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Abstract. With the help of some p-adic formal series over p-adic number fields
and the estimates of character sums over Galois rings, we prove that there is a constant
C(n) such that there exists a primitive polynomial f(x) =x" — a;x" ! +--- 4+ (=1)"a,
of degree n over F, with the firstm = L%J coefficients ay, . . ., a,, prescribed in advance
if g > C(n).
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1. Introduction. Let F, be a finite field with ¢ = p* elements, where p is a prime
number and k a positive integer. A monic polynomial f(x) € F,[x] of degree n is called
a primitive polynomial if the least positive integer T such that f(x)|x” — lis ¢" — 1. One
of the basic problems in computational number theory is to investigate the distribution
of the coefficients of primitive polynomials; that is, whether there exists a primitive
polynomial with one coefficient or several coefficients prescribed in advance. Based on
various tables, Hansen and Mullen [10] proposed the following conjecture about the
distribution of primitive polynomials with one coefficient prescribed.

Hansen-Mullen conjecture. For any given element a € F,, there exists a primitive
polynomial f(x) = x" —a;x" "' + ...+ (=1)"a, of degree n over F, with the i-th
(0 < i < n) coefficient a; = a except when

(g,n,i,a)=(4,3,1,0),(4,3,2,0),(2,4,2,1).

For i = 1, the Hansen-Mullen conjecture is true by the work of Davenport [3], Moreno
[17], Cohen [1], Jungnickel and Vanstone [11], etc. For i = 2, Han [6], [7] proved that
the Hansen-Mullen conjecture is true if

1. gisodd and n > 7; or

2. giseven and (n, a) # (4, 0), (5, 0), (6, 0).

As an asymptotic result, Fan and Han proved in [5] that there exists a primitive
polynomial of degree n over F, with the m-th (0 < m < n) coefficient prescribed for
q large enough except when m = ”;—1 if nis odd and m = 5,5 + 1 if n is even and p
exceeds the “non-p part” of n. It convinces us that the Hansen-Mullen conjecture is
actually true.

In an excellent survey paper on primitive elements and polynomials, Cohen [2]
discussed the distribution of primitive polynomials with multiple coefficients prescribed
in more detail and asked the following question.
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Cohen’s Problem. Is there some function c(n) such that there exists a primitive
polynomial of degree n with [c(n)] coefficients prescribed, where [] is the round
function?

In fact, Han [6] proved that there is a primitive polynomial of degree n over F,
with the first and second coefficients prescribed if ¢ is odd and » > 7. Furthermore,
Han [8] also obtained the following result.

THEOREM 1. [8]. For m < p, there exists a primitive polynomial over F, of degree n
with the first m coefficients prescribed if q is large enough and n > 2m.

We can reformulate Theorem 1 in another way; that is, there exists a primitive
polynomial over F, of degree n with the first L”EIJ coefficients prescribed if n < 2p
and ¢ is large enough. In other words, when the degree of the polynomial is small and
the characteristic of the finite field is large, there exists a primitive polynomial over F,
with the first half of its coefficients prescribed for ¢ large enough.

The main idea in the proof of Theorem 1 is that the m-th (0 < m < p) coefficient
of the primitive polynomial can be expressed in terms of traces of powers of primitive
elements. However, for m > p we must cope with the inevitable problems relating to
the characteristic in handling the trace conditions. In this paper, we shall transfer
the working to the unramified extensions of the p-adic fields and their completions,
as well as the appropriate quotient rings, Galois rings so that we can translate the
existence of primitive polynomials into the existence of the primitive element solutions
of Teichmiiller points of some system of trace equations with each equation over a
suitable Galois ring. To estimate the number of such primitive element solutions, we
need the estimates of characters sums over Galois rings [13] and over the Teichmiiller
points of p-adic number fields [15].

In this paper, we investigate a varient of Cohen’s Problem with the help of some
p-adic formal series over p-adic number fields and the estimates of character sums over
Galois rings. We get the following main result.

