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Abstract

A tensor norm 8 = (B,)"2 ;| is smooth if the natural correspondence
(E1®---QE, ®K, Byt1) <= (E1 ®--- ® Ep, Bu),

where K =R or C, is always an isometric isomorphism. In this paper we study the representation of
multi-ideals and of ideals of multilinear forms by smooth tensor norms.

2010 Mathematics subject classification: primary 46G25; secondary 46B28.

Keywords and phrases: multi-ideals, tensor norms.

1. Introduction and notation

The idea of describing the dual of a topological tensor product by means of a special
class of bilinear mappings goes back to Grothendieck’s celebrated ‘Résumé’ [17].
For example, in his seminal work Grothendieck showed that integral bilinear forms
correspond to linear functionals on the injective tensor product. With the emergence
of the theory of ideals of multilinear mappings (multi-ideals) between Banach spaces,
several instances of this kind of correspondence have appeared. For example, Matos
in [19] constructs a tensor norm such that linear operators on the tensor product that
are continuous with respect to this norm correspond exactly to the class of nuclear
multilinear mappings.

In the theory of multi-ideals, the possibility of moving smoothly from spaces
of (n + 1)-linear mappings down to spaces of n-linear mappings turned out to be
important (see, for example, [3, 4, 8]). In this note we study tensor norms in which
this transition is smooth, as well as multi-ideals that correspond to such smooth tensor
norms. To be more precise we need some definitions.
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DEFINITION 1.1. An n-tensor norm B, assigns to every n-tuple of normed spaces
Eq, ..., E, areasonable cross norm B,(-) on the full n-fold tensor product £; ®
.-+ @ E, that satisfies the metric mapping property. The resulting normed space is
denoted by (E1 ® - - - ® Ey,, Bun). A tensor norm is a sequence 8 = (/3,,)}‘1’0:1 where
each B, is an n-tensor norm.

Let E, Eq, ..., E,, F be Banach spaces over the same scalar field K, which is
either R or C. We denote by L(E; F) the space of bounded linear operators from
E to F endowed with the usual operator norm. When F =K, we simply write E’.
By L(E1, ..., E,; F) we mean the space of continuous n-linear mappings from
E; x---x E, to F endowed with the usual supremum norm. When E; =---=
E, = E we write L"E; F).

DEFINITION 1.2. An ideal of multilinear mappings (or multi-ideal) M is a subclass
of the class of all continuous multilinear mappings between Banach spaces such that,
given a positive integer n, and Banach spaces Ey, ..., E, and F, the components
M(Eq, ..., Ey; F), defined to be L(Ey, ..., E;; F) N M, satisfy the following
conditions.

i) M(Ey, ..., Ey; F)isalinear subspace of L(E1, ..., E,; F) that contains the
n-linear mappings of finite type.
(ii)) The ideal property: if Ae M(Ey, ..., Ey; F), uj € L(G;; Ej) when j =
1,...,nandt € L(F; H), then
toAo(uy,...,uy) e MGy, ...,Gy; H).
Moreover, there is a function || - || : M —> RT with the following properties.

@iii) |- Im restricted to M(E1, ..., E,; F) is a norm for all Banach spaces
Ey, ..., E, and F that makes M(Eq, ..., E,; F) a Banach space.
(iv) If A:K" — K is defined by A(Aq, ..., Ay) = A1 - - Ay, then ||A|| g = 1, for
all n.
v) If AeM(Ey,...,E;; F), ujeL(Gj; Ej) when j=1,...,n and t€
L(F; H), then
ltoAo i, ....udllm = NEIHIANMNurll - Nlunll.

Of course the Banach spaces considered in this definition are all over the same fixed
scalar field. We define

ME .= {M(Ey,...,E;; K):neNand Ey, ..., E, are Banach spaces},
and say that MK is an ideal of multilinear forms.

