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The broad-band direct combustion noise is an important problem for industrial and
domestic burners. The power spectral density (PSD) of this noise is related to the local
spectral density of fluctuating heat release rate (HRR) (ψq̇ ), which is challenging to
measure but is readily available from large eddy simulations (LES) results. The behaviour
of ψq̇ for a wide range of thermochemical and turbulence conditions is investigated. Three
burners are studied, namely a dual-swirl burner, a bluff-body burner and a jet in cross-
flow burner, operating at atmospheric conditions with CH4–air and H2–air mixtures. In
contrast to the classical f −5/2 scaling, the far-field sound pressure level and volume-
integrated HRR (ψQ̇) spectra reveal a universal f −5 scaling for high frequencies. This
differing spectral decay rate for ψQ̇ compared to the classical scaling is due to multi-
regime combustion, related to either partial premixing or the local turbulence intensity.
The dependence of ψq̇ on the chosen spatial locations, flame configuration and its relation
to velocity spectra are studied. A simple model for ψq̇ involving the velocity spectra is
found that compares well with LES results. The characteristic frequency involved in this
model is related to the time scale of the coherent structures of the flow.
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1. Introduction
Efficient conversion of chemical energy to heat energy, commonly found in industrial and
domestic applications, requires turbulent mixing of reactants, often resulting in unsteady
heat release. During this energy conversion, some of the chemical energy is converted to
acoustic energy as a result of the unsteadiness, which is perceived as acoustic noise. Fuel-
lean and oxygen-enhanced combustion (Ehsaniderakhshan, Mazaheri & Mahmoudi 2020)
are desired in practical applications such as domestic boilers, industrial furnaces and gas
turbines because of their low emissions, but they are susceptible to combustion instabilities
(Dowling & Hubbard 2000) and noise, which is now a critical problem (Dowling &
Mahmoudi 2015). Combustion noise is emerging to be important since turbomachinery
and turbulent jet noise levels have decreased significantly (Dowling & Mahmoudi 2015;
Ihme 2017). Stringent noise regulations warrant the study of combustion noise from
combustion systems in the above-mentioned applications.

Bushell (1971) identified an excess noise louder than the turbulent jets coming from the
engine core, which has been attributed to two sources, namely, unsteady heat release rate
(HRR) and density inhomogeneities (Strahle 1973, 1978). The former is known as direct
noise, and the latter is referred to as indirect noise. Direct noise sources are monopoles
(Dowling & Mahmoudi 2015), while jet noise sources are quadrupoles (Lighthill 1952).
Indirect noise is produced by dipole sources involving entropy disturbances convected in
an accelerating flow (Marble & Candel 1977). In this work, the analysis is focused on
direct noise.

Theoretical and computational studies on direct noise sources and their dependence
on turbulent velocity fluctuations and passive scalar spectrum were performed in the
past (Klein & Kok 1999; Lieuwen et al. 2006). The low, high and peak frequency
characteristics of the sound pressure level (SPL) were studied and compared with the
HRR spectrum for a premixed Bunsen flame, revealing a remarkable correlation between
the two spectra (Rajaram & Lieuwen 2009). The frequency f spectrum of SPL increases
at low frequencies and decreases at high frequencies, while the peak frequency f p scales
with the convective time scale (Winkler, Wäsle & Sattelmayer 2005; Rajaram & Lieuwen
2009). In contrast to this behaviour, the volume-integrated HRR spectrum is nearly flat
(∼ f 0) in open premixed flames (Rajaram & Lieuwen 2009), but it increases as f 3 in
industrial burners (Brouzet et al. 2024) in the low-frequency regime, f ≤ f p. A fractal
analysis (Clavin & Siggia 1991) reveals a high-frequency ( f > f p) decay rate f −5/2 for
the direct noise spectrum. Extension of such an analysis and its validity for complex
practical flames is challenging and is investigated scarcely. The SPL spectra of turbulent
premixed flames have an invariant shape and high-frequency characteristics irrespective of
the burner nozzle shape, diameter, and incoming turbulence levels (Kotake & Takamoto
1987,1990; Tam 2015). While extensive studies have been performed on SPL spectra, HRR
spectral characteristics are studied only for premixed flames (Rajaram & Lieuwen 2009;
Zhang et al. 2019; Brouzet et al. 2024) using theoretical and numerical approaches.

Although most past studies focus on premixed flames, some studies on partially
premixed or non-premixed flames relevant to practical combustion systems are worth
mentioning. The low-frequency ( f ≤ f p) part of the far-field SPL spectrum in non-
premixed bluff-body flames operating with methane–syngas blends (Klein & Kok 1999)
followed f −1/2 behaviour compared to f −2 in premixed flames (Kotake & Takamoto
1987; Rajaram & Lieuwen 2009). Furthermore, the peak frequency, f p, is lower (<100 Hz)
compared to premixed flames (>100 Hz). The high-frequency ( f > f p) decay rates for the
SPL spectrum – which is also considerably higher for non-premixed flames – range from
f −10/3 to f −4 (Klein & Kok 1999; Singh et al. 2005; Ihme, Bodony & Pitsch 2006).
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The syngas flames of Klein & Kok (1999) showed a lower decay rate f −10/3, which
was captured well using a model based on the mixture fraction spectrum and the fast
chemistry approach. These flames with even small amounts of methane showed a higher
decay rate of f −4 and the reasons were attributed to finite-rate chemistry effects which is
excluded in the fast chemistry approach. The partial premixing increases the SPL across
the entire frequency range with the most significant increase occurring for f > f p (Singh
et al. 2005). However, the reasons for the different high-frequency ( f > f p) SPL decay
rates between premixed and non-premixed flames and their relation to HRR and velocity
spectra remain unexplored. Therefore, the effect of mixture inhomogeneities on the HRR
spectrum remains to be investigated in practical combustion systems.

While a considerable amount of work has gone into combustion noise modelling of
open flames, confined flames remain relatively unexplored. The classical scaling (Clavin
& Siggia 1991) f −5/2 for the SPL is shown to hold for closed flames only when the inlet
and outlet are weakly reflecting acoustic waves (Merk et al. 2018). Unlike open flames,
confined flames have a two-way coupling between flame and acoustics. In open flames, the
acoustic influence on the flame is negligible except when the flame drives the resonance
of an upstream cavity (Durox et al. 2009). The two-way coupling is often ignored in the
estimation of confined flame noise spectrum using low-order modelling (Liu et al. 2014;
Ullrich et al. 2018), which leads to a reasonable agreement in the broad-band spectrum,
but the narrow-band peaks are missed, if they are present. These narrow-band peaks of
the acoustic spectra are captured well by considering the two-way coupling, particularly
but not exclusively in the presence of intrinsic thermoacoustic instabilities (Silva et al.
2017; Merk et al. 2019). Although the two-way coupling effects on SPL have been studied
using the flame transfer function (FTF) (Silva et al. 2017; Merk et al. 2019), its effect
on the HRR spectrum has not been investigated directly for low frequencies. At high
frequencies, the two-way coupling is known to cause broadening of the narrow-band peaks
due to scattering of incident acoustic waves by the flame (Lieuwen 2001; Lieuwen et al.
2002).

Large eddy simulations (LES) offer high-fidelity combustion noise estimates by
capturing the two-way coupling and complex flame-flow interactions, but their heavy
computational cost makes a parametric sweep required for combustor design challenging.
The computational overhead is larger if the far-field SPL is to be computed along with
the flame–flow interactions using LES (Lyrintzis 2003). An alternative is to use a hybrid
approach involving LES for near-field reacting flows and a computational aeroacoustic
method for the far field (Silva et al. 2013). Computational costs can be further reduced
by combining reduced-order modelling approaches with LES/system identification (Silva
et al. 2017; Merk et al. 2019). Nonetheless, even reduced-order modelling relies on LES to
provide either HRR spectra or FTF.

Several empirical models that have a substantially low computational overhead are
noteworthy. Swaminathan et al. (2011a,b) modelled the two-point correlation of HRR,
which is a central quantity for evaluating the far-field SPL. Liu & Echekki (2015) showed
that two-time correlation of volume-integrated HRR models the frequency spectrum of
SPL better in V-shaped open flames. Hirsch et al. (2007) used a modelled turbulent kinetic
energy (TKE) spectrum to estimate the noise spectrum of unconfined swirling premixed
flames. This required inputs (noted in Appendix A) obtained using Reynolds-averaged
Navier–Stokes (RANS) simulations of reacting flows, which was shown to affect the
performance of the model proposed by Hirsch et al. (2007) for a closed flame (Ullrich et al.
2018). Nonetheless, this model has not been tested rigorously for confined flames. Even in
the study by Liu et al. (2014) where overall comparisons were reasonable, discrepancies of
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up to 10 dB can be discerned between the modelled and measured spectra at frequencies
away from the narrow-band peaks.