MAIN RESULT. There is a constant C(n) such that there exists a primitive polynomial
f(x)=x"—ax""' + - + (=1)"a, of degree n over F, with the first | "5 L| coefficients
prescribed in advance if ¢ > C(n).

The paper is arranged as follows. First we give a short review on p-adic number
fields and character sums over Galois rings. In Section 3, we set up a one-to-one
correspondence between the primitive polynomials over F, and the lifting primitive
polynomials over Ok. Then we reduce the problem of the existence of the lifting
primitive polynomials over Oy to the existence of primitive element solutions of some
system of trace equations with each equation modulo suitable p¢. We define several
p-adic formal series over K}, associated with the traces of powers of Teichmiiller points
& € Ty, the set of Teichmiiller points in K, and discuss the properties of those formal
series under certain conditions, so that we get the relations between the coefficients of
the lifting primitive polynomial and the trace of powers of its roots, and then obtain
the reduction. In Section 4, we obtain the estimate of the number of primitive element
solutions in T, of the system of trace equations by using the estimates of character
sums over Galois rings. We show that if g2~ > m22@ =1 there exists a primitive
polynomial of degree n with the first m coefficients prescribed, where w(g" — 1) is the
number of distinct prime factors of ¢" — 1. As an asymptotic result, we prove our main
result that there exists a primitive polynomial over F;, of degree n with the first |5 L
coefficients prescribed for ¢ large enough.
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2. Character sums over Galois rings.

2.1. p-adic number fields and Galois rings. Let p be a prime number. For r =
5 €Q, a, b e Z\{0}, define the order of a € Z at p, denoted by ord,a, to be the largest

integer d such that p?|a and ord,r = ord,a — ord,b. The non-archimedean valuation
101, =0,
Irlp = pod.

| |, on Q can be defined by
It is well known that | |, is a metric on Q.

Let Q, be the completion of Q1 with respect to the metric | |,, Ki the unique
unramified extension of Q, of degree k, Or = {x € Ki; x|, < 1} the ring of integers of

Ky, Q, the algebraic closure of @, and 2 the completion of Q,. Denote by

=€ € Kis & =¢)

the set of the Teichmiiller points in K} and I'; = I';\{0}. Then every element a € K
can be written in a unique way as

o0
o= Zaipi, where a; € T, iy € Z.
i=ip
If @ € Oy, we have
o0
o= Za,p’, where a; € T'y.
i=0

Define the canonical projective map ¢ from Oy to 'y by

$(a) = ay.

In fact, Oy is a local ring with unique maximal ideal Py = pOy. For e > 1, the
Galois ring R, x is defined to be Oy /p°Or. When e = 1, R, = F, is a finite field with
q = p* elements and F, = {§|& € 'y}, where & is the residue class mod p including &.
It is obvious that any element 8 € R, can be uniquely expressed in the form

e—1

B = Zbip[, where b; € T;.
i=0
Let n > 0 be an integer and 7; the Frobenius map of K, over K} given by
o0
ki
w(z) =Y dp
=iy

for z = Zfiio ap' € K, where a; € T, iy € Z. As we know, 1 is the generator
of the Galois group of K,;/K; which is a cyclic group of order n. The trace map
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Tr(-) : Ky —> K is defined via
Tr(x) = x + t(x) + -+ 17 (x)

for x € K.

7| 0,, mod p° is the Frobenius map of R, ,x over R, ;. Later we also use i to denote
7| o,, mod p°. As we know, i is the generator of the Galois group of R, ,x/ R, which
is a cyclic group of order n. More precisely, we have

e—1
@)=Y d'p
i=0

forz = Z:ol aip’ € Rojp, where a; € Ty, i =0,1,...,e— 1.
The map 77, 1(-) = Tr(-)|o, mod p¢ is the trace map from R, ,x to R, . More
precisely,

nk

T"e,nk,k(x) =X+ tk(x) + -+ Tlﬁil(x)

for x € R, k-

2.2. Characters over Galoisrings. Lete, k,n € Z.(. Now we give a few basic facts
on the additive characters over Galois rings R, ; and multiplicative characters over '}, .