DEFINITION 1.3. We say that a tensor norm 8 = (8,), | represents the multi-ideal
M, or M is B-represented, if M(E;, ..., E,; Fl)and (E; ® - - Q E, ® F, Buy1)
are isometrically isomorphic under the canonical mapping
QD:M(E17~--’E11§ F/)_>(E1®"'®En®Fa,Bn+l)/
THoMx1 Q- @xaQy) =T(x1, ..., x2)(y),

for all n and all Banach spaces Ey, ..., E,, F.

https://doi.org/10.1017/51446788710001527 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788710001527

[3] Representation of multi-ideals 255

The ideal of multilinear forms M is represented by B, or M¥ is p-represented, if
the condition above holds for all components M(Ey, ..., E,; K) of MK,

In [16, Theorem 4.5] it is proved that a multi-ideal M is maximal if and only if
M is represented by some (finitely generated) tensor norm. It is well known (see, for
example, [11, Exercise 12.1]) that (E ® K, «) is isometrically isomorphic to E via the
correspondence x ® A <—> Ax for all normed spaces E and 2-tensor norms «. Given a
tensor norm B = (B,);,2 ;, this property can be rewritten as (E ® K, ) = (E, py) for
all E. As we will see, this property is not valid for larger n, that is, it is not always true
that (E1 ® - - - ® E,, By) is canonically isomorphic to (E;1 ® -+ - ® E, ® K, B,+1)
for all n > 2. This phenomenon motivates the following definition.

DEFINITION 1.4. A tensor norm 8 = (B,)2 ; is said to be smooth if, for all natural n
and all normed spaces E1, ..., E,, the natural map

Vi(EI® - QE,QK, Bpp1) — (E1 @+ ® Ep, ),
VX ® ®@xy @A) =A(x1 ® - ® xpn)
is an isometric isomorphism.

In this paper we are concerned with the representation of multi-ideals by smooth
tensor norms. The conclusion of our results and examples is that multi-ideals are
rarely represented by smooth tensor norms, that ideals of multilinear forms are more
often represented by smooth tensor norms, and that the representation of an ideal of
multilinear forms by a smooth tensor norm yields the representation of some of its
vector-valued components by the same smooth tensor norm.

2. The vector-valued case

The aim of this section is to show that multi-ideals, including their vector-valued
components, are rarely represented by smooth tensor norms. We start with two obvious
examples.

EXAMPLE 2.1. The projective tensor norm 7 is smooth: given
m
=) sVe - @x"®recEi® - QE,QK,
j=1

we define
m
=Y 1V @ - 0x"ecE® - ®En
j=1

and can easily check that 7, +1(z) = 7,(Z). So
w:(El®"'®En®]K,7rn+l)_)(El®"'®En,7Tn)

is an isometric isomorphism. So the multi-ideal £ of all continuous multilinear
mappings between Banach spaces, which is obviously m-represented (see [10,
Proposition A.3.7]), is represented by a smooth tensor norm.
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EXAMPLE 2.2. The injective tensor norm ¢ is smooth. Indeed, for z and 7 as above,

m
1
en1() = sup |Y ¢1(x§- ). '(/)n(x;'n))@()\j)
weBElucoeBK/ j=1
- 1
= sup D @iGx)ee <pn<x§”’><p<1)‘
weBEluweBK/ j=1
- () )
= sup  leDID_e10xS)) - pulx} )‘
(p[GBEl/,(pGBK/ j=1
m |
= sup thl(ij; ))--'wn(xﬁ")) = en(2),
(/’IEBE[/ j=l1

which proves that
1/’:(El®"'®E11®]K’8n+1)—>(El®"'®En,€n)

is an isometric isomorphism. It has been known since Grothendieck’s ‘Résumé’ that
the multi-ideal £7 of integral multilinear mappings is e-represented (the scalar-valued
bilinear case can be found in [13, Theorem 1.1.21]). We give the details for the sake
of completeness. Denoting by Z(E; F) the space of integral linear operators from E
to F and by E Qg - - - ®¢ Ey the completion of (£ ® - - - ® E,, &,), we see that

LT(Ey, ..., Ep; F') =T(E\ ®; - ®¢ Ep; F')
=L7(E1 ®¢ - - - ®¢ En, F; K)
=I(E| ®; - ®¢ Ep @ F; K)
=(E1®: @ E, ®: F)
=(E1® - -®E,®F, eny1).

For a proof of the first and third equalities, see [9, Proposition 2.2]; for the second
equality, see [22, Proposition 3.22]; the fourth equality is trivial because 7 is an
operator ideal. For the last equality, observe that since E| R - Q¢ Ep @8 F is
the completion of the normed space (E£] ® ---® E, ® F, &,41), we can identify
the space (E1® - Q E, ® F, g,41) with (E; Qe Qe En @ F) through the
familiar isometry ¢ —> @, where ¢ is the unique extension of ¢.