Three (two partially premixed, and one premixed) configurations that are often found
in various practical applications with differing flow and flame complexities are chosen
to study the HRR spectra. These configurations are (i) DLR dual swirl (Weigand et al.
2006; Meier, Duan & Weigand 2006), (ii) bluff body (Pan, Schmoll & Ballal 1990),
and (iii) jet in cross-flow (JICF) burners (Steinberg et al. 2013), where the flames are
stabilised aerodynamically. Most aerodynamically stabilised flames feature hydrodynamic
instabilities that play a crucial role in scalar mixing and hence the flame stabilisation.
For instance, swirl-stabilised flames typically feature a precessing vortex core (PVC),
which is a helical hydrodynamic instability of swirling flows. Several past studies have
shown its crucial role in flame stabilisation and preventing blow-off (Gupta, Lilley &
Syred 1984; Froud, O’Doherty & Syred 1995; Huang & Yang 2009; Chen et al. 2019a;
Massey, Langella & Swaminathan 2019a, 2022). Bluff-body flames feature Kelvin–
Helmholtz (KH) and Bénard–von Kármán (BVK) instabilities depending on the global
fuel–air mixture ratio (Emerson et al. 2012; Balasubramaniyan et al. 2021). The JICF
configuration shows a rich variety of hydrodynamic features such as the counter-rotating
vortex pair (CVP), upright wake vortices, shear layer vortices, near-wall vortex shedding,
and horseshoe vortices (Fric & Roshko 1994; Bagheri et al. 2009; Karagozian 2010; Ilak
et al. 2012). Some of these structures are the consequence of hydrodynamic instabilities
such as the KH instability that results in the shear layer roll-up, the BVK instability that
results in the near-wall vortex shedding in the wake of the jet that act as a soft bluff
body (Bagheri et al. 2009; Ilak et al. 2012), and the elliptic instability that results in short
waves on the CVP (Waleffe 1990; Fric & Roshko 1994; Karagozian 2010; Ilak et al. 2012).
These coherent structures are crucial for flame stabilisation in reacting flows. While the
roles of these coherent structures were studied recently (Brouzet et al. 2020) to identify
sound-generation mechanisms, their influence on the spectral characteristics of the HRR
is unclear, which motivates this study.

Several past studies have focused on the SPL spectra, and here our interest is on the
HRR spectrum that is the direct noise source. The above discussion identifies several
open questions that motivate this study. Hence the objectives here are to: (i) compare and
understand the volume-integrated HRR spectrum with the local HRR spectrum and sound
spectrum for partially premixed and premixed flames; (ii) understand the relationship
between local HRR and velocity spectra; (iii) identify the influence of hydrodynamic
instabilites on the modelling of the HRR spectrum; (iv) explore a link between the HRR
and non-reacting velocity spectra. The last objective allows one to estimate the HRR
spectrum, which is required for noise calculations, using the non-reacting velocity spectra,
which can be measured easily.

The paper is structured as follows. Section 2 provides the mathematical background on
direct noise, § 3 describes the flames analysed in this study, and § 4 outlines the methods
used for data processing. The results are presented and discussed in detail in § 5. Finally,
§ 6 offers a brief summary of the findings.

2. Background
The inhomogeneous acoustic wave equation derived by Lighthill (1952) was generalised
by Crighton et al. (1992) to include thermoacoustic sources. Only the unsteady HRR is
the leading-order source, and all other sources can be neglected (Crighton et al. 1992;
Swaminathan et al. 2011b). The acoustic wave equation for low Mach number flows with
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the ratio of specific heat capacities γ having a weak temperature dependence is given by
(Crighton et al. 1992; Swaminathan et al. 2011b)

1
c2

o

∂2 p′

∂t
− ∂2 p′

∂xi ∂xi
= γ − 1

c2
o

∂ q̇ ′( y, t)

∂t
, (2.1)

where co, p′ and q̇ ′ are the mean speed of sound in the combustion zone, pressure
perturbation and HRR fluctuations per unit volume, respectively. The sound from an open
flame is (Crighton et al. 1992)

p′(r, t)= γ − 1
4πr2c2

o

∂

∂t

∫
V f

q̇ ′
(

y, t − r

co

)
d3 y, (2.2)

where r = |x − y|, x is the position of an observer, y is a location inside the combustion
zone, t denotes time, and V f is the volume of the combustion zone. However, in confined
flames it is common to seek a Green’s function solution of the form (Crighton et al. 1992;
Liu et al. 2014)

p′(x, t)=
∫ ∞

−∞

∫
V f

G( y, x, t − τ)
∂

∂τ

(
q̇ ′( y, τ )

)
d3 y dτ, (2.3)

where G is the Green’s function representing the contribution to pressure perturbation at
(x, t) due to an impulse HRR per unit volume δ(x − y, t − τ), with the retarded time t −
τ = |x − y|/co. The Green’s function formulation captures the pressure response of the
geometry to an unsteady heat release input, but it does not recover feedback of the acoustics
onto the flame. Therefore, only broad-band spectrum of pressure will be recovered in this
formulation, and not narrow-band peaks arising from thermoacoustic instability. The PSD
of pressure fluctuations, which is a measurable quantity in experiments, is obtained from
the Fourier transform of the two-point ( ya, yb) correlation of pressure and its complex
conjugate, resulting in (Crighton et al. 1992)

℘̂(x, f )= f 2
∫

V f

∫
V f

Ĝ( ya, x, f ) Ĝ∗( yb, x, f ) ·ψq( ya, yb, f ) d3 ya d3 yb, (2.4)

where ψq̇ is the PSD of q̇ ′ given by

ψq̇( ya, yb, f )= 1
2π

∫ ∞

−∞

[
lim

T →∞
1
T

∫ T

0
q̇ ′( ya, t) q̇ ′( yb, t − τ) dt

]
︸ ︷︷ ︸

R( ya, yb,τ )= q̇′
( ya,t) q̇′

( yb,t−τ)

e−2π f τ dτ. (2.5)

Here, the overbar represents the time averaging, ∗ denotes the complex conjugate, T is a
long time duration over which the samples are collected, and R( ya, yb, τ ) is the space–
time correlation. The Green’s function does not vary much over the combustor volume
(Liu et al. 2014), and the quantity ψq̇ is likely to be zero beyond the volume over which
q̇ ′ is correlated (Swaminathan et al. 2011a). Thus integrating over the flame brush V f
is equivalent to integrating over the correlation volume Vcor (Wäsle 2007). The PSD of
pressure fluctuations can therefore be simplified to

℘̂(x, f )≈ f 2
∫

V f

|Ĝ( y, x, f )|2 ·ψq̇( y, f ) Vcor d3 y, (2.6)

and G is typically obtained numerically as has been done by Liu et al. (2014); however,
this is not the focus of this study. The focus here is on modelling the PSD of the HRR, ψq̇ .
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Figure 1. Schematic of the dual-swirl gas turbine model combustor (Meier et al. 2006; Weigand et al. 2006).
Time series data for all quantities are extracted from the ten probe locations shown. The contour lines denote
the time-averaged reaction rate of progress variable ω̇c normalised by its maximum value. All dimensions are
in mm.

Since the integral of the PSD of a quantity ϕ( y, t),
∫∞

0 ψϕ( f ; y) d f , is proportional to its
variance, ψϕ is normalised as

ψ+
ϕ ( f ; y)= ψϕ ( f ; y)∫∞

0 ψϕ( f ; y) d f
, (2.7)

which is studied in later sections using data obtained for the three flame configurations
that are described next.

3. Description of cases

3.1. DLR dual-swirl gas turbine model combustor
Figure 1 shows the gas turbine model combustor developed by the German Aerospace
Center (DLR, Stuttgart) (Meier et al. 2006; Weigand et al. 2006). Dry air enters the plenum
at room temperature, then flows through two separate swirlers. The two swirling streams
enter the combustion chamber through a central nozzle of diameter 15 mm, and an annular
nozzle with inner diameter 17 mm and outer diameter of 25 mm . Non-swirling methane
enters the combustion chamber through a ring of 72 square channels, each with area
0.25 mm2 . The combustion chamber has cross-section of size 85 × 85 mm2 and length
114 mm . Six flames listed as DLR-A to DLR-F20 in table 1, at different heat loads and
air flow rates, are simulated using LES in past studies (Chen et al. 2019a,b; Massey et al.
2019a,2022; Chen & Swaminathan 2020), and HRR data from those investigations are
used for analysis in this work. The details of the computational and numerical schemes
are discussed by Chen et al. (2019a,b), Chen & Swaminathan (2020) and Massey, Chen &
Swaminathan (2019a, 2022).