2.2.1. Additive characters over Galois rings. An additive character of R, is a
homomorphism from the additive group of R, to C*, the multiplicative group C{0}.
Define /(c) = &> T7ex 1P for ¢ € R, . It is easily seen that v is an additive character
of R,; indeed it is the so-called canonical additive character. For a € R, , define
Ya(c) = Y(ac), ¢ € R, ;. As in the case of finite fields, we can prove that v, is also an
additive character. In fact, we have the following result.

LEMMA 2. {4} e g, consists of all the additive characters of Ry .

Proof. It is obvious that we only need to prove that « = 0 if and only if ¥, is trivial,
that is, the principal character. Suppose a # 0, a = p'u, where u € R, 0<l<e-1
such that Tr.; 1(ac) =0, for all ¢ € R, ;. We have p'Tr,;.1(uc) = 0, for all ¢ € R, .
Hence p’ Treri1(c) =0, forall c € R, x. Since Tr, 1 1(-) : Rex — Z, is surjective, there
exists ¢ € R, such that T, 1(c’) = 1. This gives p/ = 0, a contradiction. O

LEMMA 3. Let a € R, . and  be the canonical additive character of R, . We have

| ifa=0;
Z‘/"(")_{o ifa#0.

CER(..k

Proof. This is a special case of Theorem 5.4 in [16].
LEMMA 4. Let a € R, . and  be the canonical additive character of R, . We have

¢¢ ifa=0 mod p?;
0 otherwise,

Z 1pc(pe_da) =

(JER,/./(

wherel < d <e.
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Proof. This more general result is easily deduced from Lemma 3.

2.2.2. Multiplicative character over Teichimiiller points. The set I';, forms a
multiplicative group with order ¢" — 1. Let g be a primitive element (i.e generator)
of I'* . The canonical multiplicative character x can be defined by x(g') = ¢*™/@' =
for 0 </<¢q"—2. For 0 <j<gq"—2, define x;(g') = x(g¥). The x;’ s are all the
multiplicative characters of I'}, and form a cyclic group with order ¢" — 1. It is well
known that the order of each character y; is a divisor of ¢" — 1.

LEMMA 5. Let n be a positive integer and & € T'Y,. We have

> #(d) FONLOR

d\q”—l X(d

nk>

! wg;__ll) if € is a primitive element of T'*,;

otherwise,

where u(d) is the Mébius function, ¢(d) is the Euler function and x'? runs through all
the o(d) multiplicative characters over T, with order d.

Proof. In the following formula, y runs through all the distinct prime factors of
qg —L:

d
> L ;Z “6 =TT (1455 L)

dig'—1 @ vlg'=1 XW

If £ is a primitive element of I'},, then

1—[ M(J/)Z e | = 1—[<1+ 1 )= 7 —1

ylg"—1 ylg"—1 (p(y) ‘P(q - 1)

Otherwise, there exists a prime number y | %}}é) such that Y~ o, xV(§) = o(y).
Hence

1—[ M(V)Z ()/)(E) -0

vlg"—1

O

2.3. Estimates of character sums over Galois rings. Let k,n > 1 and /(x) be a
polynomial over R, with A(0) = 0 and A(x) not identically 0. Let

h(x) = ho(x) + hi(xX)p + - - - + he_1 (x)p*~"

be the p-adic expansion of /(x), where /;(x) is a polynomial of degree d; with coefficients
inT,fori=0,1,...,e— 1. Define the weighted e-degree of /(x) by

Deo(h(x)) = max(dop*™!, dip¢2, ..., d,_1).
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DEFINITION 6. Let A(x) € R, x[x] be a polynomial and /4;(x) = Z]io hijX, hij €
[« as above. A(x) is called nondegenerate if

hij=0, if j=0(modp),0<;<d,0<i<e—1.

