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Models of Representations and Langlands
Functoriality

Arnab Mitra and Eitan Sayag

Abstract. In this article we explore the interplay between two generalizations of the Whittaker model,
namely the Klyachko models and the degenerate Whittaker models, and two functorial constructions,
namely base change and automorphic induction, for the class of unitarizable and ladder representa-
tions of the general linear groups.

1 Introduction

Let F be a non-archimedean local field. Let G be a quasi-split reductive group with
a Borel subgroup B defined over F. Let U denote the unipotent radical of B and y
a fixed non-degenerate character of it. A smooth irreducible representation (7, V)
of G is said to have a Whittaker model, or to be generic, if there exists a non-trivial
linear functional £ on V such that £(7(u)v) = y(u)é(v) forallu € Uandv € V.
The importance of Whittaker models in the theory of automorphic forms cannot be
overstated. However, not every irreducible unitarizable representation of G admits a
Whittaker model. To overcome this, one needs to consider other models that contain
non-generic irreducible representations.

In the current article we focus on representations of the general linear groups and
two families of models containing the Whittaker model: the degenerate Whittaker
models and the Klyachko models. A degenerate Whittaker model is defined by al-
lowing the character y of U in the definition of the Whittaker model to be arbitrary.
The degenerate Whittaker models were introduced and studied by A. V. Zelevinsky
[30, §8.3]. In particular, he showed that given any irreducible representation of
GL, (F), the representation admits a degenerate Whittaker model and does so with
multiplicity one.

Inspired by the work of A. A. Klyachko for the groups GL, (F,), where I, is the
finite field with g elements, M. J. Heumos and S. Rallis introduced the second family
of models [9] (see Section 7 for the definitions). Although they provided examples
of irreducible representations that do not admit any Klyachko model, there are many
non-generic irreducible representations that do. For instance, every unitarizable rep-
resentation of GL,(F) admits a Klyachko model [22, Theorem 3.7]. It was shown
that any irreducible representation that admits a Klyachko model admits a unique
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Klyachko model, and with multiplicity one [23, Theorem 1]. Thus, to any irreducible
representation 7 of GL,(F) that admits a Klyachko model, we can assign a unique
integer between 0 and # indicating the precise Klyachko model it admits. We denote
this integer by r(7) and call it the Klyachko type of 7.

The local Langlands correspondence gives a bijection between the set of equiva-
lence classes of irreducible admissible representations of GL, (F) and the set of equiv-
alence classes of n-dimensional Weil-Deligne representations of the Weil group of F.
Let E be a finite extension of F of degree d. Denote by Ar(n) and Ag(n) the set of
all equivalence classes of irreducible representations of GL, (F) and GL, (E), respec-
tively. The Weil-Deligne group of E, denoted by Wy, naturally sits as a subgroup of the
Weil-Deligne group of F, Wy. Via the correspondence, one can assign an irreducible
representation of the general linear group over one field to a given irreducible repre-
sentation of the general linear group over the other, by employing functorial construc-
tions on the corresponding Weil-Deligne representations. In this paper, we deal with
two such constructions. The base change map bcg/r : Ap(n) - Ag(n) is obtained
by restricting the corresponding Weil-Deligne representation of the Weil group of F.
On the other hand, the automorphic induction map aig/p : Ag(n) - Ap(dn) is
obtained by inducing the corresponding n-dimensional Weil-Deligne representation
of the Weil group of E. J. Arthur and L. Clozel investigated the first map [1], while
G. Henniart and R. Herb investigated the second [7].

In this paper, we investigate the effect of base change and automorphic induction
on the two generalizations of the Whittaker model, i.e., the degenerate Whittaker
models and the Klyachko models, for certain classes of irreducible admissible
representations.

1.1 Main Results

We now describe our main findings in more detail. In this section we fix a finite cyclic
extension E/F of non-archimedean local fields. We will further suppose here that
d = [E : F] is prime, although many of the results in this article are true without this
assumption (see Section 9 for details).

Before we state our main results we need to introduce some more terminology.
Call an irreducible representation rigid if it is supported on a single cuspidal line
(see Definition 3.3). For 7 € Ag(n), two partitions of the integer n, which we denote
by V() and d(7), were defined in [24] and [30], respectively (see Definitions 6.3
and 6.1). The partition V() is called the SL(2)-type of the representation 7. We be-
gin with the following result, which investigates its effect on the bcg/r and aig/r maps.

Theorem 1.1 (See Theorem 6.5) (i) Letm € Ap(n) be arigid representation. Then
V() = V(begp(m)).
(i) Let IT € Ag(n) be a rigid representation. Then dV(I1) = V(aig/p(IT)).

The degenerate Whittaker model that an irreducible representation 7 admits as per
the prescription in [30] is with respect to the composition d(7). Using Theorem 1.1
we get the following relationship between degenerate Whittaker models and the two
maps.
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Theorem 1.2 (See Theorem 6.7) (i) Let w € Ap(n) be arigid representation. Then
beg/p() has a degenerate Whittaker model given by the depth sequence d(r).

(ii) Let TT € Ag(n) be a rigid representation. Then aig/p(m) has a degenerate
Whittaker model given by the depth sequence d(m) + --- +. d(m).

d—times

(Here the composition d(7) +. -+ +. d(7) denotes the composition of nd obtained
by coordinate-wise adding d copies of the composition d(7).)

Ladder representations (see Section 5.1.1 for the definition) are a class of irreducible
representations of general linear groups over non-archimedean local fields. The build-
ing blocks of the unitarizable dual of the general linear groups, the so-called Speh rep-
resentations (see Section 5.1.2), constitute a subset of the ladders. Recall from above
that to any representation 7 € Ap(n) that admits a Klyachko model, we assign a
unique integer r(7r) (0 < r(7) < n) indicating the precise Klyachko model 7 admits.
Next we have the following relationship between the Klyachko models and the two
maps.

Theorem 1.3 (See Theorem 7.5) (i) Let w € Ar(n) be aladder representation. Then it
admits a Klyachko model if and only ifbeg g () admits one. Moreover, r(bcgp(m)) =
r(m).

(i) Let 11 € Ag(n) be a ladder representation. Then 11 admits a Klyachko model if
and only if aigp(I1) admits one. Moreover, r(aigp(I1)) = dr(II).

While Theorem 1.3 shows that the two maps “preserve” the Klyachko type of a
representation in the ladder class if it exists, we study yet another indicator of com-
patibility. Let us consider the case of the base change map and let IT € Ag(n) be a
ladder representation in the image of the map that admits a Klyachko model. Any
rigid representation in the fiber of IT also admits a Klyachko model of the same type
as IT (by Lemma 4.5 (i) and Theorem 7.4), although there are many non rigid rep-
resentations in the fiber that admit a different Klyachko model or none at all. Thus,
given a representation satisfying the conditions that we imposed on IT above, one
might ask what proportion of the representations in its fiber admit the corresponding
Klyachko model. Our next result addresses this question. For the sake of simplicity,
we only state a special case of our result here, and just for the base change map. We re-
fer the reader to Theorem 8.9 for the result in its full generality and for its automorphic
induction analogue.

Theorem 1.4 (See Lemma 8.1, Remark 8.2, Lemma 8.3, and Lemma 8.7)  Suppose
that I1 = L(m) (see Section 3.1.1 for the notation) is a rigid representation of GL, (E)
such that it is in the image of the base change map. Denote by s the size of the multi-set
m. Then we have the following.

(i) The set bcE}F(H) has cardinality d°.

(ii)  The representation I1 is generic if and only if every element in its fiber is so.

(iii) Further suppose that Il is a ladder representation. If it has a symplectic model, then
the number of representations in its fiber that admit a symplectic model is d*/2.
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1.2 Context and Related Works

The class of ladder representations plays an important role in this article. This class of
irreducible representations was introduced and studied by E. Lapid and A. Minguez
[15]. They proved several results on the structural properties of the standard modules
of ladder representations, which makes them easier to deal with than general irre-
ducible representations. For instance, a very useful tool at one’s disposal when work-
ing with ladders representations (but one that is not available for general irreducible
representations) is an explicit description of their Jacquet modules. This was obtained
in [13] using the results of [15]. At the same time the ladder class contains many in-
teresting examples of representations, for instance, the Speh representations, as men-
tioned earlier. This makes it an ideal class of representations to test the plausibility of
conjectures for the entire admissible dual. The classification of ladder representations
with respect to the Klyachko models was recently obtained in [19].

The result on compatibility of base change and Klyachko models for the class of
unitarizable representations was obtained in [24]. There it was shown that the SL(2)-
type of a unitarizable representation is preserved under the operation of base change.
This statement was then used to show that Klyachko types of unitarizable representa-
tions are invariant under base change.

We obtain here independent proofs of the main results of [24]. We also obtain the
corresponding results for the automorphic induction map. We prove the statement
about SL(2)-type for all rigid representations. However, in this paper, SL(2)-type
does not play a role in the proof of the results underlying the connection between
Klyachko models and base change. Instead we directly prove that base change pre-
serves Klyachko type for ladder representations. The fact that any unitarizable repre-
sentation can be obtained by inducing Speh representations is then used to prove the
statement for the unitarizable class.

We remark that in a manner similar to this article, the interplay of models of rep-
resentations and base change was also studied in [20], where the model in question
was a special case of the so-called linear models for general linear groups.

1.3 Techniques of the Proofs

Recall that Zelevinsky [30] classified the irreducible representations of the general lin-
ear groups in terms of the cuspidal representations. We begin by showing that both the
base change and automorphic induction maps are compatible with this classification
and commute with the Zelevinsky involution, for the class of rigid representations (see
Lemma 4.5 and Proposition 4.6, respectively). We prove Theorem 1.1 using Proposi-
tion 4.6. In Lemma 6.4, we then observe that for 7 € Ap, we have V(n) = d(n)".
This lemma is the non-archimedean analogue of [3, Theorem 2.4.2]. Theorem 1.2 is
an easy consequence of Theorem 1.1 and Lemma 6.4.

