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1. Introduction

Throughout this paper S will denote a given monoid and R a given ring with unity. A
set A is a right S-system if there is a map <j>:A x S-+A satisfying

and

for any element a of A and any elements s, t of S. For <t>(a, s) we write as and we refer
to right S-systems simply as S-systems. One has the obvious definitions of an S-
subsystem, an S-homomorphism and a congruence on an S-system. The reader is
presumed to be familiar with the basic definitions concerning right R-modules over R. As
with S-systems we will refer to right R-modules just as R-modules.

A number of papers have been published which classify monoids by properties of
their S-systems, for example [3], [4], [6]. Many of the properties considered are
inspired by the corresponding work in ring theory. In a previous paper [5] the author
introduced a new concept of a coflat S-system, the definition used being a non-additive
analogue of that of a coflat module, as in Proposition 1.3 of [2]. Proposition 3.3 and
Corollary 3.4 of [5] together give a characterisation of a coflat S-system in terms of the
existence of solutions of certain consistent equations. This suggests it might be of
interest to study the connections between coflat and divisible S-systems.

It is easy to characterise monoids over which all S-systems are divisible. This we do
in Section 2. We then give a detailed construction of a divisible S-system A containing
any given S-system A. This construction enables us to classify those monoids for which
all divisible S-systems are coflat. In an ensuing paper we generalise this method in order
to characterise monoids over which all coflat S-systems are weakly /-injective and
monoids over which all weakly /-injective S-systems are weakly injective.

The connections between injectivity and divisibility properties of /^-modules have
been well-researched (for example, [8]). In the last section we classify those rings R for
which the notions of a divisible R-module and a weakly p-injective R-module coincide,
using similar methods to those of Section 2.

The relevant definitions for S-systems may be found in Section 2 and for R-modules
in Section 3.

187

https://doi.org/10.1017/S0013091500028261 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500028261


188 VICTORIA GOULD

I would like to thank Dr J. B. Fountain for several particularly helpful suggestions
with regard to this work.

2. Divisible S-systems

As stated in the introduction, S will denote a fixed monoid. We remind the reader
that an element s in S is left (right) cancellable if sa = sb (as = bs), for any elements a, b of
S, gives that a = b. Then an S-system A is said to be torsion free if, given any elements
a, b of A and any right cancellable element s of S, as = bs implies a = b. If A = As for any
left cancellable element s of S, then A is divisible.

An S-system A is weakly (/—,/>—) injective if, given any diagram of the form

where / is a (finitely generated, principal) ideal of S, i:I-*S is the inclusion mapping and
0:1-*A is an S-homomorphism, then there exists an S-homomorphism {//:S^A such
that

commutes.
We now give the definition of a coflat S-system, proposed in [5].
An S-system A is coflat if, given any elements a of A and s of S with a $ As, there exist

elements h,k in S such that sh = sk but ah^ak.

Proposition 2.1. The following conditions are equivalent for an S-system A:

(i) A is coflat,
(ii) A is weakly p-injective,
(iii) if the equation a = xs, where aeA and seS is soluble in some S-system B containing

A, then it has a solution in A.

This result follows from Proposition 3.3 and Corollary 3.5 of [5].
Let A be an S-system, aeA and seS, where s is left cancellable. It is immediate from

Lemma 3.2 of [5] that the equation a = xs has a solution in some S-system B containing
A. Hence, if A is coflat, then a = bs for some be A and it follows that A = As. Thus we
have proved
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Proposition 2.2. / / A is a cqflat S-system then A is divisible.

The next result is equally straightforward. Before stating it we recall that an element s
of S is left (right) invertible if there exists an element s' of S such that s's = 1 (ss1 = 1).

Proposition 23. The following conditions are equivalent for the monoid S.

(i) all right S-systems are divisible,
(ii) all right ideals of S are divisible
(iii) S is divisible (as an S-system),
(iv) left cancellable elements of S are left invertible.

