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AN INTEGRAL REPRESENTATION OF A |69 AND
CONTINUOUS BI-ORTHOGONAL ,,6, RATIONAL
FUNCTIONS

MIZAN RAHMAN

1. Introduction. One of the most remarkable g-extensions of the
classical beta integral was recently introduced by Askey and Wilson [1]
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X = 2h,, say,
(bd; q)oo(cd; @)oo

where |g| < 1 and the pairwise products of {a, b, ¢, d} as a multiset do not
belong to the set {¢/, j = 0, —1, —2,...}. The contour C is the unit circle
described in the positive direction, but with suitable deformations to
separate the sequences of poles converging to zero from the sequences of
poles diverging to infinity. The symbol (4; ¢q),, 1s an infinite product
defined by

(o)

(12) 4 9 = 11 0 = 4"

k=0

whenever it converges.
Under the stronger condition

max( |al, [bl, ||, 1dl) <1
(1.1) reduces to a real integral
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where

(1.4)  h(x;a) = H (1 — 2aqu + a2q2/‘)
k=0

= (@€; g)olae " q)ory x = cos 0.

Ifweseta = —d = /g, b=q"" c=—¢P""in(1.3) and take the
limit ¢ — 1— then it is easy to see it reduces to the beta integral
2a+/3+lr(a + DB + 1)

Ta + B+ 2)

1
(1.5) f‘] (1 — x)%(1 + x)Pdx =

once we have made use of Jackson’s g-gamma function

(4; 9o

X

(1.6) T (x) = (1—g' "

q
5 @)oo

and the property that
I(x) = lim T (x).
b
Askey and Wilson [1] also showed that the polynomials
z+ 2z}

[q_", abedq" ', az, a/z
2

(1.7) Pn( pa, b, c d) = 493 > 4, ‘1]

ab, ac, ad

are orthogonal with respect to the complex weight function defined in
(1.1), ie.,

1 z 427!
].8 - f. (___—_; 9’ b’ bl d)
e S e

4!
X Pnz(%—; a, b, c, d)f(z)dz = 28»1.nhn’

where
bed 2

(CI C : q)”(l o abcdq"" l)
1.9y h = hy |—2

(¢; 9),(1 — abed/q)(cd; q),

|
» (ab; q),(ac; ), ad; q), —>,
a

(bd; q),(bc; q),

and
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7 g)
(1.10) f(z) = =
A —
7% oo
(b/z Dool€Z) Qoo 25 @)old2; @)ool d/ 25 @)
with

(L11)  (4; q), = (45 9)oo/ (A" @)oo

The basic hypergeometric function on the right hand side of (1.7) is
defined by the general formula

ap. a q < (a5 9), - (a1 9
(1]2) r+l¢[ PP 20w ee r+];q,Z]= 9y - - - 415 4 Z”
...,b, n=0 (q; ), (b5 q), - .. (b, q),

whenever the series converges.
In [4] Nassrallah and Rahman found the integral representation

h(x; T)d

I
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_ Arp; §)oApro; g)o,
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where
(1.14)  w(x; A, p, v, p) _
_ (= X)) " h(e D —Dh(s — V@h(xs —V/9q)
27 h(x; Mh(x; ph(x; v)h(x; p)
(1.15) - max([AL, |ul. v, Ipl. lpol ) < 1,

)

and the open square root is taken to be the positive root over the
top left hand parameter Wthh in this case, is )x,uqu ' If we take
A = Vg pn = ¢y = —qB+”, r = oq" and take the
llmlt q — 1— then (1.13) reduces to Euler’s integral formula for a ,F,
namely,

v, a + 1 ]

(1.16) 2F|[ B+
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- e+ B+2)
CT(a + DB + 1)

1
/O x%(1 — x)’(1 — xo) Vdx.

