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( rece ived D e c e m b e r 12, 1967) 

In [ l] Gaschutz has shown that a finite group G sp l i t s over an 
abe l ian n o r m a l subgroup N if i t s F r a t t i n i subgroup <\>(G) i n t e r s e c t s 
N t r i v i a l l y . When N i s a non -abe l i an ni lpotent n o r m a l subgroup of G 
the condi t ion <\>(G) O N = 1 cannot be sa t i s f ied : for if N i s n o n - a b e l i a n 
then the c o m m u t a t o r subgroup C(N) of N is n o n - t r i v i a l . Now N i s 
ni lpotent , whence 1 ^ C(N)Cc|)(N). Since G i s a finite group, t h e r e f o r e , 
by (3, t h e o r e m 7 . 3 . 1 7 ) <t>(N)C(|)(G). It follows that c j > ( G ) n N ^ l . Thus 
the condi t ion c|>(G) O N = 1 m u s t be modif ied . In §1 we sha l l d e r i v e 
some s i m i l a r type of condit ions for G to spl i t over N when the 
r e s t r i c t i o n of N being an abel ian n o r m a l subgroup i s r e m o v e d . In § 2 
we sha l l give a c h a r a c t e r i z a t i o n of spli t t ing ex tens ions of N in which 
eve ry subgroup sp l i t s over i t s i n t e r s e c t i o n with N. 

1. In th is sec t ion G will a lways m e a n finite g roup . 

LEMMA 1 . 1 . Le t N be a ni lpotent n o r m a l subgroup of G and 
L any subgroup of G. j f cj)(L) O N = 1 then L H N i s abe l i an . 

P roof . Let A = L M N . Since N is a n i lpotent n o r m a l subgroup 
of G, t h e r e f o r e , A i s a ni lpotent n o r m a l subgroup of L . Thus 
C(A) C<j>(A) Ccj)(L), whe re C(A) is the c o m m u t a t o r subgroup of A. 
Hence C(A) ^ 1 wil l imply cj)(L) C\ N ^ 1 , whence A m u s t be abe l i an . 

THEOREM 1.2. Let N be a n i lpotent n o r m a l subgroup of G. 
G sp l i t s over N if and only if G contains a subgroup L such that 
G = LN and 4>(L) f l N = 1. 

P roof . We need only p rove the second half of the t h e o r e m . Let 
A = L f l N . NOW <(>(L) 0 N = 1. T h e r e f o r e , by l e m m a 1 .1 , A i s 
abe l i an . M o r e o v e r by G a s c h u t z ' s t h e o r e m L sp l i t s over A. Let C 
be a c o m p l e m e n t of A in L . It i s c l ea r that C is a l so a c o m p l e m e n t 
of N in G. 

THEOREM 1 .3 . Le t N be a so lvable n o r m a l subgroup of G. 
G sp l i t s over N if and only if G conta ins a subgroup L, m i n i m a l 
with r e s p e c t to G = LN, such that 4>(L)n N = 1. 
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Proof . Again we sha l l only p r o v e the second half of the t h e o r e m . 
L e t A = L O N. Since N i s a so lvable n o r m a l subgroup of G, A i s 
a so lvable n o r m a l subgroup of L. Le t A be a so lvab le group of 

length n. This m e a n s that the (n- l ) t h de r ived subgroup A i s 

abe l i an . Since A is fully i n v a r i a n t in A i t follows that A 

is an abe l i an n o r m a l subgroup of L. M o r e o v e r (j)(L)n A = 1. 

T h e r e f o r e L sp l i t s over A . But this wi l l v io la te the hypo thes i s 
that L is m i n i m a l with r e s p e c t to G = LN u n l e s s A = 1. Hence L 
i s a c o m p l e m e n t of N in G. 

Applying a s i m i l a r a r g u m e n t , the following s t a t e m e n t can be 
p r o v e d . 