Since all identifications above are by the corresponding standard mappings, their
composition coincides with our mapping ¢, which proves that L7 is e-represented,
hence represented by a smooth tensor norm.

DEFINITION 2.3. Let 8 = (:3")211 be a tensor norm. Define Lg(Eq, ..., Ey; F) to
be the set of those multilinear mappings A € L(E1, ..., E,; F) whose linearizations

AL (E1® - ®Ep, Bn) — F
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are continuous, endowed with the norm
Al :=AL: (E1 ® -+ - ® En, Bn) —> F1.

It is easy to see that Lg is a multi-ideal. Whether or not Lg is B-represented is a
quite natural question. We shall treat it later.
Next we define a property that is closely related to property (B) of [3].

DEFINITION 2.4. Given A € L(E}, ..., E,,K; F), define Al € L(Ey, ..., E,; F)
by
Al(xq, ..., x5) =A(x1, ..., X, 1).

We say that a multi-ideal M has property [B] if

Ae M(E,...,E,, K, F)<= Ale M(E\,...,E,; F),
and in this case ||A||pm = ||Al|| p for all i, for all spaces Ey, ..., E,, F and for all
maps A € L(Ey, ..., E,; F).

PROPOSITION 2.5. A tensor norm B is smooth if and only if its corresponding multi-
ideal Lg has property [B].

PROOF. We begin by assuming that 8 = (8,);2, is a smooth tensor norm. Given
AeL(Ey, ..., E, K; F),consider the chain

E/®  ®E8K-5E® ®FE ‘> E® ®EOKISF.

It is not difficult to see that A7 = (A1), o and (Al)p = Ar o~ !. Since ¥
and ! are continuous as B is smooth, it follows that A; is continuous if and
only if (A1), is continuous, that is, A € Lg if and only if Al € Lg. In this case
IAllz, = 1AL, because ¢ and w_l are isometric isomorphisms, proving that Lg
has property [B].

Conversely, assume that Lg has property [B]. Given Ey, ..., E,, define

by A(x1, ..., X, A) =A(x1 ® - - - ® xp,). Then
(AI)L()C]®"'®Xn):A1(X],...,Xn):A()C],...,Xn, 1)2X1®~--®Xn,

showing that (A1) is the identity operator on E; ® - - - ® E,, and hence is an
isometric isomorphism when this space is endowed with 8, on both sides. It follows
that

Al e Lg(Er, ..., En; (E1 Q- ® Ep, Bn)).

SOAE'CIB(ElyaE}’hKa (E1®®En»,3n))and

[Allcs =11ALIzs = ADL: (E1 ® - - - @ En, Bp)
— (E1®---®Ey, )l =1,
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as Lg has property [B]. Therefore the map
AL (E1Q - QEyQK, But1) — (E1Q -+ Q Ey, Bn)
is continuous. But Ay = v, so ¥ is continuous and
I=1Allg; =1AL:(E1® - ® E, QK, Buy1) — (E1® - - Q Ep, Bo)ll.

Moreover,

Bn(V(2)) = Bn(AL(2)) < Bnt1(2)

forallze E1®---Q FE, K.
Consider now the map

CElx -+ XxE,xK—(E1®---QE, K, Br11)
Cxt, ..., x5, M) =x1Q - Qx, QA.

It is clear that Cy, is the identity operatoron £ ® - - - ® E, ® K, hence is an isometric
isomorphism when this space is endowed with B, on both sides. Thus

CGEIB(E17 LR ) E}’l7 K; (El ®"'®EH®K7 ﬂn+1))'
SoCleLg(Er,...,Ep; (E1® - QE, QK, Bnt1)) and

ICHIcy = IClce =1CL: (E1® -+ @ Ep @K, Bry1)
— (E1®---®E,®K, Byl =1,

as Lg has property [B]. Therefore the map
CHLA(E1® - QEy, ) — (E1®---QE, QK Bry1)
is continuous. But (C1); = ¥~ !, so ¥~ ! is continuous and
1=Clllg, =ICHL:(E1@ - ® En, Bu) — (E1® - Q En x K, Buy 1.

Moreover,

Bur1 (™ (W) = Bus1(CHL(w)) < Ba(w)
forallw e E1 ® - - - ® E,. Taking w = ¥ (z), we obtain

Bn(¥(2) < Buy1(2) < Bu(¥(2))

forallze E1 ® - - - ® E, ® K, proving that i is an isometric isomorphism, that is, 8
is smooth. O

We now turn our attention to multi-ideals that can be represented by smooth tensor
norms.
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THEOREM 2.6 (Uniqueness of the representation). The tensor norm that represents a
given multi-ideal, if any, is unique.

