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Modularity of some potentially Barsotti—Tate
Galois representations

David Savitt

ABSTRACT

We prove a portion of a conjecture of Conrad, Diamond, and Taylor, yielding some
new cases of the Fontaine-Mazur conjectures, specifically, the modularity of certain
potentially Barsotti-Tate Galois representations. The proof follows the template of Wiles,
Taylor—Wiles, and Breuil-Conrad—Diamond—Taylor, and relies on a detailed study of the
descent, across tamely ramified extensions, of finite flat group schemes over the ring of
integers of a local field. This makes crucial use of the filtered ¢;-modules of Breuil.

1. Notation, terminology, and results

Throughout this article, we let I be an odd prime, and we fix an algebraic closure Q; of Q; with
residue field F;. The fields K, L, and E will always be finite extensions of Q; inside Q;. We denote
by Gk the Galois group Gal(Q;/K), by W the Weil group of K, and by I the inertia group of K.
The group Ig, will be abbreviated as I;. The character w,, : Gg, — Fi» C F; is defined via

u(_l)l/(l"—l)
(_l)l/(l"—l) ’

Wy @ U

and its Teichmiiller lift will be denoted @,. In particular, w = wy is the mod-I reduction of the
cyclotomic character e. Recall that if p : Gg, — GL2(E) or Wg, — GLy(FE) is continuous and
tamely ramified, then p|;, ®p E is isomorphic either to @' @ &7 or to &' @ L:}ém, depending on the
absolute reducibility or irreducibility of p.

If an l-adic representation p of Gg, is potentially semistable (in the sense of Fontaine [Fon94]),
then one associates to p a Weil-Deligne representation W D(p) over Q;, for example as in [CDT99,
§ B.1]. Then p becomes semistable over K if and only if W D(p)|r, is trivial. The Galois type 7(p)
associated to such p is defined to be the isomorphism class of the representation WD(p)|;, of I;.

Following [BCDTO1] and using the notation of [BM02], we define a collection of deformation
rings. Let p : Gg, — GL2(IF) be a representation over a finite field IF of characteristic [, and assume
that the only matrices which commute with the image of p are scalar matrices, i.e. that p has trivial
centralizer. Fix a positive integer k, and let 7 be a Galois type such that det(7) is tame. We are
interested in lifts p : Gg, — GLa(Q;) of p with the following properties:

i) p is potentially semistable with Hodge-Tate weights (0,k — 1);
ii) 7(p) is isomorphic to 7;

iii) det(p) = ¢*~1y, where y is a character of finite order prime to [.
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Let R%ni" denote the universal deformation ring parametrizing deformations of p over complete
local Noetherian O-algebras, where O is the integer ring of a finite extension of Q; inside QQ; which
contains both the Witt vectors W (F) and a field of rationality of 7. Let p"™V be the universal
deformation. We say that a prime p of RE"" has type (k,7) if there is a field £ D O and a map of
O-algebras
fo: REY — F  with p = ker(fy),

such that the pushforward of p"™™V by [fp satisfies the three desired conditions above. Since O contains
a field of rationality of 7, if 0 € Gg then 77 and 7 are equivalent, and so the definition of type (k, 7)
is independent of the choice of f,. We define

R@hﬂo:%W/ p.
p type (k,7)
When W (FF) contains a field of rationality of 7, we will often write R(p, k,7) for R(p, k, 7)w (r); we
remark in particular that this is always the case for 7 = 05" @ d)ém, which is rational over Q.

In the case k = 2, if there is a surjection O[[X]] - R(p,2,7)o we say that 7 is weakly accept-
able for p. If T is weakly acceptable for p and R(p,2,7)o # (0), we say that 7 is acceptable for p.
The above deformation rings are of particular interest because [CDT99] and [BCDTO01] use the
methods of [Wil95] and [TW95] to prove results of roughly the following form (for a precise state-
ment, see Theorem 1.4.1 of [BCDTO1]): if p is an l-adic representation of Gg such that plgg, is
potentially semistable with Galois type 7 and Hodge—Tate weights (0, 1), such that 7 is acceptable
for p, and with p modular, then p is modular. We remark [BM02, Lemme 2.2.2.3] that

R(p,k,m)or 2 O @0 R(p, k, 7)o,
so when 7 is defined over the fraction field of W (IFF) the acceptability and weak acceptability of 7
for p depend only on R(p,2,7).
In this article, we will prove the following cases of [CDT99, Conjecture 1.2.3].
THEOREM 1.1. Suppose that 7 = @' © @4, where m € Z/(1> — 1)Z and m = (I + 1)j + i with

i=1,...,land j € Z/(l — 1)Z. Suppose also that ﬁ\GQl : Gg, — GLa(IF;), has centralizer IF;, and is
reducible. Then R(p,2,7) # (0) only if p|;, has one of the following forms:

_ Witk e . s
pli, = 0 wlti and if 1 = 2, % is peu ramifié,
(1.2)

witi ok o . .
pl, = 0 witi and if i = | — 1, * is peu ramifié.