The classification results obtained in [19] for ladders (Theorem 7.4 in this article)
play a critical role in the proof of Theorem 1.3, which is the central result of this arti-
cle. It follows directly from Theorem 7.4 that whether or not a ladder representation
admits a Klyachko model is independent of the cuspidal line, it is supported on and
depends only on the “shape” of the representation. Lemma 4.5 says that both these
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maps take a ladder representation to a product of ladders, each having the same shape
and supported on pairwise disjoint cuspidal lines. The proof of Theorem 1.3 is based
on this fact. Our proofs of the analogous results for the unitarizable class are based
on the results for ladders, as described in Section 1.2.

Theorem 7.4 is also the key ingredient of the proof of Theorem 1.4 (and that of
the more general Theorem 8.9). We obtain a general description of the fiber of a
rigid representation under the two maps in Lemma 8.1 which is then used along with
Theorem 7.4 to demonstrate Theorem 1.4.

1.4 Organization of the Paper

The rest of the paper is organized as follows. In Section 2 we set up some general nota-
tion, while in Section 3 we review some preliminaries on irreducible representations
of GL,(F) and Weil-Deligne representations. In Section 4 we formally define the
base change and automorphic induction maps using the reciprocity map and prove
some basic results used in the sequel, including their compatibility with the Zelevin-
sky classification. In Section 5 we recall the preliminaries of ladder representations. In
Section 6 we demonstrate our results on SL(2)-type, namely Theorem 1.1 (see Theo-
rem 6.5). We then use it to study the relationship of the degenerate Whittaker models
with the two maps, and in particular, prove Theorem 1.2 (see Theorem 6.7). In Sec-
tion 7 we prove Theorem 1.3 (see Theorem 7.5). In Section 8 we analyze the fibers of
the two maps with respect to the Klyachko models proving a general version of The-
orem 1.4 (see Theorem 8.9) and its automorphic induction analogue. In Section 9 we
obtain some of the main results of this paper for an arbitrary finite cyclic extension.

2 Notation

We set some primary notation in this section. More particular notation is defined in
the section where it first occurs.

2.1 Let F be a non-archimedean local field,' O be the ring of integers of F, pr be the
unique prime ideal of Of, and @F be a fixed choice of a uniformizer of the prime
ideal. Let gr denote the cardinality of its residue field.

Let |-|p: F* - C* denote the standard absolute value normalized so that
|@r|F = g5 The character of GL, (F) given by g + |det(g)|r is denoted by vr. Let
Wr and WY denote the Weil group and the Weil-Deligne group of F, respectively.
The reciprocity map Tr : W — F*, which is given by the local class field theory,
is normalized such that geometric Frobenius elements are mapped to uniformizers.
The map Tr defines an isomorphism from the topological abelianization W2° of Wy
to F*. The composition |- |r o Tr gives the associated absolute value on Wy that we
denote by | - ||. We will also denote it sometimes by v ( - ) when we wish to highlight
its analogy with the character vg. When the underlying field is clear from the context,
we will sometimes write v and v’ for the characters vy and v%, respectively.

IThis article uses the results of [19] where it was assumed that the characteristic of F was different from
two. It was later checked by Omer Offen and the second author that this restriction was not necessary [25].
Thus we freely use here the results of [19] for any non-archimedean local field.
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2.2 Classes of Representations

The category of smooth complex-valued representations of a topological group G of
finite length will be denoted by I1(G). Denote by Ag(#n) the class of all irreducible
representations in IT(GL, (F)) and by Ap, the union | |,5; Ar(n). Let A%(n) and
A% (n) be the subset of Ar(n) consisting of the cuspidal representations and the uni-
tarizable representations, respectively. Furthermore, let A} and A} denote the corre-
sponding unions.

2.3 The Bernstein—Zelevinsky Product

Set G = GL,(F). Let M be the F-points of a standard Levi subgroup of GL, and
let P denote the F-points of the corresponding standard parabolic subgroup. We will
denote by ig,y the normalized parabolic induction functor with respect to P from
I1(M) to TI(G). Let (ny,...,n,) be a composition of n and let 7; € II(GL,,(F)),
i=1,...,k. Assume that M = [T* GL,,(F). Let 7 := m ® --- ® 7. Then 7 € II(M).
Set m x -+ x 7y, := ig,p (7). The functor ig,» admits a left adjoint that we will denote
by rp,G. For a representation 7 € I1(G), the representation ry;, g () is known as the
normalized Jacquet module of 7 with respect to P.

2.4 Distinguished Representations
This paper is concerned with distinguished representations in the following sense.

Definition 2.1 Let m be a smooth, complex-valued representation of G and let H be
a closed subgroup of G.

* We say that 7 is H-distinguished if the space Hompg(7,1) of H-invariant linear
forms on 7 is non-zero.

* More generally, for a character y of H, we say that 7 is (H, y)-distinguished if the
space Homp (7, ) is non-zero.

2.5 Generic Representations

Denote by U,, the F points of the unipotent radical of the standard Borel subgroup of
GL,,. Let ¢ be a fixed non-trivial additive character of F. We further denote by v, the
character of U, defined by

n-1
W"(”) :W(;ui,iﬂ): u= (u,‘,j) eU,.

Definition 2.2  Let 7 be an irreducible representation of GL, (F). We say that 7
admits a Whittaker model, or is generic, if it is (U,,, v, )-distinguished.

2.6 We henceforth fix a finite cyclic extension E/F of non-archimedean local fields. We
will further suppose that d = [E : F] is a prime integer unless mentioned otherwise.
(For instance, in Section 9 we do not make this assumption.) Fix x = xp/ to be a char-
acter of F* coming from the local class field theory with kernel equal to Ng/z(E*),
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where Ng/p is the norm map from E* to F*. Observe that vg(-) = [Ng/p(det(-))|r
due to the normalization of the absolute values mentioned above.

For me Ag(n) and an element y € Gal(E/F), denote the representation n¥ € Ag(n)
given by 77 (g) = n(y(g)) for all g € GL,,(E).

2.7 Multi-sets and Partitions

Denote by 1q the characteristic function of a set Q. Let MSg;(q) be the set of finite
multi-sets of elements in Q, i.e., the set of functions f : Q — Z of finite support.
When convenient, we will also denote f by {w, ..., w1, w2, ..., ws,...}, where w € Q
is repeated f(w) times. Let P = MSg;,(z_,) be the set of partitions of positive integers
and let P(n) = {f € P: 272, k f(k) = n} denote the subset of partitions of n. For
n,m € Zsg, let (n),, = ml, = {n,...,n} be the partition of nm with m parts of
size n. As indicated by the definition above, unless otherwise mentioned, we will not
suppose a partition to be ordered. We will sometimes use the word composition in
this article for an ordered partition.

3 Preliminaries on Irreducible Representations of GL,

We now recall some basics of the representation theory of general linear groups over
non-archimedean local fields. For the sake of brevity of notation, in this section we
will denote the characters v and v} by v and v/, respectively.

3.1 Irreducible Representations of GL, (F)

For an irreducible cuspidal o € A$ define its cuspidal line to be
ol ={v"o|meZ}.

We now recall the combinatorial notion of segments as introduced by Zelevinsky
[30], and briefly review the description of Ap.

Definition 3.1 Given an irreducible cuspidal representation ¢ € A% and a,b € Z
such that a < b +1, define the segment [v*a, v* o] to be the set {v?0,v**10,..., 000}
if a < band the empty setif a = b+1. We say that the segment [v* o, v* 0] is supported
on oZ.
For a segment A = [v*0,v?0] = [a, b] (), we denote by b(A) = v*0 its beginning,
by e(A) = v its end, and by £(A) = b — a + 1 its length.

The representation v*g x - - - x v* ¢ has a unique irreducible subrepresentation and
a unique irreducible quotient, which we write as Z(A) and L(A), respectively. By
convention, if the set A is empty, then both Z(A) and L(A) are defined to be the
trivial representation of the trivial group.

Definition 3.2 Two segments A; and A, are said to be linked if A; € Ay, Ay ¢ A,
and A; U A, is also a segment. If A} and A, are linked and b(A; U Ay) = b(A,), then
we say that A; precedes A, and write A; < A,.
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Let O be the set of multi-sets of segments. Let m = {A,..., A} € O. The integer ¢
will be called the size of the multi-set m and will be denoted by |m|. Any permutation
coftheset{l,...,t} induces an arrangement of the segments of the multi-set m that
we call an order on m. An order on m is of standard form if Ay # A(j) foralli < j.
Clearly, every m € O admits an order that is of standard form.

Letm = {Ay,...,A;} € O be ordered in standard form. Then, the representation
Z(Ay) x --- x Z(A¢) is independent of the choice of order of standard form. It has a
unique irreducible submodule that we denote by Z(m).

The Zelevinsky classification says that the map (m — Z(m)) : O - A is a bijec-
tion [30, Theorem 6.1].

3.1.1 The Langlands Classification

Letm = {A,..., A} € O be ordered in standard form. The representation L(A;) x
-+ x L(Ay) is independent of the choice of order of standard form. It has a unique
irreducible quotient that we denote by L(m).
The Langlands classification says that the map (m — L(m)) : O - A isabijection
[14, Theorem 1.2.5].

3.1.2 The Zelevinsky Involution

It follows from the two classifications above that for any m € O there exists a unique
m’ € O such that Z(m) = L(m"). The function m ~ m'’ is an involution on O known
as the Zelevinsky involution. For w = Z(m) € Ap, let ' = L(m). Then 7 — 7' is the
corresponding involution on Ap.

Given a multi-set m, an algorithm to compute m’ is provided in [21].

3.1.3 The Cuspidal Support

For every m € Ap there exist o, ..., 0, € Aj, unique up to rearrangement, so that
7 is isomorphic to a subrepresentation of o7 x --- x oy (see [30, Theorem 1.10]).
Let supp(7) = {o; : i = 1,...,k} be the support of 7. For m € O let supp(m) =
{0 € A} : 0 € Afor some A € m} be the support of m.?

