4 :=i"F"1/2¢, ...¢, . Tt is easy to prove that the ele-
ments ¢;, are self-adjoint and are a basis of CAR(R"). Their commutation
relations are determined by the CAR.

Following the construction of the Jordan—Wigner representations we see that
B(®™C?), if n=2m, and B(®™C?)® B(®™C?), if n=2m + 1, have self-
adjoint bases satisfying the same relations. O

The Jordan—Wigner representation determines a unique C*-norm on CAR()).
Henceforth we will treat CAR()) as a C*-algebra.

If 1 C Y, are two finite-dimensional spaces, then CAR())) is isometrically
embedded in CAR()%).
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12.3.2 Parity

CAR algebras have a natural Z,-grading. Therefore, they are examples of super-
algebras. Consistently with the terminology of super-algebras, we introduce the
following definition:

Definition 12.34 The map «a(é(y)) := —d(y) extends to a unique
x-isomorphism a of CAR(Y). For j = 0,1, we set

CAR;(Y) := {B € CAR(Y) : a(B) = (-1)’B}.

Elements of CARy(Y), resp. CAR1(Y) are called even, resp. odd.
Suppose that ) is oriented. The following definition is closely related to Def.

12.13.

Definition 12.35 The volume element of the algebra CAR(Y) is defined by
Q= d(er) - oley), (12.20)

where (e1,...,e,) is any o.n. basis of ) compatible with its orientation.

Note that @ is never proportional to 1 as an element of CAR()).

Proposition 12.36 (1) Let A € CARy()) commute with ¢(y), y€ Y (and
hence with all CAR(Y)). Then A is proportional to 1.

(2) Let a non-zero A € CARy(Y) commute with ¢(y), y € Y (and hence with all
CAR(Y)). Then dim Y is odd, and A is proportional to Q.

(3) Let a non-zero A € CAR(Y) anti-commute with ¢(y), y € Y (and hence with
all CARy(Y)). Then dim Y is even, and A is proportional to Q.

12.3.3 Complex conjugation and transposition

Definition 12.37 The map c(¢(w)) := ¢(w), w € CY, extends to a unique anti-
linear x-isomorphism ¢ of CAR(Y). We introduce the Clifford algebra over (Y, v)
as the real sub-algebra

Cliff (V) := {B € CAR(Y) : c¢(B) = B}. (12.21)

We also introduce the transposition A* := c(A*), which is a linear anti-
automorphism.

Cliff () is a real x-algebra with a basis

qzj)l‘l'“d)ik, {il,...,ik}C{l,...7n}. (1222)

In Chap. 15 we will introduce a more general notion of Clifford algebras, defined
for an arbitrary symmetric form on a vector space. The algebra Cliff ())) defined

https://doi.org/10.1017/9781009290876.013 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.013

326 Canonical anti-commutation relations

in Def. 12.37 corresponds to the special case of a real space equipped with a
Euclidean scalar product.

12.3.4 Bogoliubov automorphisms

Proposition 12.38 If r € O(Y), then the map © (¢(y)) := ¢(ry) extends to a
unique *-automorphism 7 of CAR(Y). We have 715 = F175.

Definition 12.39 7 is called the Bogoliubov automorphism associated with r.

12.4 Anti-symmetric quantization and real-wave
CAR representation

In this section we introduce a natural parametrization of operators in a CAR
algebra by anti-symmetric polynomials. This parametrization, which we call the
anti-symmetric quantization, can be viewed as the fermionic analog of the Weyl—-
Wigner quantization.

We also define a representation given by the GNS construction from the tracial
state. This representation has some analogy to the real-wave CCR representation
considered in Sect. 9.3; therefore we will call it the real-wave CAR representation.
In this section we describe the real-wave CAR representation only in the case
of a finite number of degrees of freedom. We will extend it to the case of an
infinite dimension in Subsect. 12.5.3, and then we will continue its study using
the formalism of Fock spaces in Subsect. 13.2.1.

In this section, (), v) is a finite-dimensional Euclidean space.