In each of these cases, T is weakly acceptable for p.

Combining Theorem 1.1 with [BCDTO01, Theorem 1.4.1], we have the following theorem.

THEOREM 1.3. Let | be an odd prime, E a finite extension of Q; in Q;, and F the residue field
of E. Let p : Gg — GL2(E) be an odd continuous representation ramified at only finitely many
primes. Assume that its reduction p : Gg — GLo(F) is absolutely irreducible after restriction to
Q(+/(—=1)t=1/2]) and is modular. Furthermore, suppose that

® Dlag, has centralizer I

° ﬁ|GQl is reducible and has F; as a field of definition;

* plag, is potentially Barsotti-Tate, and the associated Weil-Deligne representation W.D(play, )

is irreducible and tamely ramified.

Then p is modular.
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Proof. 1f WD(p|GQl) satisfies the given hypotheses, then the Galois type of p is 7 = @' ® oI for
some m not divisible by [ 4+ 1. The hypotheses on p guarantee that p satisfies the conditions of
Theorem 1.1, and the very existence of p implies that R(p,2,7) # (0). Hence 7 is weakly acceptable
for p, and 7 is of one of the forms (1.2). Once we see that (in the terminology of [BCDTO01]) our
T = O © O™ admits each of the two possibilities for p, then by Theorem 1.4.1 of [BCDT01] we
obtain that p is modular.

To verify the admittance statement, one first checks that (in the notation of [CDT99] and
[BCDTO1]) o, = O(x) where x : Fj; — @Q; maps ¢ — ¢™. (The reason for an exponent of —m
instead of an exponent of m is the choice of normalization for the local Langlands correspondence
in [CDT99]: namely, in Lemma 4.2.4(3) of [CDT99], we note that since 7,9 = @5 ', the character
@9 corresponds to ¢ +— ¢ 1) Since m = i+ (I +1)j with i € {1,...,1} and j € Z/(l — 1)Z, we
may similarly write —m = (I +1 — i) + (I + 1)(—1 — j). By Lemma 3.1.1 of [CDT99], 0, ® F,
contains as Jordan-Holder subquotients (again, in the notation of [BCDTO1]) the representation
Ol—1—i,—j (lf’L 75 l) and 0i—21—i—j (le 75 1) From the definitions in [BCDTOL § 13], Ol—1—i,—j
admits (WIOH w;;j) with * peu ramifié if ¢ = [ — 1, while o;_5;_;_; admits (“’ioﬂ wl*ﬂ') with * peu
ramifié if ¢ = 2, as desired. O

Thus we obtain new cases of the Fontaine-Mazur conjectures [FM95] conditional on the
modularity of the residual representation (see [Ser87]). For another approach to these conjectures,
see [Tay02].

Remark 1.4. Once a theory of Breuil modules with coefficients (see § 3) is sufficiently well developed,
it should allow one to remove from Theorem 1.3 the hypotheses that p is a representation defined
over F; (instead of over an arbitrary finite field of characteristic 7). One should also then be able to
use our methods to address Conjecture 1.2.3 of [CDT99] in the case of irreducible ﬁ\GQl.

Ezxample 1.5. Let C be the genus four curve
VA @+t )y =25 — a2t — 223 — 42 — 22 -1,

and let J = Jac(C). In [Bru95], Brumer gave families of curves with real multiplication by /5
over , including the family

v+ @+ r+1+te(@®+2)y=>b+(1+3b)z+ (1 —bd+ 3b)x? + (b— 2bd — d)x® — bdzx*.

Setting b = ¢ = d = —1 and substituting y = 3’ + 22 yields the curve C. Hence J carries real
multiplication by /5, and the Galois representation on the five-adic Tate module of J may be
regarded as a two-dimensional representation py5 : Gg — GL2(Qs5(v/5)). In computations
performed jointly with Stein, we verify that p; 5 satisfies the hypotheses of Theorem 1.3, and so J
is modular. Gonzalez-Jiménez and Gonzalez [GJGO3] have shown the existence of a non-constant
map X;(175) — C, and so J is also modular for that reason.

The remainder of this article is concerned with the proof of Theorem 1.1.