3.2. Confined bluff-body burner
The second case considered is a bluff-body stabilised premixed flame listed as BBF
in table 1. The schematic of this burner is shown in figure 2. A methane–air mixture
at equivalence ratio φg = 0.59 and inlet temperature Tu = 294 K enters a combustion
chamber with cross-sectional area 79 × 79 mm2 and length 284 mm. The cylindrical bluff
body has stem diameter 12.7 mm, base diameter D = 44.45 mm, and apex angle θ = 45◦.
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Case φg Fuel ṁa (g s−1) ṁ f (g s−1) Pth (kW)

DLR-A 0.65 CH4 18.25 0.697 34.9
DLR-B (unstable) 0.75 CH4 4.68 0.205 10.3
DLR-C 0.55 CH4 4.68 0.15 7.6
DLR-A25NF 0.45 CH4 5.85 0.15 7.6
DLR-A25 0.45 CH4 5.85 0.15 7.6
DLR-F20 0.45 CH4 4.68 0.12 6.1
BBF 0.59 CH4 – – 136
JICF 0.01 H2 + N2 62.12 0.18 3.0

Table 1. Reacting flow conditions for all cases.

284

12.7

CH4 + Air

Coflow

Coflow

17.5D

4.5D
max

x/D

Ub

Uin

Dθ 1.0

0.5

0

0 0.5 1.5

10

9

2.51.0 2.0

2
8

79

3

4
7

6

5

3.0

Far field

ω. cω. c

Figure 2. Schematic of the bluff-body burner (Pan et al. 1990; Nandula 2003). Time series data for all
quantities are extracted from the ten probe locations indicated. The contour lines denote the time-averaged
reaction rate of progress variable ω̇c normalised by its maximum value. All dimensions are in mm.

The bulk-mean velocity of the mixture into the combustion chamber is Ub = 15 m s−1.
The incoming turbulence intensity is 22 % (Langella, Swaminathan & Pitz 2016; Massey
et al. 2019b, 2023). Top-hat velocity profiles with Uin = 11.5 m s−1 are prescribed in
the LES (Langella et al. 2016; Massey et al. 2019b, 2023), which gives Ub = 15 m s−1.
The midplane section of the computational domain used by Langella et al. (2016) and
Massey et al. (2019b, 2023) is shown in figure 2, and details of the computational set-
up and numerical schemes are discussed by Massey, Tanaka & Swaminathan (2023).
The far-field domain was included in the LES to specify clear boundary conditions at
the computational domain outlet since the flame is longer than the combustor length.
The coflow condition mimics the entrainment of room air into the hot exhaust from the
combustor. The conditions for one flame condition considered here are listed in table 1.

3.3. The JICF
The third configuration considered is the JICF depicted in figure 3, which was simulated
using LES by Murugavel et al. (2024) and investigated experimentally by Steinberg
et al. (2013). This flame is also listed in table 1. Preheated air at 750 K flows through a
rectangular duct of size 40 × 60 mm2, and fuel at 423 K is injected normally into the air
stream through a nozzle of diameter d = 2 mm. This nozzle is flush-mounted centrally
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Figure 3. Schematic of the JICF burner (Steinberg et al. 2013). Time series data for all quantities are extracted
from the ten probe locations indicated. The contour lines denote the time-averaged reaction rate of progress
variable ω̇c normalised by its maximum value. All dimensions are in mm.

on the lower wall of the duct at a distance 432 mm from the inlet, as shown in figure 3.
The prescribed air mass flow rate gives bulk-mean velocity 55 m s−1. The fuel stream
has a mixture of 70 % H2 and 30 % N2 by volume. The LES results of Murugavel et al.
(2024) are analysed to investigate the spectral characteristics of the HRR in this flame as
a representative case for the JICF configuration.

To summarise, the conditions of the eight flames considered for this study are listed in
table 1. Six cases in the DLR dual-swirl burner are listed, of which three cases (DLR-A25,
DLR-A25NF and DLR-F20) are close to lean blow-off (Massey et al. 2022). For the sake
of brevity, these three cases are discussed only in § 5.1 in the context of volume-integrated
HRR spectra. All of these cases, except the bluff-body flame (BBF), are partially premixed
flames. The fuel in all cases is CH4 except in the JICF, where the fuel is a mixture of H2
and inert N2. These cases are well suited to achieve the objectives of this study since they
have a wide range of flame and flow conditions along with a variety of flow features that
affect the HRR and hence its PSD.

4. Data processing

4.1. The PSD
The LES of these eight flames were performed and validated in previous studies (Chen
et al. 2019a; Massey et al. 2023; Murugavel et al. 2024). Time series of Favre filtered
velocity ũ, filtered HRR q̇ and reaction rate of progress variable ω̇c are extracted at ten
(representative) probe points shown in figures 1–3. The variable c denoting the progress
of chemical conversion of fuel to products is defined based on mass fractions Y of CO,
CO2 and H2O as c = C/Ceq , with C = YH2O for the JICF, and C = YCO + YCO2 for all other
cases. The subscript ‘eq’ refers to the equilibrium value. The symbols �̃ and � denoting
the filtering operation will be dropped for velocity and HRR in the rest of the paper, for
ease of notation.

The data sampling details are presented in table 2, where δt is the time interval of
sampling, T is the total length of the signal in physical time, and fNs = 1/(2δt) is the
Nyquist frequency. Sampling rates for cases DLR-A25NF, DLR-A25 and DLR-F20 are
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Data sampling Convective scaling

Case δt (μs) T (s) fNs (kHz) Ub (m s−1) L (m) f p = Ub/L (Hz)

DLR-A 50 0.05485 10 19.4 0.038 510
DLR-B 120 0.09900 4.16 – – –
DLR-C 75 0.30000 6.66 4.0 0.028 143
BBF 50 0.20000 10 15 0.2 75
JICF 1 0.01318 500 55 0.016 3438

Table 2. Details of data sampling for all cases, and convective scaling for f p .

identical to that of case DLR-C. The convective scaling listed in this table is discussed in
§ 5.1. Since case DLR-B is thermoacoustically unstable, f p for this case does not follow
the convective scaling and hence is not listed in the table. The frequency f p corresponds
to the thermoacoustic oscillation frequency as discussed in § 5.1.

The volume-integrated HRR is given by Q̇(t)= ∫
VC

q̇( y, t) d3 y, where q̇ is the filtered
HRR per unit volume. The PSD of q̇ ′( y, t)= q̇( y, t)− 〈q̇〉( y) or Q̇′(t)= Q̇(t)− 〈Q̇〉 can
be obtained using the Fourier transform of the respective auto-time correlation function,
similar to (2.5). The PSDs of all the quantities discussed in later sections are obtained
using the pspectrum function in MATLAB R2021a with frequency resolution 600 Hz for
the JICF, and 80 Hz. Choosing these frequency resolutions yields smooth variations of the
PSD with f .

4.2. Overview of dynamic mode decomposition
The PSDs will have some frequencies with significant spectral content as shown in later
sections. The dynamic mode decomposition (DMD) will help to extract structures of these
modes and their spatial variations unambiguously. Moreover, since one of the objectives
is to analyse the influence of hydrodynamic instabilities on the local HRR spectra, the
DMD of velocity field will help to identify the coherent structures associated with these
instabilities, their spatial behaviour, and the associated time scales. The DMD analysis
involves spatio-temporal decomposition of the field using Koopman analysis (Koopman
1931; Schmid 2010, 2022). The details and recipe for the DMD analysis can be found in
Schmid (2010, 2022). Briefly, consider a general discrete nonlinear system

xi+1 = F(xi ), (4.1)

where F is matrix representation of the nonlinear governing equations that advance the
dynamics of state xi over a small time interval onto xi+1. Koopman analysis transforms
such a finite-dimensional nonlinear system into an infinite-dimensional linear system that
conveniently enables the decomposition of the spatio-temporal features of the system using
properties of linear operators. Essentially, such an analysis involves a linear Koopman
operator (Koopman 1931) K that advances the dynamics of the observables into their
future states as follows:

Θ(xi+1)= K Θ(xi ), (4.2)

where Θ is a function embedding the state x such that (4.2) is satisfied. The DMD
is applied in this study to extract the spectral properties (eigenvalues and eigenvectors)
of such a Koopman operator (Schmid 2010, 2022). It is assumed throughout this study
that Θ(x)= x, a commonly used notion in fluid dynamics. This assumption is deemed
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Figure 4. Measured SPL for DLR-A, a non-premixed jet (marked as a) (Singh, Frankel & Gore 2004) flames
and a piloted premixed Bunsen (marked as b) (Rajaram & Lieuwen 2009). Here, SPL( f )= 10 log(℘̂/p2

re f ),
where pre f = 20 μPa.

sufficient for the purpose of extracting coherent structures in frequency space. The modal
amplitudes b, indicating the strengths of the DMD modes, are obtained based on past work
(Jovanović et al. 2014) with weights assigned according to the growth rate of each mode
(Tu et al. 2014).

5. Results and discussion
The SPL and volume-integrated HRR PSDs are presented and discussed in this section,
followed by a detailed discussion on the characteristics of the local HRR PSD. The
similarities and differences between the local and volume-integrated HRR PSDs are
discussed, and the underlying reasons are inferred from the LES results. Finally, a suitable
model for the local HRR PSD is proposed and validated in the last subsection.