Definition 3.3 A representation 7 € Ay is said to be rigid if supp(7) € o for some
o € AS. A multi-set m € O is called rigid if supp(m) € o” for some o € AS5.

3.1.4 Letm be a rigid multi- set Fix a 0 € Aj such that supp(m) c oZ. Write

= {[vmao,v"0],...,[v*0,vP o]} with a,, b; € Z,i =1,...,t. In the sequel the
r1g1d multi-set {[v o,v"0],...,[v¥0o,vP o]} will sometimes be denoted by
{[ai, 1], ... [an bi]} (o). We w1ll write m = m,) to emphasize the choice of the
fixed cuspidal representation ¢ in its cuspidal line, in terms of which the multi-set is

described.

2The support is often considered as a multi-set. However, in this article only the underlying set plays
a role and hence we will treat the support, of both a representation and a multi-set of segments, as a set.
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Similarly, let 7 = L(m) € Ag be a rigid representation. Fix a ¢ € A} such that
supp(m) ¢ o”. As above, we will write 7 = 7, when we wish to emphasize the
choice of a fixed cuspidal representation ¢ in its cuspidal line, in terms of which m is
described.

Let F’ be a non-archimedean local field (not necessarily different from F) and let
o’ € A}, Let m be a rigid multi-set of segments with ¢ a fixed cuspidal representation
such that m = m,). Write m(,) = {[a1, b1], ..., [as, b;]} (4). Then define

m(g/) = {[al, b]], PRI [at, bt]}(o’)
Note that {[a;, b1],...,[as, bs]} (e is the multi-set

{vio' voa'],.... [visa' vhia']}.

In particular for a segment A = [a,b](,), we will denote by A,y the segment
[v%,0",vb,0']. Similarly, if 7 € Ay is a rigid representation with a fixed cuspidal rep-
resentation ¢ such that 7 = () i€ TT = L(m(g)), for some me,) € O, then define

Mgy = L(m(gf)).
3.2 The Weil-Deligne Representations

Definition 3.4 An n-dimensional admissible Weil-Deligne representation of Wg
isa pair ((p, V), N) where (p, V) is a semi-simple, smooth and complex-valued rep-
resentation of Wy of dimension # and the operator N : V' — V is a nilpotent endo-
morphism such that

(3.1) p(w)oNop(w)™ =|w|N,

where ||w/| is the character of Wy as defined in Section 2.1. A morphism of Weil-
Deligne representations ((p1, V1), N1) = ((p2, V2), N2) is a map of representations
T: (p1, Vi) = (p2, V2), such that T o N; = N, o T. For more details on Weil-Deligne
representations, we refer the reader to [28].

Let Gr(n) denote the set of all isomorphism classes of n-dimensional admissible
Weil-Deligne representations of Wr and let Gr = |50 Gr(n).

3.2.1 Classification of Weil-Deligne Representations

For a semi-simple, smooth and complex-valued representation (p, V) of Wg put
A = [v'*p,v"®p] (a < b) to be the set {v%p,v'(“*Vp, .., v"*p} as in Section 3.1.
Let p(A") = v*p @ v(“*Vp @ ... @ v'’p. Let V; be the space on which v/'p acts
(a < i < b). Clearly, all these spaces can be identified with the same space V. Define a
map N(A') : EB?:Q Vi - EBf-’:a V; in the following way. Let N(A’) : V; — V;,; be the
obvious (identity) morphism (for i = a,...,b - 1) and let N(A")|y, = 0. Now assign
to each A’ the Weil-Deligne representation 7(A") = (p(A’), N(A")).

It follows from generalities that the 7(A’) are indecomposable objects. They are
mutually non-isomorphic and every indecomposable object is of this form. Thus ev-
ery Weil-Deligne representation decomposes into a direct sum 7(A}) @ --- @ 7(A})
(for some positive integer r), and moreover, this decomposition is unique up to a
permutation.
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3.2.2 The Maps rec and rec®

Let rec = recr : Ap — Gr be the Langlands reciprocity map established in [18] for
the positive characteristic case and in [5,6,26] for characteristic zero. Denote by rec®
the restriction of rec to Aj%. The map rec can be described in terms of the map rec’® as
follows (see [30, §10] for details). If 7 = L([v* 0y, v"'a1], ..., [v* 0y, vP'0,]), then

(3.2) rec(m)

t

EB( V% rec®(07),v'" rec®(0;)]), N([v'* rec®(0;),v"" rec® (07)])).

i=1
3.2.3 Partition Associated With a Weil-Deligne Representation

Given an n-dimensional admissible Weil-Deligne representation ((p, V), N), one
can associate a partition f € P(#) with it in the following manner. Since N is a nilpo-
tent endomorphism, it can be written as a matrix with I’s on the sub-diagonal and
0’s elsewhere in a unique way (up to the order of the Jordan blocks). The sizes of the
Jordan blocks of N define a partition of n that we will denote by f. In particular, the
partition corresponding to N = 0 is the partition n1; = {1,...,1}.

Denote by Pr ,, : G(n) - P(n) the map which takes ((p, V'), N) to the partition
f as described above and let Pr : G — P be the map such that PF|9F(,,) = Pg .

Lemma 3.5 Letm=L([vio,v"a1],...,[v* 0, v 0;]), where o; € AS(k;). Then
we have

(3.3) Pr(rec(m)) = Zt:(b,» —a;+1)g,.
i=1

Proof Write rec(m) = ((p, V), N) following the description provided in (3.2). By
rearranging the basis of V such that N is represented by a matrix with I's on the sub-
diagonal and 0’s elsewhere, it is easy to see that (3.3) holds. ]

Remark 3.6 In [24] it was mistakenly remarked that the map ((p, V), N) ~ ([p], f),
where [p] is the isomorphism class of the representation p, is an injection For
a simple counterexample, consider the representations 7 = L([v, v ], [ *]) and
m, = L([v], [v*,v*]); evidently both 7; and 7, are mapped to ([v & v* @ v*], (2,1)).
Although the above statement was used in the proofs of [24, Lemma 4.1 and Proposi-
tion 7.1], it was not used in a crucial manner, and the proofs can be rectified simply by
working with the description of the reciprocity map that we provide in (3.2) instead
of the description given in [24, §3]. In particular, the statements in that paper are cor-
rect. In any case, the results on ladder representations that we obtain in this article
are used here to provide independent proofs of the main results of [24].

4 Base Change and Automorphic Induction

The base change and the automorphic induction maps were studied in [1] and [7],
respectively, before the local Langlands correspondence for the general linear groups
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over non-archimedean local fields was established. Now that we have the correspon-
dence at our disposal, these two maps can be defined in a much simpler manner. We
now recall these definitions. We also obtain some results analyzing the behavior of
the class of rigid representations under these two maps. Some of these results (for
instance Lemma 4.5) can be found in the aforementioned references, but we provide
a proof here using the definitions of the two maps that we use in this article.

4.1 Definition of the Two Maps

For now suppose that E/F is an arbitrary finite extension of non-archimedean local
fields such that [E : F] = d.

4.1.1 Base Change

Let m € Ap(n) and recg(7) = ((p, V), N). Denote by
TeSEg/F * 9u(F) = Gn(E)

the map defined by resg/r(p, N) = (plw,> N). As the restriction to the finite in-
dex subgroup Wr is also semi-simple, this defines an irreducible representation of
GL, (E) via the local Langlands correspondence. The above process of obtaining an
irreducible representation of GL, (E) from an irreducible representation of GL, (F) is
known as the base change. For r € Ap(n), its base change will be denoted by beg (1)
and is defined by

recg (beg/p(m)) = resg p(recy(m)).
4.1.2 Automorphic Induction

Let w € Ap(m) and recg () = ((p, V), N). Define now the representation indxz (p)
of Wg in the following way:

indy? (p) = {f: Wg > V| f(hg) = p(h) f(g) Vh € Wg, g € Wg}.

Since p is semi-simple, the induced representation indw; (p) is semi-simple as well.
Further define N such that (Nf)(g) = |g|N(f(g)). It can be easily checked that
N is a nilpotent endomorphism of the induced space satisfying (3.1). Thus define
indg/r((p, N)) = (indw; (p), N), which is an element of G (md). This Weil-Deligne
representation corresponds to an irreducible representation of GL,, 4 (F), via the reci-
procity map. This process of obtaining an irreducible representation of GL,,; (F) from
an irreducible representation of GL,,(E) is known as automorphic induction. For
m € Ag(m), its automorphic induction will be denoted by aig/r () and is defined by

recr(aig/p()) = indgp(recg (m)).

Our next lemma provides a simplified expression for the nilpotent operator N.

Lemma 4.1 Let{g,...,ga} beafixed set of representatives for the right coset space
H~ G, where G = Wy and H = Wg. Let ((p,V),N) € G with N : ind$(p) —
ind$;(p) as defined above. Then we can choose bases of V and ind$;(p) such that in the
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matrix form with respect to the two bases, N = diag(|gi|N. ..., | ga|N). In particular,
if the partition corresponding to the operator N (via its Jordan canonical form) is p, then
that corresponding to N is dp.

Proof LetdimV =1land (v,...,v;) be an ordered basis of V such that the matrix
of N with respect to it is expressed in its Jordan form. Since N is nilpotent, there exists
{vis..svi } € {v1,...,vi} such that

N(v;) = via ifje{l,.... Ik},
P70 g b

Now define a standard basis {f; j | 1 < i < d,1 < j < I} of the space indxi (p) in
the following manner.

0 otherwise.

fi- {p(h)vj if g = hgi

Fix i. An easy calculation shows that

lgill fijsr if je{h,. s I}y
0 otherwise.

N(fis) = {
This proves the lemma. ]

4.2 Compatibility With Parabolic Induction

Lemma 4.2 () Letm,...,n, € Ap such that both m x --- x 1, and bcgp(m) x
-+ x begyp(m,) are irreducible. Then

begp(m x -+ x ;) =begyp(m) x -+ x begyp ().
(i) Let m,...,m, € Ag such that both m x -+ x 7, and aigp(m) x -+ x aigp(7,)
are irreducible. Then

aigp(m x -~ x 71,) = aig/p(m) x -~ x aig/p(7,).