2. Deformation theory

Henceforth p and p will denote representations of Gg,. All group schemes in this article are
commutative.

2.1 Weil-Deligne representations: the Barsotti—Tate case

When p : Gg, — GLg4(F) is potentially Barsotti-Tate, we provide an alternate description of
W D(p), directly following Appendix B.3 of [CDT99]. Suppose p becomes Barsotti-Tate over a

33

https://doi.org/10.1112/50010437X03000289 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000289

D. SavIiTT

finite Galois extension K of Qy, so that p|g, arises from an [-divisible group I' over O. Write O
for the integers of F, let k be the residue field of K, and let ¢ denote the arithmetic Frobenius
on W (k).

By Tate’s full faithfulness theorem (Theorem 4 of [Tat67]), I" has an action of Gal(K/Q;) over
the action of Gal(K/Q;) on Spec(Ok). This reduces to an action on the closed fibre I' x k. Let ¢
be the Frobenius endomorphism of the closed fibre of I'; then we produce an action of W; on I /i
by letting g act via g|x o ¢~(9).

This above action of W; is a right-action. It therefore translates into a left-action on the
contravariant Dieudonné module D(T ). Then D(T' ) is a free W (k)-module of rank d[E : Q]
with an action of the Dieudonné ring W (k)[F,V]. (Recall that in this ring we have the relation-
ships: F acts o-semilinearly on W (k), V acts o~ l-semilinearly on W (k), and FV = VF =1.)

Next, we define an action of W; on
D'(T i) = Homyy (1) (D(T i), W (k)). (2.1)
We set ¢/(f) = 0o fo F~'on D'(I'))[1/1], and for g € Gal(K/Q;) we set g(f) =go fo g *,
where g is the map g induces on W (k) and g~! is the semilinear action on D(T' ;) coming from the
semilinear action on I'. Finally, as usual, we let T act on D'(T i) by letting g act as g[x o (¢/ )~

Finally, we note that the action of O on I' propagates through all of the above constructions,
and we have [CDT99, Proposition B.3.1]

WD(p) = D'(T i) ®w )@y, 0 Q-

2.2 Dieudonné module calculations

For the rest of this article, we fix 7 = &5* ® cbém, and the following notation. Let Q;2 be the copy
in Q; of the field of fractions of the Witt vectors W (F;2), and let = be a choice of (—l)l/igfl.
Let H = Q(m), H = Qp(n). Note that 7|7, is trivial. We will regard an element ¢ € F}; as an
element in W ([F;2) (and hence in Qj2) via the Teichmiiller lifting map. Let g¢ denote the element of
Gal(H'/Q) fixing Q2 and sending 7 to (7. Let ¢ denote the element of Gal(H'/Q;) fixing 7 and
extending the non-trivial automorphism of Q2.

Suppose p : Gg, — GL2(F) is a potentially Barsotti-Tate representation with Galois type 7 and
with determinant

det(p) = € - Teich(w ™! det(7)),
where ‘Teich’ denotes the Teichmiiller lift.

We now specialize the discussion of § 2.1 to this situation. We know 7|, is trivial, and so p
becomes Barsotti-Tate when restricted to G . Consequently, we obtain an [-divisible group I' over
Op such that the Tate module of the generic fibre of T is p|g,,,. The residue field of H' is k = Fp2,
the Witt vectors W (k) = Z;2, o is the Frobenius automorphism of Z;2, and in the notation of § 2.1
the map g, is the identity for each ¢, and the map ¥ = o.

We saw in § 2.1 [CDT99, Proposition B.3.1] that

WD(p) = D'(T/p,) @20, 05 Q, (2.2)

where g € W, acts on the right-hand side via g|g o (¢/)"9). In particular, I; acts via I; —»
Gal(H'/Qp2), and since v([;) = 0, no untwisting is needed.
Since 7 = O @ @Y™, there exist basis elements v, w of D'(Tr,,) ®z505,05 Q; so that for g € I
9(v) = &3 (g)v and g(w) = &y (g)w.
For ¢ € Fj2, by definition we have
wy'(g¢) = (g¢(m)/m)™ = ¢™,
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and similarly @™ (g¢) = ¢!™. Thus g¢(v) = ("™v and g¢(w) = ¢("™w . Similarly, we find gé(v) = (lmy
and gé(w) = ("w, from which we conclude that g; + gé acts on D’(F/]Fl2) ®Z,2®z,0% Q; by scalar

multiplication by ¢™ + ('™, whereas gé“ acts by scalar multiplication by ¢(¢+Dm, (The action is

linear, and not semilinear, since the image of I; — Gal(H’/Q;2) acts trivially on the coefficients Z;2.)