Proof. (i)=>(ii)=>(»0- Clear.
(in)=>(ii;). Let seS be left cancellable. Then as S is a divisible S-system there exists

an element s' of S with 1 = s's. Thus s is left invertible.
(iv)=>(i). Let a be an element of an S-system A and let s be a left cancellable element

of S. From (iv) there is an element s' of S with 1 = s's. Then

a = al=a(s's)= (as')s.

Hence A = As and A is divisible.
In Theorem 2.2 of [6] Knauer and Petrich show that all right S-systems are torsion

free if and only if all right cancellable elements are right invertible. Hence

Corollary 2.4. All right S-systems are divisible if and only if all left S-systems are
torsion free.

For an S-system A and a subset H of Ax A we denote by p(H) the congruence
generated by H, that is, the smallest congruence v over A such that H s v.

Lemma 2.5. [10]. The ordered pair (a,b) is in p(H) if and only ifa = b or there exists a
natural number n and a sequence

a=cltu dlti = c2t2,...,dn-1ttt-1=cntn,dntn = b,

where tu...,tn are elements of S and for each ie{l,...,n} either (c;,d.) or (dhc^) is in H.

A sequence as in Lemma 2.5 will be referred to as a p(H)-sequence of length n. For
any congruence p on A, the set of congruence classes of p can be made into an S-
system, with the obvious action of S. We write A/p to denote this S-system and [a]p , or
simply [a] where p is understood, for the p-class of an element a of A.

We say that an element s of the monoid S is almost regular if there exist elements
r, r! , . . . , rm, s!,. . . , sm of S and left cancellable elements c , , . . . , cm of S such that

(AR)s = srsucisi = risi+u(i=l,...,m-l),cmsm = rms.

If seS in regular, then taking m=l, sl=s, cl = rl = l and r = s' for some inverse s' of s
it is clear that s is an almost regular element. However, we note that non-regular
elements may be almost regular. For example, a left cancellable element s of a monoid
need not be regular but putting m = l, r = s , = r 1 = l and ct = s one sees that s is almost
regular.
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If all elements of S are almost regular, then we say that S is an almost regular
monoid.

We make immediate use of the above ideas in the next proposition, which classifies
those monoids for which the notions of a divisible S-system and a coflat S-system
coincide.

We point out that in view of the remarks above, all regular monoids and all left
cancellative monoids have this property.

Proposition 2.6. All divisible S-systems over the monoid S are coflat if and only if S is
almost regular.

Proof. Assume that S is an almost regular monoid. Let A be a divisible S-system
and 6:sS-*A be an S-homomorphism from a principal right ideal sS of S to A. By
hypothesis s is an almost regular element and so there exist elements
r,rl,...,rm,sl,...,sm of S and left cancellable elements c1,...,cm of S satisfying (AR).
Then

and as A is divisible, 0(sr) = a1cl for some element at of A. Hence

Again by the divisibility of A there is an element a2 in A such that alr1=a2c2. This
gives

0(s) = (a2c2)s2 = a2(c2s2) = a2(r2s3) = (a2r2)s3.

Continuing in this manner we obtain

0(s) = ajcmsm) = am(rms) = (amrm)s.

Hence 9 is given by left multiplication with an element of A; it is easy to see from this
that A must be weakly p-injective. Thus A is coflat by Proposition 2.1.

To prove the converse we begin by detailing a construction of a divisible S-system A
containing an arbitrary given S-system A.

First we let C be the set of left cancellable elements of S and define 2,0>F0,K0 and
Ax as follows:

Fo is the free S-system on the set {xo:<TeZ0}, that is is Fo= [J xaS,
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Suppose now that alta2eA and [aj] = [a2] in Al. Thus al=a2 or ax and a2 are
connected via a p(K0)-sequence, which it is easy to see must be of even length. If

al=bltl, dltl=b2t2 d2t2=a2

is a p(/C0)-sequence, then b^A and dl=xac for some cr = (c,fc1)eZ0. Thus b2 = xac and
d2 = bl. From dlti = b2t2 it follows that ct1=ct2 and so t1 = t2 as c is left cancellable.
Hence

We now choose neM, «>0 and make the induction assumption that if mi,m2 are
elements of A connected by a p(/C0)-sequence of (necessarily even) length less than 2/i,
then nti =m2.

