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THE SATURATION OF A PRODUCT OF IDEALS 

STANLEY WAGON 

In this note we discuss how the sa tura t ion oî I X J, where / , J are /{-com­
plete ideals on a regular uncountable cardinal K, depends on the sa tura t ion of 
/ and / . We show tha t if 2" = K+ then the sa tura t ion of / X / is completely 
determined by the saturat ion of / and / . A consequence of a negative sa tura­
tion result is t ha t NSK X NSK is not K+-saturated, where NSK is the non-
sta t ionary ideal on K (even though it is still open whether NSK can be K+-
sa tu ra ted) . We also discuss the preservation of precipitousness under certain 
products , obtaining a simple example of an ideal on K t h a t is precipitous bu t 
not K+-saturated. 

1. P r e l i m i n a r i e s . Let K denote a regular uncountable cardinal . By an 
ideal on K we mean a /c-complete, non-principal, proper ideal on K, i.e., a collec­
tion I Q^(K) such t ha t {a} Ç / for a < K, K # I, if A C B Ç / then A £ I, 
and if 0 < K and Aa £ / for a < /3 then \J{Aa\a < 0} G / . / * denotes 
{K — A :A G /} and /+ denotes {A C K:A d I}. 

If A Ç K then [A] = {B Ç K: the symmetr ic difference of A and B is in /} ; 
^(K)/I denotes {[A] :A Çl K}. A collection ?t of sets in I+ is called an almost 
disjoint family for I (adf for / ) if A P\ B £ / whenever A, B Ç 21 and A ^ B. 
An ideal / is called \-saturated, X a cardinal, if whenever ?l is an adf for / then 
|?I| < X. We let sat I denote the least X such t h a t I is X-saturated. 

Note t ha t sat I ^ (2*)+ if I is an ideal on K. T h e sa tura t ion of an ideal was 
first defined by Tarski [6], who proved t h a t sat / is always a regular cardinal. 
The saturat ion of an ideal / provides a measure of how close / * is to being an 
ultrafilter. 

If I, J are ideals on K, we may define the product ideal / X / on K X K by 
s e t t i n g s G I X 7 i f {a < K\A{(X) G J+] G J where ,4 («) = {P < * : («, P) G -4}. 

I t is well-known tha t if / , J are 2-saturated i.e., prime (an ideal / is prime if 
and only if / * is a measure ultrafilter) then so is / X / . Theorem 1 generalizes 
this by showing tha t sat I X J = max {sat / , sat / } whenever sat I ^ K+ and 
sat J < K. In the other direction, Theorem 2 shows t h a t sat I X J > K+ 

whenever sat J > K. These results are mot ivated , in par t , by a paper of 
Kakuda [3], where the preservation of sa tura t ion under certain forcing exten­
sions is studied. 

2. P r o d u c t s w h i c h are s a t u r a t e d . In this section we describe a si tuat ion 
where the saturat ion of a product is as small as it can be. T h e following theorem 
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is well-known when sat / < K, in which case it follows easily from a result of 
Silver (see [4, Theorem 1.45]). 

T H E O R E M 1. / / I, J are ideals on K, sat / = /* ^ K+, and sat J = X < K, then 
sat I X J = v = max {/x, Xj. 

Proof. I t is easy to see tha t sat I X / ^ v. For the reverse inequality we 
shall use the method of generic ultrapowers introduced by Solovay [5] (see 
also [2]). If G is **|3 (/c)//-generic over the universe V then, in V[G], we may use 
G to form an ultrapower, Ult ( F , G), of F which we denote by F ' . (Strictly 
speaking, such G does not exist. However, for ease of exposition, we use this 
approach to generic sets ra ther than considering a Boolean-valued universe, 
which would be more precise.) V consists of Scott equivalence classes (in­
duced by G) of func t ions / in V such t h a t / : * —» F ; let [ / ] denote the equiv­
alence class of / . T h a t V is well-founded follows from the /c+-saturation of / . 
As in the usual ultrapower construction, there is, in V[G], an elementary 
embedding i : V —> V such tha t K is the first ordinal moved by i. 

Now, suppose, to get a contradiction, tha t {Aa'.a < v) is an adf for I X J. 
Define/«:* —> $ ( * ) , fo ra < */, b y / « ( Y ) = ^4a(7). Then | | - P [/a] C *(*), where 
P = W(K)/I. We claim tha t | h P 7'1=3/3 < v\/a > /3 [ / J Ç *V)- For if not 
then, since v is regular, there is some p in P , p ^ 0, such tha t 

/? | | F ' Ë there is a y-sized adf for i(J). 