We now wish to use Equation (2.1) and the action g¢(f) =g¢o fo gé_l =fo gc_1 on D’(F/]Fﬂ)
to understand the action of g¢c on D(I'p , ).

Since D'(T’ /]Fﬂ) is a free module, the actions of g and gé must sum and multiply on D'(T /]Fﬂ)
to scalar multiplication by ¢™ + ¢! and ¢U+)™  respectively. If f € D’(F/]Fﬂ), we know g¢(f(x)) =
f(gc_lx) with 2 € D(I'/p, ). It follows that f((gc_1 + gc_l)x) = (g¢ + gé)f(:l:) ="+ ™ f(z) =
F((¢™ + ¢"™)z). By freeness, for any non-zero z € D(Tr,,) we can find f € D’(I‘/Flg) which does
not vanish on x, so we conclude that gc_1 + gC_l acts as scalar multiplication by (™ +¢'™ on D(T /F,2 ).
Replacing ¢ by ¢(~', we have found that

g¢ + gé acts as scalar multiplication by ¢™™ + ¢~ on D(F/]Fﬂ). (2.3)
Similarly
géﬂ acts as scalar multiplication by (_(Z‘H)m on D(I‘/Flg). (2.4)

We next wish to see what the determinant condition tells us about D(T" /Fﬂ). Let x; denotes the
one-dimensional unramified character of W; sending arithmetic Frobenius to [, and let

x = Teich(w™* det(ﬁ))|w®l ®r Q.

By the examples in § B.2 of [CDT99] and since WD is compatible with tensor products, we have
W D(det(p)) = xix. Let s be any lift of ¢ to W, so s is a lift of arithmetic Frobenius but fixes F'.
Since WD is compatible with the formation of exterior products, we know det(WD(p)) =
W D(det(p)), and in particular det(W D(p)(s)) = (T, where T = Teich(w~!det(p))(s) = Teich
(det(p))(s). (We have w(s) = 1 since s fixes F'.) Note that 7" depends only on p, not on p or the
choice of s.

We claim that Trace(W D(p)(s)) = 0. Since
_ (w2 0

and since for any u € I; we have the relationship WD(p)(sus™") = WD(p)(u'), a quick calculation
shows that W D(p)(s) must act via a matrix (9§ ). Therefore, we have shown that W.D(p)(s) satisfies
the characteristic polynomial X2+ (T = 0. By Equation (2.2), and since D’(T’ /]Fﬂ) is free, the action
of s on D'(T /Fﬂ) must satisfy this same polynomial.

For D(T'jg,, ), note that if f € D'(I'jg,)[1/1] then
s(f)(@)=wo (@) (f)x) = (o(c™ o fo F)o p)(z) = f(Fo o))
for x € D(T"). Then

$(f)(@) = F(F? o [p](2)) = f(F?(@)).
Since s? +1T =0 on D'(Tg,,), we learn that f((F?+1T)x) = 0 for all z and f, and consequently

F?2 +1IT = 0 on D(Tr,,). Applying V' to both sides of this equation we see F(FV) + TV =
LF +1TV =0 and since D(I'jp,, ) is free we obtain the relationship

F+TV =0 (2.5)
on D(I‘/Fﬂ).
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2.3 Deformation problems
We will make use of the following definitions, essentially following § 4 of [BCDTO1].

DEFINITION 2.6. If X is a scheme over Spec A and g : A — B is a ring homomorphism, let 9 X
denote the pullback of X by g. Suppose that K/L is an Galois extension of fields over Q;, and let
G be a group scheme over Ok . By generic fibre descent data from K to L, we mean a collection of
isomorphisms
l91: G —7G

for ¢ € Gal(K/L) satisfying the compatibility conditions [gh] = (9]h]) o [g]. The pair (G, {[g]}),
which we will sometimes abbreviate as G, is a group scheme with descent data. Note that since
Ok /Oy, is not necessarily étale, we do not necessarily obtain a descended group scheme over Or.
However, since K /L is étale we can descend the generic fibre as usual, and we denote the descended
L-group scheme by (G,{[g]})r. By the descended Gp-representation of (G,{[g|})r, we mean the
representation of G, on (G, {[g]})1(Q)).

DEFINITION 2.7. If G is a finite group scheme over a field L/Qy, then an integral model of G is
a finite flat group scheme G over Op, such that G xp, L = G. More generally, if K/L is a Galois
extension, then an integral model of G with descent data over O is a finite flat group scheme
(G,{lg]}) over Ok with descent data to L such that (G, {g]})rL = G.