THEOREM 1.4 . _If N i s a n o r m a l subgroup of G such that 
t h e r e e x i s t s a so lvable subgroup L ôf G, m i n i m a l with r e s p e c t to 
G = LN, and 4>(L) H N = 1, then G sp l i t s over N. 

THEOREM 1 .5 . G sp l i t s ove r a n o r m a l subgroup N if and 
only if G conta ins a subgroup L, m i n i m a l with r e s p e c t to G = LN, 
such that for each p r i m e p t h e r e i s a Sylow p - s u b g r o u p T oi L 

such that cb(T )D N = 1. 
P 

P roof . The f i r s t p a r t of the t h e o r e m i s obv ious . Le t L be 
m i n i m a l with r e s p e c t to G = LN and A = L O N. Le t U be a 

P 
Sylow p - subgroup of A and V be a Sylow p - s u b g r o u p of L 

P 
containing U . Since for each p t h e r e is a Sylow p - s u b g r o u p T 

P P 
of L such that cf>(T ) H N = 1 and s ince the Sylow p - s u b g r o u p s of L 

a r e conjugate to each o the r i t fol lows that cf>(V ) 0 N = 1. But 

V ' ' N = U . Thus U i s a n i lpotent n o r m a l subgroup of V . 
P P P P 

M o r e o v e r <b(V ) H U = 1 . Hence , by t h e o r e m 1.2, V = C . U , 
P P p p p 

w h e r e C is a c o m p l e m e n t of U in V . Now let W be a 
P P p P 

Sylow p - s u b g r o u p of N containing U . C lea r ly V and W 
P P P 

g e n e r a t e a Sylow p - s u b g r o u p S of G with S H N = W . M o r e o v e r 
n P P P ^ 

S = C . W and C ' ' W = 1. Thus C is a c o m p l e m e n t of S 11 N 
P P P P P P P 

in S . Now C C V C L and L i s m i n i m a l with r e s p e c t to G = LN. 
P P P 

Hence by t h e o r e m 1 of [2] G sp l i t s over N. Indeed L is a 
c o m p l e m e n t of N in G. 

In t h e o r e m s 1.3, 1.4 and 1.5, L t u r n s out to be a c o m p l e m e n t 
of N. However D . G . Higman in L2J pointed out that in g e n e r a l the 
m i n i m a l i t y of L with r e s p e c t to G = LN does not n e c e s s a r i l y m e a n 
that L is a c o m p l e m e n t of N even in the c a s e when N is abe l i an . 
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In the following t h e o r e m , we sha l l show that , if N i s a ni lpotent n o r m a l 
subgroup of G, then the m i n i m a l i t y of L with r e s p e c t to G = LN is 
c h a r a c t e r i z e d by L H N CC() (L) . 

THEOREM 1.6 . Let N be a ni lpotent n o r m a l subgroup of G. 
L i s m i n i m a l with r e s p e c t to G = LN if and only if L D NC<j>(L). 

P roof . Let L be m i n i m a l with r e s p e c t to G = LN. Let 
A = L H N and B = c|>(L)0 A. C lea r ly B i s n o r m a l in L and A. 
Le t L = L/J3 and_A = A / B . Since B Cc(>(L) we have <|>(L) = <)>(L)/B. 
T h e r e f o r e A H <|>(L) = 1. But A i s a ni lpotent n o r m a l subgroup of L. 
It follows that A1 C 4>(A) Ccj>(L), w h e r e A' i s the c o m m u t a t o r subgroup 
of A. Thus A i s abe l i an . Hence by G a s c h u t z ' s t h e o r e m L sp l i t s 
over A . Let C be a c o m p l e m e n t of A in L . Let C be the se t of 
a l l p r e i m a g e s of C in L . If A i 1 then C is a p r o p e r subgroup of 
L . But c l e a r l y G = CN. Hence A = 1 in view of the fact that L i s 
m i n i m a l with r e s p e c t to G = LN. It follows t h e r e f o r e A = L f | N Cc|>(L). 

