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Abstract

Hybrid stochastic differential equations (SDEs) are a useful tool for modeling contin-
uously varying stochastic systems modulated by a random environment, which may
depend on the system state itself. In this paper we establish the pathwise convergence of
solutions to hybrid SDEs using space-grid discretizations. Though time-grid discretiza-
tions are a classical approach for simulation purposes, our space-grid discretization
provides a link with multi-regime Markov-modulated Brownian motions. This con-
nection allows us to explore aspects that have been largely unexplored in the hybrid
SDE literature. Specifically, we exploit our convergence result to obtain efficient and
computationally tractable approximations for first-passage probabilities and expected
occupation times of the solutions to hybrid SDEs. Lastly, we illustrate the effectiveness
of the resulting approximations through numerical examples.
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1. Introduction

Stochastic systems with modulation have attracted considerable attention in probability,
both from applied and theoretical perspectives. Examples of these are Markov-modulated
Poisson processes [17], Markov additive processes [4, Chapter XI], and regime-switching
stochastic differential equations [33, Section II.2], which have found applications in risk the-
ory [5, Chapter VII], queueing [32], and finance [16], to name a few. The main appeal of this
framework comes from the flexibility when modeling phenomena whose parameters depend
on random environmental factors. For instance, modulation may be used to model correlated
catastrophic events in insurance, different workload regimes in a queue, or seasonal sentiment
changes in financial markets. In cases where the modulation is Markovian, a robust toolbox of
matrix-analytic methods has been developed to compute relevant quantities; see, e.g., [9] and
references therein.
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2 H. ALBRECHER AND O. PERALTA

In this manuscript we are interested in a class of processes whose dynamics are described by
a continuously varying component arising as the solution of a stochastic differential equation,
and an environmental finite-state component modeled after a jump process that may or may
not be Markovian. Such a class of processes is referred to in the literature as hybrid stochastic
differential equations (SDEs), which generally take the form

dX(t) = μ(J(t), X(t)) dt + σ (J(t), X(t)) dB(t),

where B is a Brownian motion, J is the environmental process, and μ and σ are real functions
satisfying certain regularity conditions.

In particular, we will focus on hybrid SDEs exhibiting the following characteristics:

• The process X is almost surely (a.s.) continuous and one-dimensional.

• At a given instant, the environmental process switches state with an intensity dependent
on the main component.

In simpler terms, the class of hybrid SDEs we are interested in has components whose
evolution is interlaced and dependent on each other. This contrasts with the Markov-modulated
case, where we can draw a path of the environmental component without any knowledge of
the main one (see [30]). To highlight this interlacing feature, such models are referred to in
the literature as hybrid SDEs with state-dependent switching; here, we will simply call them
hybrid SDEs for brevity.

Existence, uniqueness, and stability properties for hybrid SDEs have been extensively stud-
ied in recent years [29, 39, 40]. Another stream of research lies in investigating efficient
simulation methods for hybrid SDEs, most of which rely on adapting well-known convergence
results to this more challenging scenario [30, 38]. However, computing explicit probabilis-
tic descriptors for such a class of processes has proven challenging, even in simple cases.
For instance, several descriptors for Markov-modulated Brownian motion have been explic-
itly obtained in the literature (see, e.g., [3, 11, 14, 24, 31]), but virtually none of these results
have been extended to hybrid SDEs, even in the Markovian case. Such a task seems intractable
simply because the toolbox for general diffusions is considerably more limited than the one
available for Brownian motion.

Our contributions to the literature of hybrid SDEs are the following. First, we analyze a
pathwise approximation technique using a space-grid discretization, resulting in approxima-
tions that belong to the class of multi-regime Markov-modulated Brownian motions. These
processes, when restricted to each band of the space grid, behave like a Markov-modulated
Brownian motion. We emphasize that our proposed approximation scheme is novel and does
not align with either the Wong–Zakai methods [30] or the classical Euler–Maruyama methods
[39, (5.4)], both of which are the most common approximation methods for the simulation
of hybrid SDEs in the literature. Instead, our proposed approximation is designed to exploit
aspects that extend beyond the practicalities of simulation, focusing on the computation of
descriptors that are currently only known for simple cases. As an example, we employ our
pathwise approximation result to provide approximations for the descriptors for first-exit times
of hybrid SDEs over a band [0, a], a > 0, using recent results on the stationary measures of
multi-regime Markov-modulated Brownian motion in queueing theory [1, 21]. We remark that,
to the best of our knowledge, this is the first attempt to compute first-passage probabilities and
expected occupation times for the solutions to hybrid SDEs, even when reduced to the case in
which the environmental process is Markovian.

https://doi.org/10.1017/jpr.2025.10050 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10050


Space-grid approximations of hybrid SDEs and first-passage properties 3

The structure of this paper is as follows. In Section 2 we establish an appropriate frame-
work for constructing strong solutions to hybrid SDEs. By making slight modifications to
the classic construction found in [33, Section II.2.1], we are able to present the construction
within a uniformization framework. Later, in Section 3, we examine the proposed multi-regime
Markov-modulated Brownian motion approximation and prove its pathwise convergence to the
solution of the original hybrid SDE uniformly over increasing compact intervals. In particular,
our main result in Theorem 3.2 establishes the weak convergence of both its continuous and
discrete components. This approximation result is achieved in two steps: first, by measuring
the distance between the continuous components up to the first time the discrete components
differ, and then by providing tail estimates until such discrete decoupling occurs. In Section 4,
we illustrate how our convergence result can be employed to approximate first-passage prob-
abilities and expected occupation times of hybrid SDEs, and we also explore some numerical
examples of these approximations. Lastly, in Section 5, we offer a concise summary of our
findings and discuss potential avenues for future research.

2. Hybrid stochastic differential equations

Let us provide a precise description of a hybrid SDE and its solution (J, X) =
{(J(t), X(t))}t≥0, initially adhering to the traditional framework as seen in sources such as [39].
For such a construction we require a complete probability space (�, P,F) that supports the
following independent components:

• A standard Brownian motion B = {B(t)}t≥0; this will dictate the continuously varying
nature of X.

• A Poisson random measure p(dt, dz) on R+ ×R+ of intensity dt × dz; this will be used
to describe the jump dynamics of J.

Then, (J, X) is the solution to the SDE

dX(t) = μ(J(t), X(t)) dt + σ (J(t), X(t)) dB(t), X(0) = x0 ∈R, (2.1)

dJ(t) =
∫
R+

h(J(t−), X(t−), z) p(dt, dz), J(0) = i0 ∈ E, (2.2)

where X is an a.s. continuous real process, J is a càdlàg jump process with finite state space
E = {1, . . . , p}, μ : E ×R �→R, σ : E ×R �→R, and h : E ×R×R �→Z. Note that the value
of h in Z dictates how many steps J moves (backward or forward) in E at each time epoch of
p. Furthermore, we require that (J, X) be adapted to the P-completed filtration Ft generated by
{B(s), p(s, ·); s ≤ t}. A pair (J, X) that satisfies the aforementioned characteristics is referred
to as a strong solution of (2.1)–(2.2). For pedagogical purposes, using a uniformization per-
spective [35], in this section we will demonstrate the existence of such a solution under simple
regularity assumptions in due course.

Here, we will focus on hybrid SDEs with an environmental process J that switches at a
state-dependent rate. Specifically, we aim to let J evolve according to

P(J(t + dt) = j | X(t), J(t) = i) = δij + �ij(X(t)) dt (2.3)

for a certain family of intensity matrices {�(x)}x∈R that are assumed to be càdlàg, and thus
measurable. Though (2.2) and (2.3) may initially seem like unrelated definitions for J, we only
need to relate them by aligning the jump structure of h in (2.2) with the intensities in (2.3).

https://doi.org/10.1017/jpr.2025.10050 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2025.10050


4 H. ALBRECHER AND O. PERALTA

Our approach to achieving this alignment differs slightly from the method presented in [33].
However, this new construction enables us to translate (2.2) into a uniformization framework,
thereby allowing us to utilize the existing toolbox for such methods. In our case, we need the
following boundedness condition.

Assumption 2.1. The family {�(x)}x∈R is uniformly bounded, i.e.

γ := supi∈E, x∈R |�ii(x)| < ∞.

For our construction, we define h by

h(i, x, z) =
p∑

j=1

(j − i)1{z∈�ij(x)}. (2.4)

For each fixed i and x ∈R, {�ij(x) : j ∈ E} is a measurable partition of the interval [0, γ ), where
the Lebesgue measure of �ij(x) is given by Leb(�ij(x)) = γ δij + �ij(x). Note that we ought
to ensure that h as specified in (2.4) is a measurable function of its three entries, so that we
need to choose the families {�ij(x) : j ∈ E} carefully. One straightforward way to guarantee this
measurability is by defining �ij(x) = [�ij(x), rij(x)), where �i1(x) = 0, ri,j(x) = �ij(x) + (γ δij +
�ij(x)), �i,j+1(x) = rij(x), and rip(x) = γ . Unless otherwise stated, this is the standard choice
used throughout the text.