Various kinds of character sums over Galois rings are investigated. See for example
[13], [15], etc. Here we give two theorems from [15] in a slightly different form for our
later use. These results are analogous to Weil estimates on character sums over finite
fields.

THEOREM 7. [13], [15]. Let f(x) € R, .k[X] be nondegenerate with weighted e-degree
D (f(x)) and V. , a nontrivial additive character of R, yx. Then

Z Yen(f(€))| < (De(f(x)) — 1)6]"/2_

el

On the other hand, we have the following result.

THEOREM 8. [15]. Let f(x) € R, k[x] be nondegenerate with weighted e-degree
D.(f(x)), Yon a nontrivial additive character of R, and x a nontrivial multiplicative
character of 'Y, Then

> Vel ENX(E)] < Delf(x))g".

Eely,

3. Problem reduction. In this section, we shall reduce the existence of primitive
polynomials over F to the existence of primitive element solutions in I'j, of some
system of trace equations with each equation over a suitable Galois ring R, .

Letf~ (x) € Ok[x] be amonic polynomial of degree n. We call /(x) a basic irreducible
polynomial over O if f(x) mod p is an irreducible polynomial of degree n over F,.

DEFINITION 9. Let £ (x) € O[x] be a basic irreducible polynomial of degree n. We
call /(x) a lifting primitive polynomial over O if there exists a positive integer 7" such
that £(x)|x” — 1 and the least positive integer 7= ¢" — 1.

In fact, the set of primitive elements of I'}, ( all the generators of I, as a cyclic
multiplicative group) is the same as the set of roots (in K, ) of all lifting primitive
polynomials of degree n in Oy[x]. In the rest of the paper, we shall identify them
without explanation.

If f (x)is alifting primitive polynomial over O, it is easily seen that f(x) = f (x)mod
p is a primitive polynomial over F,. On the other hand, if /() is a primitive polynomial
over F,, then by Hensel’s Lemma there exists a unique polynomial f(x) € O[x] such
that f(x) = f (x) mod p and f (x) is a lifting primitive polynomial over Oy. Hence the
primitive polynomials over F, and the lifting primitive polynomials over Oy are in
one-to-one correspondence.

By the discussions above, the coefficients of primitive polynomials over F, and
the lifting primitive polynomials over Oy are closely related, so that we only need to
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consider the lifting primitive polynomials over Oy. We reformulate Cohen’s Problem
using p-adic number fields.

Cohen’s problem over p-adic number fields. Let ¢ = p* and ¢ be the canonical
projective map from Oy, to I'y. Is there some function ¢(n) so that there exists a lifting
primitive polynomial (x) = X" — o1 x"~! + - - - + (—=1)"0,, over Oy of degree n with m =
Le(n)] coefficients such that ¢(oy,) = ay, ..., ¢(0;,) = an, forany givena,, az, ..., ay €
ry?

As in [6, 8], we need to find the relation between the coefficient o, (0 < m < n)
of the lifting primitive polynomial of degree n and the traces of powers of its roots
in K, the extension field of K of degree n. Then we can reduce the existence of the
lifting primitive polynomials over Oy with the images of the first m coefficients under
the canonical projective map prescribed to the existence of primitive element solutions
of some system of trace equations with each equation modulo suitable p°.

For this reason, we first consider the relations between the coefficients of lifting
primitive polynomial over Oy and the traces of powers of its roots.

LEMMA 10. [12]. Let A be an n x n matrix with entries in Q. We have the following
identity of formal power series in Q[[x]]:

det(1 — Ax) = exp (— > Tr(AS)xS/s) , (1)
s=1
where Tr(A°) is the trace of the matrix A*(s =0, 1,...).

Let f (x) € Ok[x] be a lifting primitive polynomial of degree n and & € Ky be a
root of f(x). Then & € ', and &, &9, .. ., 5‘1"71 are all the roots of f(x) in K.

