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ON THE “LARGENESS” OF ONE-RELATOR GROUPS

by M. EDJVET
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1. Introduction

If G is a one-relator group on at least 3 generators, or is a one-relator group with
torsion on at least 2 generators, then it follows from results in [1] and [6] that G has a
subgroup of finite index which can be mapped homomorphically onto F,, the free group
of rank 2. In the language of [2], G is equally as large as F,, written G~F,. This leaves
open the following question, raised as a problem in [2]:

Let G be a two-generator, torsion-free, one-relator group. Under what conditions is G
equally as large as F,?

Examples of two-generator one-relator groups which are not equally as large as F,
are given in [2] (Examples 3.2, 3.3). In this paper we shall prove the following positive
results.

Theorem 1. Let G=<a,b;a"bf'a®2bP>...a*"bPy, where m=2, o,pP; are non-zero
integers (1<i<m), and Y 7_, B,=0. Suppose that there is a pair i,j (1<i<j<m) and an
integer p>1 such that:

(1) p|oy for k+i,j and hef (p, ;) =hef (p,a))=1;

2 |Zi§h<jﬂk|> 1; and

3 (| Tise<iBul P #(2,2).

Then G~F,.

Theorem 2. Let G=<a,b;a*b?'...a*"bP") where the o, B; (1<i<m) are non-zero
integers. Assume that there is a factorisation m=rl of m (r,1>1), and integers p,q>1 such
that the following hold:

(4) For 1<i<j<r, the number B;+ --- + B; is not divisible by g;
5) s¥hcf{ai+a,+i+ gy 1 SIS
(6) pq|By+B2+ - +B;
(1) Bx=Besr=Prs2r=""" Eﬂk+(l—1)r (mod pq) for 1<k<r; and
(8) (s,n)#(2,2).
Then G~F,.
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It is clear that if the relator a®'b#! ... a*bP~ satisfies the conditions (4), (6) and (7) then

so does the relator
aaxbﬂl +n1pqaa2bﬁz +n2pg aambﬂm+nmpq

for any choice of integers n;, 1 <i<m. Thus any particular example of a group satisfying
the conditions of Theorem 2 will generate an infinite family of further such examples.

We also note that condition (5) of Theorem 2 cannot in general be removed. For
example let Go=<a,t;t 'a"t=a"*'), n>1, and let G, be the HNN extension

{a,b,t;b"lab=t,t" la"t=a"*'Y=<a,b;a” 'ba"b"laba "t Vb~ 1),

This latter presentation does not satisfy condition (5). Moreover, G, is not equally as
large as F, ([2], Example 3.3).

2. Notation and definitions

Most of the definitions and results in this section are fairly standard. Further details
can be found in [3, p. 115-120].

A 1-complex or graph consists of two disjoint sets V, E together with three functions,
1:E-V, 1:E-V, "':E—-E satisfying 1(e”")=1(e), (e ') ' =e,e ' #e for all e in E. When
representing 1-complexes diagrammatically we follow the convention adopted in [5,
p- 13].

If y is a closed path in a 1-complex then the set of cyclic permutations of y, denoted
{y}*, is called a cycle. If c is the cycle {y}* then ¢! is defined to be {y~'}*.

A 2-complex C consists of three disjoint sets V, E, C where V, E together constitute a
1-complex (called the 1-skeleton C' of C), and where there are two maps ¢ from C to
the set of cycles in C!, and ~':C—C satisfying A~'=(0A) " ,(A" )" '=A,A+A! for
each A in C. The members of C are called 2—cells and 0A is the boundary of A.

The fundamental group of C at a vertex ve V is denoted by =n,(C,v). All 2-complexes
shall be connected, so n,(C,v) is independent of v up to isomorphism. Thus we can
speak of the fundamental group of C, which we denote by =, (C).

A mapping from the 2-complex C to the 2-complex L consists of three functions, one
from the vertex set of C to the vertex set of L, one from the edge set of C to the set of
paths of L, and one from the set of 2-cells of C to the set of 2-cells of L. Denoting all
three functions by the same latter, say ¢, we require that given an edge e in C, we have
d(1(€)) = 1(d(e)), P(z(e)) =1(P(e)), (e ) =¢(e) !, and, for a given 2-cell A of C, ¢(0A)=
d¢(A), and (A" =¢(A)~'. (Here, if 0A={y}*, then ¢(0A) is defined to be {P(y)}*)
If v is a vertex in C and if ¢(v)=u, we have a well-defined induced group homomorph-
ism ¢, from =,(C,v) to n,(L,u).