With the above choice, all the points of p that land outside of R+ × [0, γ ) do not contribute
to jumps in (2.2). In other words, we can rewrite (2.2) as

dJ(t) =
∫

[0,γ )
h(J(t−), X(t−), z) p∗(dt, dz), J(0) = i0 ∈ E, (2.5)

where p∗ is the Poisson random measure p restricted to R+ × [0, γ ). The advantage of con-
sidering p∗ instead of p is that the placement of the atoms of p∗ may be regarded as a Poisson
process {θk}k≥1 of intensity γ over R+ (the t-axis), with each arrival θk carrying an independent
mark Uk that is uniformly distributed over the interval [0, γ ) (the z-axis).

With the aforementioned choice of h and the characterization of p∗ in terms of {(θk, Uk)}k≥1,
we are now ready to explicitly construct the strong solution to (2.1) and (2.2). To facilitate our
construction, from now on we assume the following.

Assumption 2.2. For all i ∈ E , μ(i, ·) and σ (i, ·) are Lipschitz-continuous, i.e. there exists
some K > 0 such that |μ(i, x) − μ(i, y)| ∨ |σ (i, x) − σ (i, y)| ≤ K|x − y| for all x, y ∈R.
Moreover, μ(i, ·) and σ (i, ·) have left- and right-derivatives everywhere.

Under Assumption 2.2, it is standard that a strong solution to the (ordinary) SDE

X[i,x,v](t) = x +
∫ t

0
μ
(
i, X[i,x,v](r)

)
dr +

∫ t

0
σ
(
i, X[i,x,v](r)

)
dB[v](r) (2.6)

exists for all i ∈ E , x ∈R, and v, t ≥ 0, where B[v](t) := B(v + t) − B(v) is a time-shifted ver-
sion of B. In other words, X[i,x,v] corresponds to the solution of the SDE driven by B[v], with
coefficients μ(i, ·) and σ (i, ·), and starting point x.

Remark 2.1. Although there are more general settings that allow for a strong solution to
(2.6), explosions are guaranteed not to occur under Assumption 2.2. This allows us to pro-
vide a clearer understanding of the construction of the hybrid SDE. Moreover, for the purpose
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Space-grid approximations of hybrid SDEs and first-passage properties 5

of investigating first-passage properties out of a space-band, we can exploit the fact that
any locally Lipschitz continuous coefficient (a common assumption in the literature) can be
localized, and this localized version satisfies Assumption 2.2.

The existence of a pair (J, X) that solves (2.1) and (2.2) (alternatively, (2.1) and (2.5)) is
directly derived from [22, Chapter IV.9]. Since its construction is crucial to our convergence
developments, we will now offer a concise review for the sake of completeness. Define X(0) =
x0 and J(0) = i0, and for t ∈ (0, θ1), let J(t) = i0 and X(t) = X[i0,x0,0](t): we have defined the
processes X and J in [0, θ1). Since we want X to be continuous, we ought to define X(θ1) =
X(θ1−). According to (2.5), J jumps at time θ1 to the state i0 + h(X(θ1), i0, U1), which is equal
to state k if and only if

U1 ∈ �i0,k(X(θ1)). (2.7)

In simple terms, we are using U1 and X(θ1) in such a way that J jumps to state k at time θ1 with
a mass given by Leb(�i0,k(X(θ1)))/γ , corresponding to the (i0, k)th entry of the probability
matrix I + �(X(θ1))/γ , the uniformized version of �(X(θ1)). After having defined (J, X) in
[0, θ1], we construct X in subsequent intervals (θ�, θ�+1] by concatenating strong solutions
of the type (2.6) with appropriate chosen values for (i, x, v), as well as using a decision rule
similar to (2.7) to establish which states J visits. More specifically, in a recursive manner, for
� = 1, 2, 3, . . . and t ∈ (0, θ�+1 − θ�) let

X(θ� + t) = X[i�,x�,θ�](t),

X(θ�+1) = X(θ�+1−),

J(θ� + t) = J(θ�),

J(θ�+1) = k if and only if U�+1 ∈ �i�,k(X(θ�+1)).

(2.8)

A few aspects that are straightforward to verify about this construction:

• X and J are Ft-adapted;

• X is continuous at θ1, θ2, . . . , and thus has a.s. continuous paths;

• X uniquely solves the hybrid SDE (2.1) on every interval (θ�, θ�+1), � = 0, 1, 2, . . . ;

• J is càdlàg and uniquely solves (2.5).

Thus, (J, X) is indeed the strong solution to (2.2).
We still need to verify that (2.3) holds, which we prove in a slightly more general scenario

next. Recall that (2.3) only makes sense if �(x) is càdlàg with respect to x. A generalization of
this property for discontinuous �(·) is given by

P
(
J(t + v) = J(t) for all v ∈ [0, s]

|Ft ⊗FB
t+s, X(t) = x, J(t) = i

)= exp

( ∫ s

0
�ii
(
X[i,x,t](v)

)
dv

)
, (2.9)

P(J(θ�) = j | J(θ�−) = i, J(θ�−) �= J(θ�), X(θ�)) = �ij(X(θ�))

|�ii(X(θ�))| , i �= j, (2.10)

where FB
t is the P-completion of the σ -algebra generated by {B(s) : 0 ≤ s ≤ t}, and ⊗ denotes

the product σ -algebra. In essence, (2.9) and (2.10) correspond to how inhomogeneous Markov
jump processes are classically constructed through their integrated jump intensities/hazard
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6 H. ALBRECHER AND O. PERALTA

rates (see, e.g., [34, Chapter 13]). That (2.9) and (2.10) imply (2.3) for continuous �(·) is read-
ily obtained by noting that exp

( ∫ dt
0 �ii

(
X[i,x,t](v)

)
dv
)= 1 + �ii(x) dt, where we employed

the continuity of X[i,x,t] too. For the sake of completeness, we now show that (2.9) and (2.10)
indeed hold.

Lemma 2.1. Let (J,X) be constructed via (2.8). Then (2.9) and (2.10) hold.

Proof. Integrating with respect to the number and position of Poisson arrivals of p∗ in
[t, t + s], say {θ ′

�}�,

P
(
J(t + v) = J(t) for all v ∈ [0, s] |Ft ⊗FB

t+s, X(t) = x, J(t) = i
)

=
∞∑

k=0

(γ s)k

k! e−γ s

×
∫ s

0
· · ·

∫ s

0

∏k
j=1 P

(
J(θ ′

j ) = J(θ ′
j −) | θ ′

j = t + vj, X[i,x,t](vj), J(θ ′
j ) = i

)
sk

dv1 · · · dvk

=
∞∑

k=0

(γ s)k

k! e−γ s
∫ s

0
· · ·

∫ s

0

∏k
j=1

(
1 + �ii(X[i,x,t](vj))/γ

)
sk

dv1 · · · dvk

=
∞∑

k=0

(γ s)k

k! e−γ s

(
1 +

∫ s
0 �ii

(
X[i,x,t](v)

)
dv

γ s

)k

= exp

( ∫ s

0
�ii
(
X[i,x,t](v)

)
dv

)
,

where in the first equality we used that on the event {J(t + v) = J(t)for all v ∈ [0, s],
J(t) = i, X(t) = t}, X(t + v) = X[i,x,t](v) for all v ∈ [0, s] by construction. Finally, for i �= j ∈ E ,

P
(
J(θ�) = j | J(θ�−) = i, J(θ�−) �= J(θ�), X(θ�)

)
= P

(
J(θ�) = j | J(θ�−) = i, X(θ�)

)
P
(
J(θ�−) �= J(θ�) | J(θ�−) = i, X(θ�)

) = �ij(X(θ�))

|�ii(X(θ�))| ,

completing the proof. �

We note that the construction of strong solutions for hybrid SDEs can be carried out in
more general scenarios. For instance, Brownian-driven multidimensional hybrid SDEs with
unbounded jump intensities are considered in [29].

3. Space-grid approximation of hybrid SDEs

Although solutions to state-dependent hybrid SDEs are easy to simulate following the steps
in (2.8), studying their distributional properties is a challenging task (see [39] and references
therein). Here we advocate studying hybrid SDEs using an approximation method via dis-
cretizing the space grid. This approximation differs from the well-known methods based on
Wong–Zakai [30] and Euler–Maruyama [39, (5.4)] methods, and thus requires an analysis of
its own, which is carried out next.

For each i ∈ E , let μ̂(i, ·) and σ̂ (i, ·) be piecewise constant càdlàg approximations of
μ(i, ·) and σ (i, ·) on a space grid {ζm} of R, with |μ̂(i, ·)| ≤ |μ(i, ·)| and |̂σ (i, ·)| ≤ |σ (i, ·)|.
Furthermore, let �̂(·) be a piecewise constant càdlàg approximation of �(·) over the space grid
{ζm}, with �̂(x) being an intensity matrix such that supi |�̂ii(x)| ≤ γ for all x ∈R. Additionally,
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for each i ∈ E and x ∈R, let {�̂ij(x)}j be a partition of [0, γ ) with Leb(�̂ij(x)) = γ δij + �̂ij(x),
where each aforementioned set is such that the following function is measurable:

ĥ(i, x, z) =
p∑

j=1

(j − i)1{z∈�̂ij(x)}.

