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Introduction

In arecent paper [1] Adati and Miyazawa studied conformally recurrent
spaces, that is, Riemannian spaces defined by C};, ; = 4,C};, where C};,
is the conformal curvature tensor:

1
Ciie = Rip— 2 (Rigis— Riga+ Ri;6— R, 85)

M) R

(O, — 0",
+ (n—l)(n—2) ( kgu i ]gtk)
2, is a non-zero vector and comma denotes covariant differentiation with
respect to the metric tensor g,;. The present paper is concerned with non-
flat Riemannian spaces V,(# > 3) defined by

(2) C’:jk, m = almC’i.jk

where a,,, is a tensor not identically zero. We shall call a Riemannian space
defined by (2) a conformally recurrent space of second order and shall
denote an n-space of this kind by C(3K,). A Riemannian space whose
curvature tensor satisfies Rl ,,, = d,,, Ri; was called a Recurrent space
of second order by A. Lichnerowicz [2]. Such an #n-space shall be denoted
by 2K,. Evidently every 2K, is a C(2K,,) but the converse is not necessarily
true. Sections 2 and 3 of this paper deal with Einstein and 2-Ricci-recurrent
C(3K,) respectively while section 4 deals with C(23K,) admitting a parallel
vector field. In the last section it will be shown that a Riemannian space
satisfying Wiy, i = a1, W5, where W%, is Weyl's projective curvature
tensor is a C(%K,).

1. Tensor of recurrence in a C(’K,)

We have
(Chijkcwk),zm = 2Chi:ik zmchijk+2cwk,lcwk,m

Therefore, in a C(2K,,)
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(Chifkchﬁk), m = 2al‘m ChijkChijk+2Chijk, lchh'k,m
Hence
2(@1m—8m1) Crin CM* = 0
So either
(i) CpinC¥* =0 or

(11) Ay = Ay
If the space is of positive definite metric and not conformally flat, then (i)
cannot hold and therefore a,,, is symmetric.

Again, if in a C(®K,,), R;; = 0, then from (1) and (2) it follows that
Rl im = @1 RY;, that is, the space is a 2K,. It is already known that
for a 2K, the tensor of recurrence is symmetric. Hence if fora C (2K,)), R;;=0,
then its tensor of recurrence is symmetric. We can therefore state the
following theorems:

TueoreM 1. If a C(3K,)) with positive definite metric is not conformally
[lat, then its tensor of recurrence is symmetric.

THEOREM 2. If for a C(3K,,) the Ricci tensor is a zero temsor, them its
tensor of recurrence is symmetric.

2. Einstein C(CKp)
If a C(®K,) is an Einstein space, defined by R,; = (R/n)g;, then

(2.1) Ritm=0

i3, Im
Let us suppose that an Einstein C(2K,) is a 2K,,. Then R}y, ,, = d,, R};
for a non-zero tensor d,,. Consequently R, ,,= d,,R,;. Therefore in
virtue of (2.1) R;; = 0, because d,,, # 0. Hence R = 0.

Again, if in an Einstein C(2K,,), R = 0 then R,; = 0 and therefore the

space is a 2K, . In an Einstein C(2K,) of zero scalar curvature

(2.2) R

iik,im — @im Rl

Making use of (2.2) and the Bianchi identity we get
(2.3) W Ry s R+t RYyy = 0
Multiplying (2.3) by a; where a4} = g'a,, we have

(2.4) aja,, Ry, +ala,, R, +ala,, Ry, = 0

R;; = 0 implies a,, R}, = 0 by contracting » and £ in (2.3). Hence
al, RY,, = 0. Using this (2.4) reduces to a}a,, R%, = 0. Since the space is
not flat, a}a,, = 0. Thus we have the following theorems:
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THEOREM 3. A mnecessary and sufficient condition that an Einstein
C(2K,) may be a 2K, is that its scalar curvature is zero.

THEOREM 4. In an Einstein C(2K,) of zero scalar curvature aa,, = 0.
We now consider an Einstein C(2K,) of non-zero scalar curvature.
From (2.1) as well as (1) and (2) we have

(2.5) Ryiste,im = @im Dije
where
Thiik = Rhiik_

R
n(n—1) (8ne8ii—Eni8 i)

n(n
Using (2.5) Walker’s Lemma 1 [3], namely
(2‘6) Rhifk, m— Rhﬁk,ml+ Riklm,hi'— Rikl’m, ih+ lehi, ik lehi,k:i =0

reduces to

(2-7) blm Thi:ik+bhi Tjklm+b:ik Tlmhi =0
where

(28) blm = Ay Ay -

Since Ty = T, by Walker’s Lemma 2 [3] we have from (2.7) either
bym = 0 or T},; = 0. Hence we have the following theorem:

THEOREM 5. If a C(2K,,) is an Einstein space of non-zero scalar curvature,
then either its tensor of recurrence is symmetric or it is a space of constant
curvature.