PRrOPOSITION 11. Let f(x) =x"— ale’l + -+ (=1)'0, € Oklx] be a lifting
primitive polynomial of degree n, & a root of f(x) in K. We have

~f 1 ad
x”f(;) = exp (— > Tr(gS)xS/s> . )
s=1
Proof. Let A = (aj)1<i<n,1<j<n, Where

i—1

0 if i #J,
aj = o
&d ifi=j.

By expanding the left hand and right hand sides of equation (1), respectively, we get
equation (2). ]

THEOREM 12. [4] (Dieudonné’s Theorem). Let F(x) =1+ ax+ax’+--- €
1 + xKi[[x]]. Then

F(x) e 1 4+ xO[[x]]
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if and only if

F(xy
Fr(xP)

el +Pxok[[x]],

where T is the Frobenius map of Ki over Q,.

COROLLARY 13. Let a € O and a = 0 mod p¢, (t,p) = 1. Let

2 a’ x?
F, (x) =exp <— Z ) .

S
s=e lp

Then
Fio(x) € 14 xOxl[x]].
Proof. 1t is easy to check that

Ft,e(x)p _ _ a_r“ ¢
Fr.(7) = exp < p o X ) €1 + pxOx[[x]].

By Dieudonné’s Theorem, we have
Fie(x) € 14 xO[[x]].

O

Now we consider the existence of the lifting primitive polynomials over O; with
the images of the first m coefficients under the canonical projective map prescribed.
For 0 < t,/ <m,(t,p) =1, let e(, [) be the largest integer such that p»¢®“)-1 < [; that
is, e(t, ) = [logp(f)] + 1. For brevity, we denote e(z, m) by e(¢). Now we consider the
following system of trace equations:

Tr(x") = d, mod p°®, forl <t<mand(s,p) =1, (3)
where
dy=dio~+pdig+ - +Pe(t)7ldt,e(t)—l 4)

andd,jeTiforl <t<m,(t,p)=1,0=<j=<e(r)— I

THEOREM 14. Assume that the system of equations (3) has one primitive element
solution& € 'Y forany givend, g, d; 1, ..., die-1 € Tk, where(t,p) = land1 < t <m.
Then there exists a lifting primitive polynomial over Oy of degree n with the images of
the first m coefficients under the canonical projective map prescribed in advance.

Before we prove Theorem 14, we observe a simple result.

LEMMA 15. Let (t,p) = 1 and & € Ty. We have
TrEY) = T/(TrE"),

where t' is the Frobenius map of Ky over Q,, fori=0,1,....
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To illustrate the relations between the existence of the lifting primitive polynomials
with the images of the first m coefficients under the canonical projective map prescribed
and the existence of primitive element solutions & of (3) in '}, , we define a formal series
over K similar to the Artin-Hasse exponential series (see [S]) associated with the traces
of powers of & for our later use; that is

= b
where (z, p) =1, ¢ > 0 and
ct,s) = Tr(g"") —dy .
By Lemma 15,
e(t, s) = (1, 0)°
for s > 0. Hence E, o € 1 + xOg[[x]]. On the other hand, from Corollary 13,
Eie(x) € 1 + xO[[x]]. &)
Later we shall denote E; ¢(x) by E(x).
LEMMA 16. Let E/(x) be defined as above,
E@=1+ax+ Fax' + ..

Then we have

arepO if 11
Moreover a; € pOy, forl <l <m.

Proof. We rewrite E,(x) as

o0 e(n—1

rir=on(- 5 ) Flen(-520)

s=e(t) s=0

Since the first term (i.e E; q[[x]]) is in 1 4+ xOg[[x]] and the second term of the right
hand side is in 1 + pxOy[[x]], the only possible terms «;’s such that a; ¢ pO; are the
terms in the expansion of E, .(,. Hence we must have p°V|1. Moreover, we have a; € pOy
for 1 <[ < msince t - p°® > m by the definition of e(?). O

Next we define two formal series associated with E;(x). Let

Ey\(x) = exp (— ) ”(‘g’;ﬂ)

s=0

and

o0 v
E, _(x) =exp (— Z dttp)z ) .

s=0
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PROPOSITION 17. Let a;; and b, be the coefficients of x' in E, . (x) and E, _(x),
respectively. Then

ar;=b,; modp

forl <l<m.
Proof. It is easy to see from Dieudonné’s Theorem that
E, (%), E;_(x) € 1 + xO[[x]]-
Furthermore
Ei(x)- E;—(x) = E, +(x)

in Ok[[x]]. From Lemma 16, we have

a;=b,; modp
forl <l <m. O

Now we consider the coefficient of X’ in E; _(x) for 1 </ < m.