For such (fixed) functions and partitions, we assume the following.

Assumption 3.1. There exists some filtered probability space (�, P,F , {Gt}t≥0) that supports
an independent Brownian motion B and a Poisson random measure p∗(dt, dx) of intensity
dt × dx on R+ × [0, γ ) such that:

• {Gt}t≥0 is admissible with respect to B and p∗, i.e. B(t + s) − B(t) and p∗((t, t + s], ·) are
independent of Gt for all s, t ≥ 0;

• (̂J, X̂) is the Gt-adapted solution of the hybrid SDE

dX̂(t) = μ̂(̂J(t), X̂(t)) dt + σ̂ (̂J(t), X̂(t)) dB(t), X̂(0) = x0 ∈R,

d̂J(t) =
∫

[0,γ )
ĥ(̂J(t−), X̂(t−), z) p∗(dt, dz), Ĵ(0) = i0 ∈ E .

(3.1)

In Assumption 3.1, we essentially seek a weak solution for the discretized hybrid SDE
(3.1). Namely, in the presence of discontinuous coefficients we need to assume the existence
of some probability space (endowed with a filtration that may be larger than the one generated
by {B(s), p(s, ·);s ≤ t}) such that (̂J, X̂) solves (3.1). This requirement is necessary because
SDEs with discontinuous coefficients generally do not have strong solutions. For example, in
[25], the existence of a strong solution for SDEs with discontinuous locally integrable drift
is established only under a unit diffusion coefficient, while in [27], the same conclusion is
reached for piecewise Lipschitz-continuous drift coefficients and Lipschitz-continuous diffu-
sion coefficients. Despite this limitation, we discuss two approximating schemes below for
which Assumption 3.1 is guaranteed to hold.

Example 3.1. Suppose that, for all i ∈ E , σ (i, ·) and σ̂ (i, ·) are equal to some σi ≥ 0. By [25],
for each i ∈ E , x ∈R, and v ≥ 0, there exists a strong solution X̂[i,x,v] to the SDE

X̂[i,x,v](t) = x +
∫ t

0
μ̂
(
i, X̂[i,x,v](t)

)
dr +

∫ t

0
σ̂
(
i, X̂[i,x,v](t)

)
dB[v](r). (3.2)

Under these conditions, using the same concatenating procedure as in Section 2 with μ and
σ replaced by μ̂ and σ̂ , we can readily construct the strong solution to (3.1), ensuring that
Assumption 3.1 holds.

Example 3.2. Suppose that, for all i ∈ E , σ (i, ·) = σ (·), where σ is a positive function bounded
away from 0 and ∞. Then the solution to the hybrid SDE (2.1) and (2.2) can be injectively
mapped into a unit diffusion hybrid SDE, denoted by (J, X†), where X†(t) := g(X(t)) and

g(x) =
∫ x

x0

1

σ (y)
dy.

This mapping, which is a homeomorphism in space, corresponds to the well-known Lamperti
transform (see [26] and [30] for the hybrid framework generalization). Consequently, we can
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8 H. ALBRECHER AND O. PERALTA

consider an approximation (̂J†, X̂†) of (J, X†) that falls under the category of Example 3.1 and
is thus guaranteed to have a strong solution. It is worth noting that while the original hybrid
SDE is not the one being approximated, its first-passage properties can be readily studied
through those of (̂J†, X̂†), given the homeomorphic nature of the Lamperti transform.

Remark 3.1. We emphasize that Examples 3.1 and 3.2 are merely instances where a strong
solution can be constructed, but weak solutions permit more general scenarios. Indeed, in [8],
it is proven that (3.2) admits a unique weak solution under relatively mild conditions for piece-
wise constant μ̂ and σ̂ . Within the hybrid SDE framework, a weak solution to (3.1) could
potentially be constructed by appropriately concatenating paths of weak solutions of (3.2).
Providing a thorough analysis of weak solutions for (3.1) is a challenging task, with direc-
tions that deviate from our main objective. For this reason, we refrain from pursuing this in the
present paper.

Due to the discretization characteristics of μ̂ and σ̂ , the process X̂ falls within the class
of multi-regime Markov-modulated Brownian motions studied in [21] (see [28] for an earlier
reference in the case σ̂ ≡ 0). Indeed, the piecewise-constant nature of μ̂, σ̂ , and �̂ implies that,
when restricted to a space interval (ζm, ζm+1) and to the time intervals for which Ĵ is equal to i,
X̂ behaves like a Brownian motion with drift μ̂(i, ζm) and noise coefficient σ̂ (i, ζm). Moreover,
since the functions μ̂, σ̂ , and �̂ are space-grid approximations of μ, σ , and �, we can expect
that X̂ approximates the original solution X. A main purpose of this paper is to formalize this
statement.

To prove pathwise convergence of (̂J, X̂) to (J, X) as one of its parameters goes to ∞,
we proceed in two steps. First, we investigate the convergence of X̂ to X on the event that Ĵ
coincides with J in some time interval [0, ξ ). Then, we let ξ go to infinity and obtain the rate
at which the probabilities of Ĵ being different from J on [0, ξ ) converge to 0.

3.1. Measuring |X −̂X|
Here we focus on measuring |X − X̂| over a compact time interval where J and Ĵ are iden-

tical, where both (J, X) and (̂J, X̂) are defined in the probability space (�, P,F , {Gt}t≥0)
considered in Assumption 3.1. Generally, measuring the distance between two weak solu-
tions is not feasible, as they may not be defined on the same probability space. However, since
(J, X) is guaranteed to possess a strong solution in (�, P,F , {Gt}t≥0), it is reasonable to mea-
sure |X − X̂| in that space. We emphasize that, due to Assumption 3.1, the probability space
(�, P,F , {Gt}t≥0) is not necessarily fixed. In particular, two different approximations (along
with (J, X)) may exist in distinct probability spaces.

We begin our analysis by introducing a fundamental condition that will be beneficial for our
subsequent developments. We offer a simpler proof compared to that in [39, Proposition∼2.3],
aiming to demonstrate that the proof is valid even with discontinuous coefficients.

Lemma 3.1. Let (J,X) and (̂J, X̂) satisfy Assumptions 2.1 and 3.1. Then

E
(
sups≤t |X(s)|2)< ∞, E

(
sups≤t |̂X(s)|2)< ∞.

Proof. Let

τm = inf{s ≥ 0: X(s) ∨ X̂(s) > m}. (3.3)

Then
∫ t∧τm

0 |σ (J(s), X(s))|2 ds < ∞, so that V(t) := ∫ t∧τm
0 σ (J(s), X(s)) dB(s) is a local mar-

tingale. Employing Doob’s inequaliy and Itô isometry on V(t), along with Tonelli’s theorem,
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we get

E

(
supr≤t∧τm

∣∣∣∣ ∫ r∧τm

0
σ (J(s), X(s)) dB(s)

∣∣∣∣2)≤ 4E

( ∫ t∧τm

0
|σ (J(s), X(s))|2 ds

)
≤ 4

∫ t

0
E
(

supr≤s∧τm
|σ (J(r), X(r))|2) ds.

Now, the Lipschitz condition of σ (i, ·) implies a linear growth that takes the form

supr≤s∧τm
|σ (J(r), X(r))| ≤ supi∈S |σ (i, 0)| + K supr≤s∧τm

|X(r)|,
which, by the inequality (a + b)2 ≤ 2a2 + 2b2, means

E

(
supr≤t∧τm

∣∣∣∣ ∫ r∧τm

0
σ (J(s), X(s)) dB(s)

∣∣∣∣2)
≤ 8t supi∈S |σ (i, 0)| + 8K

∫ t

0
E
(

supr≤s∧τm
|X(r)|2) ds. (3.4)

Employing the Cauchy–Schwartz inequality and analogous steps leads to the following
inequalities:

E

(
supr≤t∧τm

∣∣∣∣ ∫ r∧τm

0
μ(J(s), X(s)) ds

∣∣∣∣2)≤ t
∫ t

0
E
(

supr≤s∧τm
|μ(J(r), X(r))|2) ds

≤ 2t2 supi∈S |μ(i, 0)|
+ 2tK

∫ t

0
E
(

supr≤s∧τm
|X(r)|2) ds. (3.5)

Using the inequality (a + b + c)2 ≤ 3a2 + 3b2 + 3c2 in (2.1), along with (3.4) and (3.5), we
have

E
(

supr≤t∧τm
|X(r)|2)≤ 3|x0|2 + 3E

(
supr≤t∧τm

∣∣∣∣ ∫ r∧τm

0
μ(J(s), X(s)) ds

∣∣∣∣2)
+ 3E

(
supr≤t∧τm

∣∣∣∣ ∫ r∧τm

0
σ (J(s), X(s)) dB(s)

∣∣∣∣2)
≤ K1 + K2

∫ t

0
E
(

supr≤t∧τm
|X(r)|2) ds

for some constants K1, K2 > 0 that are not dependent on m. Gronwall’s lemma then implies
that E

(
supr≤t∧τm

|X(r)|2)≤ K1eK2t; taking m → ∞ yields E
(

sups≤t |X(s)|2)≤ K1eK2t < ∞.
The steps to prove

E
(

sups≤t |X(s)|2)≤ K1eK2t < ∞
can be repeated verbatim by replacing μ, σ , J, and X with μ̂, σ̂ , Ĵ, and X̂, employing along the
way the inequalities

supr≤s∧τm
|̂σ (̂J(r), X̂(r))| ≤ supr≤s∧τm

|σ (̂J(r), X̂(r))|
≤ supi∈S |σ (i, 0)| + K supr≤s∧τm

|̂X(r)|,
supr≤s∧τm

|μ̂(̂J(r), X̂(r))| ≤ supr≤s∧τm
|μ(̂J(r), X̂(r))|

≤ supi∈S |μ(i, 0)| + K supr≤s∧τm
|̂X(r)|.

