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Abstract

For isotropic incompressible hyperelastic materials the single function
characterizing generalized shear deformations or as they are sometimes
called anti-plane strain deformations must satisfy two distinct partial
differential equations. Knowles [5] has recently given a necessary and
sufficient condition for the strain—energy function of the material which if
satisfied ensures that the two equations have consistent solutions. It is shown
here for the general material not satisfying Knowles’ criterion that the only
possible consistent solutions of the two partial differential equations are those
which are already known to exist for all strain—energy functions. More
general types of generalized shear deformations for such materials are shown
to exist only for special or restricted forms of the strain-energy function.
In deriving these results we also obtain an alternative derivation of Knowles’
criterion.

1. Introduction

Generalized shear deformations which are sometimes referred to as anti-plane
strain deformations are characterized by a single function. For isotropic incom-
pressible hyperelastic materials this function must satisfy two generally distinct
partial differential equations. Knowles [5] has recently obtained a necessary and
sufficient condition which ensures that every solution of one of these partial
differential equations is automatically a solution of the second equation. There
are, however, many standard strain—energy functions proposed for rubber-like
materials (see, for example, [1], [2] and [3]) which do not satisfy Knowles’ criterion.
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130 James M. Hill [2]

The purpose of this paper is to investigate possible consistent solutions of these
equations for materials of the latter type. We show for the general strain-energy
function not satisfying Knowles’ criterion that the only possible solutions are
those which are known to exist for all strain—energy functions (namely those given
by (2.7)). More general types of deformations are shown to exist only for special
or restricted forms of the strain—energy function. In establishing these results we
also obtain an alternative derivation of the necessary and sufficient condition given
in [5).

In the following section we give the basic equations for generalized shear
deformations of isotropic incompressible hyperelastic materials. In Section 3 we
give an alternative derivation of the sufficiency of the criterion (2.8) due to
Knowles [5] which follows immediately from (3.9). For those materials not
satisfying Knowles’ criterion we use (3.9) in Section 4 to show not only the necessity
of (2.8) but also that the only generalized shear deformations which apply to all
strain-energy functions are those given by (2.7). In Section 5 we discuss briefly the
possibility of obtaining more general types of deformations for particular forms

- of the strain—energy function. The first case considered is interesting since the
restriction obtained on the strain-energy function is a generalization of that given
in [5]. Moreover, for this case the mathematical details can be effected in simple
terms so as to obtain an explicit form for the deformation.

2. Terminology and basic equations

For material and spatial rectangular cartesian coordinates (X, Y,Z) and (x, y,z)
respectively, static generalized shear deformations are given by

x=2A%X, y=A1Y, z=AZ+u(X,Y), .1

where A is a positive constant and u(X, Y) is a function of X and Y only. If for
isotropic incompressible hyperelastic materials we use the general equations given
in Hill [4] for the stress and strain tensors and the equilibrium equations, then for
(2.1) we can show in a straightforward manner that the basic equations for u(X, Y)

are given by
[$1(w) ux]x + (@) ur]y =0, 2.2.1)
gx = [po(w) ik ]x + [Po(@w) ux uyly, (222)
gy = [po(w) v ]y +[po(w) ux uy]x, (2.2.3)

where subscripts denote partial differentiation, g(X, Y) is related to the usual
arbitrary pressure function for incompressible materials and the function w(X, Y)

is defined by
w? =% +ul. 2.3)
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The response coefficients ¢,(w) and ¢,(w) are defined in terms of the strain-energy
function of the material 2(I;, I,) by

32 19% o

¢1( ) =+ 31 A (')I ’ ¢2( ) = 81 ’ (2'4)

where I; and L, are the invariants of the strain tensor of (2.1) which can be shown
to be given by

2 1 w?
L=X+5+e?, L= /\2+2/\+ (2.5)

and we remind the reader that the dependence of ¢, and ¢, on the constant A
will not be noted explicitly.