However, there is another important limiting case of (1.13) that
the authors failed to point out in [4]. Let us replace A, p, », p, 0, 7 by
g, g", ¢", q°, ¢° and q", respectively, and, more importantly, replace ¢?in
the integral by ¢™. If we now take the limit 4 — 1—, use (1.6) and
simplify, we obtain

(117 - foo g FOH BT = 0T + b — ix)
2 ST L(Qix)T(— 2ix)

v I'(v + ix)['(v — ix)I'(p + ix)['(p — ix)['(oc + ix)[(o — ix)
I'(r + ix)I'(r — ix)

3 2N + WA + T + p)IT'A + o)[(n + »)['(p + p)
B A+ Dl + D@ + DTN + p + v + p)

><F(u+o)F(v+p)F(v+o)F()\+u+V+7)
[A+p+v+o)

AMu+rv+7+1
AMup+v+71—1, a ,

2
X .F
Adtptrtr—1
5 ,
AMpA+vpt+rv,r—0,7—0p 1

v+ ru+r A+ A+tptrvt+toA+tptr+op

provided Re(A, p, v, p, 0) > 0. Integral representations of ;F in terms of
Mellin-Barnes type integrals are well-known (see, for example [2, p. 44] ),
but representation as a real integral seems to be a new result. One can see,
of course, that in the special case 1 = p or o (1.17) reduces to Wilson’s [6]
result.

The first objective of this paper is to consider the special case of (1.13)
when the g¢,; becomes a (¢5 and exploit the result to obtain an integral
representation of a very well-poised and balanced |,¢y. The second
objective is to generalize (1.7) and (1.8) and find a continuous analogue to
Wilson’s [7] bi-orthogonal ;¢4 rational functions in a discrete variable.

2. An integral representation of a |;¢y. In (1.13) let us set 7 = Aurpo.
Then the ¢¢, series becomes a (¢5 which is summable by [5, (IV.7), p. 247].
Using this sum and simplifying we obtain
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1
2.1 ,/—1 v(x; A, w, », p, 0)dx

_ (Aprp)oo(Ar0) o (App) o (Arpo) o (1¥po)
(Do M) o A?)s6(A0) oA o (1) o010 ) (100 (PP) (¥ ) oo (PO o

= 8o, S4ay,

where

(22)  v(x; A, 1, v, p, 0)

B ] h(x; Auvpo)
= w(x; A\, m, v, p)—h(x; 2
_ (L= X" k(s DA — DA V@h(xs — V@h(x; Aupo)
B 27 h(x; Mh(x; wh(x; v)h(x; p)h(x; o) '

Note that in (2.1) we have used (a),, to mean (a; q)., for the sake of
printing economy. Since we shall be using the same basic ¢ all through we
shall continue to use this shorthand notation throughout the rest of the
paper. A sufficient condition for the existence of the integral in (2.1) is

(2.3)  max([Al, lul, 71, lol, lo] ) < 1.

However, if one or more of the parameters exceed 1 in numerical value but
the pairwise products of {A, u, », p, 7} as a multiset do not belong to the set
{¢’, j = 0, 1, 2,...}, then (2.1) must be replaced by the complex
integral

1 (D)eolz Dol AB2p02),,
/A

Q4 —
271 7€ (A2) oo M 2)o B2 oo/ 272 o

(Aurpo/2)e, dz
(72)0o(02)oo(P/ 2 )oo(02) (072 ) 2

— 2g0’

where C is essentially the same contour used in (1.1).

One can easily see that if any one of the parameters is equated to zero,
(2.1) reduces to (1.3) while (2.4) goes to (1.1).

Since (2.4) is more general than (2.1) we shall henceforth be working
with (2.4) and will indicate, whenever necessary, special results corre-
sponding to (2.1).

Leto —0q",r =0,1,2,....Since
(406G )oo = (A0)o/(A0),, (do0), = (Aa; q),,
(2.4) gives
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(2.5) "1—.,/;3(2) (02)(0/2),

2ri (Apvpoz) (Apvpo/z),
_ (Ao)(po),(r0),(p0),
* (Awro),(\po),(Avpo), (urpo),
where
2N D)olz Do Aurpoz),,
(26) g(z) =

(A2) oA/ 2) o012 Yoo B/ 2 )ool2 oo
(Apvpo/z).,
(7 2)o( P2 oo P/ 2 )oc02)ocl 0/ 2 ).
Let us multiply (2.5) by

Awpa’q D1 — Murpa’q™ YABIC),
(@)1 = Awpa’q ~ YAurpo®/ 4) (Awpa®/ B) (\uwpo®/ C),

x| < 1,

and sum over r to get

Aurpotq g\ —q\ oz,
V., —V ., Awrpo/z,

O/Z, A, Bv C
Apvpoz, A,uvpor2 )\;wp02 proz )

> > °

A B C

Murpo’q ' g\ —q\/, Ao, po. o,
V. —\/ . prpo, Avpo, Appo,

po, A, B, C
Auva, )\,pra2 waoz )\,prcr2 2 q, x|,

) B

A B C

1
2.7) 2—771‘/('ng(2)3¢7

g, x

= 28y 109y

where 4, B, C are arbitrary parameters, real or complex. This, in itself, is
of not much interest unless the series on both sides are balanced.
Accordingly we set

x =g and C = (Aurpo)’/ABq.