�
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Now, we quantify the distance between X and X̂ up to the decoupling time ι defined by
ι := inf{s ≥ 0: J(s) �= Ĵ(s)}.
Theorem 3.1. For t ≥ 0,

E
(

sups≤t∧ι |X(s) − X̂(s)|2)
≤ C(t)

(
supi∈E, x∈R |μ(i, x) − μ̂(i, x)|2 + supi∈E, x∈R |σ (i, x) − σ̂ (i, x)|2), (3.6)

where C(t) = 16(t2 ∨ 1)e4K2(t+4)2
.

Proof. Let τm be as in (3.3), and for t ≥ 0 define Zm(t) =E
(

sups≤t∧τm∧ι |X(s) − X̂(s)|2). By
Lemma 3.1, Zm(t) is finite for all t ≥ 0. Using the inequality (a + b)2 ≤ 2a2 + 2b2, together
with the fact that Ĵ agrees with J on the time interval [0, ι), we get

Zm(t) ≤ 2E

(
sups≤t∧τm∧ι

∣∣∣∣ ∫ s

0
μ(J(r), X(r)) − μ̂(J(r), X̂(r)) dr

∣∣∣∣2)
+ 2E

(
sups≤t∧τm∧ι

∣∣∣∣ ∫ s

0
σ (J(r), X(r)) − σ̂ (J(r), X̂(r)) dB(r)

∣∣∣∣2). (3.7)

Employing similar techniques to those in the proof of Lemma 3.1, we get

E

(
sups≤t∧τm∧ι

∣∣∣∣ ∫ s

0
μ(J(r), X(r)) − μ̂(J(r), X̂(r)) dr

∣∣∣∣2)
≤ t

∫ t

0
E
(

supr≤s∧τm∧ι |μ(J(r), X(r)) − μ̂(J(r), X̂(r))|2) ds, (3.8)

E

(
sups≤t∧τm∧ι

∣∣∣∣ ∫ s

0
σ (J(r), X(r)) − σ̂ (J(r), X̂(r)) dr

∣∣∣∣2)
≤ 4

∫ t

0
E
(

supr≤s∧τm∧ι |σ (J(r), X(r)) − σ̂ (J(r), X̂(r))|2) ds. (3.9)

Furthermore, the Lipschitz continuity of μ implies that

|μ(J(r), X(r)) − μ̂(J(r), X̂(r))|2
≤ 2|μ(J(r), X(r)) − μ(J(r), X̂(r))|2 + 2|μ(J(r), X̂(r)) − μ̂(J(r), X̂(r))|2
≤ 2K2|X(r) − X̂(r)|2 + 2 supi∈E, x∈R |μ(i, x) − μ̂(i, x)|2; (3.10)

similarly,

|σ (J(r), X(r)) − σ̂ (J(r), X̂(r))|2 ≤ 2K2|X(r) − X̂(r)|2 + 2 supi∈E, x∈R |σ (i, x) − σ̂ (i, x)|2.
(3.11)

By virtue of (3.7)–(3.11), we get

Zm(t) ≤ 4t2 supi∈E, x∈R |μ(i, x) − μ̂(i, x)|2 + 16t supi∈E, x∈R |σ (i, x) − σ̂ (i, x)|2

+ 4K2(t + 4)
∫ t

0
Zm(r) dr

≤ 16(t2 ∨ 1)
(

supi∈E, x∈R |μ(i, x) − μ̂(i, x)|2 + supi∈E, x∈R |σ (i, x) − σ̂ (i, x)|2)
+ 4K2(t + 4)

∫ t

0
Zm(r) dr.
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Finally, Gronwall’s lemma implies that

Zm(t) ≤ 16(t2 ∨ 1)e4K2(t+4)t( supi∈E, x∈R |μ(i, x) − μ̂(i, x)|2 + supi∈E, x∈R |σ (i, x) − σ̂ (i, x)|2)
≤ C(t)

(
supi∈E, x∈R |μ(i, x) − μ̂(i, x)|2 + supi∈E, x∈R |σ (i, x) − σ̂ (i, x)|2),

so that (3.6) holds by taking m → ∞. �

As usual, mean-square distance provides bounds on pointwise distance, which in our case
takes the following form.

Corollary 3.1. Suppose that there exists some α > 0 such that

supi∈E, x∈R |μ(i, x) − μ̂(i, x)|2 + supi∈E, x∈R |σ (i, x) − σ̂ (i, x)|2 ≤ α2.

Then, for δ > 0 and for all sufficiently large n ≥ 1,

P
(

sups≤t∧ι |X(s) − X̂(s)| ≥ α
√

nδC(t)
)≤ n−δ .

Proof. Markov’s inequality and Theorem 3.1 imply that, for any βn,t,α > 0,

P
(
sups≤t∧ι |X(s) − X̂(s)| ≥ βn,t,α

)
≤ E

(
sups≤t∧ι |X(s) − X̂(s)|2)

β2
n,t,α

≤ C(t)
(
supi∈E, x∈R |μ(i, x) − μ̂(i, x)|2 + supi∈E, x∈R |σ (i, x) − σ̂ (i, x)|2)

β2
n,t,α

≤ C(t)α2

β2
n,t,α

.

The result follows by choosing βn,t,α = α
√

nδC(t). �

Corollary 3.1 implies that we can choose appropriate values of t and α that are dependent
on n, say tn and αn, such that, for δ > 0, tn → ∞ and αn

√
nδC(tn) → 0 as n → ∞, and then

conclude that |X − X̂| converges in probability to 0 uniformly over increasing compact intervals
(up to time ι). Here we choose tn = √

log log n and αn = n−δ∗−δ/2 for some δ∗ > 0. In such a
case, for all n ≥ 1 with

√
log n log n > 4 and log n > log log n,

αn

√
nδC(tn) = 16(t2n ∨ 1)e4K2(tn+4)2

n−δ∗ ≤ 16(log n)e8K2 log log nn−δ∗ = 16(log n)β∗n−δ∗ ,

where β∗ = 1 + 8K2. In light of this, we assume the following.

Assumption 3.2. Consider the functions μ̂ and σ̂ associated with the process (̂J, X̂), all of
which now exhibit an explicit dependence on n ≥ 1 via their superscript. Then, there exist
δ∗, δ > 0 such that

supi∈E, x∈R
∣∣μ(i, x) − μ̂(n)(i, x)

∣∣2 + supi∈E, x∈R
∣∣σ (i, x) − σ̂ (n)(i, x)

∣∣2 ≤ n−δ∗−δ/2.

To summarize, under Assumptions 2.1, 3.1, and 3.2, for all sufficiently large n ≥ 1,

P
(
sups≤tn∧ι

∣∣X(s) − X̂(n)(s)
∣∣≥ 16(log n)β∗n−δ∗)≤ n−δ, where β∗ = 1 + 8K2. (3.12)

From (3.12), we can determine various types of convergence in different situations. If the
existence of a solution under Assumption 3.1 can be established in a strong sense with a fixed
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probability space for all approximations, then (3.12) demonstrates the convergence in proba-
bility of X̂(n) to X up to time ι. Furthermore, if δ > 1, then, using Borel–Cantelli arguments,
the convergence holds in a strong sense. In the general case where the solution considered
in Assumption 3 is weak, (3.12) establishes the weak convergence of X̂(n) to X up to time
ι. Refer to [12, 13] for instances where measuring pointwise distances in distinct probability
spaces leads to weakly convergent approximations; an additional example using the analogous
formulation of triangular arrays can be found in [15].

Now that we have assessed the convergence of X̂(n) to X within the interval [0, ι), in the
following section we establish some probabilistic properties of the decoupling time ι.