Since X ^ v, this contradicts the fact tha t | \—P V [= i(J) is i(X) = X-saturated. 
Now, use the claim to choose { Y& : 5 < \tl }, {0s • à < y!} such tha t { F§ : ô < / / ) 

is a maximal adf for / and [ F J | f—#« is the least 0 < ^ such tha t [fa] £ i ( J ) 
for all /3 ^ a < Ï/. Then / / < JU, and so, since ^ is regular and v ^ JU, 0 = 
sup {/35:<5 < /z'} < v. But then | \—P [fp] Ç i ( / ) , which implies (by the funda­
mental theorem on ultrapowers in this context) t ha t {7 < K'.fp(y) G / } £ /*. 
Since this means tha t {y < K: Ap(y) (z J+\ G I, we have tha t A$ Ç I X J, a 
contradiction. 

In the case sat / = K, the following version of Silver's lemma referred to 
earlier is true (proved independently by A. Taylor and the referee), and this 
gives a simpler proof of the theorem above. Namely, if / is a K-saturated ideal 
on K, X < K, and {Aa\a < K\ Ç 1+ then there is some F Ç K with | F | = X 
and r\{Aa'.a £ Fj ^ 0. I t is not as clear how to proceed in case sat / = K+, 
bu t one can obtain a combinatorial proof based on the above metamathema-
tical proof. 

I t is easy to see tha t if / is prime then sat I X J = sat / , with no restriction 
on / . However, it will follow from Theorem 2 tha t it is not necessarily true 
tha t sat I X J = sat / when / is prime. 

3. P r o d u c t s w h i c h are n o t s a t u r a t e d . We now show tha t if J is mildly 
unsatura ted then I X J is badly unsaturated. We need the following lemma, 
most of which is well-known. 
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LEMMA, (a) If K is regular there are #«:*—> nfor a < K+ such that if a < /3 < K+ 

then |{£ < K\ga{£) = &(£)} | < K. 
(b) i / K t5 a regular limit (i.e., weakly inaccessible) cardinal then there are ga 

as in (a) such that, in addition, ga(0 < |£|+-

(c) / / K is strongly inaccessible there are &*".*—>* for a < 2" such that if 

a< 13 < K+then |{£ < «:&(£) = &(£)} | < K and &(£) < 2 ^ . 

Proof. We first prove (b) ; the proof of (a) is similar. Define ga by induction 
on a, lett ing g0 be identically 0. Suppose ga has been defined for a < (3, and 
&*(£) < |£|+. Let h:ft—*K be one-one and, for J < K, let ^ ( J ) be such t h a t 
&3(£) < |£| + and £#(£) > &*(£) for each a such t h a t fe(a) < £. This is possible 
since {ga(^)-h(a) < £} has size a t most |£| and so is not cofinal in j£|+. I t is 
easy to see t ha t this construction produces the sequence of functions as 
required. 

The proof of (c) is essentially the s tandard proof tha t , for a strongly inac­
cessible K, there are 2* /c-sized subsets of K with pairwise intersections having 
size less than K. Let T be the full binary tree with K many levels. Since K is 
strongly inaccessible this tree has K nodes and, in fact, one can label these 
nodes with ordinals less than K so t h a t if a node has level y, then its label is 
less than 2 I T | . N O W , each of the 2K pa ths through T of length K induces a func­
tion from K to K and the collection of such functions satisfies the conditions of 
the lemma. 

T H E O R E M 2. / / / , / are ideals on K such that sat I ^ K then sat I X J > K+. 
If, in addition, K is strongly inaccessible, then sa t I X J = (2K)+. 

Proof. First , suppose K is a successor cardinal. Then , by a theorem of 
Ulam [8], sat J > K and so there is \B(y):y < K} which is an adf for J. Now, 
for a < K+ let 

A„ = { ( * , « ) : « € £(&,(*))} , 

where the ga are as in (a) of the lemma. Then {Aa\a < K+] is an adf for I X J. 
If K is a limit cardinal then let \ga '-a. < K+] be as in (b) of the lemma. For each 
0 < K, let {B(fi, ô):ô < |/3| + j be an adf for / ; such exists because / is not 
|/3|+-satu rated. Define Aa for a < K+ by 

Aa = { ( { , ô ) : ô G B&ga(Z))}. 

