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Abstract

The Rapp formula of teletraffic dimensioning is generalized to admit an arbitrary
renewal stream of offered traffic. The derivation proceeds from a heavy traffic ap-
proximation and provides also an estimate of the order of error involved in the Rapp
formula. In principle, the method could be used to seek convenient higher order
approximations.

Our equations give an incidental theoretical substantiation of an empirical result relating
to marginal occupancy found recently by Potter.

1. Introduction

Suppose a stream of calls has mean M and variance V, that is, M and V are the
mean and variance of the steady-state distribution of the number of occupied
trunks induced by the stream in an infinite full-availability trunk group. The
standard dimensioning problem in teletraffic utilizing the Wilkinson Equivalent
Random Method [6] seeks to make the subsequent routing of the stream
amenable to mathematical analysis by representing it as the overflow traffic
resulting from a Poisson traffic of mean A being offered to a full-availability
group of N trunks possessing negative exponential holding times. The formulae
giving the values M, and V), resulting from offering a Poisson traffic of mean 4
to N negative exponential trunks do not lend themselves to exact analytical
inversion and practical calculation usually proceeds via the approximate for-
mulae

A=~V +3Z(Z—-1) (1)
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and
N=AM+Z)/ M+ Z-1)- M- 1, 2

where Z = V/M.

Formula (1), to which Rapp’s name is attached, was found by him from
numerical calculations. Relation (2) is exact if 4 assumes its exact value (see [4]).
When V is less than M, the Wilkinson Equivalent Random Method produces a
negative vaiue for the number N of trunks. Recently Potter [3] has proposed the
use of an Equivalent Non-random Method in which a general renewal stream of
calls is offered to a primary trunk group. This method may be implemented
graphically in a fashion analogous to the traditional use of the Equivalent
Random Method. The model is particularly appropriate in situations in which it
is known that the observed traffic results from the overflow from the trunk
group of some non-Poisson stream. The exact formulae expressing V,, and My
in terms of the mean offered traffic A and trunk group size N (noted in the
following section) in this general case are rather complicated and only numerical
methods exist for the inversion problem.

Here we derive a simple and accurate generalization of Rapp’s formula
assuming heavy traffic, which usually obtains in practice. Our results subsume
Rapp’s formula for Poisson offered traffic, for which no analytical derivation
appears to have been presented hitherto in the literature.

2. The heavy traffic approximation

Suppose inter-arrival times in the offered renewal stream have common
distribution function F(x) with

- =]
o(x) = fo e~** dF(x),  where Re.s > 0,

and the holding times in the trunk group have mean !, Since the equilibrium
distribution of trunk occupancy is independent of time scale, we may regard F
and ¢ as fixed and represent variation in offered traffic intensity by changes in
#. Conditions of heavy traffic then correspond to small . In terms of ¢, My, Vy
and A are prescribed by

= -[ o (0)] )
. —¢(u)[ WO 'S (¥; l)k,(u)}_ @
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and
N N
Vi = MN[-MN + 3 (¥ )k,(ﬂ)/( > (v __ll)k,(u))} ©®)
r=0 r=1
where
k,(s) = 21 [1-¢(s+ (G- Dw]/¢(s +ju), n>1LRe.s>0 (6)

and ko(s) is taken as unity. These formulae result from combining results on the
G/M/N/N loss and G/ M /oo systems due to Takacs [5] and Cohen [1], and
are given in the review paper [2].

From an elementary mean value theorem we have, for j = 1, 2 and 3, that

¢(p) = 1+ po, + (p*/2)ey, Q)
where ¢, = ¢'(0) and ¢,; = ¢”(%;) for some 7; where 0 <7; <,ju. Under condi-
tions of heavy traffic when p is small, substitution for ¢ in (6) yields

ki(p) = —po, + p2(207 — 621/2) + 16,202 + ¢ — 447)
+ (8¢ — 8¢iox — 201y + dudn) + O(1’),
ky(m) = 26%7 + 126,205 + &5 — 10¢})
+ p*(38¢] — Sy — 147y, — 920, + dy1d) + O( 1),
ks(p) = 6407 + p'di(-3¢, — 66y — Iy + 5497) + O(1°),
ka(p) = 24p%s} + O(p°)
and
k(p)=0(p%) forn >4,

provided ¢”(0) exists.
These values may now be substituted in equations (4), (5) and (6) to provide

My =~ (p)) "' [ 1+ Npd, + p*(N/2),,
+ION(N — 1)(¢21/2 = ¢3) + O(p%)], (8)
Vu == (161)" [621/ (263) + p{2N67' (051 — ¢2) — 031/ (447)}
+1u?{031/ (861) + Noydn/df — (N/2)63/6} + ¢,,(SN?/2 — N)
—¢n(TN? = 5N) + ¢23(9N2 - 9N)/2} + 0(#3)] 6))
and
Zy = ¢y/ (297) + #[(3N/2)¢21/¢1 — 2Nop /¢, — ¢35/ (44’?)]
+#2[N(N — D{¢2 — S5 + 953/2} + Nopydsy/ b}
—N$3\/ (241) + 031/ (8¢1)] + O(4). (10)
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3. Generalization of Rapp’s formula

Equations (8), (9) and (10) above hold for renewal offered traffic with
¢”(0) < oo. We now suppose that F has its first five moments finite, so that
¢, = ¢(0) exists for 1 < i < 5. Then

by = b + (/s + (J2/12)9, + O(p?),  forj=1,2,3,
and we may deduce from (8), (9),.(10) and (3) that

My =4~ N+ A'Na, + 0(47Y), (11)
Vy = Aay, + aF — a5 + A“l[ag + a, — 2a,a, — N(a, + 4a; — 2a§)]
+0(47?) (12)
and
Zy = ay + A7 (Nay, + of — &) + O(473), (13)

where o; = ¢, /(il¢{) fori = 2,3, 4.