3.2. Measuring the decoupling event

In order to guarantee that the decoupling time ι occurs at a large epoch, we need to ensure
that the jumps of Ĵ remain ‘similar’ to those of J. The way to guarantee this is through the sets
{�̂ij(x)}i,jE associated to the discretized hybrid SDE (3.1). The idea is to make each set �̂ij(x)
as close as possible to �ij(x), with the difference that the Leb(�̂ij(x)) = γ δij + �̂ij(x) while
Leb(�ij(x)) = γ δij + �ij(x).

Recall that, in Section 2, for a fixed x ∈R and i ∈ E , we let �ij(x) = [�ij(x), rij(x)), where
�i1(x) = 0, rij(x) = �ij(x) + (γ δij + �ij(x)), �i,j+1(x) = rij(x), and rip(x) = γ . Next, we introduce
�ij(x) = [�ij(x), rij(x) ∧ r̂ij(x)), where r̂ij(x) = �ij(x) + (γ δij + �̂ij(x)). Note that

Leb
(
�ij(x)

)= (γ δij + �ij(x)) ∧ (γ δij + �̂ij(x)) ≤ Leb
(
�̂ij(x)

)
;

in simple words, since �̂ij(x) is thought of as being close to �ij(x), the length of �ij(x) approx-
imates the required Lebesgue measure of �̂ij(x) from below. For the last step, for a fixed
i ∈ E and for all x ∈R, we let {�∗

ij(x)}j be a partition of the set [0, γ ) \ ( ∪j �ij(x)) that keeps

the mapping (x, z) �→ 1{z∈�ij(x)} measurable, with Leb
(
�∗

ij(x)
)= Leb

(
�̂ij(x)

)− Leb
(
�ij(x)

)
.

(Employing the measurability properties of �ij(·) and �̂ij(·), constructing a partition {�∗
ij(x)}j

with the desired characteristics is always achievable. Presenting an explicit construction is
tedious and, more importantly, it is not relevant to subsequent developments; for this reason, we
refrain from detailing it.) We then define �̂ij(x) := �ij(x) ∪ �∗

ij(x), from which we can readily

verify that �̂ij(x) indeed has a Lebesgue measure equal to γ δij + �̂ij(x), {�̂ij(x)}j is a partition
of [0, γ ), and the mapping (x, z) �→ 1{z∈�̂ij(x)} is measurable. This implies the characteristics

needed for �̂ij(x) as discussed in Section 3. We now relate the sets �ij(x) to the decoupling
time ι.

Lemma 3.2. Define κ = inf
{
m ≥ 1: Um /∈⋃p

j=1 �J(θm−1),j(X(θm)) ∩ �Ĵ(θm−1),j(X̂(θm))
}
. Then

θκ ≤ ι.

Proof. It is enough to prove that {κ > m} ⊆ {ι > θm} for all m ≥ 1. Assuming that this holds
for some fixed m ≥ 1, We proceed by induction. Then,

{κ > m + 1} = {κ > m} ∩
{

Um+1 ∈
p⋃

j=1

�J(θm),j(X(θm+1)) ∩ �Ĵ(θm),j(X̂(θm+1))

}

⊆ {ι > θm} ∩
{

Um+1 ∈
p⋃

j=1

�J(θm),j(X(θm+1)) ∩ �Ĵ(θm),j(X̂(θm+1))

}
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=
p⋃

j=1

{ι > θm} ∩ {Um+1 ∈ �J(θm),j(X(θm+1)) ∩ �Ĵ(θm),j(X̂(θm+1))
}

⊆
p⋃

j=1

{ι > θm} ∩ {Um+1 ∈ �J(θm),j(X(θm+1)) ∩ �̂Ĵ(θm),j(X̂(θm+1))
}

=
p⋃

j=1

{ι > θm} ∩ {J(θm+1) = Ĵ(θm+1) = j} = {ι > θm+1},

where in the fourth line we employed that �ij(x) is contained in �ij(x) and �̂ij(x) for all i, j ∈ E ,
x ∈R. This completes the induction and the proof. �

As a preliminary step, let us provide bounds for the probability of a possible decoupling at
a given epoch θm for fixed values of X(θm), X̂(n)(θm), and J(θm−1) = Ĵ(n)(θm−1).

Lemma 3.3. For a square matrix A = {aij}, let ‖ · ‖ denote the norm defined by ‖A‖ =
supi,j{|aij|}. Then, for i ∈ E and x, y ∈R,

P

(
Um /∈

p⋃
j=1

�ij(x) ∩ �ij(y)

)
≤ p

γ

(
p‖�(x) − �(y)‖ + 2p supz∈R

∥∥�̂(n)
(z) − �(z)

∥∥)
≤ 2p2

γ

(‖�(x) − �(y)‖ + supz∈R
∥∥�̂(n)

(z) − �(z)
∥∥).

Proof. Note that �ij(x) ∩ �ij(y) = [�ij(x, y), rij(x, y)), where �ij(x, y) = �ij(x) ∨ �ij(y) and
rij(x, y) = (rij(x) ∧ r̂ij(x)) ∧ (rij(y) ∧ r̂ij(y)), with the understanding that [a, b) is an empty inter-
val if a ≥ b. Moreover, since �i1(x, y) = 0 and, for all 1 ≤ j < p we have �ij(x, y) ≤ �i,j+1(x, y)
and rij(x, y) ≤ ri,j+1(x, y), the set where Uk may fall, leading to a potential decoupling, can be
written as

[0, γ ) \
( p⋃

j=1

�ij(x) ∩ �ij(y)

)
= [0, γ ) \

( p⋃
j=1

[�ij(x, y), rij(x, y))

)
=

p⋃
j=1

[rij(x, y), �i,j+1(x, y)),

where �i,p+1(x, y) := γ . Thus, the probability of decoupling is bounded as follows:

P

(
Uk /∈

p⋃
j=1

�ij(x) ∩ �ij(y)

)

= 1

γ
Leb

(
[0, γ ) \

p⋃
j=1

�ij(x) ∩ �ij(y)

)

= 1

γ
Leb

( p⋃
j=1

(rij(x, y), �i,j+1(x, y)]

)

≤ 1

γ

p∑
j=1

Leb ((rij(x, y), �i,j+1(x, y)])
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≤ 1

γ

p∑
j=1

|�i,j+1(x, y) − rij(x, y)|

= 1

γ

p∑
j=1

|(�i,j+1(x) ∨ �i,j+1(y)) − ((rij(x) ∧ r̂ij(x)) ∧ (rij(y) ∧ r̂ij(y)))|

= 1

γ

p∑
j=1

|(rij(x) ∨ rij(y)) − ((rij(x) ∧ r̂ij(x)) ∧ (rij(y) ∧ r̂ij(y)))|

≤ 1

γ

p∑
j=1

(|rij(x) − rij(y)| + |rij(y) − r̂ij(y)| + |rij(x) − r̂ij(x)|).

Note that from the recursive definition of rij(z) =∑j
k=1 (γ δik + �ik(z)), it holds that, for all

x, y, z ∈R,

|rij(x) − rij(y)| ≤
j∑

k=1

|�ik(x) − �ik(y)| ≤ j‖�(x) − �(y)‖ ≤ p‖�(x) − �(y)‖,

and since rij(z) − r̂ij(z) = (�ij(z) + γ δij + �ij(z)) − (�ij(z) + γ δij + �̂ij(z)) = �ij(z) − �̂ij(z),

|rij(z) − r̂ij(z)| = |�ij(z) − �̂ij(z)| ≤ ‖�(z) − �̂(z)‖ ≤ p‖�(z) − �̂(z)‖.

Substituting these bounds into the sum yields the result. �

Next, we study the arrivals {θk}k≥1 that occur in the interval [0, tn]. To do so, let us intro-
duce {N(t)}t≥0, the Poisson counting process of intensity γ associated to {θk}k≥1. Each arrival
represents an opportunity for J and Ĵ to get decoupled, so that providing a tight tail estimate
for N(tn) is relevant to our analysis.

Lemma 3.4. P(N(tn) > �log log n�) = o(1) as n → ∞.

Proof. Using [19, Proposition 1], for sufficiently large n,

P(N(tn) > �log log n�) ≤
(

1 − γ tn
�log log n� + 1

)−1( (γ tn)�log log n�

�log log n�! e−γ tn

)
;

the first element in the product on the right-hand side clearly converges to 1, while the second
element is bounded by

(γ tn)�log log n�

�log log n�!
≤ ((γ tn)�log log n�)(√2π�log log n�

(�log log n�
e

)�log log n�
exp

{
1

12�log log n� + 1

})−1

= O

((
eγ tn

�log log n�
)�log log n�)

= o(1).

�
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From Lemma 3.3, it is clear that we need some regularity assumptions on � and �̂ in order
to bound the probability of a decoupling occuring. Similarly to Assumption 3.2, let us now
make explicit the dependence of �̂, Ĵ, X̂, ι, and κ on n via a superscript.