5.1. The SPL and volume-integrated HRR spectra
The SPL and the volume-integrated HRR spectra were shown to be correlated for open
turbulent premixed (Rajaram & Lieuwen 2009) and non-premixed (Ihme et al. 2006)
flames. However, in confined flames, the PSD of pressure is not directly related to volume-
integrated HRR only as demonstrated by (2.6). The Green’s function is the pressure
generated in response to an impulse of rate of heat addition. Since the flame is generally
compact and the mixing is fast, the acoustic impedance of the combustor is nearly
constant in the axial direction. Additionally, since the combustor geometry is typically
axially uniform, the Green’s function does not vary much in the axial direction. At low
frequencies, the higher contributions to Green’s function from the lower mode numbers are
compensated by the lower contributions from the higher mode numbers. The trend reverses
at higher frequencies (Liu et al. 2014) and therefore yields a Green’s function spectrum
whose frequency variation is typically within one decade. Therefore, the typical Green’s
function spectrum |Ĝ( y, x, f )|2 does not vary much with f or axial distance, as shown
for an industrial combustor by Liu et al. (2014). This suggests that the SPL and the volume-
integrated HRR spectrum may indeed be correlated even in confined flames. Hence it is
of fundamental interest to assess the effect of partial premixing and confinement on this
correlation. Before analysing the HRR signal, the measured SPL for DLR-A is compared
with results from past works of unconfined turbulent premixed (Rajaram & Lieuwen 2009)
and non-premixed (Singh et al. 2004) jet flames in figure 4. In order to make meaningful
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Figure 5. Time series Q̇′ and q̇ ′ normalised by their respective time averages for cases DLR-A, DLR-B,
DLR-C, BBF and JICF. The typical local HRR data are shown for arbitrary probe locations indicated.

comparisons, the spectra are shifted appropriately to match the peak SPL in both cases.
The spectra show an approximate power-law dependence of f 2 at low frequencies for
all cases. This is consistent with a past study (Rajaram & Lieuwen 2009) which showed
℘̂(x, f )∼ f 2ψ+

Q̇
. It will be shown next that the volume-integrated HRR spectrum ψQ̇ is

flat in this frequency range. The high-frequency part ( f > f p) falls off as f −5 for DLR-A
and the turbulent non-premixed jet (Singh et al. 2004) flames as compared to f −2.2 for
the premixed piloted flame (Rajaram & Lieuwen 2009). While the low-frequency spectra
are approximately comparable for all cases, the high-frequency spectra show a substantial
difference between the cases. The reasons for this difference can be understood by studying
the HRR spectrum.

First, the temporal behaviour of Q̇′ and q̇ ′ is studied before analysing their frequency
spectra. These results are shown in figure 5, normalised using the respective time averages.
Note that 〈Q̇〉 = Pth , as given in table 1. The local HRR, q̇( y, t), is driven by a small-scale
phenomenon, hence it is highly intermittent, resulting in |q̇ ′|> 〈q̇〉 as observed in many
past studies (Swaminathan et al. 2011b; Liu & Echekki 2015). The local HRR vanishes
(q̇ = 0) for the partially premixed flames whenever the local mixture fraction value is
not within the flammability limits, hence the negative fluctuations of q̇ are limited to
q̇ ′ = −〈q̇〉. Since Q̇(t) is a volume-integrated quantity that is mostly driven by large-scale
flow structures, it varies smoothly with t .

Figure 6(a) shows the variation of ψ+
Q̇

(see (2.7)) with f for the eight cases listed
in table 1. The normalised PSDs for all the cases, except for JICF, fall in the same
frequency range. In the JICF case, variations are across a broader and higher frequency
range (103 < f ≤ 105) due to the higher-frequency hydrodynamics present in this flow.
Additionally, this may be attributed to the faster burning rates of the H2/N2 fuel mixture,
as discussed in the next subsection. Figure 6(b) shows the variation of ψ+

Q̇
with f/ f p,

where f p is given by a convective scaling (Winkler et al. 2005; Rajaram & Lieuwen
2009) listed in table 2. Such a scaling denotes the time scale for large-scale fluctuations
convected over characteristic length scale L by the bulk-mean velocity Ub. The bulk-
mean velocity in the partially premixed cases is obtained as Ub = ṁ/ρa Ain , where
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Figure 6. The variation of ψ+
Q̇

with (a) f and (b) f/ f p .

ṁ = ṁa(1 + (ṁ f /ṁa)stφg), ρa is the air density, and Ain is the cross-sectional area of
the combustor inlet. The quantity (ṁ f /ṁa)st is the stoichiometric fuel–air mass ratio,
and typically (ṁ f /ṁa)stφg � 1. The characteristic length is taken to be the flame length,
which is defined as the distance between the flame root and the streamwise location of
the maximum time-averaged reaction rate of progress variable 〈ω̇c〉, for the DLR flames.
For the BBF case, it is approximated as the length of the combustor since the flame
brush extends outside the combustor. The flame length for the JICF case is defined as
the curvilinear distance between the jet exit and the point along the jet centreline where
the maximum 〈ω̇c〉 occurs. The DLR-B flame is thermoacoustically unstable, therefore the
threshold frequency beyond which ψ+

Q̇
decays is given by the frequency of thermoacoustic

oscillation f p = fT ≈ 250 Hz. The variation of ψ+
Q̇

with f for f < f p is negligible, as
has been observed in past studies (Rajaram & Lieuwen 2009), and the collapse in the
normalised frequency space is reasonable. The convective scaling (Ub/L) for f p listed in
table 2 agrees well with the results seen in figure 6(a).

At high frequencies ( f > f p), the normalised PSD for most cases decays at an identical
rate of approximately f −5, which is quite remarkable. The JICF case decays at a slightly
lower rate for f > f p, which is the result of the high-frequency dynamics discussed later
in § 5.2. This high-frequency decay rate f −5 is considerably higher than the previously
measured (Rajaram & Lieuwen 2009) ( f −2.2) or theoretically deduced ( f −2.5) (Clavin &
Siggia 1991) rates. The high-frequency spectral decay rate for Q̇′ marked in figure 6(b)
is identical to the SPL fall-off rate shown in figure 4. This strongly suggests that the
Green’s function frequency spectrum (see (2.6)) has little variation with f , as observed
by Liu et al. (2014). Therefore, the strong correlation between ψ+

Q̇
and SPL observed for

premixed unconfined turbulent flames (Rajaram & Lieuwen 2009) holds for confined–
both premixed and partially premixed– flames also. It is remarkable that these flames with
different complexities show almost the same spectral decay f −5. It is instructive to analyse
the spectra of ψq̇ to gather more insights. The local spectrum is particularly important for
cases when there is significant spatial and frequency variation of the Green’s function.
For example, cases with effusion cooling, non-compact flames, multi-stage combustion
and the presence of azimuthal modes (Liu et al. 2014) result in significant spatial and
frequency variation of the Green’s function. In such cases, the sound pressure spectrum
cannot be directly related to ψQ̇ .
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Figure 7. The variation of ψ+
q̇ with f at ten probe locations for the five cases. The insets in the DLR cases

show the normalised PSD of velocity magnitude, ψ+
|u|, for the same probe locations. The magenta line shows

the geometric mean of ψ+
|u| at the ten probe locations. The vertical red dotted line marks the characteristic

frequency f ∗.

5.2. Local HRR spectra
The local instantaneous HRR q̇( y, t) data are collected for ten probe locations shown in
figures 1–3. The normalised PSD ψ+

q̇ ( f ) at these ten locations for the five cases listed
in table 2 are shown in figure 7 along with the velocity spectra for the DLR flames. The
PSDs can be segregated into two regimes, namely, a low-frequency regime f < f ∗ and
a high-frequency regime f > f ∗, where f ∗ is the characteristic frequency marked using
vertical red dotted lines. The frequency beyond which the PSD starts to fall off is defined
to be the characteristic frequency f ∗ here. The PSD ψ+

q̇ ( f ) is more or less constant, with
a small amount of scatter across the spatial points for all the cases when f ≤ f ∗. A peak
near the PVC frequency is evident in the inset showing ψ+

|u|( f ). This is marked as PVC
in figure 7, and it is seen only for probe locations close to this flow structure. The PVC
is a distinct coherent structure modulating the flame surface in these cases (Chen et al.
2019a; Massey et al. 2019a), and is responsible for the high spectral content for frequencies
close to the PVC frequency. Therefore, the characteristic frequency f ∗ for the local HRR
spectra is equal to the PVC frequency in these cases. The spectra decay for f > f ∗, and
there is some small spatial variation of ψ+

q̇ . The PSD of the BBF case in figure 7 shows
a slightly different spectral behaviour, although the overall qualitative trend across the
frequency space is similar to the DLR flames. The low-frequency behaviour has only a
small variation similar to DLR flames, as seen in the figure. The spectral roll-off rate for
all the locations is similar for f > f ∗ up to approximately 3 kHz. The spectral decay is
faster for higher f , and is also moving downstream, as indicated by lighter colour curves.
The decay exponent varies from 1.38 for the most upstream locations to 5 for the most
downstream locations, as shown in figure 7. The normalised PSD of HRR for the JICF
flame has several similarities and differences compared to the other cases. It is similar
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Figure 8. DMD mode amplitude of ω̇c and |u| for the BBF case, and the spatial distribution of three dominant
modes.

to the other spectra since it qualitatively captures the same trend. However, there are at
least two key differences: (i) there is a significant variation of the normalised PSD across
different locations at high frequencies with a discernible narrow-band peak; and (ii) the
entire spectral content is shifted to a higher (by one order of magnitude) frequency regime.
The decay rates show a substantial spatial variation similar to the BBF case beyond f ≈
27 kHz. However, unlike the DLR cases, identifying a physically meaningful threshold
frequency is challenging and is sought out next using DMD analyses.