If we eliminate g(X, Y) from (2.2.2) and (2.2.3) by equating expressions for ¢ x
then we obtain

a2 ) 2 62
7777 40 =] = (5~ 573) B uxur] @6)

and this equation and (2.2.1) are the two partial differential equations which the
function u(X, Y) must satisfy. We remark that (2.6) is satisfied identically for all
strain-energy functions if u(X, Y) takes on any of the following forms:

() u(X,Y)=Atan"1(Y/X)+B,
(i) u(X,Y)=AX+BY+C, @.7)
(i) (X, Y) = $(X2+ ¥?),
(v) u(X,Y)=(4X+BY),

where 4, B and C denote arbitrary real constants and ¢ and i are functions of the
arguments indicated. We note that the deformations (i) and (ii) are controllable
while for the deformations (iii) and (iv) the functions ¢ and ¢ depend upon the
strain—energy function of the material. For all of the above deformations we can
always find a function g(X, Y) such that (2.2.2) and (2.2.3) are satisfied. Knowles [5]
has shown that a necessary and sufficient condition for every solution of (2.2.1)
to be automatically a solution of (2.6) is that the strain-energy function of the
material satisfies

$o(w) = Déy(w), (2.8)

where D is a constant which can depend upon A. In the following sections we show
for the general material which does not satisfy (2.8) that the only possible consistent
solutions of (2.2.1) and (2.6) are those of the form (2.7).
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It is convenient here to define the following functions,
S(w) = wdy(w), (2.9.1
g(w) = w? dy(w), (2.9.2)

and we note that since ¢,(w) is essentially the generalized shear modulus of the

material we shall assume throughout that f(w) is never zero for non-constant
U(X Y\ We shall also f‘rPnnenﬂv uge the function / lmf; \ which we define by

LA NToag 84 Yo Uvaiaw vy

(‘0) ¢2(w)
> 2.10
M) = ofw) = ) 210
and we mention that A(w) constant gives rise to Knowles’ criterion (2.8). In the
following section we show that (2.6) can be expressed in a form which enables
the sufficiency of (2.8) to be established directly.

3. Alternative derivation of the sufficiency of Knowles’ criterion
From (2.3) we can introduce the function 8(X, Y) such that
ux=wcosf, uy =wsind, 3.1

and on equating expressions for uxy we obtain
Bxcosf+0y sin0=-1—[wycos f—wy sin 0], 3.2)
w

In addition from (2.2.1) and (3.1) we can deduce

£(@)
0= Ty

where f(w) is defined by (2.9.1) and we follow the convention throughout that

primes denote differentiation with respect to the argument indicated. We now

use (3.2) and (3.3) in the forms given to express (2.6) in an alternative form.
Using (3.1) we see that (2.6) becomes

0y sin — 65 cos [wx cos 0+ wy sin 8], (3.3

g
axaay[g(“’)wszel (aifz 3,,2) [g(w) sin 2], G.4)

where g(w) is defined by (2.9.2). If we now rewrite (3.4) as

0

3X{3 Y[g(w) cos 28] ~3% [g(w) sin 20]}

83Y:3X[g(w) cos20] + [g(w) sin 20]}

=0, (3.5)

and perform the differentiations inside the brackets in (3.5) then on eliminating
the partial derivatives 0% and 85 by means of (3.2) and (3.3) we can show in a
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straightforward manner that (3.5) becomes

a?‘,{H(w) [wy 0820 —wx sin 28]+ g(w) ['f(((;) i] y}
+-a%—,{H(w) [wxcos20+wy sin260}—g(w )[‘;((a;)—-gl X} =0, 3.6)
where the function H(w) is defined by
H) = @)@ FE+ 1] 3.7

If we again make use of (3.2) and (3.3) then from (3.6) we obtain
H(w) [2wXY 00520+(wyy—wxx)sin20]
f (w) 2 .2 \ai =
+{H'(w)— H(w) ™) ) [2wxwy cos20+(wd —wk)sin20] =0. (3.8)

In terms of the function A(w) defined by (2.10) we see on using (3.7) that (3.8)
becomes

+h"(w) Rwx wy c0s 20+ (wd —w¥)sin260] =0, (3.9)

and this is the alternative form of (2.6) from which the sufficiency of the criterion
due to Knowles [S] can be deduced immediately. Evidently if the strain-energy
function of the material is such that A(w) is constant then (3.9) is satisfied trivially
and in this case for every solution of (2.2.1) there always exists a function ¢(X, Y)
such that (2.2.2) and (2.2.3) are satisfied. For further details of the case of h(w)
constant the reader is referred to [5]. In the following section we suppose that
h{w) is not constant and we show not only the necessity of (2.8) but also that for
the general material of this type the only consistent solutions of (2.2.1) and (2.6)
are those of the form (2.7).