PROOF. Let M be a multi-ideal that is represented by the tensor norms 8 = (8,);2;

and y = (yn)flil. Let £y, ..., E,—1, E, be given. The corresponding operators
goﬂ : M(E19 L) En—17 E;l) — (El ® R ® En’ ﬂl’l)/

and
(Py :M(E17 sy E}’l—l; E;l) — (El ® : '®En’ Vn)/

are isometric isomorphisms. So the composition gg o ((py)’l, which is clearly
the formal identity, is an isometric isomorphism from (E1 ® ---® E,, )’ to
(E1®---® E,, B,). By the Hahn-Banach theorem, it follows that y,, = 8, on
E1®---QF,. O

We have already mentioned that [16, Theorem 4.5] ensures the existence of a tensor
norm that represents M, given a maximal multi-ideal M (for the definition see [16]).
Let us denote this tensor norm, which is unique by Theorem 2.6, by M. Combining
Proposition 2.5 and Theorem 2.6, we obtain the following result.

PROPOSITION 2.7. The following are equivalent for a maximal multi-ideal M.

(a) M is represented by a smooth tensor norm.

(b) ,BM is smooth.

(c)  Lgm has property [B].

In particular, if M has property [B] and M = Lgm, then M is represented by a
smooth tensor norm.

This result impels us to study the equality M = Lgm. As to the projective norm,
by Example 2.1 and Theorem 2.6, we know that 8% = 7, so Lge =Ly = L. We treat
this question together with the question of whether Lg is B-represented.
PROPOSITION 2.8. The multi-ideal L is not e-represented.

PROOF. Assume for the moment that £, is e-represented. On the one hand, by
Example 2.2, L7 is e-represented, and it follows easily that

ES(Ela LRI E}’l; F/)=£I(E1’ sty El’l; F/)

forallnand E1, ..., E,, F. On the other hand, by Example 2.2 and Theorem 2.6, we
know that ,BEI = ¢ and from [9, Proposition 2.2], L7 € L., hence L7 C L. =L BT
As to the converse inclusion, let n > 2 Aand F be an inﬁpite—dimensional Banach
space. Assume for the moment that £(®n,gCO§ F) =Z(®n’€co; F). As integral
linear operators are absolutely sunlming [14, Proposition 5.5], it follows that every

continuous linear operator from ), ,co to F is absolutely summing. We know
that (), ,co has an unconditional basis because co= (), ,co, so by a result of

Lindenstrauss and Pelczyriski [18, Theorem 4.2], it follows that ®Mco =cp 18
isomorphic to some £ (I"), but this is absurd. Therefore there exists a nonintegral
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operator u € £(®n’€co; F). Define
A:cg X+ xXxcg— F, A, ..., x)=u(x1 ® - xp).

So Ap = u is e-continuous, hence A € L. ("cg; F), but A fails to be integral because
its linearization Ay = u is not integral in the injective norm ¢. Hence
Lyer ("co; F) = Le("co; F) # Lz("co; F),

which is a contradiction. g

Later, in Proposition 2.17, we shall go further. For the moment, the proof above
shows, in particular, that £ BT # L1. Corollary 2.12 below provides another example
of the inequality M # Lgm.

Now we proceed to present some multi-ideals that are represented by tensor norms
but not by smooth tensor norms. First, we give a general criterion.

PROPOSITION 2.9. Let M be a multi-ideal such that

M(Elv-”,EnaF;K):‘C(El’-'-,En,F;K)
and
M(Els"'aE}’l;F’)#L(Ela"'vEn;F/)
for some Banach spaces E1, . .., E,, F and some positive integer n. Then there is no

smooth tensor norm that represents M.

PROOF. Assume that there is a smooth tensor norm 8 = (,8,,)2":1 that represents M.
Since B is smooth, the adjoint ¥* of v is an isometric isomorphism from the space
(E1® - QE,QF,Bui1)t0(E1®---QE, ® F®K, Bri2). We have the follo-
wing chain of isomorphisms:

(E1® @ Es®F, fus1) <> (E1® - ® En @ F ®K, fus2)’

<& M(Ey, ..., E,, F:K)
<~ M(Ey, ..., E, F;K)
M L(Ey. ... E,. F:K)

«— (E1® - QE,®F, myy1),

where the mappings that are not labeled are canonical. It follows that the identity
operator is an algebraic isomorphism between the spaces (E; ® - - - Q E, @ F, Byt1)
and (E1®---Q E, ® F, my4+1)’. Since the ideal L is m-represented, we have the
following chain of canonical isomorphisms:

ME, ... ,Ej; F)«—> (E1Q---QE,QF, Bny1)
«— (E1® - QE, ®F, my41)
<« L(Ey,...,E,; F).