Peaks are observed in neither ψ+
q̇ nor ψ+

|u| (not shown) for the BBF case, suggesting
that no globally unstable hydrodynamic mode is excited. It is therefore more challenging
to identify a physically motivated characteristic frequency f ∗ for this case. To proceed
further, a simultaneous DMD of the reaction rate and velocity magnitude is performed.
The results are shown in the mid x–z plane to recognise dominant coherent structures and
their modal energy, which could assist in the identification of a suitable f ∗. A total of 200
DMD modes m, where each mode corresponds to a particular frequency, are used for this
analysis, and this number of modes is deemed sufficient since at least 80 % of the energy
content is captured. Figure 8 shows the DMD mode amplitudes |b| normalised by their
peak values, and the mode shapes for the three most dominant modes. The mode shapes
of the reaction rate of progress variable and velocity magnitude (Re{ ̂̇ωc}/Re{ ̂̇ωc}max and
Re{û}/Re{û}max ), shown in figure 8 are essentially the real parts of the eigenvectors of the
Koopman operator K (see (4.2)) obtained using DMD. The velocity modes do not reveal
distinct coherent structures; however, the HRRs show a greater degree of coherence as
seen from the large areas of either blue or red colour in figure 8, especially in the shear
layers where the flame is stabilised. The three most dominant modes recognised using
DMD show an antisymmetric (sinuous) pattern about z = 0 mm for the HRR, which is
most evident at f = 288 Hz. The lack of substantial coherence and a subsequent globally
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Figure 9. The DMD mode amplitude of ω̇c and |u| for the JICF flame, and the spatial distribution of three
modes.

unstable mode is most likely due to the high turbulence intensity (22 %) in this case. Since
the modal amplitudes are high in the frequency range 100< f < 300 Hz before substantial
decay occurs, as seen in the top row of figure 8, the spectral characteristic frequency can
be conveniently identified in this range. The precise value of the characteristic frequency
in this range is not critical for the analysis since it will be shown to have negligible impact
on modelling aspects discussed later in § 5.3.

Figure 9 shows the DMD results for the reacting JICF obtained using 350 modes, which
sufficiently capture over 80 % of the energy content. The DMD reveals that the zero-
frequency mean flow is the most dominant mode that features two branches for the real
part of the reaction rate. The second most dominant mode, at f = 3960 Hz, resembles
an elliptic short-wavelength (about 5 times the jet exit diameter) instability of the CVP
in the jet region similar to past studies (Laporte & Corjon 2000; Ilak et al. 2012). This
instability is most evident in the region 20< x < 40 mm and 10< z < 20 mm where an
antisymmetric mode structure in ̂̇ωc is clearly visible, and this is a characteristic of the
short-wavelength elliptic instability of the vortex pairs. This instability results in short
waves convecting along the jet trajectory. Furthermore, this mode shows the upright wake
vortices being distorted by the background flow in the wake region (10< x < 40 mm and
0< z < 10 mm) as is evident in both the velocity and the reaction rate mode structures.
These structures also convect along the cross-flow similarly to the short waves on the
CVP. This second mode showing the elliptic instability and wake vortices results in a
wide region of coherence, hence the corresponding frequency is a reasonable choice for
the characteristic frequency in this case. An additional DMD mode can be recognised at
f = 27 070 Hz as shown in figure 9, which is close to the narrow-band peak observed
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in figure 7 for the JICF case. Note that the spatial window used for the DMD is much
wider than the spatial extent of this mode. Therefore, the mode amplitudes that optimise
the faithful modal reconstruction of the entire flow field are heavily weighted against
modes that have a short spatial extent in comparison to the entire DMD window. As a
result, extremely low amplitudes (note the scale on the y-axis) are seen for this mode,
which is active only in a small region close to the jet shear layer. This mode structure
closely resembles the typical shear layer roll-up due to KH instability, as seen clearly
from the antisymmetric mode structure for velocity magnitude. The reaction rate mode
structure shows a complex structure for 0< x < 10 mm, possibly from the distortions of
the flame surface caused by the shear layer vortices. However, at x > 10 mm the mode
structure changes to alternating cusp-like structures before quickly diminishing in strength.
These coherent structures significantly increase the spectral content of ψ+

q̇ and explain the
narrow-band peak seen in figure 7 for the JICF case.

The spatially varying decay rates seen for cases BBF and JICF in figure 7 may be
understood by analysing the chemical time scale defined as τc = ρ/ω̇c. The increasing
decay rates for ψ+

q̇ with downstream locations in the BBF case suggest that the local
chemical time scale variation identified by Langella et al. (2016) may play a role.
Figure 10(a) shows the probability density function (PDF) of τ−1

c for the three different
regions shown in the right-hand column, depicting the spatial variation of time-averaged
reaction rate ω̇c in the mid x–z or x–y plane. It is clear that τc increases, and smaller
time scales become less probable, with downstream distance, as shown in figure 10(a).
Therefore, a multi-regime combustion occurs in this case (Langella et al. 2016). Fast time
scales (high frequencies) have lower spectral content since large reaction rates do not occur
at downstream locations. This explains the influence of the spatially varying chemical time
scale on the subsequent high-frequency ( f > 3 kHz) spectral decay rates seen in figure 7
for the BBF case. Similarly, zone S3 in figure 10 has the largest chemical time scale and
subsequently highest spectral decay rate in figure 7 for the JICF case. In contrast, zone S1
has the lowest chemical time scale, and as a result it also has the lowest decay rate, while
zone S2, which is on the leeward side of the jet exit, takes intermediate values. The PDFs
of chemical time scales in the swirling flow cases are much narrower, and the distributions
do not differ substantially between different spatial locations, as seen in figure 10(c) for
the DLR-B flame. Similar behaviour is observed for other DLR flames listed in table 2.
Therefore, the spectral decay rate of ψ+

q̇ for the swirl-stabilised flames are quite similar
across different locations.

In light of the results above, it is interesting to compare the characteristics of ψ+
q̇ and

ψ+
Q̇

. The low-frequency spectral content in both these spectra shows a near constant trend

below a characteristic frequency ( f p for ψ+
Q̇

, and f ∗ for ψ+
q̇ ) for all cases. However,

these characteristic frequencies differ considerably for all the cases except JICF. The
characteristic frequency in the local spectra generally corresponds to a hydrodynamic
instability, as discussed earlier in this subsection. The nearly flat spectral content at f < f ∗
suggests that the local fluctuations are coherent at time scales close to those induced by
the coherent motions of the hydrodynamic mode. The frequency f p for ψ+

Q̇
depends on

the convective scaling Ub/L f for all the cases except DLR-B (thermoacoustically unstable
flame), as discussed in the previous subsection. The characteristic frequencies for the JICF
case compare well between the normalised PSDs of local and global HRR. Since f ∗ is
dictated by the hydrodynamic modes of convective nature (short-wave elliptic instability
and wake vortices) with large spatial extent, it is expected that the global PSD also would
have similar characteristic frequency. In contrast, the swirl-stabilised flames are influenced
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Figure 10. The PDFs of τc for three spatial zones marked in the right-hand column showing 〈ω̇c〉/〈ω̇c〉max .
The dashed vertical lines indicate the mean τ−1

c in each zone.

locally by the PVC, which is not a convective mode aligned with the bulk flow. Therefore,
one can expect a significant difference between f p and f ∗, for instance, f p = 510 Hz
whereas f ∗ = 1400 Hz for the DLR-A flame.