Proof We first prove (i). The general case reduces to the case when r = 2 by induc-
tion. Thus, let r = 2. Let recg(m;) = (p1,Ni) and recp(m) = (p2, N2). Then we
have

recE(bcE/F(m) X bcE/F(rrz)) =recg(beg/p(m)) @ recg(begyp(m2))
= (p1lwe> N1) @ (pafwe» N2)
= ((p1 @ p2)lw;> N1 @ N2).
This is equal to recg (bcg/p(m x 7)), which demonstrates the statement in the base
change case.
Next we consider the statement for the automorphic induction case. As above it

is enough to prove the statement for r = 2. Let recg(m) = (p1, N1) and recg(m,) =
(p2,N3). Then we have
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recr(aig/p(m) x aig/r(m2)) = recr (aig/p(m)) @ recg(aig/r(m2))
 (ind¥ (p1), N7) ® (indJt (p2), N3)
= (indyy! (p1 @ p2), Ny @ ;).

By Lemma 4.1 this is equal to recg(aig/p(m x 72)) which finishes the proof of the
lemma. u

4.3 The Cuspidal Case When [E : F] is Prime

We return to the case when E/F is a cyclic extension such that d = [E : F] is prime. We
maintain this assumption until the end of Section 8. The following result was obtained
in [1, Lemma 6.10] and [7, Proposition 5.5] for the base change and the automorphic
induction maps, respectively. Assuming the correspondence, one can obtain these
results in an elementary fashion using arguments similar to the ones employed in the
proof of [24, Lemma 71].

Lemma 4.3 (i) Let 0 € Ap(k). Then begjp(o) = oy x -+ x 0y, where t| k and
o € A%(%) such that 0; # vgoj, forany a e Rand i # j.

(ii) Analogously, let 0 € A% (k). Then aigjp(0) = 01 x --- x 0y, where t| kd and
g € A;(%) such that 0; # vgoj, forany a e Rand i # j.

(iii) Moreover if o € A% NAS, respectively, 0 € A% N A3, theneacho; (i=1,...,t)
appearing in the cuspidal support of begp(0), respectively, aig/p(0), is in Aj, respec-
tively, A%.

Remark 4.4  Henceforth, in this article, every statement that we make for the base
change setting has an automorphic induction analogue and vice versa. The proof in
one setting is a verbatim translation of the proof in the other setting. To avoid repeti-
tion of arguments, from this point onwards, we will give precise statements for both
settings but prove only the one in the base change case.

4.4 Compatibility with the Zelevinsky Classification

The next lemma is a straightforward application of the local Langlands correspon-
dence. We provide a proof for the sake of completeness.

Lemma 4.5 (i) Leto € A} and let w = m(,y € Ap be such that Supp m ¢ o”. Let
beg/p(0) = 01 -+ x 01 (see Lemma 4.3 (i)). Then beg p(m) = m(g) X -+ X 7(4,) (see
Section 3.1.4 for the notation).

(ii) Let o € Ay and let m = 7(y) € Ag be such that Supp 7 € o”. Let aig/p(0) =
01 X -++ X 0y (see Lemma 4.3 (ii)). Then

aip/p(7) = M(g) X -+ X (g,
(see Section 3.1.4 for the notation).
Proof Letm=L(A,...,A;)andII = T(q) X ** X 7(q,)- Note that, since 0; # vgoy

for any « € R if j # j/, the representation II is irreducible. We will show that
bc E/ F(ﬂ) =11
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Let recp(0) = p and recg(o;) = p;j for j = 1,...,t. Thus for any integer r we have
(VEp)lwy = vEp1®--- @ v ps. Denote the representatlon space of vil p by V, and that
of vi{p; by V, ;. In other words, V, = EB V, j as a Wg-module.

/u,

i b;
Set A; = [v¥o,v¥a], AL = [Vi¥p,vilipl, Aij = [v¥0;,v0;], and Al =

ra;

[V p],vE ‘pj] (wherel<i<sand1< j<t). Then

rece(I1) = D(ED(p(8),). N (AL )))).

j=1"i=1

Note that
rsse(recr (m)) = ()l N(AD) = D((ED vl N(a))
- @((@(@v’fm )),N(4))).
= r=a; j=1

From the description of N(A] ) (provided in Section 3.2.1), by rearranging the
spaces V; j, we get that N(A]) = 69 1 N(A] ;) for every i. Thus we get that

resg/p(recp(m)) = @(é(@ v"p]) @N AIJ)) = recg (1),
i=1\j=1 \r=a;

and we obtain the first statement. ]

4.4.1 Compatibility With the Zelevinsky Involution

Proposition 4.6 (1) Let m € Af be a rigid representation. Then
bCE/F(T[t) = bCE/F(T[)t.

(i) Let 7 € Ag be a rigid representation. Then aigp(n') = aigp(m)".

Proof Suppose that Supp 7 € o” for some o € Aj. Since the Zelevinsky involu-
tion of a representation preserves its cuspidal support, we have supp(n') ¢ oZ. It
was shown in [21] that the action of the Zelevinsky involution on rigid representa-
tions is “oblivious” to the cuspidal line on which it is supported. In other words,
(7(e1))" = (") (4)> for all g;. Using Lemma 4.5(i) and the multiplicative property
of Zelevinsky involution we get that

t t
bCE/F(ﬂt) = H(”t)(ai) = H(”(u;))t = bCE/F(T[)t' u
i=1 i=1

5 Ladder Representations

The class of ladder representations was introduced in [15]. This class of irreducible
representations has many interesting properties, for instance, they are precisely the
representations in the class of rigid representations whose Jacquet modules are semi-
simple [4, Corollary 4.11]. Furthermore, the Jacquet modules of a ladder representa-
tion are calculated explicitly in [13, Corollary 2.2]. Moreover, this class is preserved by

https://doi.org/10.4153/5S0008414X19000014 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000014

690 A. Mitra and E. Sayag

the Zelevinsky involution, and the algorithm provided in [21] to compute the Zelevin-
sky involution of an irreducible representation takes a much simpler form when the
representation is a ladder [15, §3]. Some of these structural properties make this class
more approachable in comparison to the entire admissible dual for the purpose of dis-
tinction problems [19]. However the aforementioned properties will not play a direct
role in this article.

We will now recall the definition of ladder representations and collect some basic
facts about them that we will use in this article. We will show that the rigid represen-
tations that are irreducibly induced from ladder representations remain in the class
of representations irreducibly induced from ladders under the two maps.

5.1 Preliminaries on Ladder and Unitarizable Representations
5.1.1 Ladders and Proper Ladders

Definition 5.1 Leto € AS. Letthesetm = {Ay,..., Ay} be such that supp(m) ¢ o”
and write A; = [v¥0,v% 0] (a;, b; € 7). By renumbering the segments if required,

we can assume that a; > -+ > ay. Then m is called a ladder if a; > --- > aj and
by > .-+ > by. Furthermore, it is called a proper ladder if a; < by + 1, for all
i=1...,k-1L

Definition 5.2 e+ A representation 7 € Ap is called a ladder representation if
7 = L(m), where m is a ladder.

* Arepresentation 7 € Af is called a proper ladder representation if 7 = L(m), where
m is a proper ladder.

Example 5.3 Leto € Ag,my = {[2,3],[0,1]}(5), and my = {[3,4],[0,1]}(,). The
multi-sets my and m, are examples of ladders of which only m; is a proper ladder.

Whenever we say that m = {Aj,..., A} € o7 is a ladder or a proper ladder, we
implicitly assume that m is already ordered as in the definition above, namely, so that
ap > -+ > ay, where b(A;) = v%o.

We will denote the subset of ladder representations of Ar by £ = £ and the subset
of proper laddersby £, = £, r. The class of representations irreducibly induced from
ladders will be denoted by Ling = Ling,r-

The next proposition follows directly from [15, Theorem 16].

Proposition 5.4 Let m € Ling. Then mw can be written as mm X - - - x 7y, where each m;
is a proper ladder. The decomposition is unique up to a reordering of the ;.

We will need the following lemma in the sequel. Let F’ be a non-archimedean local
field (not necessarily different from F).

Lemma 5.5 Letm; = (m;)(y) € L be such that supp(m;) € 6%, i =1,..., k. Suppose
that 1y x --- x my is irreducible. Let o' € A%,. Then the representation (7y)(gry X -+ X
(7%) (1) is irreducible (see Section 3.1.4 for the notation).
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Proof By [16, Lemma 6.17], it is enough the prove the statement for the case k = 2.
Since (71)(s) % (72) (o) is irreducible, so is (711) () % (72) (o) (see, for instance,
[16, Proposition 6.20, Lemma 6.21]). [ |

5.1.2 Tadi¢’s Classification of Unitarizable Representations

An important example of a proper ladder representation is when a; = 4,41 + 1 and
bi = b+l fori=1,..., k-1 Definea Speh representation to be a proper ladder such
that the underlying multi-set satisfies this property. Notice that we are not assuming
that Speh representations are unitarizable in general. We will use the term unitarizable
Speh in this paper for a Speh representation that lies in A.

For a unitarizable Speh representation 7 and a real number « € (—%, %), define
7(7, &) to be the representation v*7 x v~*7. By [30, Proposition 8.5] it is irreducible.
We now recall the classification of the unitarizable representations of general linear
groups [27, Theorem D].

Theorem 5.6 (i) The representations n(t, a) lie in A¥.
(ii) Every representation m € A¥. can be written as m = m x -+ x 11, where each m;
is either a unitarizable Speh representations or a representation of the form n(z, a).

In particular, A} € Ling.
5.2 Base Change, Automorphic Induction and Ladder Representations

Proposition 5.7 (i) Let m € Ling,r be a rigid representation. Then begp(m) €
Lind,E-
(ii) Let 7 € Ling,k be a rigid representation. Then aig () € Ling,F.