It follows that the identity operator is an algebraic isomorphism between the spaces
M(Eq, ..., E;; F')and L(Eq, ..., E,; F'), which is a contradiction. O
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The next multilinear generalization of the ideal of absolutely summing linear
operators was introduced in [5].

DEFINITION 2.10. Given p > g > 1, a multilinear mapping T € L(Ey, ..., Ey; F)
is said to be strongly multiple (p, q)-summing if there exists C > 0 such that

m 1/p
(1) (m)\p
(_ I LA C T )

Jlseees Jn=1
m 1/q
<C sup ( Yoolpal xj.:))w)
PEBLEY...En) \Ji, ..., ju=1
for all m e N and xﬁ.ll) € E; where [=1,...,nand jj=1,...,m. The space of
all strongly multiple (p, ¢)-summing n-linear mappings from E; X - -- X E, to F
will be denoted by Lsm(p,q)(E1, ..., Ey; F). The infimum of the constants C
for which the inequality always holds defines a complete norm | - |lsm(p,q) ©ON
Lsm(p,q)(E1, ..., Ey; F). When p = g we abbreviate to Lyy(p)(E1, . .., Ey; F) and

I llsm(p)-

PROPOSITION 2.11. The multi-ideal Lsn(p), 1< p <+o00, of strongly multiple
p-summing multilinear mappings is represented by a tensor norm but not by a smooth
tensor norm.

PROOF. Following the lines of [21, Proposicién 4.37], it is not difficult to prove that
Lsm(p) is maximal. It follows from [16, Theorem 4.5] that Ly (p) is represented by a
tensor norm.
Let us see that Ly (p) cannot be represented by a smooth tensor norm. It is clear
that
Esm(p)(El, .. E, F;K)=L(Ey, ..., E,, F; K)

for all integers n and Banach spaces E1, ..., E, and F. On the other hand, if we
assumed that Lyyp)("E; F’)=L("E; F’) for all integers n and Banach spaces E
and F, by [5, Proposition 5.2(iii)], then we would have L(E; F') =T1,(E; F’) for
all E and F. This is absurd because the canonical injection £ — E' = (E'Y fails to
be p-summing for every infinite-dimensional Banach space E. Hence L("E; F') #
Lsm(p)("E; F') for some n and some Banach spaces E and F. By Proposition 2.9 it
follows that Lsm () cannot be represented by a smooth tensor norm. O

COROLLARY 2.12. If M = Ln(p), then M # Lygm.

PROOF. It is easy to check that Lyn(p) has property [B]. Indeed, it is enough to
combine the definition of Lgy(p) with the well-known fact that the space of (n + 1)-
linear forms L(E}, ..., E,, K; K) is isometrically isomorphic to the space of n-linear
forms L(E1, ..., E,; K) via the obvious correspondence. Assuming that M = EﬂM,
Lsm(p) would be represented by a smooth tensor norm by Proposition 2.7; but this is
not true by Proposition 2.11. O
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REMARK 2.13. For the sake of completeness, we construct the tensor norm that
represents the multi-ideal Lgm(py. Given normed spaces Ey, ..., E,, F and p > 1,
we define B, (u) to be the infimum of all expressions

M [ 4 1/p
LI Z ¢)) m \p
DN (GRS - B, )7 )
n

m=1 PEBL(E....,

over all representations of the tensoru € E1 ® - - - ® E, ® F of the form

_ )
u= Z Z xm,jrln ® ® xm,j,’,% ® bm’j/}l """ //'111

.....

where M € N, x' ],eElwhenl_l by neFJm_l LI g>1
and 1/p + 1/q = 1. Following the lines of [21, Teorema 4.38], one can prove that 8,
is a tensor norm and that Ly (p) is B,-represented. From Proposition 2.11 it follows

that 8, is not smooth.