Suppose that
al = bltl, d1tl = b2t2,...,d2nt2n = a2

is a p(/C0)-sequence connecting at and a2. As above, a1 = d2t2 and so

is a p(/C0)-sequence of length 2(n=l) connecting al and a2, thus a ! = a 2 by the
induction assumption. Hence A is embedded in At and we may identify the element a of
A with the element [a] of Ax.

In a similar manner one constructs a sequence / ^ S / ^ s X j S ••• using £1,£2>--->
Fl,F2,... and K j , / ^ , . . . where £,, Ff and K, are defined using ,4, in the same way that
So, F o and Ko are defined in terms of A. Although 1LOS'Z1 E ... at each stage we choose
a basis for Ff which is disjoint from the bases used for F o ,F i , . . . ,F i _ l . For ease of
notation we make the convention that for nef^J the p(/Cn)-class of an element a of
An u Fn will be denoted by [a]n.

Now put A = \JieNAb where Ao is identified with A. We claim that A is divisible.
Let aeA and ceC. Then deAn for some neN and so <7 = (c,a)eZn and (yac,a)eKn,

where {ya:ael,n} is the basis for Fn. In An+l,

Now [yo]n is an element of An+l and hence of A. Thus A is a divisible S-system
containing A.

We now assume that all divisible S-systems are coflat. Let s be an element of S. We
wish to show that s is almost regular.

The S-system IS is divisible and hence is coflat by assumption. Thus the inclusion
mapping v.sS-*sS can be extended to an S-homomorphism \p:S-*sS. This gives that

Now ^(l)e(sS)n for some neN. If « = 0 then s is a regular element, hence s is almost
regular. Thus we may assume that n ^ 1.
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192 VICTORIA GOULD

From the construction of (sS)n, tff(l) is either of the form ^/{}) = [zvrn\n_l where
v = (cn,an_1), v e l , . ! , rneS and {zv:vel, . i} is the basis of Fn_u or the form I/>(1) =
[Wn-iL-i where mn-le(sS)n-1. In this latter case we note that T=(1 ,m n ^ 1 )e l . n - 1

and so </'(l) = [xt]n_1, hence we may assume that •/'(I) is of the first form.
Thus [s]n_i =[z(7rns]n_1 for some ff=(c,,a,_1)el,.1 and rneS. As s^zarns there is a

zarns = bltl, dlt1 = b2t2,...,dptp = s

connecting zorns and s in (sS)n-r uF n _ j . Hence fc1=z(Tcn and so rns = cntl. Further,
d1 = an_l and as an-i*i, s are both in (sS)n_1 and any two p(Kn_ ^-related elements
in (sS)n_! are equal in (sS)n-U it follows that an_1f1=s.

Either «=1 and so an-t=sr for some reS, or n> l . In the latter case we obtain as
above an_2e(sS)n_2, t2, r^^S and c , . , eC such that r ^ ^ c , , ^ , an_2£2 = s.
Clearly we may continue in this manner to obtain s = aotn where aoesS and tneS. Thus
s = srtn for some reS. Then by putting fi=sn, t2 = sn_!,...,tn = S! we see that s is almost
regular.

Corollary 2.7[7]. All S-systems of the monoid S are coflat if and only if S is regular.

Proof. If S is regular then as noted above, S is almost regular and so all divisible S-
systems are coflat. Let s be a left cancellable element of S. Then s = ss's for some s' e S,
hence 1 =s's and s is left invertible. Proposition 2.3 gives that all S-systems are divisible,
hence all S-systems are coflat.

Conversely, assume that all S-systems are coflat. By Proposition 2.2, all S-systems are
divisible and so by Proposition 2.3, left cancellable elements are left invertible.

Let seS. Since all divisible S-systems are coflat, s is almost regular. Let
r,rl,...,rm,s1,...,sm be elements of S and let c1,...,cm be left cancellable elements of S
satisfying (AR). For ie{l,...,m} choose c'teS with c;c, = l. Then sm = c'mcmsn = c'mrms and
for ie{l,...,m — l}sl = c'lrlsi+l. Now

and so s is regular.