Proof The result is obtained by a direct application of Lemma 4.3 and Lemma 4.5.
[

The necessity of the rigidity hypothesis in Proposition 5.7 is shown by the follow-
ing example. Let 7 = L([v§, v3], [Lvi], [kg/r]). It is easy to see that begr(m) =
L([v:,v3],[L,v2],[ve]) is not in Lina,p. One can easily construct similar examples
to demonstrate the failure of the statement without rigidity in the case of automorphic
induction as well.

The hypothesis of rigidity can be removed from the above statements if we further
assume that the representations we are dealing with are unitarizable.

Proposition 5.8 (i) Let me Ay, Thenbcgp(m) € Aj.
(i) Let e A%. Then aigjp(m) € Af.

Proof Suppose 7 € A¥. Write m = m x --- x 7 such that each 7; is either a unita-
rizable Speh representation or a representation of the form 7(7;, «;) for some unita-
rizable Speh 7; and some «; € (-3, 3). If 7; is a unitarizable Speh, then it is clear by
Lemma 4.3, and Lemma 4.5 that bcg/p(7;) € Aj. Suppose that 77; = v¥i1; x v 1;.
By Lemma 4.3, and Lemma 4.5, v* bcg/p(7;) x v™% begyp(7;) is a product of Speh
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representations supported on different cuspidal lines, and is thus irreducible. Hence
by Lemma 4.2 (i), begyp(mi) = v* beg p(7i) x v™% begp(7;), which is again unita-
rizable by Theorem 5.6. Thus we have bcg/r(7;) € Af, for each i.

Since a representation induced from unitarizable representations is irreducible, ap-
pealing to Lemma 4.2 (i), we get that

bCE/F(Tf) = bCE/P(Tfl) XX bCE/P(ﬂk)-

Since the induced representation is also unitarizable, this proves (i). ]

6 Degenerate Whittaker Models

We now study the degenerate Whittaker models and their relationships with the two
maps.

6.1 Definition of Degenerate Whittaker Models

We briefly recall the definition of degenerate Whittaker models as provided in
[30, §8.3]. Given a compositiond = (1;,...,1;) of n, ordered such that A; > --- > 1,
define the character 6 = 64 of U, by 0((u;;)) = w(X ui,i+1), where i runs over
1,...,n—1except

H—Al,n—(A1+/\2),...,}’1—(/\1+"'+)Ll_1).

(See Section 2.5 for the definition of U, and y.) Say that a representation 7 € Ag(n)
has a degenerate Whittaker model with respect to the sequence d if Homy, (7, 84) # 0.

It was shown in [30, Corollary 8.3] that every m € Ap has a degenerate Whittaker
model.

6.2 The Depth Sequence and SL(2)-type of an Irreducible Representation

For 7 € II(GL, (F)) and any r = 0, ..., n, we denote by 7(") the r-th derivative of 7
as defined in [2, §3.5 and §4.3]. It is a functor from I1(GL,(F)) to II(GL,_,(F)). If
the integer  is such that 77 # 0 and 7("*¥) = 0 for any k € Z., then we call the
representation 77(") the highest derivative of 7 and the integer r the depth of 7.

Definition 6.1 Given i € Ap(n), we recursively define the irreducible representa-
tions

T0>T15--->T]

and an integer sequence d(7) = (Ay,..., ;) such that 7y = 7, 7; is the trivial rep-

resentation of the trivial group, and 7,4 := TIOHI) is the highest derivative of 7;
(i =0,...,1 —1). We call this sequence the depth sequence of the irreducible rep-
resentation .

Clearly A, +---+A; = n and by [30, Theorem 8.1] we get that A; > --- > A;. Thus any
depth sequence of an element of Ar(n) can be identified with an element of P(#).
We now recall [30, Corollary 8.3].
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Theorem 6.2  Every m € Ap has a degenerate Whittaker model with respect to its
depth sequence d(m) with multiplicity one.

6.2.1 Definition of an SL(2)-type

The SL(2)-type of an irreducible representation was first defined in [29, Definition 1]
for the ones in the unitarizable dual. The definition was then extended to the admis-
sible dual [24, Remark 2]. We recall it below.

Definition 6.3 Let i € Ap. Then the SL(2)-type of 7 is defined to be the partition
Pr(recp(n')), where Py is the map defined in Section 3.2.3. It is denoted by V(7).

6.2.2 Relation Between the Two Partitions

Given 7 € Ap, we will think of V() as a composition by ordering the elements
of this partition in a non-increasing manner. For a composition f, denote by f*
its conjugate composition. We have the following non-archimedean analogue of
[3, Theorem 2.4.2].

Lemma 6.4 FormeAp, V(r) =d(n)".
Proof The statement follows directly from Lemma 3.5 and [30, Theorem 8.1]. [
6.3 Degenerate Whittaker Models and the Two Maps

We begin by studying the SL(2)-type of the base change (or the automorphic induc-
tion) lift of an irreducible representation.

Theorem 6.5 (i) Letm € Af bearigid representation. ThenV(r) = V(bcgp(m)).
(ii) Let 7 € A be a rigid representation. Then dV(m) = V(aig/p(7)).

Proof It is clear from the definition of base change that for 77 € A, Pr(recp(m)) =
Pg(recg (begp(m))). The result now follows from Proposition 4.6. |

The hypothesis of rigidity in Theorem 6.5 is essential as demonstrated by the fol-
lowing example. Take 7 = L([1, v¢], [xv, kv}]). Thenbegr(m) = L([1, ve], [v, vi])
and by Lemma 3.5 we get that V() # V(bcg/p(m)). A similar example can be con-
structed in the case of automorphic induction.

However, as earlier, the rigidity hypothesis can be removed if we assume that 7 is
unitarizable.

Theorem 6.6 (i) Let we Ay Then V() = V(bcg/p(m)).
(i) Let e Af. Then dV(m) = V(aig/p(7)).

Proof The result is obtained by applying Theorem 6.5 to the class of Speh represen-
tations and arguing as in the proof of Proposition 5.8. ]

For any two compositions f; and f, of n; and n,, respectively, of the same length,
denote by fi+, f> the composition of ; +n, given by coordinate-wise addition. Finally
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we have the following result showcasing the behavior of the two maps with respect to
degenerate Whittaker models.

Theorem 6.7 (i) Let m € AF be either rigid or unitarizable. Then bCE/F(T[) has a
degenerate Whittaker model given by the sequence d().

(i) Let m € Ag be either rigid or unitarizable. Then aigp(7) has a degenerate
Whittaker model given by the sequence d(m) +¢ --- +. d(7).

d—times

Proof The result is an immediate consequence of Theorem 6.5, Theorem 6.6, and
Lemma 6.4. u

7 Klyachko Models

We begin this section by recalling the definition of Klyachko models and the classifica-
tion results for ladder representations with respect to these models that were obtained
in [19]. We use these results then to show that the two maps preserve the Klyachko
type of ladder representations in an appropriate sense.

7.1 Definition of Klyachko Types
For a decomposition n = 2k + 7, let
Hor = {(8%) : heSpy(F), X € Moy, (F), ue Uy}

and y = Y., be defined by y(( % X)) = y,(u). (See Section 2.5 for the definition of
U, and its character y,.)

Definition 7.1 Letm € Ap(n). If  is (Hyy,,» ¥)-distinguished for some decompo-
sition n = 2k + r, then we say that it admits a Klyachko model of type r. In this case
the integer r is referred to as the Klyachko type of = and denoted by (7).

We remark that r(7) is well defined as by [23, Theorem 1] the Klyachko type of an
irreducible representation is unique if it exists.

Remark 72 Note that for any n € II(GL,(F)), being (Hyy,,, ¥)-distinguished is
independent of the choice of non-trivial character y of F. Indeed, for any other char-
acter ¢/ # 1, there is a diagonal matrix a € GL,(F) normalizing Hy; , such that
Vo (h) = var(aha™) for all h € Hy,.

7.2 The Classification

We now recall the classification of ladder representations with respect to the Klyachko
models.

7.2.1 Right Aligned Segments

We define the following relation on segments of cuspidal representations.
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Definition 7.3  For segments A = [v?g,v’0] and A’ = [v¥ ¢,v" 0], where a, a/,
b, b' € Z, we say that A’ is right-aligned with A, and write A" + A, ifa > a’ + 1 and
b = b’ +1. We label this relation by the integer r = s(a — a’ — 1), where o € A%(s), and
write A’ -, A.

Note, in particular, that A’ -y A means that A = vA’.
We now provide a description of the ladder representations that admit any partic-
ular Klyachko model [19, Proposition 14.5 and Theorem 14.7].

Theorem 7.4 (i) Letm={A,..., A} beaproperladder such that L(m) € £, N
Arp(n) and let n = 2k + r. If t is odd, let s be such that L(A;) € Ag(s), otherwise, set
s = 0. Then L(m) is (Hax,,, ¥)-distinguished if and only if Ay_3; +,, A¢—2i-1 for some
rini =0, [t/2] =land r=ro+--+1)p) +5.

(ii) Let m be a ladder representation and assume that w = m x - - - X 71 is the unique
decomposition of 7 as a product of proper ladder representations (see Proposition 5.4).
Then m admits a Klyachko model if and only if n; admits a Klyachko model for all
i=1,..., 1. Furthermore, in that case r(nt) = r(m) +--- + r(m).

7.3 Relationship With the Two Maps

We now prove Theorem 1.3. The analogous result for unitarizable representations and
for the case of the base change map (Corollary 7.7 (i)) was obtained in [24, Corol-
lary 6.1]. This was done there by observing that r(n) = 32, V(7)(2i + 1) (using
Lemma 3.5) and then using the fact that SL(2)-type of a unitarizable representation
is preserved by base change. Unlike the unitarizable representations though, a ladder
representation may not have a Klyachko model, and it is not a priori clear, for a rep-
resentation 77 admitting a Klyachko model, if even bcg () will admit one. However
Theorem 7.4 allows us to determine precisely which ladders have a Klyachko model
and enables us to prove Theorem 1.3 and Corollary 7.7 directly, without resorting to
SL(2)-types, as we see below.