Then {Aa \a < K+\ is an adf for I X J. The strongly inaccessible case is similar 
to the previous case, using the functions {ga'.a < 2K] of pa r t (c) of the lemma. 

I t is easy to modify this proof slightly and obtain t h a t if J is nowhere 
X-saturated for any X < K then I X J is nowhere K+-saturated. ( / is nowhere 
X-saturatedifsat J | 4 > X for each A G /*, where I\A = [X Q K :X P I A Ç /}.) 
If NSK denotes the ideal of nonsta t ionary subsets of K then NSK is nowhere 
/^-saturated (Solovay [5]) bu t it is not known whether NSK can be K+-saturated 
(although recent results of van Wesep show, under some very strong assump-
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tions, t ha t NSœl can be co2-saturated). Theorem 2 yields some information 

about the saturat ion of NSK X NSK. 

COROLLARY. NSK X NSK is nowhere K+-saturated. 

If 2" = K+ then Theorems 1 and 2 handle all possible cases and the satura­
tion of / X J is completely determined by the saturat ion of / and J. 

COROLLARY. If 2K = K+ then sat / X J = max {sat / , sat J} unless sat J ^ K 

in which case sat I X J = K++. 

Proof. If sat J ^ K then Theorem 2 implies tha t sat I X J = K++. If 
sat J < K and sat I ^ K+ then Theorem 1 implies tha t sat I X J equals 
max {sat / , sat J}. Lastly, if sat I > K+ then sat I = K++ SO sat I X J = K++. 

Suppose / is a prime ideal on a measurable cardinal and / is defined as 
follows. Choose {Aa\a < K), a part i t ion of K into sets of size K, and )/«:« < K} 
such t h a t / a : K —» Aa is a bijection, and then let X Ç J i f / a

_ 1 ( X ) G / for each 
a < /c. Then sat J = K+ and so, by Theorem 2, sat I X J > K+. T h u s a 
product with a prime left factor need not preserve saturat ion, while a product 
with a prime right factor does (see remark a t end of Section 2). Note tha t , by 
Theorem 3 below, it follows tha t this ideal, / X / , is a precipitous ideal on K 
which is not K+-saturated. 

4. P r o d u c t s w h i c h are prec ip i tous . In the proof of Theorem 1 we made 
use of the fact tha t if / is a K+-saturated ideal on K then, for any S $(K) / / -gener ic 
set G, the ultrapower Ult ( F , G) is well-founded. An ideal satisfying this lat ter 
property is called precipitous; this is a weaker condition than being a K+-
satura ted ideal on K (see [1]). In this section we show tha t in some ways this 
notion is more well-behaved under products than saturat ion is. The following 
theorem should be compared with the result of the previous section which 
showed tha t saturat ion need not be preserved under formation of a product 
with a prime ideal. 

T H E O R E M 3. / / / is a prime ideal on the measurable cardinal K and J is a 
precipitous ideal on K then I X J and J X I are both precipitous. 

Proof. We first consider I X J. Suppose G is ty(ic X K)/I X / -generic over 
V. Let V = Ult ( F , / ) , the s tandard ultrapower with respect to a measure 
ultrafilter (prime ideal), and let i:V—>V be the canonical elementary 
embedding. Then, in V, i(J) is a precipitous ideal on i{n). We shall show tha t 
Ult ( F , G) is well-founded by denning a set G' which is $(™) C\ V'/i(J)-
generic over V such tha t Ult ( F , G) ~ Ult ( F r , Gf); since i(J) is precipitous, 
this suffices. 

Define G' as follows. If [ / ] / G ^(û) H V, pu t [ [ / ] / ] * . , in Gf if and only if 
[<4]/xj- 6 G where A = {(a, p) :j3 G / ( a ) } . I t is easy to check tha t G' is well-
defined. To prove tha t G1 is appropriately generic it suffices to show tha t if, 
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in V'J {[&*]/'•« < #| is a maximal adf for i(J), then for some a, [[ga]] G G'. Let 

^4a be defined from ga as in the definition of G'. Then {Aa \a < 0} is in F and is 

an adf for I X J- In fact, it is a maximal adf for suppose A £ ( / X J ) + . 