3. Divisible /?-modules

The definition of a weakly (/-, p-) injective R-module corresponds directly to that of a
weakly (/-,p-) injective S-system. However, the notion of coflatness in i?-modules
coincides with that of weak /-injectivity [2] and not with weak p-injectivity as in the
semigroup case. Further, every weakly injective /^-module is injective [1], whereas this is
not true for S-systems. Finally, an R-module M is divisible if M = Mr for every non
zero-divisor r of R.

The relations between the above properties of /^-modules have been extensively
investigated. In [8], Ming considers rings for which the properties of divisibility, weak
p-injectivity and injectivity coincide. The proof of Proposition 2.6, in particular the
construction of a divisible S-system A containing any given S-system A, suggests that a
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similar method might be used to obtain an elementary characterisation of rings over
which all divisible R-modules are weakly p-injective. Such a characterisation is obtained
in Proposition 3.3.

First we have the straightforward analogues of Propositions 2.2 and 2.3.

Proposition 3.1 [8]. If M is a weakly p-injective R-module then M is divisible.

Proposition 3.2. The following conditions are equivalent for a ring R.

(i) all right R-modules are divisible,
(ii) all right ideals of R are divisible,

(iii) R is divisible (as a right R-module),
(iv) non-zero-divisors in R are left invertible.

A ring R is Von Neumann regular if the multiplicative semigroup of R is regular. We
shall refer to Von Neumann regular rings simply as regular rings.

We now state the analogue of Proposition 2.6.

Proposition 3.3 The following conditions are equivalent for a ring R with set of non-
zero-divisors C:

(i) all divisible R-modules are weakly p-injective,
(ii) for any element r of R there exist a positive integer n and n finite sets

of elements of R and n finite sets

of elements of C such that if IJ = Rsjl+•••+RsjiP(j) (j=l,...,n) and In + l=Rr,
then

(a)

(b) cjksjk e Ij+! (; = 1,.. . , n; k = 1,.. . , p(j)).

Before giving the proof we make some comments on this result. If r is a regular
element of R, then putting n = l , p(l) = l, stl=r, clt = l, one sees that r satisfies
conditions (ii) above. As in the semigroup case, a non-regular element may satisfy (ii).
For if ceC, then taking n = \, p(l) = l, s u = l, clt=c we have that c satisfies (ii). Thus
all non zero-divisors satisfy (ii).

We now prove the propostion.

(ii) =>(«')• Let M be a divisible /?-module and let 6:rR-*M be an J?-homomorphism
from a principal right ideal rR of R to M. By assumption there exist neN and finite sets
of elements

of R, C respectively, satisfying the conditions of (ii).
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We have rerI1=Rsll+ ••• + Rst>p(1) and so there are elements rl,...,rHl) of R such
t h a t r = rr1sll + ••• + rrp(l)slpil). S ince M is divisible, for a n y ke{l,...,p(l)} t he re is a n
element m l t in M such that 8(rrk) = mlkclJi. Thus

0(r) = 0(rr1)s11+ ••• +0(rrp(1))s1-p(1)

= Z mi.*ci,*si,f
fc = l

Now /2 = Ks21 + •• +/?s2 p(2) so using (b) there are elements uk, of R, fce{l,...,p(l)},
/e{l,...,p(2)} such that for fce{l,...,p(l)},

Cl,kSl.k = Uk, 1S21 + • " +Ufc,p(2)S2,p<2)-

Then
Pd) P(2)

6(r)= Y, mlik X M*,,S2,/
*=i 1=1

Pd) P(2)

= Z Z mUk"kjS2,l
ft = i ; = l

P(2)

= Z V2.lS2,l
1 = 1

for some t>2!,...,»2jP(2)eM.
Again using the divisibility of M, there are elements w21,...,m2p(2) of M such that

u2 , = m2>,c2>, for /e{l,...,p(2)}. Then

P(2) P(2) p(3)