3. 2-Ricci-recurrent C(*Kp)

In a previous paper [4] we called a non-flat Riemannian space a
Ricci-recurrent space of second order, or briefly a 2-Ricci-recurrent space
if its Ricci tensor satisfies

(3.1) Ry = ag R
and R,; # 0 for a non-zero tensor ag;.
We put
(3.2) I, = L R R ]
: 0= l: 4 2 n—1) 8is
and
(3:3) Dy = Ig,—IT} g+ 11,;0—11,,65

where IT} = g"11,,. Then
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(3-4) C?;k = R:'ljk_D:'l:ik
Moreover,
(3.5) I =g%]l, = R

) =&y = 2(n—1)
and

Dy = — D = —Drizs = D
where Dy = g Di;e. Let us suppose that IT,; is a non-zero tensor satis-
fying
(3.6) I = an 11,
where ag; is a non-zero tensor. Then IT ,, = af,II or,
(3.7) Ru=anR

From (3.2) we have

1 R
II; ., = 2 [Rii,kl— 2_(;_%)‘ gﬁ] .

Therefore
1 R 1
—_ R et * H —_— . = * _ o
"2 ikl [ [ 15 + 2(”—1)('}1«—2) gzi] Ay, n—2 ij
Hence
(3.8) Riju= a;:lRij

Conversely, if (3.8) holds, then
IIj 0 = am Il
We can therefore state the following lemma:
LeEMMA. If in a Riemannian space, the tensor II,;, defined by (3.2),
1S a mom-zero temsor, them the space is 2-Ricci-recurrent if and only if
IT; o = ag I1,; for a non-zero tensor ay,.

We now suppose that in a C(3K,), (3.6) holds. Differentiating (3.3)
covariantly we have
D?J'k,tm: l’c‘,l'mgii_HJ"‘,lmgik—l—nii,lmaz—nik,lmé?
Using (3.6) we get

(3.9) D

_ % 1k
ik, im — %im Dig.

From (3.4) we have
h __(h h
Riik,im = Clip,im+ Dije,1m
h % v
= @ym Ciietaim Dig-
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Therefore

(3-10) Rhiik, lm—Rhiik,ml = blmchiik+cl,mDhi:ik

where b,, is given by (2.8) and ¢,,, = a},,—a¥,. Now using (3.10) Walker’s
lemma (2.6) can be written as

(3.11) bzmChi5k+bhiCiklm‘*“bjkctmni‘*‘C;mDhﬁk

+c}IAiDiklm+c;lemhi = 0.

Let us suppose that a,,, is symmetric. Then 4,,, = 0. Hence (3.11) reduces to
(3.12) Cim Drisetni Dsam~+ €5 Domni = 0.

Since
1 D

=0, I, =——|D,— ——g..1].
C“ » 1 n_2[ 2} 2(",‘1) gujl

Hence II;; # 0 implies D, # 0. Also D, = D;,;. Hence applying
Walker’s Lemma 2 to (3.12) we have c;,, = 0. Hence a},, is symmetric.
Next, we suppose that af,, is symmetric. Then c;,, = 0 and it follows from

(3.11) that

(3'13) bl'mChijk+bhicjklm+bikclmhi = 0.

Hence if C,;; 7 0, it follows from (3.13) that b, = 0 whence a,,, is sym-
metric.

We can therefore state the following theorems:

THEOREM 6. If a C(®K,) which is not conformally flat is a 2-Ricci-
recurrent space, then its temsor of recurrence is symmetric if and only if the
tensor of 2-Ricci-recurrence is symmetric.

THEOREM 7. If a C(3K,) is a 2-Ricci-recurrent space, then the tensor of
2-Ricci-recurrence is symmetric if the tensor of recurrence of C(3K,) is so.

4. C(’K,) admitting a parallel vector field

Let us assume that there exists a parallel vector field v* in a C(3K,).
Then v*, = 0. Therefore v* ,,,—v*,, = 0. Hence using the Ricci identity
and the Bianchi identity we have

'R}, =0, VPR, =0
'R}, =0, VR, ,=0.
Therefore,
(4.1) vRY =0, R, =0 v'R,=0.
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From (2) we have v*CY;, ,,, = v'a,,,Cl; o1,

1
v [R’ilik, " (RZ m8i— R?, im8at Ri:‘, im &— Rik, im 5’;)
(4.2)

+ R, lm(azgii_a?gik):l = vlalmcgjk‘

(n—1)(n—2)

Using (4.1) the left hand side of (4.2) reduces to zero. Hence v'a,,,Ct;, = 0.
Thus we have the following theorem:

THEOREM 8. If a C(3K,) admits a parallel vector field v, then either the
space is conformally flat or v'a,, = O.

5. Projective recurrent spaces of second order

A. Riemannian space V,, (n = 3) satisfying

(5.1) W?jk, im = By Wi
for a non-zero tensor a4, where W%, is Weyl's projective curvature
tensor
1
(5.2) W, = R — ) (& R,;,—R,)

shall be called a projective recurrent space of second order.
From (5.2) we have
1
(5.3) Wise,im = Rige,im— —7 (kRy, im =03 Rig, 1m)-

ik, im

Substituting (5.2) and (5.3) in (5.1) we get

1
R?jk,lm a1 (52Ru, lm—é? Ry, -

(5.4) 1

= “;m l:R’i'jk" —1 (617:Ri5—6’;R1’k):| .
Therefore,

, 1 ,
(5.5) R m = a1 Re+ — (R 1m—aim R) 5}
and

, 1 ,
(5.6) Rijim = a1 R+ " (R im—@m R)gi;-
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Again from (1) we have

?jk,lm = R?ﬂc,zm_‘ — (Rllz,zmgij““R;‘, im8ik
n—2
(5.7)

+R,jim &— Riim 5?) + R, (51’:gi5—5?gik)-

(n—1)(n—2)
Making use of (5.4), (5.5) and (5.6) we have from (5.7)
Clitim = Bim Clge-
Hence we have the following theorem:

THEOREM 9. Every n-dimensional (n > 3) projective recurrent space of
second order is a C(2K,).
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