The ideal Ly p) of multiple p-summing multilinear mappings, introduced by
Matos [20] and, independently, by Bombal er al. [2], has played a central role in
the theory of multi-ideals, even providing unexpected applications (see Remark 2.15).

PROPOSITION 2.14. If 1 < p <2, then the ideal Ly of multiple p-summing
multilinear mappings is represented by a tensor norm but not by a smooth tensor norm.

PROOF. It is proved in [21, Proposicién 4.39] that Ly, p) is represented by a tensor
norm. Since Lim(p) (€13 K) = £(3¢1; K) (see [21, Teorema 5.23]) and

Hp(zl; Loo) = ‘Cm(p)(Zl; loo) # L(L1; Loo)
(obvious), the nonrepresentability by a smooth tensor norm follows from

Proposition 2.9. O

REMARK 2.15. As proved by Defant and Pérez-Garcia [12], the tensor norm that
represents the ideal Ly (,) of multiple p-summing multilinear mappings is the first
example of a tensor norm that preserves unconditionality for £ ,-spaces.

REMARK 2.16. Everything that we proved for the multi-ideal Lgy(p) of strongly
multiple p-summing multilinear mappings can also be proved, mutatis mutandis, for
the multi-ideal L () of strongly p-summing multilinear mappings introduced in [15].

We finish this section with another hint that the representation of a (vector-valued)
multi-ideal by a smooth tensor norm is unusual.

PROPOSITION 2.17. The multi-ideal L is not represented by a smooth tensor norm.

PROOF. Assume that L. is represented by a smooth tensor norm g = (B8,)52 ;. Fix
a positive integer n and Banach spaces Ej, ..., E,. Since L, is B-represented,
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the mapping
@:(Le(Er, s Ens F), |- llg) —> (E1® - Q@ En @ F, fut1)
T —o(M)x1®@ - @x, ®@y)=T(x1, ..., x)(y)

is an isometric isomorphism for all F. In particular, taking F =K, we obtain the
following isometric isomorphisms:

(Le(Er, .. Ens KD - llc) E(E1® - @ En QK, By
= (El Q- En’ lgn)/-

In Corollary 3.2, we prove that the following spaces are also isometrically isomorphic,
with the same canonical correspondences:

(Le(Ery oo s E KD - llg) E(E1® - @ En ®K, £411)
=(E1®---QE,, En)/~
Hence the identity mapping
(E1® - QEy, &1) — (E ®"'®Env,3n)/

is an isometric isomorphism. Calling on the Hahn—Banach theorem once again, we see
that ¢, and B, coincideon E] ® - - - ® E,. It follows that the ideal L, is e-represented,
which contradicts Proposition 2.8. O

3. The scalar-valued case

The aim of this section is to show that smooth tensor norms are more suitable to
represent ideals of multilinear forms.
Given a tensor norm 3, we write E% = (L,g)K.

We shall write MK S E% if, for all n and Ey, ..., E,, the linearization operator
b=d(n, Eq, ..., E,), given by
AeME;,....E ;K)—> ®(A):=Ap,
is an isometric isomorphism from M(Ey, ..., E,; K) onto (E1 ® - - - ® E,;, Bn)’.

THEOREM 3.1. Let M be a multi-ideal and B = (ﬂn);’;’:1 be a smooth tensor norm.
Then the ideal of multilinear forms MX is B-represented if and only if M¥ < ﬁﬂé.

PROOF. Let n e N and Eq, ..., E, be Banach spaces. We shall say that ® is well
defined, isometric and onto if

P(A)=ALe(E1® - ® En, fn)
forall A e M(Eq, ..., E;; K)and
S:M(EL, ... ,E;K)— (E1 Q- QE,, Br)

is isometric and surjective. Assume that @ is well defined, isometric and onto. It is
clear that @ is linear and injective, so ® is well defined, isometric and onto if and only
if @ is an isometric isomorphism from M(Eq, ..., E,;; K)onto (E; ® - - - Q@ E,Bn) .
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We continue assuming that & is well defined, isometric and onto. Define the
isometric isomorphism 4 : K' — K by A(f) = f(1) for all f € K'. It is clear that
the linear mapping