Theorem 7.5 (i) Let m € Lp. Then m admits a Klyachko model if and only if
beg/p(m) admits one. Moreover r(begp(m)) = r(m).

(i) Let m € Lg. Then m admits a Klyachko model if and only if aigp () admits one.
Moreover r(aig/p(m)) = dr(m).

Proof Fixo € A5 (m) such thatsupp(r) € o” and write 7 = 71(,). Using Lemma 4.3,
we write begp(0) = 01 x -+ x 01, where 0; € Ap(%). By Lemma 4.5, we get that
beg/p(m) = 7(g) %+ -+ X 7(4,) (see Section 3.1.4 for the notation).

If 7 has a Klyachko model of type (), then by Theorem 7.4 each 7(,,) has a

Klyachko model and r(7(,,)) = @ By the hereditary property of Klyachko models
(19, Proposition 13.3], bcg/p(7) has the Klyachko model of type (). This gives us
the “only if” part of (i).

For the “if” part, note that the cuspidal lines of 0; and ¢; are pairwise disjoint if i # j
and thus, by [19, Proposition 13.4], each 7,4,y admits a Klyachko model. Appealing to
Theorem 7.4 again, we get that 7 admits a Klyachko model. |
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We obtain the following corollary of Theorem 7.5.

Corollary 7.6 (i) Letm; € L (i=1,...,k) be such that
X e X g € Ling.

Moreover, assume that each m; admits a Klyachko model and that m is rigid. Then
beg/p(m) admits a Klyachko model with r(bcgp(m)) = vk r(m).

(ii) Let m; € Lg (i = 1,...,k) be such that m := m; x -+ X 1 € Ling. Moreover,
assume that each rr; admits a Klyachko model and that m is rigid. Then aig/p () admits
a Klyachko model with r(aig p(m)) = d(zk, r(m)).

Proof Fix ¢ € A% such that supp(7) € 0% and write 7 = 75y, m; = (7;)(5). By
Lemma 5.5, for any o’ € Aj, the representation (711) (51 X -+ % (7k ) (g+y is irreducible
(see Section 3.1.4 for the notation) and is thus equal to 7(,/. Therefore, by Lemma 4.3
and Lemma 4.5, we have

bCE/F(”) = bCE/F(Tfl) Xoee X bCE/F(T[k)-

Theorem 75 along with the hereditary property of Klyachko models [19, Proposi-
tion 13.3] now gives us the corollary. ]

The hypothesis of rigidity is essential for Corollary 7.6 to hold. For example, let
m =«, 7y = L([vE, v ], [V, v3]), and 7 = my x 715. By Theorem 7.4 and the hereditary
property of Klyachko models [19, Proposition 13.3], the irreducible representation 7
has a Klyachko model. On the other hand, Theorem 7.4 implies that bcg/r(7) does
not have any Klyachko model. Similar counterexamples can be constructed for the
case of automorphic induction if 7 is not assumed to be rigid.

7.3.1 Unitarizable Case

The hypothesis of rigidity can be removed for the case of unitarizable representations.
Let 7 be unitarizable. Write 7 = m; x - - - x 7y such that each 7; is either a unitarizable
Speh representation or a representation of the form v*7 x v~%7, where a € (-3, 3

and 7 is a unitarizable Speh representation. Theorem 7.4 shows that each Speh repre-
sentation admits a Klyachko model and thus by [19, Proposition 13.3], so does 7 with
its Klyachko type equal to 3%, #(77;). Thus by Proposition 5.8, if 7 € A¥, respectively,
m € A}, then both 77 and beg p (), respectively, aig/p (1), have a Klyachko model. We

further have the following.

Corollary 7.7 (i) Let m e Ay. Then r(bcg/p(m)) = r(m).
(i) Let € A%. Then r(aig/p(m)) = dr(m).

Proof Letnm € A} and m = m x --- x m; as above. Arguing as in the proof of
Proposition 5.8, we get that begp(m) = beg/p(m) x -+ x begp(my ), where each
beg/p(m;) € A and admits a Klyachko model. If 7; is a unitarizable Speh represen-
tation, then by Theorem 7.5 r(7;) = r(bcg/p(m;)). Suppose now that 7r; = v¥7 x v
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for a € (-3, 1) and a unitarizable Speh representation 7. As in the proof of Proposi-

tion 5.8, we have

begp(mi) = begyp(v1) x begp(v 7).
By Theorem 7.5, we have r(bcg/p(v™*7)) = r(v *1) and r(bcg/p(v*1)) = r(v*1).
Therefore, even in this case
r(begp(mi)) = r(beg/p(v=*1)) + r(beg/p(v 1))
=r(v 1)+ r(v*1) = r(m;).
Thus we have r(bcg/p(m;)) = r(m;) forevery i =1,..., k.
By the hereditary property of Klyachko models [19, Proposition 13.3] we get

r(begyp(m)) = iy r(begye(mi)) = iy r(mi) = r(m). L
8 Fiber Under the Two Maps

We now investigate the fibers of the base change and automorphic induction maps.
We begin by explicitly describing the fiber of an arbitrary rigid representation in the
image.

8.1 Description of the Fiber Under a Rigid Representation

Lemma 8.1 (i) Suppose that TI = L(m) is such that supp(I1) ¢ o” for some
o € Ag. Writem =m(,). Let I1 be in the image of the map bcgr. Let x be a character
of F* with kernel equal to N p(E™). Then there exists o' € A}, such thatbcg p(o') = o

and the fiber bcg}F(H) consists of all the representations of the form
(8.1) L(my) x kL(my) x --- x *'L(my),
where the multi-sets m; are such that each m; € o'" and my + -+ My = Mygr). (Some
of the m; can possibly be empty.)

(ii) Suppose that T1 = L(w) is such that supp(I1) € o” for some o € A3. Let TI be
in the image of the map aig/p. Let y be a fixed non-trivial element of Gal(E/F). Then

there exists o' € A such that aigjp(0’) = o and the fiber aiE}F(H) consists of all the
representations of the form

L(my) x L(my) x «-- x L(my),
where the multi-sets m; are such that m; C ((a’)yi )2, with
ms = (M) oyt
foreach i and (my) gy + -+ + (Mg) (o) = M. (Some of the m; can possibly be empty.)
Proof Note first that if o lies in the image of the base change map, then by the local
Langlands correspondence there exists a ¢’ € A% such that rec(o”)|w, = rec(o). Fix
such a ¢’. In this case, by the local Langlands correspondence and by a standard result

in Clifford theory [12, Proposition 2.8.2] applied to the restriction of rec(¢’) to Wg,
we have

(8.2) begyp(o) ={x'o"|i=0,...,d -1}.
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Letme bcE}F(H). Write IT = L(Ay,...,A;) and m = L(Af, ..., A},). Thus

rec() = é@@(Aé)MAD»

If there exists a 0"’ € supp(7) such that begr(o”) is not cuspidal, then we get a con-
tradiction to the rigidity of IT (using Lemma 4.3). In other words, (p(A%)|w,, N(A%))
is an indecomposable Weil-Deligne representation of W, for every i. Thus ¢ = ¢’ and,
renumbering the segments if necessary, we can assume that (p(A%)|w,, N(A})) =
(p(Ai),N(A;)). Hence the segments A and A’ are of the same length, and if
Aj=[vgo, v?a], then A} can be written as [v/ 0, v? ;] where rec(o;)|w;, = rec(o).
Therefore begp(0;) = 0, and as noted in (8.2), this implies that 0; = xki g’ for some
integer k;. Thus we have that 7 is a representation of the form described in (8.1).

The converse statement that every representation in A of the form described in
(8.1) lies in bcg} £(I1) follows directly from the definition of base change and the ob-
servation in (8.2). ]

Remark 8.2  In the statement of Lemma 8.1 (i), we have ¢’ ¢ k’o’ fori=1,...,d -1
To see this, observe that, by Frobenius reciprocity, we have

Homyy, (rec(o”)|w,,rec(a”)|w, )
* Homyy, (rec(c’), indxz (rec(a”)|wy))

~ Homy, (rec(a”),rec(c’) @ --- @ rec(a’)x*™),

and we get a contradiction to the fact that rec(¢” )|y, is irreducible if o’ = x’ ¢’ for any
ie{l,...,d—1}. Similarly, in the statement of Lemma 8.1 (ii), we have ¢’ # (0’)”'
fori=1,...,d -1

In particular, if s is the size of the multi-set m, then the cardinality of the set
bcg}F(H) and aiE} £ (IT) in the respective situations is d*.

8.1.1 The Case of Generic Rigid Representations

Lemma 8.3 (i) Suppose that I1 = L(m) is rigid and in the image of the base
change map. Then I1 is generic if and only if every representation in bcg} £(I1) is generic.

(i) Suppose that I1 = L(m) is rigid and in the image of the automorphic induction
map. Then 11 is generic if and only if every representation in aiE}F(H) is generic.

Proof Suppose first that IT is generic. Let m = {A;, ..., A} be such that supp(m) ¢
o’ and write m = m,. Fixa ¢’ € bcEI/F(o). By [30, Theorem 9.7], we have A; £ A;
for every i and j. Thus «*(A;) (41 # k*1(A;) (s for any integers k; and k;, and so
by [30, Theorem 9.7] and Lemma 8.1, every representation in bcgl/F(H) is generic.
The converse is obtained in a similar manner by applying [30, Theorem 9.7] to a rigid
representation in the fiber. ]

The next result follows immediately from Lemma 8.1.
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Proposition 8.4 (i) LetIl e Lg. Then bcE}F(H) € Lind,F-
(ii) LetII € L. Then aiE}F(H) € Lind,B- n

8.2 Estimates for Klyachko Types

Definition 8.5 (i) Suppose IT = bcg/p(m) for some 7 € Ap(n), is rigid, and
admits a Klyachko model. Set },, = Homy,, (7, ), where 2k + r = n. Define
dribe = ZnebcE;F(H) dime (H 4, (my)-

(ii) Suppose IT = aig/p(7) for some 7 € Ag(n), is rigid, and admits a Klyachko
model. Set K, , = Hompy,, , (7, ), where 2k + r = n. Define

(8.3) diai= ), dime(3C, ) ).

neaiE}F( II)

Since an irreducible representation admits a Klyachko model with multiplicity at
most one [23, Theorem 1], the integer d b (Or diy,ai) is equal to the number of ele-
ments in the preimage of the respective maps that have the corresponding Klyachko
type. For example, if IT = L(m) is a rigid generic representation in the image of the
base change map, then by Lemma 8.3 and Remark 8.2, dp b = d°, where s is the size
of the multi-set m.