4. The general material not satisfying Knowles’ criterion

In this section we suppose that #'(w) is non-zero and we remind the reader of
our assumption noted at the end of Section 2 that f{w) is never zero for non-
constant u(X, Y). If we use (3.1) to eliminate 6(X, Y) from (3.9) then we obtain

K (o) [wxyWk—u})+(wyy —wxx)Uxty)

+h"(w) [wx wpW) —ul)+ (0} —wi)uxup] =0. “.1)
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In terms of the Jacobian,

u, w) _
""—a( X,Y) Uxwy —Uy wx, “4.2)
we can show on using (2.3) that (4.1) becomes
o(u, ) ] [ o(u, w) ]
”Xax[h( Vx| T ar| P Wax | T * “.3)
From (2.2.1) we now introduce the function v(X, Y) such that
$(wux =vy, $(w)uy =—vx, 4.4
and we note that from these relations and (2.3) and (2.9.1) we have
o(u,v

From (4.3) and (4.4) we can deduce

o(u, w) ,
h ()5~ XX, T) = F'(v), 4.6)

where F'(v) is some arbitrary function of » which for convenience we have expressed
as a derivative with respect to v. If now we recall our assumption that f(w) is
never zero for non-constant #(X, Y) then we see from (4.5) that we can treat » and
v as independent variables so that on dividing (4.6) by (4.5) and using the usual
rule for Jacobians we obtain

of @) () 5 = F'Q), @)

where we are evidently now considering w as a function of # and v. On integrating
(4.7) we have

f "W () dt = Fo)+ (), (4.8)

where wy is some arbitrary constant and G(u) is an arbitrary function of u. We have
thus established

w = O[F(v) + Gw)), (4.9)

where for a given material @ is in principle 2 known function while both F(v) and
G(u) are as yet undetermined arbitrary functions.

We now make use of the form (4.9) for w to obtain the function 6(X, Y) defined
by (3.1). For convenience we set

p = F(v)+G(u), 4.10)
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so that (4.7) becomes
@@ =1, @.11)

and it is important to emphasize again that for a given material w as a function of
p is determined by (4.11). Using the form (4.9) for w we can deduce from (3.2) and

(3.3),
e do v diw)
05 = F( ) co f( 5" dp ——>G'(u)sin 0, @12
By_ﬁw_)d_w.F() f;u dj}w)G(u)cosﬁ

where we have made frequent use of (3.1) and (4.10) as well as the relations
vy =—f(w)sinf, vy =f(w)cosb, 4.13)

which are obtained from (4.4), (3.1) and (2.9.1). On equating expressions for 0y
and making use of the above relations we obtain

AL EF O]+ 7705 "f(“”G()] @.14)

oulfw)?* 4,

which is the sole equation for the determination of the functions F(v) and G(u).
Now since u and v are independent variables and for a given material w and f{w)
are prescribed functions of p, the only possible way (4.14) can be satisfied without
imposing a further restriction on the strain-energy function of the material is that
if p is either a function of v only or a function of # only. For special materials
there are situations for which (4.14) can be satisfied with p as a function of both
u and v and these are discussed in the following section. For the general material
not satisfying Knowles’ criterion we now consider separately the solutions arising
from the cases p = F(v) and p = G(u).
For the case of p = F(v) we obtain from (4.14)

S(w) do

w?

o= (4.15)

where « is a constant and we note that in principle (4.15) together with (4.11)
determines the function F(v). From (3.1), (4.12) and (4.15) we find that 6(X, Y)
is given by

0 = ou+p, 4.16)
where 8 is a constant.
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Now using (4.15) and (4.16) we see that (3.1) and (4.13) become respectively

ux = wcos(ou+p), uy = wsin(au+p),

wx = —aw?sin(au+pP), wy = aw?cos(au+f), 4.17)
and we note that we have

o, wy
AX,Y)

aw?. (4.18)

Assuming « is non-zero and considering X and Y as functions of z and w we have
in the usual way from (4.17) and (4.18)

Y 1 7.4 |
—éz=a—a?cos(au+ﬂ), %=—;a—)§sm(au+,8),
oY 1 X 1 (4.19)
v Zsm(au+ﬁ), = Zcos(au+ﬁ),
and these equations can be integrated to yield
| 1
X= -, sin (au+p)+ Xy Y= ———-cos (at+B)+ Yy, (4.20)
where X, and Y, are arbitrary constants. On inverting (4.20) we obtain
1 Y-Y, 1 g
= —tan-1 oy__— = 21,
(X, ¥) = tan (F=52) - (B+3). @211
w(X, ¥) = L [(X~ X+ (Y= YRl 4.21.2)

and the reader can verify that (4.21.1) and (4.21.2) are consistent with (2.3).
Apart from the arbitrary constants (4.21) is evidently the deformation (i) of (2.7).
The reader can easily verify from (4.17) that the case of « zero gives rise to the
deformation (ii) of (2.7).