E:M(EL, ..., Eiy K) — M(E1, ..., Ei;K), &(A)=hoA,
is an isometric isomorphism as well. Considering the chain
®
MEL ... Ep K =5 ME), . EpK) > (E1® - ® En. )]
L (E1 @ @ Ey K. i)

where ¥* is the adjoint of the linear operator v of the definition of smooth tensor
norm, it is not difficult to check that ¢ = /* o ® 0o & (hence ® = (Y*) oo &™),

where ¢ = ¢(n, Eq, ..., E,) is the operator of Definition 1.3.
Hence the following are equivalent:
@ M= LE:
(b) @, Ey, ..., E,)isan isometric isomorphism for all n, Ey, ..., E,;
(c) &M, Eq, ..., E,) is well defined, isometric and onto for all n, Eq, ..., Ey,;
(d) @, E1, ..., E,)is an isometric isomorphism for all n, Eq, ..., Ey;

(e) MK is B-represented.
The proof is thus complete. O

As we saw before (for example, Proposition 2.8 and Corollary 2.12), the theorem
above cannot be generalized to vector-valued multi-ideals.

COROLLARY 3.2. Let B be a smooth tensor norm. Then the ideal of multilinear forms
E% is B-represented and thus is represented by a smooth tensor norm.

EXAMPLE 3.3. The ideal of multilinear forms L‘g< is e-represented, hence represented
by a smooth tensor norm.

COROLLARY 3.4. Let M be a multi-ideal. If M* is represented by a smooth tensor
norm then M* contains the integral multilinear forms.

PROOF. By Theorem 3.1 we have ME = E%, where B is a smooth tensor norm. Since
& < f8 because S is a tensor norm, it follows that

5 =¥ c =M~
as required. O

Next we see that sometimes we can construct explicitly the smooth tensor norm that
represents an ideal of multilinear forms.

DEFINITION 3.5. Let p>1. An n-linear mapping A€ L(Ey, ..., Ey; F) is
p-semi-integral, written A € Esi(p)(El, ..., Ey; F), if there exist C > 0 and a regular
probability measure  on the Borel o-algebra of B E| XX Bg;, endowed with the
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product of the weak-star topologies o (E;, E;) where [ =1, ..., n, such that

1/p
NACGer, ..o x)l < C(/ lo1(x1) - - - @n(xn)|p du(er, ..., (pn))
By XMXBE;;

forall x; € E;, where j =1, ..., n. The infimum of the constants C defines a norm
Il - ”si(p) on Esi(p)(Ela o Egy F).

It is well known that Lg;(,) is a multi-ideal (see [7]).

K

PROPOSITION 3.6. When p > 1, the ideal of p-semi-integral multilinear forms Lsi(p)

is represented by a smooth tensor norm.
PROOF. Givenu € E1 ® - - - ® E,,, define
m 1/p
ot (u) = inf ||<A,-)f;’=1||q< sup Y lgi(xi ) - - -mxn,,-)w)
WEBE[/ j=1

where the infimum is taken over all representations of the form
m
u:Z)‘jxl,j Q- Qxn,j,
j=1

where m €N, x; j € By whenl=1,...,n,A; € Kwhen j=1,...,m,and 1/p +
1/qg =1. Standard techniques (and hard work) show that o), = (U;)?[il is a tensor
norm. Let us show that o, is smooth. Given

m
u=Zij1,j®~--®xn,j®bj€E1®---®En®K,
j=1

we have
m

@y @)? < NONT_E sup Y o)) - on(xn e b1
(p[EBE]/,gDEBK/ j=1

m
=101 sup Y leiBix ) - @ Ne(DIP
w;eBE;,weBKf j=1

m
SN0 ] sup D l@ibjxr ) @aGen DIP N @lIP 1117
Q1€B 0€By j=]

m
<101 sup D l@ibjxij) - -+ @ulen )P
PI€BE j=1
Since Z;-":l Aj(bjx1,j) ® -+ - ® Xy, j is arepresentationof Y (u) € £1 ® - - - ® E, and
each representation of (1) there corresponds to a representation of u, it follows
that o1 () < o (¥ (). A similar computation shows that o2 (¥ (1)) < o7+ (w),
and completes the proof of the smoothness of o,.
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The proof that £]§(p) is op-represented is a combination of the arguments of
the proofs of [1, Theorem 4.8] and [7, Theorem 1]. Take Ei,..., E, and f €
(E1Q®---Q® E,, G;})/, and define the n-linear form A on Ey X - - - X E, by

A(-xlv 7xn)=f(-x1®®xn)
For appropriate A; € K such that [A;| =1 when j =1, ..., m,

m
Y AGL . x DIP
-

m

=Z||f<x1, ® - @x NI f 1, @ @ x, )