Remark 8.6  Consider the representation IT in Definition 8.5 (ii). Let G = GL,4(F),

r=r(Il), k = "dz_’, and

Mok, = {diag(g1, £2) | &1 € GLyk(F), g2 € GL,(F)}.

Moreover, let P(, ,) be the standard parabolic subgroup of G corresponding to

Makr Piokor . .
M 2k,ry. Note that Indspikk(;)er(l ®Y) = IndH(Zkk,,) (¥)IMey,,- By Frobenius reci-

procity and transitivity of induction, we have

Homp,, (I, ) = Homg (I, Indf; (v))

Maks
~ Homyy,,, ,, (tme,,,,6 (11), Indspik(,;)er(l ®Y)),

wherery,, .6 (IT) is the normalized Jacquet module of IT with respect to P(5, ). By
assumption Homy,,  (II,y) # 0 which further implies that

Myr),G (H) +0.

Note that every cuspidal representation in supp(II) lies in Ag(m) for some m such
that d | m. Thus r(II) has to be divisible by d and the expression in the right-hand
side of (8.3) is well defined.

Lemma 8.7 (i) Suppose that I1 = L(m) € Lg N Ag(2n) such that I1 admits the
symplectic model. Further suppose that Il is in the image of the base change map. Denote
by s the size of the multi-set m. Then

diipe = d*2.
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(i) Suppose that I1 = L(m) € Lp n Ap(2dn) such that 11 admits the symplectic
model. Further suppose that I1 is in the image of the automorphic induction map. De-
note by s the size of the multi-set m. Then

drai = d*2.

Proof Since r(IT) =0, by Theorem 74 s is even. Let s =2s" andletm={A,..., Ayy }.
Appealing to Theorem 7.4 again, we get that Ay, = vAyj,, forevery j=0,..., s -1
Let w € bcE}F(H). Then by Lemma 8.1 (i) 7 is a representation of the form de-
scribed in (8.1), and by [19, Lemma 5.9], the representations x''L(m;) has a sym-
plectic model for every i, if 7 does so. Theorem 7.4 applied to each x''L(m;) gives
us that if (A1) (o) € m;, then v;' (A1), € m; as well. Since m is a ladder multi-set,
the segment v'(A1)(,7) can only be equal to (A;)(,/). An easy induction gives us
that for all j = 1,...,s" if (Azj_1) (o) € m; for some i, then (Ayj) () € m; as well.

Thus any multi-set m; is of the form {Azj, 41, Agji12, .. .5 Azj, 1, Azj, 42} (o) for some
distinct integers {j1, j2,-..>ja} € {0,...,s" —1}. By the observation in Remark 8.2,
we get that dpy b = d:. [ |

Thus for a ladder representation IT having Whittaker or symplectic models, the in-
tegers dr1 bc and dpy,; depend only on the degree of the field extension and the size of
the underlying multi-set when IT is expressed using the Langlands classification. For
other Klyachko models this is not the case. For example, consider the ladder repre-
sentations IT; = L([v, vy ], [ve, vi], [Lve]) and IT, = L([v}, vE], [ve, vi ], [L vE])-
By Theorem 7.4 both II; and I, admit Klyachko models and r(IT;) = r(II,) = 2.
Using Lemma 8.1, Theorem 7.4, and [19, Proposition 13.4], it is easy to check that
dm, be > A, be- Similar examples can be constructed in the case of automorphic in-
duction as well.

However we can say the following.

Lemma 8.8 (i) Suppose that I1 = L(m) € Lg such that I1 admits a Klyachko
model other than the Whittaker and the symplectic models. Further suppose that 11 is
in the image of the base change map. Denote by s the size of the multi-set m. Then
d*? < dp pe.

(i) Suppose that 11 = L(m) € L such that I1 admits a Klyachko model other than
the Whittaker and the symplectic models. Further suppose that I1 is in the image of the
automorphic induction map. Denote by s the size of the multi-set w. Then d*/* < dy ;.

Proof Let us first consider the case when IT € £, 5. Suppose first that s = 25" + 1 for
some integer s’ and let m = {A;,..., Axy11}. Let 7 be a representation of the form
described in (8.1) such that each m; is a multi-set of the form

{825 Dyt -5 Daigs Dy} (07

or
1AL Agiys A1 -5 Daigs Doy} (07

for some distinct integers {1, is,...,ia} € {L...,s'}, and my + - + my = m(g).
Note that by Lemma 8.1 (i), the representation 7 € bcE}F(H), while by Theorem 7.4
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and [19, Proposition 13.4] it admits a Klyachko model with r(7) = r(II). By the
observation in Remark 8.2, we get that dyy pc > ds'"*1, which proves the lemma when
s is an odd integer. The case when s is even is dealt with similarly, which proves the
statement for all proper ladders.

Now let IT € Lg. Using Proposition 5.4, write IT = IT; x --- x IT;, where each
IT; € L, g for 1< i < k. Tt follows easily from Lemma 8.1 (i) that

(8.4) begyp(IT) = {m x - x m | m; € begp(I1;), V1< i <k}

Using (8.4) and Theorem 7.4 (ii) we get that dyy pc > 1'[5-‘:1 dr, be- The statement for
proper ladders proved above now implies the statement for IT € L. ]

We have the following theorem summarizing the results of this section.

Theorem 8.9 (i) Suppose that I1 = L(m) € L such that 11 admits a Klyachko
model and is in the image of the base change map. Denote by s the size of the multi-set
m. Then the set bcE}F(H) has cardinality d°* and

L logldne)
2 s
IfI1 has the symplectic model, then the lower bound is an equality. The upper bound is
an equality if and only if I1 has the Whittaker model.
(i) Suppose that T1 = L(m) € Lp such that I1 admits a Klyachko model and is in
the image of the automorphic induction map. Denote by s the size of the multi-set m.

Then the set aiE}F(H) has cardinality d° and

L logy(dna)

2 s
IfI1 has the symplectic model, then the lower bound is an equality. The upper bound is
an equality if and only if I1 has the Whittaker model.

Remark 8.10 It would be an interesting problem to find invariants for ladder repre-
sentations, and, more generally, for rigid representations, that determine the integers
dm,pesrespectively, diy ai, completely for IT with a given Klyachko type, and study their
asymptotic behavior in the manner of Theorem 8.9.

8.2.1 Example of a Speh Representation

LetIT = L(m) € Ag be a Speh representation in the image of the base change map and
as above, let |m| = s. The simple structure of the representation allows us to obtain a
precise value for the integer dpy 1 in this case for any Klyachko model. If s is even,
then by Theorem 7.4 (i) IT has the symplectic model. Thus, in this case dpy e = d p (by
Lemma 8.7 (i)). Solet s = 2s"+1. Let A be an arbitrary segment in m and let the integer
m be such that L(A) € Ag(m). Then applying Theorem 7.4 (i) again, we get that II
admits a Klyachko model and r(IT) = m. Arguing as in the proof of Lemma 8.7, in
this case it is easy to see that dyy pc = (s" +1)d"*) - s’d*’. For a Speh representation
IT € Ap in the image of the automorphic induction map, the integer dyj,; can be
calculated similarly.
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9 The Case of a General Cyclic Extension

In this section let E/F denote a finite cyclic extension of non-archimedean local fields.
We will now prove some of our results for the case when [E : F] is a prime number in
this more general setting. This will be done using the transitivity of the base change
and automorphic induction maps. To that end, fix a chain of non-archimedean local
fields F = Eg € E; € --- € E; = E such that E;;/E; is a cyclic extension of prime
degreeforalli=0,...,] -1

9.1 The Unitarizable Case

Theorem 9.1 (i) Let e AY. Then we have the following.
(a) The representation begp(m) € Af.
(b) V(m) =V(becg/r(m)).
(c) r(m) = r(beg/p(m)).
(ii) Let e A¥. Then we have the following.
(a) The representation aig/p(m) € Af.
(b) V(aig/p(m)) = dV(n).
(©) r(aigye(m)) = dr()

Proof Note that by the transitivity of the base change map, we have

bcEi/F(T[) = bcEi/Ei—l ° bcEi—l/Ei—z 0.0 bCE1/F(T[)’

forany i = 1,...,1. We have that bcg, jp(7) € Aj, forany i =1,...,1, by repeat-
edly using Proposition 5.8. This demonstrates part (a). Parts (b) and (c) now follow
similarly by repeatedly using Theorem 6.6 and Corollary 7.7, respectively. ]

Remark 9.2 Part (i) of Theorem 9.1 was also proved in [24].
9.2 The Case of Representations Induced From the Ladder Class
9.2.1 Some Preliminary Lemmas

In order to deal with the case of irreducible representations that are induced from lad-
der representations, we need a few preliminary lemmas. We will obtain these lemmas
for a slightly larger class of representations that we now introduce. For an arbitrary
non-archimedean local field K, denote by A% the set of all m € Ag such that wx mis ir-
reducible. For 7 € Linq,x we have that 77 x 7 is irreducible (see [16, Lemma 6.17, Propo-
sition 6.20, Lemma 6.21]), and thus Linq,x € A%. The set AT has recently been stud-
ied; in particular, a combinatorial criterion to characterize the irreducibility of 7 x 7
(m € Ak) has been provided, which makes this class more explicit [17, Theorem 71].
The purpose of dealing with this larger class for the next few lemmas is to emphasize
to the readers that this is precisely the property of ladder representations (and of those
that are irreducibly induced from them) that goes into the proofs of these lemmas.