12.4.1 Anti-symmetric quantization

Definition 12.40 Let y1,...,y, € CY. We can treat these as elements of
CPol} (V*) and take their product y; - - -y, € CPol,(V*). We define

Op(yl T yn) = % Z Sgn(U) ¢(y0(1)) e (b(ycr(n)) € CAR(y) (12'23)
‘oceS,

The map extends uniquely to a linear bijective map
CPol, (V") 5 b+— Op(b) € CAR(Y), (12.24)

called the anti-symmetric quantization.

The above definition should be compared with Def. 8.65, where the Weyl—
Wigner quantization was introduced.

Definition 12.41 The inverse of (12.24) will be called the anti-symmetric sym-
bol. The anti-symmetric symbol of an operator B € CAR™®(Y) will be denoted
sp € CPol, (Y*).
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As usual, N denotes the number operator, which in the context of CPol, (J*)
is perhaps better called the degree operator. Recall that in Chap. 3 we introduced

A= (-1)NE=DR2 0= ()N

see (3.9) and (3.29). We will use the functional notation for elements of

CPol, (Y*); see Subsect. 7.1.1. The generic variable in }* will be denoted v.

We equip Y with a volume form compatible with the scalar product v. We will

use the corresponding Berezin integral on CPol, (V#), defined in Subsect. 7.1.4.

Proposition 12.42 (1) Op(b)* = Op(Ab).

(2) Let Z be an isotropic subspace of CY for vc. Let fi,..., fn € Poly(2#) C
CPol, (Y*). Then

Op(fl) T Op(fn) = Op(fl T f’n)'
(3) If b,by, by € CPol,(Y*) and Op(b) = Op(by)Op(bs), then

b(v) = exp (Vu, ¥V, ) b1 (v1)be (U2)|Ul - (12.25)
= e(”_”] )"/71(@_1’2)131 (1)1)b2 (vz)dwdvl. (12.26)
Y# P
(4) If b € CPol, (¥*), y € CY, then

1
5 (¢()Op(b) + Op(1b)¢(y)) = Op(y - b), (12.27)

1
5 (¢(1)Op(b) — Op(1b)4(y)) = Op((vy)-Vub). (12.28)
Proof Statements (1) and (2) are immediate. Let us prove (12.25). Let us fix

an o.n. basis (e1,...,eq) of Y such that Z=¢€" A--- Ae'. We use the Berezin
calculus introduced in Subsect. 7.1.5. We rename the variable v; as v and the
variable vy as w. We will write v; = e; - v, w; = e; - w. Without loss of generality,

we can assume that by (v) = [] v, be(w) = [] w; for I,J C {1,...,d}. We have
i€l i€J

d
exp (Z Vo, v) = > IV V- (12.29)
i=1 Kc{i,...,d}ieK
The only term in (12.29) giving a non-zero contribution to
d
exp (Z Vu, vﬂ,) bi(v) - ba(w)],_,
i=1

is K = I N J. Without loss of generality we can further assume that 1 <p <n <
m and

bl(v) = U1 "'Up 'Up+1 cc U, b?(w) = Wp "'wp+1 cWp41 Wiy -
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Then
H vﬂm v bl ) bQ( )| ,U:U1""Up"l)n+1""l}m :b(v)
i=p+1
We have
Op(b) = d(e1) -~ d(ep) - dleps1) -~ dlen),
Op(bZ) = ¢(67L) e ¢(€p+1) : ¢(€n+1) e dj(em):
and

Op(bl)Op(bQ) = (15(61) T ¢(€p) : ¢(en+1) ce ¢(67n) = Op(b),

using the CAR. This proves (12.25).

To obtain (12.26), we apply Prop. 7.19 to the even-dimensional space
X=Y®Y. Let = (y1,¥2), £ = (v1,v2) be the generic variables in X and

0 1

X*. Let (= |:—l/_1 0
%f (¢ = vy - v~ uy. The Pfaffian of ¢ w.r.t. dvs Adwv; is equal to 1, which by
Prop. 7.19 proves the second identity of (3).