The case of p = G(u) is similar to the above. From (4.14) we have

e L w=-v (422)

where y is a constant and we find from this equation and (4.12) and (4.13) that
0(X, Y) is given by

0 =yv+38, (4.23)

where 8 is a further arbitrary constant.
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On using (4.22) and (4.23) we have from (4.13) and (3.1)

vy =—fsin(yv+38), vy =fcos(yv+3),

fx =—yftcos(yv+8), fyp =—yftsin(yv+9). (4.24)

If in this case we consider X and Y as functions of v and f then for v non-zero we
can show as for the previous case that X(v,f) and Y(v,f) are given by

1 1 .

X =—cos(yv+06)+ X, = —sin(yp+B)+Y,, 4.25
where again X, and Y; are arbitrary constants. Thus in particular from (4.25) we
have

1
Slw) = p (X~ X+ (Y—=Yo)*1 4, (4.26)

and since w is a function of » we have the deformation (iii) of (2.7). If vy is zero
then from (4.24) we see that the deformation is such that f is constant and from
(3.1) and (4.23) we have

Uy = wcosd, uy = wsind. “4.27)

On solving the partial differential equation for w which results from (4.27) on
equating expressions for uxy we obtain a solution of the form

w(X, Y) =¥ (Xcos 6+ Ysin J), (4.28)

where W is an arbitrary function. From (4.27) and (4.28) we see that u(X, Y) is
of the same form as the deformation (iv) of (2.7).

We have thus established the necessity of (2.8) and in addition for the general
material which does not satisfy Knowles’ criterion we have shown that the only
possible consistent solutions of (2.2.1) and (2.6) are those of the form (2.7). In
the following section we briefly discuss the special materials which admit solutions
p of (4.14) which are functions of both » and v.

5. Special materials

If we are at liberty to choose the functions f(w) and A(w) then it is possible to
find solutions p of (4.14) which are functions of both u and v. The resulting special
materials although perhaps physically well defined are somewhat contrived and
appear not to include any standard materials which have been proposed in the
literature. We will therefore not discuss all of these situations in any great detail.
The following list of expressions for p, which may not be exhaustive, are possible
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solutions of (4.14) for particular strain-energy functions:

@) p = Au+By,
(b) p=Alog(v/u)+ B, 5.1
(©) p= Au?+ B2,

where A and B denote arbitrary constants which can if necessary be functions of
the constant A.

The first case is interesting since all the mathematical details can be effected in
relatively simple terms and an explicit form for the function u(X, ¥) can be deduced.
Moreover, in this case we find that the constraint on the response coefficients can
be considered as a generalization of Knowles’ criterion (2.8). For the case (a) we
find that (4.14) admits a first integral which on using (4.11) can be integrated again
to yield

(5.2)

h(w) = D+C[ A4° Bz]

f(w)?

where C and D are integration constants which can depend upon A. In terms of
the response coefficients ¢,(w) and ¢(w) we see from (2.9.1) and (2.10) that (5.2)
becomes

dofw) = Depy(e) +5 [ ¢"} S+ ¢1(w)] .3)

which evidently can be considered to be a generalization of Knowles’ criterion (2.8).
From (3.1), (4.12), (4.13) and (5.1) (a) we obtain the relations,

0X=Z—z[ff:‘)) 50+wf( )Asmﬂ]

S(w)
d . !
Oy = ﬁ[ﬁ‘?Bsm B—wj;(i)u;)Acos 0],
dw . 5.4
wx = 71;[0”4 cos 8 —f(w) Bsin 8],
dw .
wy = d_;;[wA sin 8+ f(w) Bcos 6].
Now from (5.4) and the first integral obtained from (4.14) we have
00,w) wf(w)dw
ax,v) " 2C dp’ )
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and if we consider X and Y as functions of 8 and w then as described in the previous
section we can deduce from (5.4) and (5.5) that X(6, w) and Y(8, w) are given by