We may now write down a second such formula by rearranging the
parameters in such a way that the two z¢, series can be connected by
the non-terminating form of Jackson’s theorem [5, (IV.15), p. 248]:
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a,q\Va, —q\Ja, b, ¢ d e [
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L (bq/¢)oo(bq/ d)o(bq/ )b/ [ )0 @9) o)
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(D)ool €)oo S oob/ @)oo
(aq/c)oo(aq/ d)o(aq/ €)oo(aq/f)oo(@/ b) o
b*/a, gb/\/a, —qb/\/a, b, bc/a, bdla,
b/~\/a, —b/\/a,bq/a,bq/c, bq/d,
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bg/e, bg/f’ a

897

X 497

q

_(aq)oo(b/a)o(ag/ de)o(aq/ ce)olagq/ cd) sy
(a9/¢)o(aq/ d)o(aq/ €)oo aq/ [ oo be/ @)y

o 4/ o9/ df )oola9/ ¢f )oo
(bd/a). (be/a).(bf/a),,
where a’q = bcdef. A tedious but straightforward calculation then yields
1 [ dz (2P)olz” )osArpoz/ B)oo(Auvpo/ Bz ).,
271 Y€ 2 (A2)ooN 2o oo/ 2)eoP2 oo/ 2o

(2.9)

(ABqz/Apvpo)  (ABq/Apuwpoz ),

(P2)oo(P/ 2)o(02 )0/ 2 )00( Ai:];g ) OO(A;/ZOZ ) oo

()\,uvp) (}\;wpoz) (ABq) (ABq)
B /°\ B O\ Aprp / *® )\p,vpcy2 ©

Ag Aq
e Cy N (e
(Awrp)oo(Aurpo”) Mg )2\ Ngrpo?

X

= 2g

y Muvpa’q ' g\, —q\/. Ao, po, we, po.
109 V', —V/ . wpo, Avpo, Appa, Apve,
A, B, ?\z,uzvzpzoz/A Bg
}\;wpoz/A, A,uvpaz/ B, ABq/Apvp’ T4
(A0)oo(10)6(10) 000 oA G/ A0) oo (A G/ 16)
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+ 2gq
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(49/v0)o(Aq/p0)o(B)oo( 49/ B)oo

() (22 (22) w2,

Aupo Avpo wpo
(Awrpo®/Aq)o(A*q" / Nwpo?).,
2 ; Aq Aq Aq Agq
qA”/Aurpo”, 61\/_, *q\/i’ ‘u,vpo’ }\Mpd, AVPU’ M“’U,
Ao’ wvo' o po’ XNVPUZ’

X

A,

1099

Apwvp  ABgq
"B )\;wpoz )
BAZq2 Aq '

22 ole® B

q. 9

The left hand side is clearly symmetric in A, p, », p and o, so the right hand
side must also be. But this is precisely the content of Bailey’s [3] four-term
transformation formula for non-terminating ,,¢,’s.
If weset B=g¢qg ", n=0,1,2,...(.9) takes a particularly simple
form
I [ d: (2)oo(z D)oo Amrpoz),

2.100 — | =
271 7€ 2 (A2)oof M 2 )12 oo/ 2 Do #2 Yocl P/ 2 )

(Awrpo/z),,
(P2)oo(0/2)00(02)oo(0/ 2 )

« (Aprpoz/A),(Apvpe/Az),
(Aprpo/z),(Aprpoz),
(Auvp/ A )n(?\,u.lqoo2 /4),
Aurpa®), (Awvp),