0(r)= Z m2,iC2Js2j= Z m2,/ Z wi.*s3,fc
/ = i / = i * = i

for some elements wIJk of R,le{l,...,p(2)}, fce{l,...,p(3)}. It follows that there are
elements z 3 1 , . . . , z3>p(3) of M with

P(3)

Z

Clearly we may continue in this way to obtain

Pin)

8(r)= Z Xn.k*n,k
k=l

for some xnl,...,xnMn)eM. Then there are elements mnil,...,mn<p(n) of M with xnk =
w n, t c n ,k ' fce{1, . . . ,p(n)} . This gives that
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But for ke {!,...,p(ri)}, cnksnk = tkr for some tkeR. Hence

k=l

Thus 6 is given by left multiplication with an element of M. It is then easy to see that
9 can be extended to an R-homomorphism \j/:R-+M. Since rR and 8 were chosen
arbitrarily it follows that M is weakly p-injective.

(i)=>(ii). We parallel the proof of Proposition 2.6 by constructing a divisible R-
module M containing an arbitrary given R-module M.

Let I.0 = CxM and let Xo = {xa:ael,o} be a set in one-one correspondence with S o .
Let F o be the free R-module on Xo and put G0 = M@F0. Now let Ho be the R-
submodule of Go generated by Ko where

Finally, put M1 = G0/H0.
We claim that M is embedded in Ml. Suppose that mi,m2eM and ml+H0

Thus m1—m2eH0 and so either m! =m2 or ml — m2 can be expressed as

where ^^(c.-.a^eEo^.-eRXlO}, l^i^n. Hence

m1-m2= X x c / , -

and as C j , . . . , ^ are cancellable, c,r,=/=0 for i e{ l , . . . , «} . Clearly this is impossible. Thus
m1 = m2 and <p:M-fMl defined by <p(m) = m + H0 is an embedding of M into M,. We
will identify the element m of M with its image <j>(m) in M t and consider M as an R-
submodule of M t .

In a similar manner one constructs a sequence M J S M J S . . . using E 1 , Z 2 i - >
F 1 , F 2 , . . . , G 1 , G 2 , . . . , K : 1 , A : 2 , . . . and H^Hz,... where £,-,F;,G,,K, and H; are defined
using M, in the same way that Zo, Fo , Go, X o and / / 0 are defined in terms of M.
Although I o e E , . . . , at each stage we choose for the basis of F, a set of symbols
{ya:ael.i} not occurring in G0, . . . ,Gi_1 .

We put M = \jF=0Mi where M0 = M. Then M is an R-module containing M, further
we claim that M is divisible. For let ceC and meM. Then meM n for some neN and
so u=(c ,m)e l n . Thus yac — meKn where {j^iaeE,,} is used in the construction of Gn.
Now in M B + 1 we are identifying m with its image m + Hn and so

As y^ + HneM.+j and Af n + 1 sM, we have shown that A? is divisible.
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Now let R be a ring with all divisible ^-modules weakly p-injective. Let reR and
form the divisible /^-module rR containing rR as above. By assumption rR is weakly
p-injective and so there exists an /?-homomorphism ij/:R->rR~ such that

7R

R « rR

commutes, where v.rR->R and x:rR->7R are-the inclusion mappings. Thus

By the construction of rR, either \j/(\)erR or \j/(\)e(rR)n for some MEN\{0}. In the
former case it is clear that r is a regular element and so (ii) holds for r.

Suppose then that i//(l)e(rR)n where n>0. We note that we may assume that r^O,
since 0 is a regular element of R. From the construction of (rR)n, i/'(l)=gn_1 + f/n_1 for
some gn-i eGn_l. Now in (rR)n we identify r with its image r + Hn^t and so

giving that gn^lr-r
Suppose that {za:ae'Ln_l} is the basis of Fn_x used in the construction of Gn-t. Then

1 = 1

for some f{n)eN, mn.l e(rR)n_u ru...,rf(n)eR and distinct ol,...,omeT,n-1.
However, if <7 = (l,mB_1) then

I!