The high-frequency spectral decay rates show a vast difference between the normalised
PSDs of local and global HRR. The spectral decay ranges from f −1 to f −6 for ψ+

q̇ ,
whereas the spectral decay for ψ+

Q̇
varies mostly as f −5. The difference in spectral

decay rates between the global and local HRR can be assessed using the framework
described in Lieuwen (2012). According to this framework, the global HRR spectrum
is related to the following physical factors: (i) the local HRR spectra, which depend
on velocity fluctuations (Clavin & Siggia 1991) and equivalence ratio fluctuations as in
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this work; (ii) spectral variation of correlation volume (Vcorr ( f )); and (iii) convection of
fluctuations due to tangential flow along the flame (Rajaram & Lieuwen 2009; Lieuwen
2012). Therefore, the difference between the local and global HRR spectral decay rates
must arise from the spectral characteristics of the correlation volume and/or the phase
cancellation due to tangential convection of fluctuations along the flame front. Lieuwen
(2012) shows that the global and local heat release spectra are related to each other using
the correlation length scale, also known as the coherence length scale (Rajaram & Lieuwen
2009). The three-dimensional analogue of this relation is given by

ψ+
Q̇

V 2
F

≈

⎧⎪⎨⎪⎩
ψ+

q̇ , O(Vcor )∼O(VF ),

8ψ+
q̇

Vcor ( f )

VF
+O

(
Vcor ( f )

VF

)2

, O(Vcor )�O(VF ),
(5.1)

where instead of correlation length, lcor , correlation volume Vcor is used, and VF is the
flame volume. Since Vcor decays with increasing frequency (Rajaram & Lieuwen 2009;
Lieuwen 2012), it can be seen from (5.1) that at frequencies where O(Vcor )�O(VF ),
the decay rate of ψ+

Q̇
will exceed that of ψ+

q̇ . The correlation volume is proportional to
the product of the correlation length scales in the three directions (Wäsle et al. 2005).
The correlation length scale in each direction can be computed by fitting the decay of the
coherence to the following equation (Rajaram & Lieuwen 2009):

γ 2 (x, x +�x, f )= exp
(

− �x

lcor ( f )

)2

, (5.2)

where �x is the separation between an arbitrary point of interest within the flame region
and the location of maximum heat release. The coherence γ 2 is given by

γ 2 (x, x +�x, f )= |ψ̌q̇ (x, x +�x, f ) |2
ψ̌q̇ (x, x, f ) ψ̌q̇ (x +�x, x +�x, f )

, (5.3)

where ψ̌q̇ is the PSD of the transversely integrated HRR given by

ψ̌q̇ =
∫ ∫

ψq̇ dy dz. (5.4)

The correlation length scales in the other directions (y and z) are computed similarly.
The results for the spectrum of correlation volume for three representative cases

are shown in figure 11(a). The correlation volume decays as frequency increases for
all cases, with the highest decay rate for case DLR-B, which approaches f −3. The
comparatively faster decay of Vcor for the partially premixed cases is likely due to the
mixture inhomogeneities. The slower decay rate of Vcor for the JICF case is likely due to
the presence of high-frequency hydrodynamic instabilities that maintain a large level of
coherence and ensure strong mixing.

Additionally, consider the cross-spectrum phase of transversely integrated HRR,
ϕq̇(Δ, f )= arg{ψ̌q̇(x, x +Δ, f )}, which is useful to discern the contribution of phase
cancellation due to convective phenomena. The phase cancellation due to convection
of fluctuation along the flame front also results in the decay of global HRR spectrum
proportional to f −2 at high frequencies. In the presence of convective phenomena, it is
possible to identify a convective velocity or phase velocity vϕ defined as

vϕ =
∣∣∣∣∣ ∂2ϕq̇

∂ f ∂�x

∣∣∣∣∣
−1

. (5.5)
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Figure 11. (a) The frequency spectrum of the correlation volume normalised by the flame volume VF . (b–e)
Contours of cross-spectrum phase ϕq̇ of transversely integrated HRR along (y, z) for a synthetic signal and
cases DLR-B, JICF and BBF. Grey contour lines denote the mark ϕq̇ = π/2.

Figure 11(b) shows the representative cross-spectrum for an arbitrary synthetic signal with
ϕ = (π/10) fΔ and a constant phase velocity vϕ = 10/π m s−1. The contours of the cross-
spectrum phase for the three cases are shown in figures 11(c–e). It can be seen that the
contours of ϕq̇ for case DLR-B are qualitatively similar to figure 11(b), suggesting the
presence of convective phenomena. However, there are at least two quantitative differences
in the phase characteristics of the synthetic signal and case DLR-B. The phase velocities
in the case DLR-B are not exactly constant throughout the ( f, �x) space (not shown),
and unlike in the synthetic signal, f = 0 is not an asymptote in the case DLR-B, possibly
due to the inadequate low-frequency resolution of the LES. The other cases, namely JICF
and BBF, do not show similar smooth hyperbolic contours and a smooth transition from
in-phase oscillations (ϕq̇ <π/2) to out-of-phase oscillations (ϕq̇ >π/2) as f and �x
increase. Therefore, there are no discernible convective phenomena in these cases.

The high-frequency spectral decay rate ψ+
Q̇

for the partially premixed DLR case and
premixed BBF case are identical despite the difference in decay rates of Vcor . This is
because the decay rate ψ+

q̇ increases with increasing downstream distance, as discussed
previously in figure 7, and this compensates for the higher level of coherence in the BBF
case. This feature of the BBF is further exemplified by showing the normalised PSD of
area-integrated ω̇c in three different regions, as shown in figure 12(a). The higher level of
coherence in the JICF flame at high frequencies results in a slightly lower spectral decay
rate for f/ f p > 1, as seen in figure 6(b). The lower spectral decay at high frequencies can
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Figure 12. Instantaneous ω̇c in the mid x–z plane, and the PSD of the area-integrated ω̇c in the three regions
marked for (a) BBF and (b) JICF flames.

also be due to finite rate chemistry effects of pure H2. A past study showed that the syngas
mixtures had lower decay rates in comparison with syngas and methane blends due to
finite-rate chemistry effects (Klein & Kok 1999). Therefore, presence of methane should
result in larger τc values. This is consistent with the results in figure 10, where τc for the
JICF case, which operates on H2 fuel, is lower compared to the BBF or DLR-B cases
operating with pure methane fuel. Therefore, the presence of hydrogen and its inherent
high burning rate may also contribute to the lower spectral decay rate of ψ+

Q̇
for the JICF

flame. The complementary roles played by chemical kinetics and hydrodynamics on ψ+
Q̇

is

further exemplified by computing the area-integrated ω̇c for three different regions shown
in figure 12(b). The area-integrated reaction rate spectra show different spectral decay rates
for the three locations, as seen in figure 12(b). The region enclosed by the blue box is close
to the shear layer roll-up, which occurs at approximately 27 kHz, hence the spectral decay
rate is elevated in this region. To further understand the competing effects of chemical
kinetics and hydrodynamics on the spectral decay rates requires studying the JICF flame
with different fuels, such as methane, which is a future study.

In summary, the combination of decaying Vcor spectrum and phase cancellation due
to convection of perturbations along the flame front is responsible for the vast disparity
in decay rates between the local and global HRR spectra for the DLR cases. While there
is no convective phase cancellation in the JICF and BBF cases, the spatially decaying
local HRR spectra along with the decay of the Vcor spectra result in a similar disparity of
decay rates between the local and global HRR spectra for these cases. It is also noted
that the decay of the Vcor spectra in the different cases is dependent on the presence
of mixture inhomogeneities, the presence of hydrodynamic instabilities, and finite-rate
chemistry effects.
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Figure 13. Geometric mean normalised spectra of local HRR and velocity magnitude for the respective cases.
The vertical red dotted line marks the characteristic frequency f ∗.

5.3. Modelling aspects
For modelling purposes, it is interesting to compare the normalised PSDs of HRR and
velocity magnitude. For the sake of simplicity, it is important to consider a meaningful
mean PSD that closely approximates the spatial variation of ψ+

q̇ shown in figure 7. The
DLR cases show negligible spatial variation and are hence insensitive to the way the mean
PSD is obtained. However, the BBF and JICF flames showing a large spatial variation
demand an appropriate way to calculate a representative mean PSD. An arithmetic mean
may not be suitable for this purpose since it would heavily favour locations with large
spectral content. Therefore, a geometric mean is used to obtain a representative PSD for
the BBF and JICF flames.