X o Mwpo’q g/ =g/, Ao, po, wvo, po,
10 V. —\/ . prpo, Avpa, Aupo, Apvo,

2.2 2 -
p }\2ij p702qn 1 .
’ A
A 1—n
Aurpa’/ A, }\q , Aprpoq"
pvp
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The left hand side can be reduced to a real integral if

max( [l, [pl, 21, lol, lo] ) < 1

1 /! d
@y — | ——
2m V1 — %
« h(x; Dh(x; —Dh(x; V@h(x; —\/@h(x; Auvpo)
h(x; Mh(x; wh(x; vh(x; p)h(x; o)
% (Aprpoe'®/4 ).n(}\,uvpoef’:a/ A),
Arpoe %) (\urpoe’®),
_ (\wp/A),(Awpa®/A),
(Arpo’),(\urp),
« Awpo’q '.q\/. —q\/ . Ae. po, o, po
1079 V. —V . wpo, \vpa, Aupa, Ao,
4 A2 plg" ! g "
4 ’ ;4. q
)\,uvpaz/A, Aql_”/}\p,pp, }\pvp02q"
This, of course, reduces to (2.1) when 4 = 1 or n = 0. However, if

we set A = uwpo, then (2.11) becomes, via Jackson’s summation formula
[5, (IV.8) p. 247]

1 ! dx
212) - f_] —
« h(x; Dh(x; —Dh(x; V@h(x; — V@h(x; Awrpog”)
h(x; Ag")h(x; wh(x; v)h(x; p)h(x; o)

o 0,00,00),00,
0()\Vpo)n(}\upo)n(}\uvo)n(}\uvp)n’

which is valid provided the numerical values of all the parameters are less
than 1, and hence, is a special case of (2.5).

3. Biorthogonal rational functions. Let us define
z+ 27!

;A’ ’V’ ’0)
5 B v, p

3.1) R,,(
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— 00 | Nurpog ! gV . —q\/ . Avpo, Appo,
1099 wpoq \/_ _\/_’ A o,

Ao, Az, Nz, Awrpg" !, q "
Ap, A‘UVPU/Z, A‘U,VPUZ, Aoq]*H’ }\2‘U,Vp0q" ’ Q» q
and
gt
(3.2) S,,(Z—zi—; A, v, p, o)
Na, g\, —q\/ ,q/po, q/ve,q/ps, Az,
= 1099 Vo, =V, A An Ap.gloz,
Nz, }\,prq"fl, g " 0 d
gz/0,q> "/uvpo, Ng" /e T

Note that

4]
(3.3) lim R”(Z——z—z—; A, ov,p, a)

0—0
. + 27!
= lim S,,(E——Z—; A p, v, p, o)
6—0 2
z 4z !
= p,,(-———2—*—; A g v, p)

~1 ~1
defined in (1.7). We shall prove that Rn(iz—z—) and S,,(L—%Z——)

are biorthogonal with respect to the complex weight function g(z), i.e.,

1 + 271 + 27!
(B4 — CR,,(Z 22 )S,,,(Z 22 )g(z)dz:o, itm # n

2mi

By Jackson’s transformation [2, p. 68]

z 4z}

PN M, Y, ,o)
5 w. v, p

3.5) Sm(

_ (Aq/0),,(\vpa/q),,(10), (1), wo. gV . =g\, q/\e,
(14/0),,(1wp0/ ), (Ap),,(Ap),, 'O VA RVARED VA

C[/VU, ([/pO, nz, ,lL/Z, }\#qum*l’ qim .
Av,  pp,q/oz,qz/o, q* "/ Avpo, pg" /o’ q. 4

Let
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1 / (z+z]) (z+zl)
3.6 = — R S dz.
( ) g”l,” 2771- C n 2 m 2 g(z ) z

Using the series in (3.1) and (3.5) we get

(nq/0),,(mvpo/q),,(Ap),(Av),,
(Aq/0),,(Avpa/q),,(1P), (1),

i & (Nurpo/ @)V (—aV s
k=0 /=0 O W=V e
o (wpo), (po) (Aol Mwpq” e ")
A ) A0 (Aog' ") (N urpog™),
v W/ o) gV )(—aV ),

@ )=V

(9/\0),(q/va),(q/ po)(Apvpg™ (g ™™, JL
) () () (@ "/ Avpo), (ug™ T /o), TR

(3.7)

m,n

where

e 1,- L [ (Doolz oo M#p02g" )
' S 2w I 2 (A2gR) oMK 2)oo(12q )oo(8 '/ 2)ee
(Awrpog*/z),,
(72)oo7/ 2)oo(PZ o0/ Do
1
X .
(OZ )oo(O/Z)oo(qZ/o)l(q/oz )1