Thus we may assume that gn_ j has the form

m
gn-l~ L Z"ir'

i = l

for some f(ri)eM,rl,...,rmeR and distinct a1,...,ffy(B)eZn_1.
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We have gn_1r — reHn_l and //„_! is generated by Kn^.u hence

p(<0

8n-if-r= Z (zvk
cn,k-mn-i,k)sn.k (!)

k=l

for some p(n)eN, sn keR and distinct vk = (cnik,mn_lk)e'Ln-l, ke{l,...,p(n)}. Thus

/(n) p(n) p(n)

£ Wir~r = Z Zv/n,kSn,k- Z ""»-l,A,*-
i = l * = 1 * = 1

Now Gn_1=(r/?)B_1®Fn_1 so that

<&> .r = L m»-i,*sB,*
* = i

and

/(n) P(n)

Z 2a/.'r= Z Zv/n.fc .̂f

As r^=0, snt^=0 for some fce{l,...,p(n)} and so from considering the form of (1) we
may assume that snkj=0 for all fce{l,...,p(n)}. Hence cnksn-k^0 for all fce{l,...,p(n)}.
This gives that /(n) = p(«) and for ke{l,...,p(n)} we have that cnksn,keln+l where
/ n + i = ^ .

If n = l then there exist au...,ap(1)eR with mn_l k = rak for fee{l,...,p(l)}. Then

' • = ' •

so that rerli where 71=i?s11H +Rslpa) and r satisfies (ii).
Otherwise, n > 1 and

P(n)

Z

where mn_1>t + HI1_2 = mI1_lilk, fce{l,...,p(n).}. Thus

P<»)

Z ™.-l,A,l-
k l

For fcs{l,...,p(n)}, m , . u e G , - 2 and as above we may assume that

Hk)

Zmn-l.*= Z
i= 1

where h(k)eN, pk ,eEn_2, rtji6/?,ie{l,...,li(fc)} and {yp:peZB_2} is the basis of Fn_2
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P(n)

used in the construction of Gn_2. Further, we may express Z mn_l ksn k —r as

pin) rtn-1)

where p(n— l )eW, s B _ l i l , . . . , s l l _ l i P ( n _ 1 ) 6 / ? and fil,...,np{n_1) are distinct elements of
S n _ 2 , where nj=(cn-lj,mn_1), je{l,...,p(n— 1)} and as above we may assume that
s , - i d ^ O for all y e { l , . ' . . , p ( B - l ) } . Thus

*<*) P(n-l) P(n-l) _

Z Z >V4,'"MSn,*-r= Z ^ C
n - l , A - l , J - Z ™«-2.jS»-l.j-

fc = 1 i = l ' j=l ' j=l

Then

p(n-l) _

J = l

Also, for any je{l,...,p(n— 1)}

where

Clearly we may continue in this way to obtain

where b1,...,fcp(1)Eri?. Then there exist du...,dpn)eR with bk = rdk, fce{l,...,p(l)} so
that

p(D

'•= Z rd*si,*

* = 1

hence rerlt where

and so (ii) holds.

Corollary 3.4[8]. / / R is an integral domain then all divisible R-modules are weakly p-
injective.

Corollary 3.5[9]. The ring R is regular if and only if all R-modules are weakly p-
injective.
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Proof. If J? is a regular ring then it follows as in the case for monoids that all R-
modules are weakly p-injective.

Conversely, assume that all 7?-modules are weakly p-injective. By Propositions 3.2
and 3.3, the non zero-divisors of R are left invertible are R satisfies condition (ii) of
Proposition 3.3.

Let reR. Then there is a positive integer n and n finite sets

{s , . , ! , . . . , s i i P ( 0 }

of e l e m e n t s of R a n d n finite sets

{Cf,!,.. . , c i i j K 0}

of n o n - z e r o - d i v i s o r s of R , sat isfying c o n d i t i o n (ii). F o r je{l,...,n} a n d Ice {I,..., p(j)},

cj,ksj,kelj+l

and as cjk is left invertible, 1 = c} kchk for some c'jkeR, giving

Hence for j e {1,..., n},

Ij = RsjA+---+RsjiPU)

Thus

r e r / j c r ^ c - SrIn+1=rRr,

giving that r is regular.
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