Lemma 9.3 (i) Let o € A%. Fix an i such that1< i< I. Then

(9.1) beg,p(0) = 011 - x 01,
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where 0y, j =1,...,; are cuspidal representations in Ay, such that o;; # v 0y ji, for
any a e R* and 1< j, j < t;.
(ii) Let o € Ay. Fix an i suchthat 0 <i <[ —1. Then

(9.2) aigp, (0) = 01,1 - % 0y 1,

where 0;j, j=1,...,1; are cuspidal representations in Ay such that o; ; # v 0y, for
anya e R* and 1< j, j < t;.

Proof Suppose first that ¢ is unitarizable. Since the base change map is transitive,
by repeatedly applying Lemma 4.3 (iii) and Lemma 4.2 to o, for cyclic extensions
Eju/Ej, j = 0,...,i—1, we get that bcg,/p(0) = 011 x -+ x 0y, for some t; € N
and some cuspidals 0y, ..., 0i, € A . (Note that the hypothesis of Lemma 4.2 fol-
lows from the fact that the parabolic induction of unitarizable representations is irre-
ducible.) The result for unitarizable cuspidal representations follows. The general case
follows from the unitarizable case by the fact that beg, /p(vEo) = v, beg, /(o) for any
aeR. |

Remark 9.4 Lemma 9.3 is a slightly weakened variant of Lemma 4.3 in this general
setting of an arbitrary finite cyclic extension. Unlike the prime case, here the cuspidals
appearing in the right-hand side of (9.1) (or that of (9.2)) can lie in the same cuspidal
line; however, we are able to show that in case they do, they have to be isomorphic.

Lemma 9.5 (i) Let o € Ay and let w = 7,y € A§ be such that Supp 7 ¢ o”. Fix
an i such that1< i< 1. Letbcg,p(0) = 05,1 % --- x 0y, (see Lemma 9.3 (i)). Then
bCEf/F(T[) = o) X7 X (a1, )

(ii) Leto € Ay and let m =1, € A% be such that Supp 7 ¢ o”. Fix an i such that
0<i<l-1 Letaigg,(0) = 0;1 %+ x 0i,, (see Lemma 9.3 (ii)). Then aigg, (7) =
T(g14) X" X (g1, )

Proof We will prove the statement by induction on the index i. The case i = 1follows
directly from Lemma 4.5. Suppose now that the statement is true for1,...,i —1. Note
that by the transitivity of the base change map and Lemma 9.3 we have
(9.3) beg, /g, (0i-11 X -+ X 0i_1,4,,) = beg, /g, obeg, p(0)

= bCE,./p(O') =031 X X 0j ¢4

Also, using the transitivity of the base change map again and the induction hypothesis,
we have

(94) bCE’./F(T[) = bCEi/Ei—l ObCEH/F(”)

= bCEi/EH (7-[(01'71,1) XX 7-[(01'71,:,-_1))'
Consider the pair of representations 7(,, ;) and 7, 1< j' < ti. Now either
0i,j £ 0i,jr, in which case the representation 7(,, ;) = (0,1)> OF Ty ) and (o, ) are
supported on different cuspidal lines. Since rx is irreducible, so is 77, ;) X7 (4, ;) (fol-

lows from [17, Theorem 3.8]. In fact, by [17, Corollary 2.7], T(o:) X (o)) X X TW(a)
(n times) isirreducible for any n € N. This statement, along with [30, Proposition 8.5],
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implies that the representation 7(,, ) x -+ X 7(4, ,  is irreducible. By Lemma 4.5 and
(9.3) we have that the representation

bcEi/Ei—l (ﬂ(ﬂ'i—l,l)) XX bcEi/Ei—l (T[(Ui—l,t,-_l))

equals a rearrangement of the representation 7(,, ) X -+ x 71, , ). Since the latter is
irreducible, we have that

(9.5) bCEi/Ei—l(ﬂ(Ui—l,l)) XX bcEi/Ei—l(ﬂ(Ui—l,t,-_l)) = (o) X0 X T (014,)
Therefore by (9.4), (9.5), and Lemma 4.2 we have
bCEi/F(ﬂ) = T(oia) X7 X W(ai;)>

which finishes the proof of the induction step. ]

Remark 9.6 Let 7 be a rigid representation in A%, respectively, A%. It follows easily
from Lemma 9.5 that begp(7r) x beg/p (1), respectively, aig p (1) x aig/p (1)), is irre-
ducible. In other words, the base change, respectively, automorphic induction, map
takes rigid representations in A%, respectively, AT, to a representation in A%, respec-
tively, A%. As in the case of representations that are irreducibly induced from ladder
representations, the hypothesis of rigidity is essential. Examples of representations r,
with 7 x 7 irreducible and begp(7) x begp(7), respectively, aip/p(m) x aig/p(7),
reducible can easily be constructed along the lines of the example provided in Sec-
tion 5.2. However, since these facts have no bearing on this article we will not provide
any further details.

We will need the following auxiliary result on irreducibility. The proof of the
lemma is similar to that of [16, Lemma 6.17] but for the sake of completeness we pro-
vide an argument here.?

Lemma 9.7 Let K be a non-archimedean local field and let my, . . ., my € Ag. Suppose
that all but at most one of the m;’s lie in the set AR. Then m x --- x my is irreducible if
and only if m; x j is irreducible for all i < j.

Proof The “only if” part of the statement is obvious. We will prove the other direc-
tion by induction on k. The case k = 2 is clear. For the induction step, suppose that
the statement holds for k — 1. Note that without loss of generality we can assume that
me € AR. Set T = my x -+ x m_y. We wish to demonstrate that 7 x m; € Ag. By the
induction hypothesis 7 € Ak. By [16, Theorem 4.6, Remark 4.4] (see also [10,11]), we
have that . x 7 is irreducible if and only if 7y x 7 2 7 x m. Since my x 7; is irre-
ducible forall i =1,..., k — 1, we have that 7, x 7; = 7; x 7y [30, Theorem 1.9] for all
i=1,...,k — L This proves the induction step and the statement. ]

Lemma 9.8 (i) Letmje AR, j=1,...,k, be such that

=7 X -+ X 7T € Ap.

3We were informed that a more general version of Lemma 9.7 also follows from certain results on
quantum affine algebra obtained in [8]. However we still provide the proof since we feel that this proof is
more transparent. We are grateful to Erez Lapid for informing us of this reference.
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Moreover suppose that 7 is rigid. Fix an i such that1< i <. Then

bCE,-/F(T[) = bCE,-/F(T[I) X X bCE,-/F(ﬂk)-

(ii) Letmje AR, j=1,...,k besuch that m:= m x---x 7 € Ag. Moreover, suppose
that m is rigid. Fix an i such that 0 < i <[ -1. Then

aiE/E,.(n) = aiE/Ei(nl) X oo X aiE/E,-(ﬂk)'
Proof In view of Lemma 4.2, it is enough to show that
bCE,-/F(”l) XX bCEi/F(ﬂk)
is irreducible. Fix ¢ € A} such that supp(7r) ¢ ¢” and write 71; = (7;),) for all

j=1...,k. Using Lemma 9.3 write bcg,/p(0) = 01 x --- x 0y ,. By Lemma 9.5, we
have that

ti ti
(96)  beg,p(m) x -+ xbeg,p(me) = [1(m)(a,) % x TT(m) 0,

j=1 j=1
Consider an arbitrary pair of representations (77x) s, ;) and (”k’)(oi,j:) appearing in
the right-hand side of (9.6). Now either 0; ; = 0; j» in which case, as the representa-
tion 7 x 71y is irreducible, the representation (71 ) (4, ;) % (7k') (o, ) is also irreducible
(follows from [17, Theorem 3.8]), or 0;,; ¢ 0; j in which case we have that (ﬂk)(gi’j)
and (”k’)(ﬂi,j«) are supported on different cuspidal lines. In the latter case the repre-
sentation (7x) (g, ) % (ﬂkr)(gi,]_,) is irreducible [30, Proposition 8.5]. By Lemma 9.7,
the representation in the right-hand side of (9.6) is irreducible, which proves the
result. ]

9.2.2 Main Results

Using the above lemmas we now extend some of the results in Sections 5 and 7 to this
general setting.

Proposition 9.9 (i) Let m € Ling,r be a rigid representation. Then begp(m) €
Lind,E~
(i) Let 7 € Ling,k be a rigid representation. Then aig/p(7) € Ling,F-

Proof The result is a direct application of Lemma 9.8 and Lemma 9.5. ]

Theorem 9.10 (i) Letmje Lp, j=1,...,k, besuch that
7=y X - e X g € Ling Fe

Moreover, assume that each mj admits a Klyachko model and that m is rigid. Then
beg/p(m) admits a Klyachko model with r(bcg p(m)) = Z;Ll r(nj). In particular, if
7 € Ap is a ladder representation that admits a Klyachko model, then beg () admits
a Klyachko model with r(bcgp(m)) = r(m).

(i) Let mj € Lg, j=1,...,k, be such that m := m x -+ x m € Ling,g. Moreover,
assume that each 7r; admits a Klyachko model and that m is rigid. Then aig/p () admits
a Klyachko model with r(aig/p(m)) = d(Z;‘:lr(nj)). In particular, if m € Ag is a
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ladder representation that admits a Klyachko model, then aigr(7) admits a Klyachko
model with r(aig/p(m)) = dr(n).

Proof We first treat the case when k = 1. If 7 has a Klyachko model, then by
Theorem 74 each 7y, ), j = 1,...,#;, has a Klyachko model. The statement now
follows from Lemma 9.5 and by the hereditary property of Klyachko models

[19, Proposition 13.3].
The statement in the case of a general k follows directly from the statement in the
case k = 1, Lemma 9.8, and the hereditary property of Klyachko models. |
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