Since

(3.9 (029 )o0qg ™/ 2)es
= (02)oo(0/2)ocl02g (0 112,
= (02)0o(0/2)oc(q/ 02 ) (g2/ 0) g~ Vo,
we get |
(3.10) I, = g1+
1 dz (DD)oolz” Do Mrpozq" ) Airpog* /2),,
27 Y€z (A2gM)oAg" )12 ) o191 2)e
X : — — .
(72)eo7/ 2)oel(P2 oo/ 2 )oo(020 ol 09 1720
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But the integral on the right is precisely the same as that in (2.4) with A, p

and o replaced by )\qk, pql and oq*’, respectively. Hence
g """V 2\wpg" T (Awrogt ),
(@DeoMg* " NosMrg" )osMpg" )osMog" e,
Apog" )oo(Arpog” ) (urpo),,
(179 )oo(1409)oo(10)co(70)oc(70G ocP0g )

(A (M) (A0) Ay 4
* (Ao, (Apo), (Arpo), (Mwwp)y

(), (o), (g ~*/Awpo),
(4/po)(q/v0)(q' /o),
Using this in (3.7) we get

(3.12) ¢, = zgo(“”)m(ﬂp)m(AQ/ 0),,(Avpo/q),,
(Ap),,(Av),(uq/0),(1rpo/q),,

& (Nprpo/ ) (aV )(—aV i
k=0 (‘I)k( f)k(_ \/7)1\'

M) Awrpg" D@ e«
urp)(Aog' ~"), (N *urpog™),

wo. g\ . —q\V . q/ho,  Aug",
Vo =V Mg M,

q' */\vpo, g™ "', g

Murpg®, ¢* =" /\vpo, pg

X g9y

—m

By Jackson’s summation formula,

(14/0),(Nproog* ), (v0),(a ),
AW, Areg®),(q" " /R0),,(Arpalq),,
which vanishes unless & = m. A little simplification yields
3.13) ¢,,=0ifn<m

and

3‘1’7[ ] =

Ag/ Avpo/
(314) ém,n — 2g0(’~"V)n1(nu‘p)m( q U)m( vpo q)m
(Av),,(Ap),.(11q/0),(uvpa/q),,
(Azﬂvpo)zm()\;wpq" —l i
(Aup),,Aag' "),
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(1q/0),(vp),(q 7"),;
), (Avpo/q), (N prpog"),,

< o }\2‘uypoq2m—]’q\/_’ _Q\/_, >\0,}\,u11pqm+n_l,
i Vo =V @ N, Neg! T,

m-—n

wims @ q| . ifn = m.

)\o)m

q
N urpog
Summing the last 4¢5 series as a special case of Jackson’s formula we
find that, forn = m
(1), (10 (PP)(AG/ 0) (g "),
(AP), (M), (N0),(Bp0/ ), (N rp0gq"),,

(Nwrpo)y, Awrpg" ),
(AH'VP)Zm(Aoq - n)m
1+m— n)

(3.15) &, = 28 Ao)”

% (Nproog®™), _,(q =

Aurpg®™™), Rog' "™,
l+m—n

which, because of the factor (g vanishes unless m = n. Hence

we have

(3-16) gm,n = 2g08m,n/Nn’

Dn—mo

where

_ Qg D@V )= aV ) A, ),
! @DV = VO, (10), (1),
o Qo)lwrpo/g), A"l
(Agq/ o)n(}\z,uvpa)n .
Note that (3.6) cannot be reduced to orthogonality on the real line

because of the factors (6zg '), (0gq !/z),, in the denominator of the
integrand in (3.10).

(3.17)

REFERENCES

1. R. Askey and J. A. Wilson, Some basic hypergeometric polynomials that generalize Jacobi
polynomials, Mem. Amer. Math. Soc. 54 (1985).

2. W. N. Bailey, Generalized hypergeometric series (Stechert-Hafner Service Agency, New
York and London, 1964).

Well-poised basic hypergeometric series, Quart. J. Math. (Oxford) /8 (1947),
157-166.

4. B. Nassrallah and Mizan Rahman, Projection formulas, a reproducing kernel and a
generating function for q-Wilson polynomials, SIAM J. Math. Anal. 16 (1985),
186-197.

3.

https://doi.org/10.4153/CJM-1986-030-6 Published online by Cambridge University Press


file:////XVpq
https://doi.org/10.4153/CJM-1986-030-6

618 MIZAN RAHMAN

5. L. J. Slater, Generalized hypergeometric functions (Cambridge University Press, 1966).

6. J. A. Wilson, Some hypergeometric orthogonal polynomials, SIAM J. Math. 11 (1980),
690-701.

7. private communication.

Carleton University,
Ottawa, Ontario

https://doi.org/10.4153/CJM-1986-030-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-030-6