Let {X;R) be a presentation of the group G. Then we can associate a 2-complex K
with this presentation as follows. The 2-complex K has a single vertex v, and an edge e,
for each x in X together with e;!. Furthermore, for each defining relator x§'...x in R
(x;eX, &= =1, for 1 £i<n), we introduce a 2-cell A with boundary 5A={e§‘l...e§':'}*,
together with A™'. The fundamental group of the associated 2-complex K is isomorphic
to G.

We can represent a given subgroup H of G=(X;R) by a 2-complex K. Firstly
identify G with =n,(K). Then Ky is constructed as follows. The verticies of Ky are the
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right cosets Hy of H in G. (Strictly speaking the elements of n,(K) are equivalence
classes of paths, but we will abuse notation and represent a class by a path in it) The
edges of Ky, are (Hy,e) where e is an edge in K. We define 1(Hy, e) to be Hy and t(Hy,e)
to be Hye. Also, (Hy,e)™'=(Hye,e™"). Let a=e,e,...e, be a path in K!. Then the lift of
o to KJ at the vertex Hy is the path

(H‘)), 91)(H791,ez) (Hyel €,-1,€ n)

For the 2-cells of Ky let R; j, be the lift of R; (R; €R) at Hy. Then R, 4, is a closed path
in K} Attach a 2-cell &, , to K} with boundary {R; u,}* and attach an inverse 2-cell

4, with boundary {R;},}*. There is a mapping ¢:Ky;—K which sends the edge
(Hy,e) to e, and the 2-cell A; , to A}, e= + 1, where dA;={R;}* for R;eR. The induced
homomorphism ¢, :7,(Ky)—n,(K) is injective, and ¢*(nl(KH))=H, whence the isomor-
phism =, (K, )=~ H.

We remark that the edges of K,‘, with second co-ordinate e}
called e;-edges.

If we collapse each edge of a maximal subtree in K! to a point and make the
corresponding alterations to the 2-cells of K, then the fundamental group of the 2-
complex which remains will be isomorphic to =n,(K). These collapses are examples of
mappings of 2-complexes and, by consideration of the induced homomorphisms, it is
clear that further collapsing of edges will give 2-complexes whose fundamental groups
are homomorphic images of =, (K).

! will sometimes be

3. Proof of Theorem 1

By cyclically permuting the relator of G, if necessary, we may assume that i=1. Also,
replacing b by b~?!, if necessary, we may assume that Y 1 <k<jB>0. For simplicity,
denote Y, <, <;Bi by h.

Let K be the 2-complex associated with the given presentation of G and let H be the
normal closure in G of {a,b*}. Then Ky, the covering of K corresponding to H, has
1-skeleton:

FIGURE 1

EM.S—F

https://doi.org/10.1017/50013091500017636 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500017636

266 M. EDJVET
The life of the relator of G at the vertex u has the form

alwaiv,,

where o}, _ 1(“’#) 1, T, (v,)=—1. Collapse all the b-edges apart from b, _,, obtaining a
2-complex K. Then, since we have collapsed a maximal tree, n,(Ky)= H.

Let L be the homomorphic image of n,(Ky) obtained by adding the relations af=1
(0< u<h). Then, using (1), and writing z for b,_,, we have

L={aq,...,a,_1,za5 a'zaz " (0S p<h)).
Again making use of (1), this may be rewritten as
L={aq,...,ay_1,z;a5=1,za,z" ' =al(0< u<h))

for some integer g with hcf(p,q)=1. Adding the relation z#” =1, where ¢ is the Euler
function, then gives a group which is a split extension of the free product L of h cyclic
groups of order p, by a cyclic group of order ¢(p). Since L~F, (usmg conditions (2), (3)
and [4], Theorem 3.7), the result follows.

4. Proof of Theorem 2

Our proof of Theorem 2 takes the form of a discussion and we shall introduce each of
the conditions as we require them. In order to do this it is more convenient to replace
conditions (6) and (7) by the condition:

(9) For eachi (1Zi<m), pql Bi+ - ﬂ,+(, 1)» Where subscripts are reduced mod m to lie
between 1 and m.

It is straightforward to check that conditions (4), (6) and (7) are together equivalent
to conditions (4) and (9).

Let G=<a,b;a*'b?'...a*"bP"y where «,f; are non-zero integers (1<i<m). Assume
that m is composite, say m=rl, (r,I>1). Now suppose that there is an integer ¢>1 such
that:

(10) For each i (1<i<m), the numbers B;+ --- + B;,(,_,), where subscripts are reduced
mod m to lie between 1 and m, are divisible by q.