3

(1 ® - ®@xp PN fx1j @ ®Xn )
1

m
= f(Zxﬂf(xl,j®---®xn,j>|”‘1x1,j®'“®x"’f>‘

~
Il

< I1f & &-eE.on0p
m
8 <Z MlIfGLj @ @xa DI X @ ®x"’j>
j=1
< £ (& &-@E.ony IO 1f (1 ® -+ @ xa NIPTT g

1/p
< sup Z lo1(x1,5) - - (pn(xn,j)lp>

gﬁ[EBE/ j=1

m 1/q
=1/ l& 8- @E.0py (Z |frn®- - ®xn,,->|f’)
j=1

1/p
X < sup Z l1(xq, /) (pn(xn,j)lp> .

gDIEBE/ ] 1

Hence

m 1/p
(Z |ACxrj, .- xn,j)V’)
j:

I/p
< I flle ook, a”)’( sup Z lo1(x1,j) - '(pn(xn,j)|p) ,

(p]GBE/ j=1
which shows that A is p-semi-integral and

IAllsipy < 1 f Il 1@-@Eq0ny = 1PA(E 0--0E,.08)-

https://doi.org/10.1017/51446788710001527 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788710001527

[15] Representation of multi-ideals 267

In particular, @ is surjective. In order to establish the reverse inequality, we take
A € Lip)(E1, ..., Ey; K) and let

m
”=Z)ijl,j®"'®xn,j€E1®"'®En,
j=1

where A; €K, x; ;€ E;,l=1,...,n,and j=1,...,m. From [7, Theorem 1], it
follows that
m P
DAY @)IP =Y AjACL - Xn,j)
j=1
m
<N 18 Y 1A@L s - X I
j=1
m
< NN IFIANG ) sup Y lerCer ) - gn(xa )17,

w18 j=1
so |®(A)(u)| < ||Allsicp) - op(u). Since u is arbitrary it follows that

IPDI(E @-&E0,7 = IAllsicp)
which completes the proof. O

Summing up, we conclude the following. First, the multi-ideal £ is not represented
by a smooth tensor norm (Proposition 2.17), whereas Egg is represented by the
smooth tensor norm & (Example 3.3). Next, the ideal Lgn(p) of strongly multiple
p-summing multilinear mappings is represented by a tensor norm but not by a
smooth tensor norm (Proposition 2.11). As in Proposition 3.6, it can be proved
that ngn( » is represented by a smooth tensor norm. Third, the ideal Lgf( » of
p-semi-integral multilinear forms is represented by a smooth tensor norm
(Proposition 3.6), and the multi-ideal Lgj() of p-semi-integral multilinear mappings
is represented by a tensor norm [6, Proposition 6] but not by a smooth tensor norm
(this is hard work). Finally, it seems that, typically, the behavior of a maximal multi-
ideal M = L is that M is not represented by a smooth tensor norm whereas MX is
represented by a smooth tensor norm.

We conclude this paper by showing how the representation of the ideal
of multilinear functionals MX by a smooth tensor norm provides information
about the representation of certain vector-valued components of M.  Given

Banach spaces Ep, ..., E,, F' and a tensor norm S8 = (8, 20=1’ we shall say that
M(Eq, ..., Ey; F') is B-represented if M(E1, ..., Ey; F)and (E1® - - Q E;, ®

F, Bn+1) are isometrically isomorphic via the canonical mapping of Definition 1.3.

PROPOSITION 3.7. Let M be a multi-ideal such that M is represented by a smooth

tensor norm B. Then M(E1, ..., E,; F') is B-represented whenever the spaces
M(Ey, ..., Ey; F') and M(Ey, ..., E,, F;K) are canonically isometrically
isomorphic.
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PROOF. Consider the following chain of canonical mappings:

M(EL, ..., E;; FY= M(E|, ..., E,, F; K)
=./\/l(E1,...,E,,,F;K’)
=(E1®-'~®EH®F®K,,B,1+2)’
=(E1® - QE,QF, Bus1).

The first equality is an isometric isomorphism by assumption; the second equality
holds because the canonical mapping

h:K—K, hQ)(e)=i -«

is an isometric isomorphism; the third equality is because MX is B-represented; and
the last equality holds because the tensor norm S is smooth. Routine computations
show that the composition of all these mappings yields the canonical mapping from
M(E1, ... ,E;; FH)WO(E1®---QE, ®F, Buy1). g
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