B
X=2C[ cos 80— sin0]+X,
S(w) °
A (5.6)
Y=2C sin 84— cosB]+Y,
[f (w) 0
where X, and Y, are arbitrary constants. From (5.2) and (5.6) we have
h R 7
[w(R)] = D+, (5.7)
where R is defined by
R = [(X— Xl +(Y—Yp)2)¥, (58

and for a given material satisfying (5.3), equation (5.7) defines w as a function of R.
If we use (5.6) to obtain expressions for sin # and cos 8 then from (3.1) we can
deduce that u(X, Y) is given by

dt
Ry t‘l’l[ )]

where R, and y, are arbitrary constants. We note that, as would be expected, the
cases 4 =0 and B = 0 yield respectively deformations (i) and (iii) of (2.7). We
remark that case (b) of (5.1) is similar to (a) in that (4.14) admits a first integral.
However, the details are not simple and we shall not discuss this case further.
For case (c) we consider the material with functions f(w) and A(w) defined by

u(X,Y)=—2BCtan™! [ Y- Yo] +24C | ——+tu,, .9

X_Xo

_' xw
T By’

where «, B, v, 6 and ¢ are constants which can be functions of A. Equation (5.10)
can be shown to give rise to a strain—energy function of the form,

f(@) W) = Ste, (5.10)

0, 0) = 25(Bo™ +7)'+ Ty (5.11)
provided that 8 and ¢ are given respectively by

5= 2(A3—1)—2A2§(%)'-A2%,
3 A2(F/—2%,), 5.12)

where primes here denote differentiation with respect to A and X, is a constant
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which is independent of A. From (4.11) and (5.10) we can deduce the relations

1_ (Bt . (Yie
o= ) on G+ )

1 _g il
m = ;COSh (m‘l‘ Po),
where p, is an integration constant. For this special material we find for case (c) that
(4.14) is satisfied provided the constants 4 and B are such that

(5.13)

=Y
B=-L4, (5.14)

and from (3.1), (4.12) and (4.13) we can deduce that 8(X, Y) is given by

vA
0=Z§-§uv+ 00, (5.15)
where 6, is a constant. If we make use of the above equations then from (3.1),
(4.5) and (4.13) we can show after a long but straightforward calculation that

X and Y as functions of # and v are given by

X(u,0) = (E)*Re { f jsinh (C+0) dt} +X,,

Y 8
B\ . 6.16)
Y(u,v) = (;) Im {f cosh (Ct?*+4-0) dt} + Yy,
So
where sg, X, and Y, are further arbitrary constants. The constants C and o are
defined by
¥
C=y?'%, (T=P0+i00,
o (5.17)
and the complex variable s is given by
yt
s=u+i;v. (5.18)

Evidently in this case u is not a simple function of X and Y. It is however well
defined as an implicit function by the relations (5.16). We note that for suitably
chosen constants the functions f(w) and A(w) defined by (5.10) satisfy the constraint
(5.2) obtained for case (a).

Finally, in this section we remark that if f(w) is identically constant for all
deformations of the form (2.1) then (4.14) admits solutions p which are functions
of both u and ». However, for f(w) constant we can show that the strain-energy
function Z must be a linear function of w and thus this material is not physically
meaningful since X must be an even function of w.
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6. Conclusion

For generalized shear deformations (2.1) of isotropic incompressible hyper-
elastic materials we have shown for the general material not satisfying Knowles’
criterion (2.8) that the only consistent solutions u(X, Y) of (2.2.1) and (2.6) are
those of the form (2.7) which are known to be well defined for all strain—energy
functions. We have eliminated the possibility of obtaining further solutions of
this type since there can be no solutions p of (4.14) which are functions of both u
and v without imposing further restrictions on the strain—energy function of the
material. In deriving these results we have also obtained an alternative derivation
of Knowles’ criterion, which if satisfied ensures that every solution of (2.2.1) is
automatically a solution of (2.6). Moreover, we have also briefly indicated how
solutions p of (4.14) which are functions of both # and v can be obtained for very
special materials. The most illuminating case of this being (5.1) (a) for which
u(X, Y) is given explicitly by (5.9). In this case the restriction (5.3) on the response
coefficients can be considered to generalize Knowles’ criterion (2.8).

In summary for those materials not satisfying Knowles’ criterion such as those
proposed in [1], [2] and [3] the only generalized shear deformations are those of
the form (2.7) and more general types of these deformations are only applicable
to very special materials which do not include any of the standard experimentally
determined prototypes for rubber-like materials.
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