The geometric mean of normalised ψ+
q̇ and ψ+

|u| is shown in figure 13 for all the cases.
This geometric mean is denoted using Ψ with appropriate subscripts. The decay rate for
Ψ+

q̇ ranges from 1 to 3.5 for all cases, whereas the range is from 1.8 to 3.8 for Ψ+
|u|. The

PSDs for the DLR-A flame remain nearly constant up to f ∗ ≈ 1400 Hz, which is identical
to the PVC frequency. At f > f ∗, the spectra decays at the rates 1.2 and 1.8 for the HRR
and velocity PSDs, respectively. In contrast to the DLR-A flame, the thermoacoustically
unstable DLR-B flame has two characteristic frequencies – thermoacoustic frequency
fT , and PVC frequency f ∗. The characteristic frequency for Ψ+

|u| is identical to the
thermoacoustic frequency fT . It is surprising to note that the characteristic frequency
for ψ+

Q̇
( f p) is equal to fT = 250 Hz (see figure 6a), whereas it is equal to the PVC

frequency f ∗ = 400 Hz for Ψ+
q̇ . These results can be explained using a past LES study

focusing on the flame leading edge movement in this case (Chen et al. 2019a). It was
shown that the azimuthal movement of the flame leading point is strongly correlated with
the PVC frequency, suggesting that the local HRR would be strongly influenced by the
PVC, resulting in a small peak at f ∗, as seen in figure 13 for the DLR-B flame. Even
though the DLR-B flame has thermoacoustic oscillations, the local HRR – unlike the
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Figure 14. Comparison of model spectrum (Hirsch et al. 2007) for Ψ+
q̇ with LES results for the DLR flames

and BBF case. The vertical red dotted line denotes f ∗.

global HRR– is influenced both by local activity such as the local mixing, PVC, etc., and
by the thermoacoustic oscillation. However, the velocity fields are substantially modulated
only by the thermoacoustic oscillation, hence the high-frequency spectral decay rates for
HRR and velocity magnitude PSDs are more disparate in the DLR-B flame compared to
other cases. Furthermore, the cumulative spectral content for f > fT has to compensate
for the accumulation of spectral content at f = fT due to the thermoacoustic oscillation
resulting in a higher spectral decay rate for Ψ|u|.

The DLR-C flame shows a trend similar to that of the DLR-A flame in figure 13,
with slightly larger decay rates 1.6 and 2.5 for the HRR and velocity magnitude PSDs,
respectively. The characteristic frequency f ∗ for the DLR-C flame is equal to the PVC
frequency 400 Hz . In the BBF case, the spectral decay rates for Ψ+

q̇ and Ψ+
|u| in the

approximate range 1000 � f � 3000 Hz are 1.6 and 1.9, respectively, as seen in figure 13.
At approximately 3 kHz, the spectral decay rate increases to 3.3 for HRR and 3.8 for
Ψ+

|u|. The increase in the decay rate is due to the increase in τc as discussed previously.
The JICF PSD shows a characteristic frequency f ∗ ≈ 3500 Hz that corresponds to the
combined wake-vortex and elliptic instability mode of the CVP. The spectral decay rate is
identical for the HRR and velocity magnitude PSDs, and is equal to 1.3 in the approximate
range 3.5 � f � 27 kHz, and 3.5 for f � 27 kHz. The shear layer vortex roll-up results in
a narrow-band peak at approximately 27 kHz as discussed previously in figure 12.

A key observation from figure 13 is that the spectral decay rates of HRR and velocity
magnitude are not the same, and it is consistently lower for the former for all cases except
JICF. This observation highlights the limitations of existing models (Hirsch et al. 2007)
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Parameter Values

DLR-A DLR-B DLR-C BBF
q̇o (GW m−3) 0.1 0.5 0.07 1.15
YF,0 0.0368 0.042 0.0311 0.0332
a0 (μm2 s−1) 14.8 14.8 14.8 14.8
Hu (MJ kg−1 s−1) 50 50 50 50
ρ0 (kg m−3) 1.18 1.18 1.18 1.18
u′ (m s−1) 12.36 2.78 3.59 3.63
tI (ms) 0.26 1.3 0.76 0.38
Λ (mm) 3.3 3.6 2.7 1.4
ε̃ (m2 s−3) 5.8 × 105 6.03 × 103 1.69 × 104 3.43 × 104

k̃ (m2 s−2) 229.34 11.59 19.38 19.8
sL (m s−1) 0.12 0.2 0.08 0.09
Dat 0.024 0.32 0.03 0.02
ηc2 (μm) 8.64 27.7 20.9 17.5
LG (μm) 8.64 1.33 0.03 0.02
LC (μm) 0.003 27.7 20.9 17.5

Table 3. Description and values of parameters in Hirsch’s model (Hirsch et al. 2007) for cases DLR-A, B, C
and BBF.

for HRR spectra deduced using the velocity spectra. Furthermore, the velocity spectra do
not exactly follow the Kolmogorov −5/3 law (−5/2 in frequency space; Clavin & Siggia
1991) for such complex cases, as is often assumed in existing models.

Before proceeding further it is necessary to gauge the performance of existing models,
such as that proposed by Hirsch et al. (2007), which is described in Appendix A. The
quantity Ψ+

q̇ estimated using this model for the DLR flames and BBF case are shown
in figure 14 alongside the velocity magnitude PSD. Two variations of this model are
shown, where Ψ+H1

q̇ is the original model (Hirsch et al. 2007) and Ψ+H2
q̇ uses the LES

velocity spectrum instead of the one-dimensional model spectrum by Tennekes & Lumley
(1972). The modelled Ψ+H1

q̇ shows severe inaccuracies in the low, characteristic and high

frequency characteristics for all cases. The modified model (Ψ+H2
q̇ ) is identical to the

velocity spectrum due to normalisation. While the modified spectrum performs better
than Ψ+H1

q̇ in capturing the qualitative trends, it does not account for the disparity in the
spectral decay rates between Ψ+

|u| and Ψ+
q̇ discussed previously in this subsection. Another

conceptual limitation of this model is the assumption that the scalar dissipation rate of
reactive progress variable can be modelled using the linear relaxation model used for
passive scalars (Pierce & Moin 1998). Several past studies have shown that this assumption
is problematic in turbulent premixed flames where the flame dilatation has a significant
contribution to the scalar dissipation rate that the linear relaxation model fails to capture
(Swaminathan & Bray 2005; Dunstan et al. 2013). While the model is strictly applicable
only to premixed flames, an approximation for laminar flame speed is obtained based on
the global equivalence ratio (φg) for the partially premixed swirl stabilised flames. Such
a model is also inapplicable in cases where the global equivalence ratio is well below
the lower flammability limit, as in the case of the JICF flame. The values of the various
parameters involved are listed in table 3 for all cases shown in figure 14.
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Figure 15. Comparison of computed (see figure 13) and modelled (see (5.6)) Ψ+
q̇ for the respective cases.

To account for the difference in spectral decay rates between velocity magnitude and
HRR PSD, the following model is proposed in this work:

Ψ+
q̇ ≈Ψ+

|u|

(
1 +

(
f

f ∗

)l
)1/2

, (5.6)

where f ∗ and l are the characteristic frequency for Ψ+
q̇ and scaling exponent, respectively.

This model is considerably simpler compared to that in Hirsch et al. (2007), with only two
parameters, and depends on Ψ+

|u| obtained from reacting flow LES.
The comparison of this modelled and computed Ψ+

q̇ is shown in figure 15. The
model compares well with the LES spectrum for all the cases. Since no clear unstable
hydrodynamic mode was identifiable in the BBF case, the characteristic frequency is
chosen in the range 100< f < 300 Hz as discussed previously, and weak sensitivity of
the PSD is seen for the choice of f ∗. This sensitivity is seen only for f ≤ 200 Hz for the
BBF case. The scaling exponent is l = 2 except in the DLR-B and JICF flames. The higher
scaling exponent for the DLR-B flame is because of its thermoacoustic instability, which
resulted in a larger disparity in the decay rates between Ψ+

q̇ and Ψ+
|u| as seen in figure 13.

The scaling exponent is much lower and negative for the JICF flame. This is because of
the high-frequency dynamics associated with hydrodynamic instabilities, which results
in nearly identical decay rates for Ψ+

q̇ and Ψ+
|u| as seen in figure 13. The HRR is not

an easy quantity to measure in experiments, but ψ+
|u| may be measured relatively easily.