To prove (4), we can assume without loss of generality that b(v) = v;, ---v;,
and (y|v) = v;. Then Op(b) = ¢(e;, ) - d(ei, ), ¢(y) = ¢(e;). Using the CAR we
get

]GLa(X#,X), so that iz (7lz =y vy and

5 (Ble)(en,) 0l ) + (1) 6(er,) - oles, Jo(e,)

{0 if je{in,....ip}
L blendlen) - dler,) i G {in,... i),

which proves the first statement of (4). The second can be proved similarly. O

Theorem 12.43 If b,by,...,b, € CPol,(V*) and
Op(b) = Op(b1) -~ Op(bn),

then the following version of the Wick theorem for the anti-symmetric quantiza-
tion is true:

b(v) = eXp(Z V'Ui 'Vvvj )bl (Ul) b (’U”)‘q;:m:---:vn .

i>j

12.4.2 Real-wave CAR representation
Definition 12.44 For A € CAR(Y), we define

trA =2""Tra'V(A), dimY = 2m,

trA =2""""Tr 7'V (4), dimY=2m+1,
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where ™V is the Jordan—Wigner representation. tr is called the canonical tracial

state on CAR(Y).

Theorem 12.45 (1) tr is a tracial state on CCR(Y), which means
tr(AB) = tr(BA), A, B e CAR(Y).
(2) It satisfies
tr(A) = tr(c(A)) = tr(a(A)) = tr(#(A)), A€ CAR(Y), r € O()).

(3) If b, c € CPol, (V*) ~ T,(CY), then

tr(Op(b)*Op(c)) = (blc). (12.30)
(4) For y,y1,y2 € X, we have the expectation values

tr (¢(y)) =0,
tr (o(y1)d(y2)) = y1-vys.

More generally,

tr (¢(y1) e ¢(y2m—1)) = 07
tr(o(y1) -+ dyam))= Z sgn(o) H Yo(25—1) VYo (25)-

o €Pairg

Definition 12.46 Let (7, Hir, Qi) denote the GNS representation of CAR(Y)
w.r.t. the state tr. The CAR representation

Y3y ¢u(y) = mu(od(y)) € Bu(Hir)

will be called the real-wave or tracial CAR representation.

12.4.8 Real-wave CAR representation in coordinates

Let n be an integer. We are going to describe the real-wave representation over
R™ more explicitly.

Clearly, ®"C? has a natural conjugation, denoted as usual ®"C? 3 ¥ — ¥ €
®"C2. For typographical reasons, it will sometimes be denoted by x. The cor-
responding real subspace of ®"C? obviously equals ®"R?. Linear operators pre-
serving ®"R? are called real.

The conjugation of A € B(®"C?) is denoted by A or yAx.

Define the “vacuum vector” Q :=| |)®---®| |). Clearly, Q = Q.

Introduce the following operators on ®"C?:

N = Z ]1®f®a'37+]1®]1®(n—j)7 A= (_I)N(Nfll)/z'

Jj=1

https://doi.org/10.1017/9781009290876.013 Published online by Cambridge University Press


https://doi.org/10.1017/9781009290876.013

330 Canonical anti-commutation relations

The role of these operators will become clear in Chap. 13, where we will iden-
tify ®"C? with the fermionic Fock space I',(C") and they will coincide with
the operators defined in (3.9) and (3.29). Therefore, in particular, N is called
the number operator. For further reference let us note the following identities
involving A:

A]l®<j_l)®01®]l®(”_j)/\ — (fgd)@)(]’*l)@gl@(f . )‘X’("*j)7
Aﬂ®(j*1)®02®ﬂ®(n*j)1\ — _( ) (j—1) ®0-2®( )®(7l_j)7
A]1®(j_1)®0-3®]1®(”_j)/\ ]l®(] 1)®0- ®Il®('” J)

In order to describe the real-wave CAR representation over R"”, introduce the
following operators
(bb _ 05@(]‘—1)®01®]1®(n—j)7
¢ = 1°" Do 0 V) = A¢A

Theorem 12.47 (1) We have two mutually commuting CAR representations:

L, (12.31)
¢1,...,¢>n. (12.32)

That means
[ £7¢;]+:2§i,ja [ f7¢;]+:267j7 [ 1“¢;]:0’ i,jil,...,n.