The a; are linear invariants of the distribution given by F, that is, they are
characteristics of ¢ which are independent of the choice of time scale. It follows
in particular that, under heavy traffic conditions, the peakedness factor Z, =
Vy/ My is, to first order, an invariant of the overflow traffic, which goes some
way to explaining the practical relevance of this quantity as opposed to the
apparently more natural V,, / M}7.

Equations (12) and (13) may be combined to yield

Vy + a3 — 0‘% + ("‘5l -2+ 4a3/a§)ZN(ZN - )

= Aa, + A"[orz2 — o5 +4a0, — ay — 402/, + a4] + 0(47). (19)
Equation (14) provides the desired generalization of Rapp’s formula. For a
known form of input stream distribution function and empirical values for ¥V,
and Z,, equation (14) gives, on disregarding the O(47%) term, a quadratic
equation from which 4 may be obtained as the larger root. In the special case of
a Poisson stream, a, = a3 = a, = 1, so that (14) reduces to the linear equation

Ve +3Zy(Zy — 1) =4 + 0(47%). (15)
It is clear from (15) that Rapp’s formula can be expected to be very accurate
indeed in a heavy traffic regime.
An accompanying generalization of (2) may also be derived. Equations (11)
and (13) lead at once to

OGN = a[AM + Z)/(M+Z 1) = 1= M] + (1 - 05)Z(Z — ay)
+ (ay — DA (ay — o + ay) + 0(47Y). (16)

For a Poisson stream this reduces to equation (2) up to a second order term.
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Equations (14) and (16) provide a generalization of (1) and (2) for general
renewal offered traffic under conditions of heavy traffic. Other approximations
also exist which are accurate to O(4 ~2). Thus we have trivially

Vy 4+ a3 — a2+ (1 —2a, + da3/a,)(Zy — ay)
= day + A7'(2a] — 2¢5 + 4ay0? — 4dd/a, — az + a,) + O(A47),
which reduces to
Ve +3(Zy — 1) = A+ 0(47)

for Poisson offered traffic.

4. Potter’s linear relation

The following empirical observation has been made by Potter [3]. Let us make
explicit the dependence of M and V on the intensity of the offered traffic by
expressing them as M, (A4) and V,(A). Then, for a variety of forms of renewal
input, we have approximately

Ml+k(A + k) - MI(A) = SA[ Vl+k(A + k) - VI(A)]’ (17)
where s, does not depend on k. This relation is manifested as a collinearity of
the points {(M, (4 + k), V|, (A + k)); kK > 0} for each 4 when M, is
graphed against V. Potter’s graphs indicate that deviations from linearity are
exhibited at low intensities for the offered traffic, suggesting the applicability of
our heavy traffic estimates of Section 2. We shall find that there are, in fact,
separate linearities in M and V, that is, the distances between consecutive pairs
of collinear points are approximately equal. We also obtain an estimate for the
value of the coefficient s .

For the evaluation of M, (4 + k), we note that the change in mean offered
traffic from A to A + k can be represented by a change of the holding time
parameter from p to p,, where 4 + k = -[,¢,]”", so that by (3) we have
e = p/(1 — kpep,). We then obtain M, , (4 + k) from (8) by replacing N by
1 + kand by p/(1 — kpg,), which results in

My, (4 + k)= _(M"Pl)-l[l + pé, + 2o, (1 + k)/2
+k(k + 1)p(¢y — ¢2) + O( r9]-
Subtraction of the corresponding result for & = 0 yields

My (A + k) — M\(4) = kpoy/ (-2¢,) + k(k + Dp(ey — ¢ + O(4’),
displaying a linear dependence on k to first order in u. If ¢; exists, then
¢ — ¢ = O(p) so that

My, (4 + k) — M(4) = kAd™'¢,,/ (247) + O(47) (18)

and we have linearity to second order.

https://doi.org/10.1017/50334270000000242 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000000242

296 C. E. M. Pearce (6]

Similarly we have

Vie(A + k) = Vi(4) = kQ2py — 365,/2)/97 + O(47")
and, if ¢, exists,
V1+k(A + k) - VI(A)

= k[‘le/ (267) + A"{Zag — oy + (2/3) (5, — 203,) /¢ 13}] o(473), (19)

where ¢, is defined analogously to ¢.,. Equations (18) and (19) vield

116 P34 18 Ji=r 184

sg=A47" - A‘2[2a2 = 1+ (2/3)(ésn — 2¢3)/ (a,¢ )] o(47)

and, if ¢, exists,
= A"+ 471 - 2a;, + 403/ ay) + O(A473). (20)

It can be seen from Table 2 of Potter that the agreement of s, and A~' can be
quite good even for conditions of moderate traffic.
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