Hence (5.6) can conveniently model Ψ+
q̇ . This model has several advantages over that

suggested by Hirsch et al. (2007). First, this model uses reacting velocity spectra instead
of Kolmogorov’s model spectra for homogeneous isotropic turbulence, which is most
often inapplicable in practical flows. Second, the model captures well the considerable
difference in the spectral decay rates seen for all the cases. Third, this model is physically
motivated using the characteristic frequencies associated with hydrodynamic modes for
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Figure 16. (a) Comparison of mean reacting (R) and non-reacting (NR) Ψ+
|u|, and (b) comparison of LES

results and model (5.6), using normalised NR velocity magnitude PSD for DLR-C, BBF and JICF. Here, AM
means arithmetic mean, and GM means geometric mean.

aerodynamically stabilised flames. Finally, this model is fairly robust across the cases
and uses only one parameter, the exponent l. A limitation of this model, however, is its
reliance on computationally expensive reacting flow simulations to obtain the velocity
magnitude PSD Ψ+

|u|. It is therefore interesting to investigate whether the non-reacting
flow is sufficient to model the HRR spectra. Figure 16(a) compares the reacting and
non-reacting Ψ+

|u| for three representative cases (DLR-C, BBF and JICF). The results
for DLR-A are expected to be qualitatively similar to the DLR-C flame. This model is
inappropriate for case DLR-B since the non-reacting flow is inherently missing the two-
way coupling between flame and acoustics necessary for this unstable case. The reacting
flow-based model works well, as shown in figure 15, since this coupling is present in
the reacting flow velocity spectra. The non-reacting Ψ+

|u| is obtained as the geometric
mean of ψ+

|u| gathered for ten probe locations in the respective non-reacting cases. The
peak at approximately 400 Hz in figure 16(a) for the DLR-C case corresponds to the
PVC frequency, which is nearly identical between the reacting and non-reacting flows.
In the case of BBF, the reacting and non-reacting counterparts are identical up to 3 kHz
when using the geometric mean. The comparisons improve using the arithmetic mean,
which tends to favour higher spectral content of the upstream locations. The discrepancy
between the arithmetic and geometric means arises because the velocity spectra decay at
a faster rate with downstream distance for the non-reacting case compared to the reacting
case. This is possibly a result of flame dilatation increasing the spectral content in the
reacting case (Bilger 2004; Kolla et al. 2014). The reacting and non-reacting Ψ+

|u| spectra
for the partially premixed cases are not affected much by this effect (Bilger 2004; Knaus
& Pantano 2009). The reacting and non-reacting spectra are similar in their broad-band
nature and the high-frequency range for the JICF case. The shear layer roll-up is dominant
in both reacting and non-reacting conditions, resulting in the local narrow-band peak. The
interaction between the flame, wake vortices and the short-wave instability of the CVP
is strong enough to result in a peak at f ≈ 3500 Hz in the reacting velocity spectra for
this case. However, the absence of such an interaction in the non-reacting flow at these
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time scales does not result in a prominent narrow-band peak in the local non-reacting Ψ+
|u|.

These results suggest that the Ψ+
|u| from non-reacting flow represents Ψ+

q̇ based on (5.6),
although some differences may be expected.

Figure 16(b) compares Ψ+
q̇ obtained using (5.6) with non-reacting flow Ψ+

|u| from
the corresponding LES for the three cases discussed previously. The comparisons are
reasonable for DLR-C, and the spectra show a negligible sensitivity to the method of
obtaining the mean. The results for the other DLR flames is also expected to be similar
to the DLR-C flame. Figure 16(b) for BBF shows that the arithmetic mean captures the
HRR spectra with improved accuracy especially at very high frequencies ( f > 2 kHz),
for reasons discussed previously. The comparisons for the JICF case are reasonable with
discrepancies in the low-frequency regime ( f < 10 kHz) and at the narrow-band peak
at f ≈ 27 kHz. The discrepancy in the narrow-band peak is because of the stronger
peak in the velocity spectra compared to the HRR spectra. The discrepancy in the low-
frequency range is due to the differences seen in the comparisons between the normalised
reacting and non-reacting velocity magnitude PSDs in figure 16(a) for the JICF. The
comparisons are improved significantly by using the velocity spectra from a location
away from the shear layer roll-up (point 2 in figure 3). The improvements are obtained
because of the lower spectral content at high frequencies ( f > 20 kHz) for this location,
which lowers the discrepancy in the narrow-band peak at f ≈ 27 kHz observed previously.
To summarise, the non-reacting velocity spectra, but not the Kolmogorov spectra, are
sufficient to model the HRR spectra using (5.6) since the parameters f ∗ and l remain
approximately unchanged between the reacting and non-reacting flows as they are related
to the hydrodynamics.

6. Summary and conclusions
The spectral characteristics of local and global HRR, which are relevant to the direct
combustion noise, are investigated for several aerodynamically stabilised flames using LES
data. Five cases at atmospheric conditions in three configurations, namely, DLR dual-swirl
burner, bluff-body burner and JICF, are investigated with CH4–air and H2–air mixtures.
This work aims to understand the spectral behaviour of HRR so that a reliable and robust
model for these spectra can be developed.

The spectral characteristics of global HRR PSD for all the cases and measured far-field
noise spectra for the DLR-A flame show the same spectral decay f −5 at high frequencies.
This is substantially higher than previously observed f −5/2 behaviour in open flames
(Clavin & Siggia 1991; Rajaram & Lieuwen 2009). It is concluded that the lower spectral
coherence in the local HRR due to mixture inhomogeneities in enclosed partially premixed
flames is the reason for higher spectral decay rates in the global HRR spectra. The spectral
decay rates are influenced significantly by the spatially varying chemical time scales within
the combustion zone observed for the BBF and JICF cases. The characteristic frequencies
for the global HRR PSD are equal to the inverse of a convective time scale, defined as the
ratio of convective velocity and an appropriate flame length for most cases.

The spectral characteristics of local HRR are qualitatively similar to the global HRR
spectra. However, the characteristic frequency is associated with a physically important
hydrodynamic mode for all the cases studied, and their high-frequency spectral decay is
significantly lower than the global counterpart. The dominant hydrodynamic mode in the
dual-swirl cases is the PVC, which maintains a strong level of coherence at frequencies
close to fPV C . The hydrodynamic modes in the BBF and JICF flames are identified using
DMD analysis. The characteristic frequency of the local HRR spectra in the JICF flame
is equal to the frequency at which the wake vortices and the short-wave elliptic instability
1007 A29-26
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arise. This frequency in the bluff body stabilised flame is associated not with any dominant
global hydrodynamic mode but with a collection of a few modes in the frequency range
100–300 Hz. The spatial distribution of mode amplitudes in this frequency range shows
antisymmetric patterns of the shear layer about the bluff-body centreline.

Finally, a new model is proposed that is physically motivated by coherent structures
of the flow field, has fewer empirical constants, and is shown to be robust across the
cases considered in this work. This model uses the reacting flow velocity spectra, and
accurately estimates the HRR spectra for all cases. An alternative model that uses the
non-reacting velocity spectra is also proposed, revealing satisfactory results. The model
based on the non-reacting velocity incurs substantially lower computational costs than the
reacting counterpart. Additionally, this model accurately captures the HRR spectra without
relying on simple one-dimensional TKE model spectra (Tennekes & Lumley 1972) that
may not be strictly valid for such reacting flows in complex practical systems.
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Appendix A
The model spectrum in the wavenumber (κ) space proposed by Hirsch et al. (2007) is
given by

E H1
q̇ (κ)= q̇oCsCD ε̃

2/3 k̃−1κ−5/3 × exp
[
−3

2

(
πβα1/2 (κΛ)

)−4/3 + α
(
κηc2

)4/3]
,

(A1a)

q̇o = 4.96
ε̃

k̃

(
sL√
2/3

+
(

1 + Da−2
t

)−0.25
)2

× c̃ × (1 − c̃) ρ0YF,0 Hu, (A1b)

Dat = 0.09 k̃ s2
L

ε̃ C2
c a0

and Cs = α

CD

⎛⎜⎜⎜⎝
sL√
2/3̃k

+
(

1 + Da−2
t

)−0.25

sL√
2/3̃k + 1

⎞⎟⎟⎟⎠
2

, (A1c)

where CD = 2.0, α= 1.5, β = 0.3 and Cc = 1.2 are model constants, and the other
parameters are listed in table 3. These parameters are scaled mean HRR per unit volume
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q̇o, reactant fuel mass fraction YF,0, kinematic viscosity of the unburnt mixture a0,
lower heating value of the fuel Hu , reactant density ρ0, root mean square velocity
u′, integral time scale tI , integral length scale Λ, TKE k̃, dissipation rate of TKE ε̃,
laminar flame speed sL , turbulent Damköhler number Dat , diffusive length scale ηc2 =
max[cG LG, LC ], model constant cG = 3, Gibson length scale LG , and Corrsin length
scale, LC . The values of model constants and other modelling details can be found
in Hirsch et al. (2007) and Liu et al. (2014). The model is based on the assumption
that the HRR spectrum is proportional to the reactive scalar spectrum, which is thereby
proportional to the the TKE spectrum. The TKE spectrum is given by the classical model
spectrum of Tennekes & Lumley (1972), whose validity for the operating conditions
considered in this work has to be tested. The model one-dimensional TKE spectrum
(Tennekes & Lumley 1972) may not strictly be valid in the cases considered, hence an
alternative model given by

E H2
q̇ (κ)= q̇o

CDCs

α
k̃−1 Eu2, (A2)

where Eu2 is the TKE spectrum obtained directly from the reacting flow LES, is proposed.
The spectrum is transformed from the wavenumber space to the frequency space following
Tennekes & Lumley (1972), which requires the conservation of the spectral content
across the two spaces κEq̇ = 2π fψq̇ , and assuming simple rearrangement between the
Lagrangian and Eulerian frameworks. The details of the transformation to frequency space
can be found in Hirsch et al. (2007) and Liu et al. (2014). The mean normalised PSDs for
the two models are obtained similar to (2.7).
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