(2) Let 7' : CAR(R") — B(®"C?) be the x-homomorphism obtained by Prop.
12.31 from the CAR representation (12.31). Then

tr(A) = (Q7'(4)Q), A€ CAR(R"),

and m (CAR(R")) Q = @"C?. Thus Q is a cyclic vector representative for
the state tr, and hence 7 is the GNS representation of CAR(R") for the
state tr.

(3) Let J be the modular conjugation for the state tr. Then J = Ax (where x
denotes the complex conjugation). We have

JOiJ=¢%, j=1,...n
(4) We have
Sl=¢l, i=1,...,n.
Therefore,
7 (c(A)) = m (A), A€ CAR(R").

Consequently, m, (Cliff (R™)) consists of real elements of my, (CAR(R™)).
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(5) Let Q be the operator defined in (12.20). We have

T(Q) = (Q) =), =), - ¢}
B {(—1)'"02®al®~--®02®01, n = 2m;
()" 01@0® - ®aa@o1,  n=2m+ 1.
By Thm. 12.47 (2), the representation ¢' can be identified with the real-wave
CAR representation defined in Def. 12.46.
The analysis of the real-wave CAR representation, in the case of an arbitrary

dimension, will be continued in Subsect. 13.2.1, where we will use the formalism
of Fock spaces.

12.5 CAR algebras: infinite dimensions

Throughout this section (),v) is a FEuclidean space, possibly infinite-
dimensional.

One aspect of the theory of CAR algebras simplifies in infinite dimensions: it
is not necessary to distinguish between the even and odd cases. On the other
hand, the topological aspects become more subtle. In particular, it is natural to
define (at least) three different kinds of CAR algebras: the algebraic, the C*-
and the W*-CAR algebra. (The situation is, however, simpler than in the case
of CCR algebras.)

12.5.1 Algebraic CAR algebra

The definition of the algebraic CAR algebra is the same as that of the CAR
algebra in finite dimension:

Definition 12.48 The algebraic CAR algebra over ), denoted CAR™® (), is
the complex unital x-algebra generated by elements ¢(y), y € Y, with relations
d(Ay) = Ap(y), A €R,  d(y1 +y2) = d(y1) + d(y2),
o*(y) =o(y),  oW1)o(y2) + ¢(y2)d(y1) = 2y1-vye 1.

Clearly, Prop. 12.31 extends to infinite dimension, with CAR™®())) replac-
ing CAR(Y). The parity «, the complex conjugation ¢ and the transposi-
tion * naturally extend to CAR™®(). If r € O()), we can introduce a unique
s-automorphism 7 of CAR# (), called the Bogoliubov automorphism, satisfying
7(6(y)) = ¢(ry) as in Def. 12.39.

Definition 12.49 Let j=0,1. We introduce

CARY®(Y) := {B € CAR™(Y) : o(B) = (-1)'B},
Clff*'#(y) := {B € CAR"®(Y) : ¢(B) = B}.
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Note that if ) is infinite-dimensional, CAR™® () does not contain an operator
analogous to the operator @) defined in (12.20). (The same remark applies to
CARY" () and CAR" " () defined later on.)

12.5.2 C*-CAR algebra
Proposition 12.50 There exists a unique C*-norm on CAR™2(Y).

Proof We already know that this is true if ) is finite-dimensional.

If ¥ has an infinite dimension, then CAR™#()) is the union of CAR())
for finite-dimensional subspaces of ). So CARalg(y) is equipped with a unique
C*-norm. O

Definition 12.51 The CAR C*-algebra over ) is defined as
* cpl
CARC () := (CAR™(3)) o

where the completion is w.r.t. the C*-norm defined above. CARC*())) s a
C*-algebra.

The relationship between CAR representations and the algebra CAR®” (V) is
given by the following theorem:

Proposition 12.52 If
Y3y—¢"(y) € Bu(H)

is a CAR representation, then there exists a unique x-homomorphism of
C*-algebras

7: CARC (Y) — B(H)
such that w(¢(y)) = ¢" (y), y € V.

Proof We already know that this is true if we replace CARS” (V) with
CAR™8(Y). 7 extends to CARC™ () by continuity.

To see the uniqueness, note that every x-homomorphism between C*-algebras
is continuous. O

Clearly, CAR®™ () coincides with CARC ™ (V°P!). Hence, it is enough to restrict
to complete ).