Assumption 3.3. The intensity matrix �(·) is log-Hölder continuous, in the sense that there
exists a constant G > 0 such that, for any x, y ∈R,

‖�(x) − �(y)‖ ≤ G

− log |x − y| .

Furthermore, �̂
(n)

is right-continuous with left limits and converges uniformly to � at a log
rate; more specifically,

supz∈R
∥∥�̂(n)

(z) − �(z)
∥∥≤ G

log n
.

Remark 3.2. Under Assumption 3.3, � does not admit any discontinuities. However, recall
that log-Hölder continuity is considerably less restrictive than Hölder or Lipschitz continuity.
This means that we can mimic discontinuous behaviour for � at a point z0 by considering
instead some steep function that behaves like ( log (z − z0))−1 for sufficiently close z > z0.

Lemma 3.5. Fix some small ε1 > 0. Then, as n → ∞,

P
(
κ (n) ≤ N(tn), N(tn) ≤ �log log n�, sups≤tn∧ι(n)

∣∣X(s) − X̂(n)(s)
∣∣≤ n−δ∗+ε1

)= o(1).

Proof. For brevity, in this proof let us write �̂, Ĵ, X̂, ι, and κ instead of �̂
(n)

, Ĵ(n), X̂(n), ι(n),
and κ (n), respectively. Note that{

κ ≤ N(tn), N(tn) ≤ �log log n�, sups≤tn∧ι |X(s) − X̂(s)| ≤ n−δ∗+ε1
}

=
�log log n�⋃

�=1

�⋃
k=1

{
κ = k, N(tn) = �, sups≤tn∧ι |X(s) − X̂(s)| ≤ n−δ∗+ε1

}
⊆

�log log n�⋃
�=1

�⋃
k=1

{
κ = k, N(tn) = �, sups≤θk

|X(s) − X̂(s)| ≤ n−δ∗+ε1
}
. (3.13)

Letting F = {
κ > k − 1, N(tn) = �, sups≤θk

|X(s) − X̂(s)| ≤ n−δ∗+ε1
}

and

H= σ
(
N(tn), {J(s)}s≤θk−1, {̂J(s)}s≤θk−1, {X(s)}s≤θk , {X̂(s)}s≤θk

)
,

we get

P
(
κ = k, N(tn) = �, sups≤θk

|X(s) − X̂(s)| ≤ n−δ∗+ε1 |H)
= P(ι = θk |H) × 1F = P

(
Uk /∈

p⋃
j=1

�J(θk−1),j(X(θk)) ∩ �Ĵ(θk−1),j(X̂(θk))

)
× 1F

≤ 2p2

γ

(‖�(X(θk)) − �(X̂(θk))‖ + supz∈R ‖�̂(z) − �(z)‖)× 1F

≤ 2p2

γ

(
G

− log |X(θk) − X̂(θk)| + G

log n

)
× 1F ≤ 2p2G

γ

[
1

δ∗ − ε1
+ 1

]
( log n)−1.
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From (3.13), we get

P
(
κ ≤ N(tn), N(tn) ≤ �log log n�, sups≤θk∧ι |X(s) − X̂(s)| ≤ n−δ∗+ε1

)
≤

�log log n�∑
�=1

�∑
k=1

P
(
κ = k, N(tn) = �, sups≤θk

|X(s) − X̂(s)| ≤ n−δ∗+ε1
)

≤
�log log n�∑

�=1

�∑
k=1

G

γ

[
1

δ∗ − ε1
+ 1

]
( log n)−1 ≤ G

γ

[
1

δ∗ − ε1
+ 1

]�log log n�2

log n
= o(1),

which concludes the proof. �

Now we are ready to prove the main result of the paper.

Theorem 3.2. Let Assumptions 2.1, 2.2, 3.1, 3.2, and 3.3 hold. Then, for any fixed ε1 > 0,

P
({

sups≤tn

∣∣X(s) − X̂(n)(s)
∣∣> n−δ∗+ε1

}∪ {ι(n) ≤ tn}
)= o(1) as n → ∞. (3.14)

Proof. By simple set manipulations,{
sups≤tn

∣∣X(s) − X̂(n)(s)
∣∣> n−δ∗+ε1

}∪ {ι(n) ≤ tn}
= {

ι(n) > tn, sups≤tn

∣∣X(s) − X̂(n)(s)
∣∣> n−δ∗+ε1

}∪ {ι(n) ≤ tn}
= {

ι(n) > tn, sups≤tn∧ι(n)

∣∣X(s) − X̂(n)(s)
∣∣> n−δ∗+ε1

}∪ {ι(n) ≤ tn}
⊆ {

sups≤tn∧ι(n)

∣∣X(s) − X̂(n)(s)
∣∣> n−δ∗+ε1

}∪ {ι(n) ≤ tn}.
Moreover,

{ι(n) ≤ tn} ⊆ {κ (n) ≤ N(tn)}
⊆ {

κ (n) ≤ N(tn), N(tn) ≤ �log log n�, sups≤tn∧ι(n)

∣∣X(s) − X̂(n)(s)
∣∣≤ n−δ∗+ε1

}
∪ {N(tn) > �log log n�} ∪ { sups≤tn∧ι(n)

∣∣X(s) − X̂(n)(s)
∣∣> n−δ∗+ε1

}
.

Thus, the left-hand side of (3.14) is bounded by

P
(
κ (n) ≤ N(tn), N(tn) ≤ �log log n�, sups≤tn∧ι(n)

∣∣X(s) − X̂(n)(s)
∣∣≤ n−δ∗+ε1

)
+ P(N(tn) > �log log n�) + P

(
sups≤tn∧ι(n)

∣∣X(s) − X̂(n)(s)
∣∣> n−δ∗+ε1

)
;

since each one of the aforementioned summands is shown to be o(1) as n → ∞ in Lemma 3.5,
Lemma 3.4, and (3.12), respectively, the result follows. �

Theorem 3.2 essentially indicates that under Assumptions 2.1, 2.2, 3.1, 3.2, and 3.3, there
exists a sequence of multi-regime Markov-modulated Brownian motions X̂(n) that weakly con-
verge to the solution X of a hybrid stochastic differential equation, as well as their respective
underlying processes Ĵ(n) and J. This convergence occurs uniformly over increasing compact
intervals. If, additionally, the solution for each approximation in Assumption 3.1 is strong,
the probability space (�, P,F , {Gt}t≥0) may remain fixed for all n ≥ 1, allowing the result
to be upgraded to convergence in probability. In any case, this implies that the first-passage
probabilities of X into the set (− ∞, a) ∪ (a, +∞) can be approximated by the corresponding
first-passage probabilities of X̂(n). In the following section we leverage this to offer effi-
cient approximations for certain first-passage probabilities for hybrid stochastic differential
equations.
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4. First-passage probabilities and expected occupation times for solutions of hybrid
SDEs

Define the first-passage times τ−
0 = inf{t > 0: X(t) ≤ 0}, τ+

a = inf{t > 0: X(t) ≥ a}, where
a > 0. For q ≥ 0, we are interested in providing approximations for the Laplace transform of
the first-passage times,

m−
ij (u, q, a) =E

(
e−q(τ−

0 ∧τ+
a )1{J(τ−

0 ∧τ+
a )=j,X(τ−

0 ∧τ+
a )=0} | J(0) = i, X(0) = u

)
,

m+
ij (u, q, a) =E

(
e−q(τ−

0 ∧τ+
a )1{J(τ−

0 ∧τ+
a )=j,X(τ−

0 ∧τ+
a )=a} | J(0) = i, X(0) = u

)
,

for 0 < u < a ≤ ∞ and i, j ∈ E . In essence, the functions m+
ij and m−

ij characterize the distribu-
tional law of the exit times of X from the band (0, a). Employing the law of total probability, it
is straightforward to reinterpret m−

ij and m−
ij as

m−
ij (u, q, a) = P

(
τ−

0 ∧ τ+
a < eq, J(τ−

0 ∧ τ+
a ) = j, X(τ−

0 ∧ τ+
a ) = 0 | J(0) = i, X(0) = u

)
,

m+
ij (u, q, a) = P

(
τ−

0 ∧ τ+
a < eq, J(τ−

0 ∧ τ+
a ) = j, X(τ−

0 ∧ τ+
a ) = a | J(0) = i, X(0) = u

)
,

where eq is an Exp(q) random variable independent of everything else; from now on, we adopt
this reinterpretation.

In the existing literature, explicit solutions to m+
ij and m−

ij only exist in very simple scenarios:
either q = 0 and E = {1} (see, e.g., [23, Chapter 4]), or μi and σi are constant for all i ∈ E (see,
e.g., [24]). Moreover, we are also interested in the present value of the expected ocupation
times in state j ∈ E while below level b ∈ (0, a), defined as

Oij(u, q, a, b) =E

( ∫ τ−
0 ∧τ+

a

0
e−qs1{J(s)=j, 0<X(s)≤b} ds | J(0) = i, X(0) = u

)
.