LEMMA 18. For any given integers t, [ such that 1 < I, t <m and (t,p) =1, let b,
be the coefficient of x in E, _(x). We have

by =g(dio, ... dren-1) modp.

In particular, if t -p*=D=1 = [, then

1 pe([,/)fl

b= gi(dios - dien—2) — " “dy ooy Modp,

where g is a polynomial of d,o, ... ,dieu-1 over Ok, g1 is a polynomial of
dz,(), ey d[,g([,[)_z over Ok.

Proof. We only need to consider the coefficient of x/ in

e(t,h=1 s . et,h=1 p° e(t,h—1 p*
exp | — Z d; X7 =exp| — Z dt’ox”’ exp | —p Z dt’lxw
N S S
s=0 P s=0 P s=0 P
e(t,l)—1 dp” X
oxp [ p Y0 S
s=0 P
e(t,]) ldp o e(t,h—1 dp*‘ '
-y e X
= exp p p|-» p
s=0 s=0

. =1
exp [—a?" mod
- EXp Le(t)-17; p-
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Forl <i<landr=0,...,e(t [)— 1, the coefficient of x’ in

e(t,h)—1 S s
(t,0) df xtp

exp | —p" Y ;ﬁ

s=0

is the same as the coefficient of x’ in

»
d,
o (-3

S [p“ )
s=0

bt,l = g(dr,o’ ceey dt,e(r,/)fl) mod p.

and so it must belong to Oy. Hence

In particular, if 7 -.p¢“)=1 =/, the least non-constant term in

e(1.))—1
pe(/.l)—l x’p 0
eXp _dt,e(t,l)—l /

. . N e(t)1 .
is x' and the corresponding coefficient is —1 - d} i1 80 thatif £ -p?D=1 =1 then

e(1,)—1

1
b= g (dt,O, cees dt,e(t,l)—z) - P : df,e(r,l)—l mod p.

This finishes the proof. ]

PROPOSITION 19. Let 1 <[ < m, | = t;p?®D=1 (1, p) = 1 and e(t;, ) > 1. Let b; be
the coefficient of X' in ]_[(t,p)zl E, _(x). We have

e(17.)-1

. 1
by=g'({dil(t.p)=1,p" <1})— 7 'dfz,e(t;,/)—l mod p,

where g* is a polynomial of {d, ;|(t, p) = 1, pp’ < [} over Oy.
Proof. This result follows from Lemma 18.

Proof of Theorem 14. Let & be a primitive element solution of (3) in I',;; and
f)=(r=)x =9 (x =)
=xX"—o X" 4. (=1),
be the minimal polynomial of & over Oy. By Proposition 11,

x”f(%) =exp (— Z Tr(és)x‘v/s)

s=1

= l_[ E; 1 (x).

(t.p)=1
>0
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Furthermore, from Proposition 17, we only need to consider the coefficient of x/
(1<l<m)in

[ E-.
(t.p)=1

Consider 1 < <m, [ = t;p*®D=1 (¢, p) = 1 and e(t;, [) > 1. From Proposition 19 we
have
(t7,)—1

(—Dor =g ({dyilt-p' < 1)) - dgj o1 M0d p.

For any given {d, ;|(t,p) = l and ¢ - p’ < [}, ¢(0;) runs across I'; if dy, e(,)—1 TUns across
I'k. This finishes the proof of Theorem 14.