Proposition 12.53 The parity «, the compler conjugation ¢ and the trans-
position * are isometric, and hence extend by continuity from CAR™#(Y) to
CARY™ (V). Forr € O(Y), the same is true concerning the Bogoliubov automor-
phism T.
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Proof Let A€ CAR™8(Y). Then

spec A = spec a(A) = specc(A) = spec A* = speci(A).
Therefore, a, ¢, # and 7 do not change the spectral radius of A. Hence, they are

isometric. U

Definition 12.54 We define CARS (Y), i=0,1, and CLfF (Y) as in
Def. 12.49.

Theorem 12.55 If YV is an infinite-dimensional real Hilbert space, then
CARC" (V) is simple. If in addition Y is separable, then CARC™ () is isomorphic
to UHF(2°°) defined in Subsect. 6.2.9.

Proof Choose an o.n. basis (ej4,e1—,es,es_,...) of Y. Let ), be the space
spanned by the first n vectors of this basis. We have a commuting diagram,

CAR(J}QW ) - CAR(me +2 )

! !
B(®m,(cz) — B(®m+1(c2)’

where the vertical arrows are x-isomorphisms and the lower horizontal arrow is
A — A@1c:. Clearly, | J;°_; Yo, is dense in ). Hence,

00 cpl
CARY (V) = (U CARO}gm)>

m=1

0o cpl
~ (U B(®’"(C2)> = UHF(2%).

m=1

12.5.3 W*-CAR algebra

In Thm. 12.47 we defined the state tr on CAR()) for any finite-dimensional
Y. For an arbitrary ) this gives rise to a state on CARalg(y), and hence on
CAR®” (), also denoted tr. We can perform the GNS representation using the
state tr and obtain the triple (Hi,, 7y, 4y ), where

T : CARC™ (V) — B(Hy)
is a faithful *-representation, {4, € Hy, is a vector cyclic for m, (Hy,) and
tr(A) = (Que [ (A)Q0r).
Definition 12.56 We define the W*-CAR algebra of Y as

CAR" () = (me (CAR”" (1))
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Since m, is faithful, it defines an isomorphism of CARS ()) onto
T (CARY™()). Therefore, in what follows these two algebras will be identi-

fied. Thus CAR® ()) is a o-weakly dense sub-algebra of CAR" ™ ().
We have a normal state

(e AQy,), A€ CARY (V). (12.33)

On CAR®’ () it coincides with tr. In what follows, we will write trA also for
(12.33).
Thm. 12.45 extends with obvious adjustments:

Theorem 12.57 (1) tr is a tracial state on CAR" ().

(2) The conjugation c and the parity o extend to o-weakly continuous involu-
tions on CAR" () preserving tr. For r € O(Y), the same is true for the
Bogoliubov automorphism 7.

(3) The identities of Thm. 12.45 (3) and (4) are true.

Definition 12.58 We define CAR)Y (), i = 0,1, and CLff'"" () as in Def.
12.49.

Theorem 12.59 If Y is an infinite-dimensional separable Hilbert space, then
CARY () is isomorphic to HF (the unique hyper-finite type I, factor described
in Subsect. 6.2.10).

Recall from Subsect. 6.5.2 that, for any 1 < p < oo, we can define the space
LP(CAR"™ (), tr). For p = 1, it coincides with the space of normal functionals
on CAR"”" (Y). For p = 2, it coincides with the GNS Hilbert space for the state
tr, denoted also ‘Hy,. Finally, for p = oo, it coincides with CAR"" (V) itself.

For 1<p<oo, CAR™()) is demnse in LP(CAR" (¥),tr), so that
LP(CAR" (), tr), can be understood as the completion of CAR™#()) in the
norm ||Al|, := (tr|A]P)1/P.

Definition 12.60 Similarly to the case of a finite dimension, in the general case
we define the tracial or real-wave CAR representation over ) by

Y3y dul(y) = mu(d(y)) € Bu(Hu)-

12.5.4 Conditional expectations between CAR algebras

Consider a closed subspace ), of ). Clearly, CARW*(JA) can be viewed as a
W*-sub-algebra of CAR" " (). Besides, CAR" ())) is equipped with a tracial
state tr. Therefore, by Subsect. 6.5.4, there exists a unique conditional expecta-
tion

Ey, : CAR" (Y) — CAR" (1)
such that
trA = trEy, (A), Ae CAR" (D).
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It commutes with the parity:
aoFEy =FEy oa.