Similarly to m−
ij and m+

ij , here we reinterpret Oij as

Oij(u, q, a, b) =E

( ∫ τ−
0 ∧τ+

a ∧eq

0
1{J(s)=j, 0<X(s)≤b} ds | J(0) = i, X(0) = u

)
.

In this section we propose to exploit the approximations laid out in Theorem 3.2, along
with the existing theory for multi-regime Markov-modulated Brownian motions, to provide an
efficient approximation scheme based on computing

m̂−
ij (u, q, a) = P

(̂
τ−

0 ∧ τ̂+
a < eq, Ĵ(̂τ−

0 ∧ τ̂+
a ) = j, X̂(̂τ−

0 ∧ τ̂+
a ) = 0 | Ĵ(0) = i, X̂(0) = u

)
,

m̂+
ij (u, q, a) = P

(̂
τ−

0 ∧ τ̂+
a < eq, Ĵ(̂τ−

0 ∧ τ̂+
a ) = j, X̂(̂τ−

0 ∧ τ̂+
a ) = a | Ĵ(0) = i, X̂(0) = u

)
,

Ôij(u, q, a, b) =E

( ∫ τ̂−
0 ∧τ̂+

a ∧eq

0
1{̂J(s)=j, 0<X̂(s)≤b} ds | Ĵ(0) = i, X̂(0) = u

)
,

where τ̂−
0 = inf{t > 0: X̂(t) ≤ 0} and τ̂+

a = inf{t > 0: X̂(t) ≥ a}.
In the case that τ̂−

0 converges in probability to τ−
0 and that τ̂+

a converges in probability to
τ+

a , and using the continuity of the paths of X̂ and X, it follows that m̂−
ij and m̂+

ij converge point-

wise to m−
ij and m+

ij , respectively. Furthermore, if q > 0 then, by the dominated convergence

theorem, Ôij converges to Oij.

Remark 4.1. In general, τ̂−
0 and τ̂+

a may not converge to τ−
0 and τ+

a as n → ∞, since hitting
times are not continuous functionals of the paths. For example, consider the deterministic pro-
cess f (t) = −(t − 1)1[1,∞)(t) and its approximation fε(t) = f (t) + ε, for ε > 0. The first-passage
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time to (− ∞, 0] is 0 for f , while it is greater than 1 for fε, thus demonstrating that convergence
of first-passage times need not hold in general. This discrepancy can potentially be resolved
by assuming that the process X immediately enters (− ∞, 0) after τ−

0 , and immediately enters
(a, ∞) after τ+

a . However, verifying the validity of such assumptions can be nontrivial and
may require sophisticated tools beyond the scope of our present framework. A more direct and
practical alternative is to replace τ̂−

0 and τ̂+
a with the first-passage times to (− ∞, n−δ∗+ε1 ] and

[a − n−δ∗+ε1 , ∞), respectively. In this case, convergence in probability of the approximating
first-passage times to τ−

0 and τ+
a follows from Theorem 3.2. Henceforth, and for simplicity,

we assume that τ̂−
0 and τ̂+

a – defined as the first-passage times to (− ∞, 0] and [a, ∞), respec-
tively – converge in probability to τ−

0 and τ+
a . We emphasize, however, that replacing these

with the first-passage times to (− ∞, n−δ∗+ε1 ] and [a − n−δ∗+ε1 , ∞) guarantees convergence
of the associated descriptors and does not compromise computational tractability.

While the functions m̂−
ij and m̂+

ij are not readily available in the existing literature, we can

compute them by embedding independent copies of the excursion (̂J∗, X̂∗) := {(̂J(t), X̂(t)) : t ≤
τ̂−

0 ∧ τ̂+
a ∧ eq} into a certain recurrent queue on the strip [0, a] (that is, a process reflected on

the level boundaries 0 and a). This procedure is similar to those exploited in [1, 36, 37] to
provide finite-time ruin probabilities for multi-regime Markov-modulated risk processes or its
subclasses. Below we spell out the details of our construction.

Let
{(̂

J{�}∗ , X̂{�}∗
)}

�≥1 be a sequence of independent copies of (̂J∗, X̂∗). Here we assume that

the total length of each excursion X̂{�}∗ , say T{�}, has finite mean; this trivially holds if q > 0,
or if either τ̂−

0 or τ̂+
a have a finite mean. Additionally, let our probability space support three

independent sequences of Exp(1)-distributed independent random variables
{
ρ

{�}
−M

}
,
{
ρ

{�}
0

}
,

and
{
ρ

{�}
M

}
. Based on the construction of multi-regime queues in [1, 21], here we define Y on

a space grid {ζm}−M≤m≤M (with ζ−M = 0, ζ0 = u, and ζM = a) modulated by the jump process
L that has a state space E ∪ {∂0}, both of which evolve as follows:

(i) On the time interval
[
0, ν

{1}
1

)
with ν

{1}
1 = T{1}, let (L, Y) coincide with

(̂
J{�}∗ , X̂{1}∗

)
.

(ii) At time ν
{1}
1 , one of three events happens:

• If X̂{1}(ν{1}
1

)= 0, let ν
{1}
2 = ν

{1}
1 + ρ

{1}
−M and

(
Y(t) = 0, L(t) = L

(
ν

{1}
1 − ))

for all

t ∈ [ν{1}
1 , ν

{1}
2

)
.

• If X̂{1}(ν{1}
1

)= a, let ν
{1}
2 = ν

{1}
1 + ρ

{1}
M and

(
Y(t) = a, L(t) = L

(
ν

{1}
1 − ))

for all

t ∈ [ν{1}
1 , ν

{1}
2

)
.

• If X̂{1}(ν{1}
1

) ∈ (0, a), let ν
{1}
2 = ν

{1}
1 .

(iii) At time ν
{1}
2 , one of two events happens:

• If Y
(
ν

{1}
2

)≤ u, let Y increase at unit rate up to reaching level u, say, at time ν
{1}
3 .

Let L(t) = ∂0 for all t ∈ [ν{1}
2 , ν

{1}
3

)
.

• If Y
(
ν

{1}
2

)
> u, let Y decrease at unit rate up to reaching level u, say, at time ν

{1}
3 .

Let L(t) = ∂0 for all t ∈ [ν{1}
2 , ν

{1}
3

)
.

(iv) Let P{1}∗ = ν
{1}
3 + ρ0{1}u and (Y(t) = u, L(t) = ∂0) for all t ∈ [ν{1}

3 , ν
{1}
4

)
.
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FIGURE 1. Queue model resulting from concatenating {X̂{�}∗ }�≥1 using steps (i)–(iv), which are shown in
the colors blue, mustard, green, and red, respectively.

(v) Repeat steps (i)–(iv) for � = 2, 3, . . . , shifting the time accordingly in order to concate-
nate the excursions along with the increasing sequences

{
ν

{�}
i

}
�
, i ∈ {1, 2, 3, 4}. This

produces a process (L, Y) that regenerates at the epochs
{
ν

{�}
4

}
�≥1.

See Figure 1 for a graphical description of this construction.
As pointed out earlier, the process (L, Y) falls within the class of multi-regime Markov-

modulated Brownian motion queueing models (see [1, 21] for details), which has a law
characterized by the level-dependent matrices (Q(x), R(x), S(x))0≤x≤a with the following
interpretation:

• Qij(x) is the jump intensity of L from i to j while Y is in level x. We further specify
the dependence on the level x by employing intensity matrices {Q(m)}−M+1≤m≤M and
{Q̃(m)}−M≤m≤M , where

Q(x) =
{

Q(m) for ζm−1 < x < ζm,

Q̃(m) for x = ζm.

• Rii(x) is the drift of Y at level x while L is in state i (by convention we let Rij(x) = 0 for all
i �= j). We further specify this dependence on the level x by employing diagonal matrices
{R(m)}−M+1≤m≤M and {R̃(m)}−M≤m≤M , where

R(x) =
{

R(m) for ζm−1 < x < ζm,

R̃(m) for x = ζm.

• Sii(x) is the diffusion coefficient of Y at level x while L is in state i (by convention we let
Sij(x) = 0 for all i �= j). We further specify the dependence on the level x by employing
nonnegative diagonal matrices {S(m)}−M+1≤m≤M , where S(x) = S(m) for ζm−1 ≤ x < ζm.