4. Estimates and calculations. We now estimate the number of primitive element
solutions of (3)in '},
Let e be the largest integer such that p°~! < m. Denote

S; = {t|(t, p) = 1; [ is the largest integer such that 7 - p'~! < m}
for/=1,...,eand
S - {(Cl)(t,]))Il; Cy S R[,k fOI' 1 e S[, l - l, ctty 6}.

Let W = #S. We have W = gXi=1 #51 = g

Let N,, be the number of primitive element solutions of (3) in I',, ¥ the canonical
additive character of R.x , Y¥en = ¥ o Tr.u the canonical additive character of
R. i and let x run through all the multiplicative characters over I'¥, with order d.
From Lemma 3, Lemma 4 and Lemma 5,

Ny =3 LTI X vt —don- Y 40 5 1@

sely I=1 teS; ;R i d\q"fl X(d>
u(d

T Brr) s

a1 YD T s s,
where

s_e@ =D,
(g"—1)
and
Aup=1: 4 D) =Y Ve (Zpe 'Y k! ) x @)
Eely, teS;

Let

h(x) = Zp" IZ cx’.

tesS;
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It is obvious that /(x) is nondegenerate if 4(x) # 0 with

A(@ip=t X)) = Y7 YenhE))x ().

gely

Now we estimate N,,.
1. If i(x) = 0, thatis, ¢, =0 € R fort e S;and/ =1,..., ¢, then

( Zpe ’Zc,dl>_1

teS;
(a) Whend =1,

b _
od)

and
A((e)ap=t, xV) =¢" — 1.
(b) Whend > 1,

A((€)up-1.x'") = 0.

‘We have
d
> uhs s, (zpf ,ZM), (@, 1)
dlq"—1 v(d) x@ (e p=1€S teS)
h(x)=0

=q" -1

2. If h(x) # 0, that is, ¢; # 0 € Ry for some ¢ € S;and some /=1, ..., e, then in
this case A(x) is nondegenerate.
(a) When d = 1, from Theorem 7 we obtain

|A((eoumets xV)| = Delh(x) — g + 1
< D(h(x)q">.

(b) When d # 1, from Theorem 8 we obtain
|A((Ct)(t,p):l ) X(d))| = De(h(x))qn/z-

In the above D.(h(x)) is the weighted degree of /(x) and D.(h(x)) < m. Since the total
number of multiplicative characters x? is ¢(d), we have

d
2. ZE ;Z ) w(Zp@ ’Zc,df>- (€@epret. xD)

djg"—1 K@ (e p=1€S teS;
h(x)#0

< zu)(q"—l) .m- (qm _ 1) . qn/Z

https://doi.org/10.1017/S0017089503001526 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089503001526

60 FAN SHUQIN AND HAN WENBAO

so that
Ny =8{(¢" - 1) — 206" Vg (" — D}, (6)

where w(¢" — 1) is the number of the distinct prime factors of ¢" — 1.

THEOREM 20. N,,, > 0 if
g " > me' Y, (7

where w(q" — 1) is the number of the distinct prime factors of ¢" — 1.

Proof. By (6), it is easily seen that N,, > 0 if
qg > m2“’(‘/171)qm.
O

Following the method introduced by Lenstra and Schoof [14], the inequality (7)
holds for ¢ large enough if m < 5. Therefore we prove the following result.

THEOREM 21. There is a constant C(n) depending on n such that there exists a
n—1

primitive polynomial over F, of degree n with the first |*5=] coefficients prescribed in
advance if ¢ > C(n).

Proof. From Theorem 20 and the method introduced by Lenstra and Schoof, there
exists a constant C(m, n) such that for 1 <m < 5, N;, > 0 when g > C(m, n). Let

C(n) = max C(m,n).
l<m<n/2

The present theorem now follows from Theorem 14. O

REMARK 22. In this paper, we have proved that there exists a primitive polynomial
over F, with the first [*5 L] coefficients prescribed for ¢ large enough. It is still
unknown whether there is a positive integer s > [ *5; L | such that there exists a primitive

polynomial over F, with s coefficients prescribed for ¢ large enough.
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