It restricts to a conditional expectation between the corresponding CAR C*-
algebras:

Ey, : CAR (Y) — CARY ()n).

If {); }ier is an increasing net of closed subspaces of ) with 'U[ Y; dense in Y,
1€

we have the norm convergence
lim Ey, (A) = A, Ae CARY ()), (12.34)
and the o-weak convergence

o-w —limEy, (4) = A, AeCAR" ()).

K3

12.5.5 Irreducibility of infinite-dimensional CAR algebras

The following proposition extends Prop. 12.36 to the infinite-dimensional case.

Proposition 12.61 (1) Let A € CARg*(J}) commute with ¢(y), y €Y (and
hence with all CARC™ () ). Then A is proportional to 1.

(2) Let a non-zero A € CAR{ (V) commute with ¢(y), y € Y (and hence with
all CARC*()))), Then dim ) is finite and odd, and A is proportional to Q.

(3) Let a non-zero A € CARS™ () anti-commute with ¢(y), y € Y (and hence
with all CARlc*(JJ)). Then dim Y is finite and even, and A is proportional

to Q.

Proof We pick an increasing net )Y, ¢ € I of finite-dimensional subspaces of
Y with (U,¢; V)" = Y. Let E; be the conditional expectation onto CAR(Y;).
Let A € CARS™ () such that A¢(y) = ¢(y)A for y € V. Let A; := E;(A). Since
E;¢(y) = ¢(y), y € Vi, we obtain from Prop. 6.83 that A;¢(y) = ¢(y)Ai, y € V.
By Prop. 12.36, this implies that, for all i, A; = \;1. We know that lim A; = A
by (12.34). Hence, lizm Ai =: A exists and A = A1. This proves (1). 1

Let us now prove (2). Let us assume that there exists A with the stated prop-
erties, and that dim ) is infinite. We pick an increasing net of finite-dimensional
subspaces ); of odd dimensions as above, equip them with orientations and
denote by Q; the associated volume elements as in (12.20). Considering the
net A; := F; A, we know by Prop. 12.36 that, for all i, A; = \;Q;. Clearly, if
i <j, then E;(Q;) = Q;, which implies that A, coincide and equal a certain
non-zero number A. Since A := hmA # 0 exists, hrn Q@; # 0. Using now the

CAR we see that if V;, V; are two ﬁmte dimensional bpaceb with ); C Vj, then
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Qi — Q;| =1, which is a contradiction, since ) is infinite-dimensional. The
proof of (3) is similar. a

The following proposition is the W*-analog of Prop. 12.61.

Proposition 12.62 (1) Let A € CARY () commute with ¢(y), y €Y (and
hence with all CARY () ). Then A is proportional to 1.

(2) Let a non-zero A € CARY ™ (Y) commute with ¢(y), y € Y (and hence with
all CARW*()})). Then dim )Y is finite and odd, and A is proportional to Q.

(3) Let a non-zero A € CAR"Y () anti-commute with ¢(y), y € Y (and hence
with all CAR)Y " (Y)). Then dim Y is finite and even, and A is proportional

to Q.

Proof The proof of (1) is completely analogous to Prop. 12.61. Let us explain
the modifications for the proof of (2). By the same arguments as in Prop. 12.61,
we obtain that lim @); exists in the o-weak topology. Working in the GNS repre-
sentation for theltracial state, we see that li7m Q; 2 does not exist. The proof of

(3) is similar. O

12.6 Notes

Clifford relations and Clifford algebras appeared in mathematics before quantum
theory, in Clifford (1878). They will be further discussed in Chap. 15.
Canonical anti-commutation relations were introduced in the description of
fermions by Jordan-Wigner (1928).
Pauli matrices were introduced by Pauli (1927) to describe spin % particles.
Mathematical properties of CAR algebras were extensively studied; see e.g.
the review paper by Araki (1987) and the book by Plymen—Robinson (1994).
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