Under the previous considerations, the corresponding matrices for our particular model with
state space E ∪ {∂0} take the form

Q(m) =
(

�̂(ζm−1) − qI q1
0 0

)
, m ∈ {−M + 1, −M + 2, . . . , M},

Q̃(m) =
(

�̂(ζm) − qI q1
0 0

)
, m ∈ {−M + 1, −M + 2, . . . , M − 1} \ {0},
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Q̃(−M) = Q̃(M) =
(−I 1

0 0

)
,

Q̃(0) =
(

�̂(ζ0) − qI q1
e�

i −1

)
,

R(m) =
(

diag{μ̂i(ζm−1)} 0
0 1

)
, m ∈ {−M + 1, −M + 2, . . . , 0},

R(m) =
(

diag{μ̂i(ζm−1)} 0
0 −1

)
, m ∈ {1, 2, . . . , M},

R̃(m) =
(

diag{μ̂i(ζm)} 0
0 1

)
, m ∈ {−M + 1, −M + 2, . . . , −1},

R̃(m) =
(

diag{μ̂i(ζm)} 0
0 −1

)
, m ∈ {1, −M + 2, . . . , M − 1},

R̃(−M) =
(

0 0
0 1

)
,

R̃(M) =
(

0 0
0 −1

)
,

R̃(0) =
(

diag{μ̂i(ζ0)} 0
0 0

)
,

S(m) =
(

diag{̂σi(ζm−1)} 0
0 0

)
, m ∈ {−M + 1, −M + 2, . . . , M},

where e�
i denotes the ith canonical row vector, and diag{ai} denotes the diagonal matrix with

the elements {a1, . . . , ap} filling the diagonal. In [21], the authors provide an efficient algo-
rithm to compute the steady-state distribution of (L, Y). In particular, using their method we
are able obtain:

• the steady-state probability atoms for levels ζ−M and ζM while in the states E in row
vector form, say p−M and pM , where

(p−M)j = lim
t→∞ P(L(t) = j, Y(t) = 0), (pM)j = lim

t→∞ P(L(t) = j, Y(t) = a);

• the steady-state probability atoms for level ζ0 while in the state ∂0, say p0, where

p0 = lim
t→∞ P(L(t) = ∂0, Y(t) = u);

• the steady-state probability distribution function while in state j ∈ E over (0,a), say Fj,
where Fj(b) = limt→∞ P(L(t) = j, 0 < Y(t) ≤ b), b ∈ (0, a).

Below we link these quantities with the first-passage probabilities m̂+
ij and m̂−

ij , as well as

with the expected occupation times Ôij.

Theorem 4.1. Suppose that E(̂τ−
0 ∧ τ̂+

a ∧ eq | Ĵ(0) = i, X̂(0) = u) < ∞. Then

m̂−
ij (u, q, a) = (p−M)j

p0
, m̂+

ij (u, q, a) = (pM)j

p0
. (4.1)

Moreover,

Ôij(u, q, a, b) = Fj(b)

p0
, b ∈ (0, a). (4.2)
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Proof. The process (L, Y) regenerates at the epochs {ν{�}
4 }�≥1, all of which have a (common)

finite first moment. This in turn implies that (L, Y) is positive recurrent, so by [20, Theorem 1],

pM1 = E
(∫ ν

{1}
4

0 1{Y(s)=u,L(s)∈E} ds
)

E
(
ν

{1}
4

) = P
(
Y
(
ν

{1}
1

)= u, L
(
ν

{1}
1

) ∈ E)E(ρ{1}
0

)
E
(
ν

{1}
4

)
= m̂+(u, q, a)

E
(
ν

{1}
4

) ,

where we used that E
(
ρ

{1}
0

)= 1. Employing similar arguments, we get

p−M1 = m̂−(u, q, a)

E
(
ν

{1}
4

) , p0 = 1

E
(
ν

{1}
4

) ,
so that (4.1) follows. Additionally,

Fj(b) = E
(∫ ν

{1}
4

0 1{L(s)=j, 0<Y(s)≤b} ds
)

E
(
ν

{1}
4

) = E
(∫ τ̂−

0 ∧τ̂+
a ∧eq

0 1{̂J(s)=j, 0<X̂(s)≤b} ds
)

E
(
ν

{1}
4

)
= Ôj,b(u, q, a)

E
(
ν

{1}
4

) ,

which in turn implies (4.2). �

In short, with the help of the algorithms developed in [21], we are able to efficiently compute
first-passage probabilities and their expected occupation times for (̂J, X̂) using Theorem 4.1,
which in turn approximates the first-passage probabilities and their expected occupation times
for (J, X) by virtue of Theorem 3.2. Below we explore a couple of synthetic examples.

Example 4.1. Consider a three-state hybrid SDE (X, J) evolving in the space band (0,1) with
parameters

μ1(x) = 0.5, μ2(x) = 0.5(1 − x), μ3(x) = 0.5(1 − x)2, σ1 = σ2 = σ3 = 1.

In essence, the process X has a force pushing it upwards while J is in any of the three states.
The force is weakest while in state 3 and strongest while in 1; note that the difference between
regimes is accentuated as X gets closer to level 1. In the context of actuarial science, this
may, e.g., describe the case of the surplus process of an insurance company with three possi-
ble occurring regimes, all with positive drift, but some being more responsive with premium
reductions when the surplus approaches 1. This can be described, for instance, by an intensity
matrix function of the form

�(x) = 10 ×
⎛⎝ −x x 0

(1 − x) −1 x
0 1 − x −(1 − x)

⎞⎠ . (4.2)

Employing the MATLAB coded provided at https://www.hit.bme.hu/~ghorvath based on [21]
together with Theorem 4.1, we are able to compute the first-passage probabilities and expected
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FIGURE 2. Left: Plots of m̂−
2j as a function of u. Right: Plots of Ô2j as a function of b with u = 0.5. Each

plot contains the cases j = 1, 2, 3.

occupation times of the multi-regime Markov-modulated Brownian motion (̂J, X̂) that approx-
imates (J, X). We perform such computations for q = 0, a = 1, i = 2, and M = 50, with the
results shown in Figure 2.

For small values of u, downcrossings of level 0 are most likely while in state 2; this can
be explained by noting that the random oscillations while in state 2 (the initial state of J)
can produce a downcrossing before a switching even occurs. For medium values of u, the
probabilities of downcrossing level 0 while in states 1 and 2 are comparable, both of which
are considerably larger than that corresponding to state 3; this is due to the state-dependent
switching behaviour of �, which favours states 1 and 2 while the level is low, and 2 and 3
while the level is high. For high values of u, the probability of downcrossing 0 is uniformly
low for all states. On the other hand, we can observe that the expected occupation time while
in state 2 is larger than that in states 1 or 2 uniformly over all u; this is a consequence of state
2 being the initial state of the system.

While Theorem 3.2 guarantees that m̂−
ij converges to m−

ij as the space grid becomes denser,
in Figure 3 we (empirically) show how fast this convergence happens. As we can appreci-
ate from the plot, convergence is quickly achieved, with differences between the cases being
essentially negligible for M ≥ 40.

Example 4.2. Consider now the same parameters as in Example 4.1, but take μ3(x) = −0.5x2

and σ3 = 0. While this alternative scenario does not necessarily have an immediate practical
interpretation, it does help to investigate some of the consequences of having a state that lacks
any random noise behaviour. From Figure 4, we note that the downcrossing probabilities for
states 1 and 3 are larger than those in Example 4.1; this is because we now have one of the states
pushing the level process downwards. However, note that the probability of downcrossing 0
while in state 3 is null; this is because μ3 approaches 0 as the level gets closer to 0, meaning
that the process simply cannot cross level 0 while in state 3. Moreover, we note that for large
values of b, the expected occupation time while in state 3 is larger than in states 1 or 2; this
suggests that before exiting the band (0,1), the process switches to and stays in state 3 for a
larger amount of time than in Example 4.1.
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FIGURE 3. Plots of m̂−
2j as a function of M for the cases j = 1, 2, 3.
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FIGURE 4. Left: Plots of m̂−
2j as a function of u. Right: Plots of Ô2j as a function of b with u = 0.5. Each

plot contains the cases j = 1, 2, 3.

5. Summary and extensions

Under Assumptions 2.1, 2.2, 3.1 3.2, and 3.3, we considered the class of hybrid SDEs
and their space-grid approximations, the latter belonging to a family of multi-regime Markov-
modulated Brownian motions. We provided a rigorous proof of their pathwise convergence,
which holds in a weak sense uniformly over increasing compact intervals. As an application
of our convergence result, we considered the challenging problem of identifying first-passage
probabilities and expected occupation times for solutions of hybrid SDEs, for which we suggest
an approximate and computationally efficient answer that employs developments in the area of
multi-regime Markov-modulated queues.
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We point out that applications of our convergence result may also be used to approximate
other (and possibly more complex) descriptors of hybrid SDEs. For instance, we can eas-
ily build hybrid SDEs with phase-type jumps by means of the fluidization method [7]. Other
modifications and extensions that are straightforward to implement in our framework are the
Omega model [2, 18], the Erlangian approximations for finite-time probabilities of ruin [6],
and Parisian ruin problems with phase-type clocks [10].

Furthermore, while it is possible to adapt the methods presented here to a higher-
dimensional setting by appropriately modifying the norms and proofs, we chose to focus on
the one-dimensional case for two main reasons. First, higher-dimensional arguments intro-
duce significant notational complexity, which may obscure the key ideas and results. Second,
the existing literature on algorithmic results for multi-regime Markov-modulated Brownian
motions is limited to the one-dimensional setting, which means that extending to higher dimen-
sions would have limited immediate applicability. Future work may explore these extensions
in contexts where they become practically relevant.
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