Define /T.K —> $ ( K ) by ft (7) = ^4(7). Then [A]7 G ( i / ) + s i n c e { 7 < K'-A{y) G /+} 

G / + = I*. So for some a < 6, [&] 7 H [g a]7 £ ( ^ / ) + which implies t h a t 

A r\ Aa £ ( / X / ) + . So, since G is generic, some (/4 a] / X j G G and so some 

[[&]] € G'. 

K[G] 2 K'tG'] 

Ul Ul 

Ult ( 7 , G) — Î — • Ult ( F , G') 

F — > F ' 

Form Ult ( F ' , G ' ) and define ¥ : U l t ( F , G) -> Ult ( F / , G') by lett ing 
^ ( [ / ] G ) = [ W / l c where h'.K—+ VK C\ V is in V and is defined by sett ing 
h(y)(ô) = / ( Y , Ô). T O see tha t ^ is well-defined, suppose t ha t 

[ { ( 7 , ô ) : / ! ( 7 , ô ) = / 2 ( 7 , ô ) } ] G G. 

Then [[iï]7] f<7 G G' where # ( 7 ) = {Ô < K: h1(y)(d) = h2(y)(5)}. Bu t [H]j = 

{f < i W : M / ( f ) = M/({*)} and so [[&i]7]G' = [ M / l c - This same proof, 
with = replaced by y^ or G , shows t ha t \F is one-one and preserves G . While 
not strictly necessary for the present theorem, it is worth noting t ha t ^ is onto, 
and hence an isomorphism. For if [[h/]]<-' G Ult ( F ' , G') then, in V, 

[h]r:i(n) —» F ' , and so, for each 7 < K, h(y):K—+ V. Let / ( Y , 5) = h(y)(d). 

Then * ( [ / ] * ) = [[fc]7]c. 
T h e proof t h a t / X I is precipitous is similar. Suppose G is ^(/c X K)/J X / -

generic over V. We shall show tha t Ult ( F , G) is well-founded by defining a 
set G' which is s$ (K) / / -gene r i c over F such tha t 

Ult ( F , G) ^ Ult (Ult ( F , G'), *C0) 

wrhere i'.V —> Ult ( F , G'). Since i ( / ) is a prime ideal on i(n) in the well-
founded model Ult ( F , G'), this shows t ha t Ult ( F , G) is well-founded. 

Define G' by sett ing [A]j G G' if and only if [/I X K]JXI G G. I t is easy to 
check tha t G' is well-defined and 3̂ (K) / / -gene r i c over F. T h u s we may form 
Ult ( F , G') and then Ult (Ult ( F , G'), * ( / ) ) . 

Suppose [ / ] G Ç Ult ( 7 , G). Let ¥ ( [ / ] * ) = [[h]G>]iU) where * : K -+ F« C\ V 
is defined by lett ing h{y)(b) = f(y, 5). Then , using the fact t h a t I is prime, 
one may check t ha t & is well-defined and an isomorphism. This concludes the 
proof. 

The converse to this theorem is valid too (this was pointed out by A. Tay lo r ) , 
in the sense tha t if / X / is precipitous then so are / and J. 
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Mitchell ([1]) has shown tha t if I is a prime ideal on a measurable cardinal 
K, P is the Levy collapse of K to coi, and G is P-generic over V, then, in V[G], 
K = coi and 7 is a precipitous ideal on coi, where I is the ideal on K in V[G] 
generated by I, i.e., x Ç J if and only if x C 3; for some y £ I. This result can 
be used to point out another difference between precipitous and sa tura ted 
ideals. By Theorem 2 and the fact tha t wi bears no o?i-saturated ideal, if I is an 
ideal on coi then I X I is not co2-saturated. However, a product can be precipi­
tous. For suppose I, P , G, I are as in Mitchell 's result. Then I X I is a prime 
ideal on K in V and so, in V[G], I X / is a precipitous ideal on coi. I t is not 
difficult to see t ha t 1X1 = I X I (see [9, p . 79]). 

A. Taylor [7] has proved tha t a /c+-saturated ideal on a successor cardinal K 
is a P-point . The result of the previous paragraph shows t ha t this theorem 
cannot be improved to hold for precipitous ideals because I X I is precipitous 
and, since it is a product, it fails to be a P-point . 

Remark. Mitchell 's result t ha t precipitousness is preserved by a Levy 
collapse has been improved recently by Kakuda , who showed tha t the Levy 
collapse could be replaced by any partial ordering with the /c-chain condition. 
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