Assume also that:

(11) There is an integer 2> 1 such that A divides ) .

i=1

Let K be the 2-complex associated with the given presentation for G and let H be the
normal closure in G of {a‘, b% [a,b]}. Then K,, the covering of K corresponding to H,
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has 1-skeleton:

o R a — a) — y
Voo DPoo Vio Doy Vao Vg-20 DPog-2 Vq-10  Pog-1
Laoo ra-x.o ‘kazo 3aq- 20 Vaq- 10
E . 2, . & s . !—lo >—. .)
L4 L4 4 L4
Voi  DPio Vii Dy, Vas Vq-21 Pig-2 Vq-13  Pig-s
"ao; 814 4223 ag-21 $aq-as
a > . , i , 1
4 7 — k4 Sy
. Vo2 by . Va2 b2, . Va2 Vq-22 P2q-2 . .Vg-12 " Piq-a
. .« . . . .. "b-rows"
ad N RO A R | R R
Vor-2 Pa-20 Vir-2 Pa-as Van-2 Vq-2xr-2 Pa-2q-2| |Vg-sa-2 Pa-2q -3
{,ao)\—z Bar-2 y22r-2 aq-za-2 aq-ak-z
G R | RO SV —L! )
Vor—s Pr-j0 Vin-1 Pa-yy Var-s Vq-2r-1 Pa-sq-2| |Vq-1a-s Pa-sq-s
dLaoA—.: Q3A-1 b B2A-1 aqg-2A-3 aq-3A-1
Ly r
"a-columns"

FIGURE 2

Consider the lift R, ,, of the relator of G at the vertex (v,u). By (10), this will involve
edges from at most r a-columns, and will involve edges from the a,-column (={ad":
0<i<2}) provided

v+B,+ - +B,=0modgq

for some ke{l,...,r}. We want to guarantee that the value k, if it exists, is unique; that
is, the lift R, ,, involves edges from precisely r a-columns. This is achieved by requiring:

(4) For 1<i<j<r, the number B;+ --- + B}, is not divisible by q.

It follows from (11) and (4) that the number of edges of the a,-column involved in
R,y Will either be zero or will be

|a,‘| +|°‘k+rl+ e |°‘k+(l—1)y|
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where the number ke {1,...,r}. Moreover,

A-1
'—ZO oaOi(R(v.u)) =ak+ak+r+ e +ak+(l- 1)r
We want the numbers ) /= 0, (R, ), (0Sv<g—1,0Spu<1—1), to have a common
factor greater than 1. By what we have just observed, this will be achieved by requiring:

(5) s=hef{o+a, i+ - Foagoyp+i:15iSr}>1
(Note that (5) implies (11) with 1=s.)
We shall also want information about ) /= 0, (R, ). Assume therefore that:

(9) There is an integer p>1 such that for each i (1<i<m), pq divides the number
Bi+ -+ Bi+ -1y where subscripts are reduced mod m to lie between 1 and m.

(Note that (9) implies (10).)

Then (9) ensures that p divides the numbers ) 253 6, (R, ), 0Sv=q—1,0=5pu<i-1.
Moreover, suppose that R, , involves edges from the a,-column, then (9) and (4)
together imply that:

(*) if alwad! (i,je{0,...,A—1}) is a subword of some cyclic permutation of R, ,),
where @ does not involve any edges from the ay-column, then p divides Y }=4 Op,o(@).

Let K,; be the 2-complex obtained by collapsing all the edges of K, except
{ad',b}':0<i<A1—1}, and let the corresponding images of R, ,, be denoted by R, .
Since we have collapsed a maximal tree in passing from Ky to Ky, 7,(Ky) is a
homomorphic image of H, and has the presentation

7[1(KH)=<ao;'> bo(0=ZigA-1); R(w‘)(0§v§q—1,0§#§1—1)).

Moreover, the choice of edge-set collapsed in obtaining R, , from R, , implies that,
for each (v, ),
A-1 _ i-1
i;) a"o.'(R(V,M)) = iZO aaol-(R(v,u)):
i-1 -1
I.Z-: Tbio(Ru )= ¥ ”b,-o(R(v. )

° i=0

and
A—-1 i-1

T 01,(@)= 3 o1 (0),

i=0

where w is the subword of R, ,, as described in (+) above.
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Consequently, if L is the homomorphic image of n,(Ky) obtained by adding the
relations Ago=QqAgy="""=Qqgr-1, b00=b10="'=b1_10, a%0=l, a.Ild b50=1, then
L={ayq, boo; Tyo="b%o=1). Thus if:

@) (p)#(22),
then G~F, ([4], Theorem 3.7).
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