Conver se ly , le t LPl NCcj>(L). We sha l l show that L m u s t be 
m i n i m a l with r e s p e c t to G = LN. Let Q be any subgroup of L such 
that G = QN. Le t B = c(>(L) 0 N. C lea r ly __B is_ n o r m a l in G. Le t 
G = G / B , L = L / B and N_ = N / B . Thus G = L . N w h e r e _L Q_N = 4. 
Since G = QN, we have G = QN^ where Q = Q B / B . But Q C L . 
T h e r e f o r e Q 0 N = 1 . Hence Q = L . Since Q B / B S Q / Q O B , i t 
follows that L = QB. But B C ^ ( L ) . Hence L = Q. This comple t e s 
the proof. 

2 . In g e n e r a l if a group G sp l i t s over a n o r m a l subgroup N 
the subgroups of G m a y not n e c e s s a r i l y spl i t over the i r i n t e r s e c t i o n s 
with N. In this sec t ion we sha l l c h a r a c t e r i z e n o r m a l subgroups of G 
having the p r o p e r t y that eve ry subgroup S of G sp l i t s over S O N . 

DEFINITION 2 . 1 . A subgroup N of G i s said to be 
h e r e d i t a r i l y n o n - F r a t t i n i in G if, for eve ry n o n - t r i v i a l subgroup S 
of G, SfïN<£<|>(S) u n l e s s S O N = 1 . 

LEMMA 2 , 2 . Let G be any fini tely genera ted group and N be 
a n o r m a l subgroup of G such that N<£c|>(G). Then G spl i t s over N 
if eve ry m a x i m a l subgroup S of G sp l i t s over S f | N . 

Proof . Since N<£4>(G), t h e r e ex i s t s a m a x i m a l subgroup S of 
G such that N <£ S. By hypo thes i s , S sp l i t s over S 0 N = A. Let 
C be a c o m p l e m e n t of A in S. Let x be an e l emen t of N not 
contained in S. Then, 

G = {x ,S} = {x, CA} = {x, C} {x, A} . 

We sha l l show that G = CN. 

Let g € G. Then G = uv, w h e r e u i s a word in x and 

e l e m e n t s of C and ve{x, A} C N. Since x e N, u can be e x p r e s s e d 
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as u = cw, where c 8 C and w £ N. Thus g = cwv, whence G = CN. 
Moreover C n N = c H A = l . Hence C is a complement of N in G. 

THEOREM 2 . 3 . Let G be a finite group and N be a normal 
subgroup of G. Then every subgroup S _of G splits over S O N if 
and only if N is hereditarily non-Fratt ini in G. 

Proof. Suppose every subgroup S of G splits over Sfi N. 
Then clearly S O N cannot be contained in 4>(S) unless Sft N = 1. 
Hence N is hereditarily non-Frattini in G. 

To prove the converse we shall apply induction on the order of G. 
Let S be any proper subgroup of G and let A = S O N . Moreover, 
since N is hereditari ly non-Fratt ini , it follows that A is hereditari ly 
non-Frattini in S. Since S is a proper subgroup of G, therefore, 
by induction every subgroup T of S splits over T O A. In part icular 
S splits over A. Thus every maximal subgroup of G splits over its 
intersection with N. Since N<£c|>(G), therefore by Lemma 2.2 G 
splits over N. 

REFERENCES 

1. W. Gaschiitz, Uber die <|)-Untergruppe endlicher Gruppen. 
Math. Zeit. 58 (1953) 160-170. 

2. D.G. Higman, Remarks on splitting extensions. Pac . J. Math. 
4 (1954) 545-555. 

3. W.R. Scott, Group theory. (Prentice Hall, 1964). 

University of Waterloo 

374 

https://doi.org/10.4153/CMB-1968-041-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-041-3