Fix p: Gg, — GL2(F;) a reducible Galois representation with centralizer Fy, let M5 denote the
standard F;-vector space on which Gg, acts via p, and let T' = Teich(det(p))(Froby).

We let S(p) denote the full subcategory of the category of finite length discrete Z;-modules
with Z;-linear action of Gg, consisting of objects which admit a finite filtration such that each
graded piece is isomorphic to M. Let S be the full subcategory of S() consisting of objects X
for which there exists a finite flat Op-group scheme (G, {[g]}) with descent data to @Q; such that
X 2 (G, {[9]}a, (@) as Z;[Gg,]-modules and such that [¢]+[¢]' — (¢™™+¢7'™) and [¢)!F! — ¢~ (HDm
for all ¢ € F};, as well as F' + T'V, annihilate the Dieudonné module D(G x F2).

From Lemma 4.1.3 of [BCDTO01] it follows that S is closed under finite products, subobjects,
and quotients. Following § 4.3 of [BCDTO01], define the set-valued functor D% z, on the category

of complete Noetherian local Z;-algebras with residue field F; by letting Dg ZZ(R) be the set of
conjugacy classes of continuous R-representations such that pmodmpg is conjugate to p and such
that for each open ideal a C R the action of p makes (R/a)? into an object of S.

By a theorem of Ramakrishna [Ram93], if Dgzl (F;) is non-empty, then the functor D% 7, 18
representable; in this case, let Rg 7 denote the resulting deformation ring. We have the following.

PROPOSITION 2.8. If Dgzl (F;) is non-empty, then there is a surjection

Rgzl — R(p,2,71).

Proof. Let R%“i" denote the universal deformation ring for p, and let

T = ker(RS"™ — RS, ).

It suffices to show

TCker(RO™Y - RE2m) = () p= () 6.0)
p type 7 iz1p type T
In other words, we need to show that each map R%ni" — R%ni" /(p,1%) factors through R%ni" —» Rg 7

Let p denote the representation arising from R%ni" —» R%ni" /(p,1"). Since p has type 7, there is an
extension E/Q; and an exact sequence 0 — p — R%niv — F so that the resulting p : Go, —
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GLy(F) is of type 7. The results of § 2.2 produce an [-divisible group I'/Op satisfying the desired
relations on the Dieudonné module of its closed fibre and whose generic fibre representation is p|g,,, -
The ["-torsion I'[l"] is the desired finite flat group scheme with descent data which shows that the
conjugacy class of p is indeed in Dg 7, (R%niv /(p,1%)). O

COROLLARY 2.9. HD%,ZZ (F;) is non-empty, then the dimension of the tangent space of R(p,2,T) is
at most the dimension of the tangent space of Rg 7

The rest of this article will be concerned with the proof of the following theorem.

THEOREM 2.10. If R(p,2,7) # (0), then D‘%Zl (IF;) is non-empty. In this case, p|y, is of one of the two
forms (1.2), and up to isomorphism there is exactly one finite flat group scheme (G, {[g]}) over Op
with descent data to Q; such that (G,{[g]})q, = p and such that D(G x Fj2) satisfies the relations
(2.3)—(2.5). The space of extensions of (G, {[g]}) by (G, {[g]}), in the category of finite flat O -group
schemes with descent data, whose Dieudonné modules satisfy these relations, is one-dimensional.

This theorem evidently implies that if R(p,2,7) # (0) then R%Zl exists and has a one-dimensional
tangent space, which completes the proof of Theorem 1.1.

2.4 Strategy of the calculation

If R(p,2,7) # (0), then there exists a prime p of type 7. Hence there is a lift p of p which arises
from an [-divisible group I' over Ops with descent data to Q; and satisfying the Dieudonné module
relations (2.3)—(2.5). Then the [-torsion I'[!] is filtered by integral models for p with descent data,
so we see that D‘g z,(F1) is non-empty.

It remains to determine all (reducible) p for which there exists a group scheme (G, {[g]}) over
Op with descent data to Q, such that (G,{[g]})q, = p, and such that the Dieudonné module of
G satisfies relations (2.3)—(2.5); to show that when such a group scheme with descent data exists,
there is exactly one of them; and, in this case, to compute the extensions described in Theorem 2.10.

Note that since p is reducible, any integral model with descent data for p over Ops is an
extension of rank-one group schemes which are integral models for the sub and quotient characters
of pla,,, and by a scheme-theoretic closure argument (see [Ray74] or Lemma 4.1.3 of [BCDTO1])
this is actually an extension in the category of integral models with descent data. In § 3, we describe
the category of Breuil modules with descent data, which is anti-equivalent to the category of finite
flat [-torsion group schemes with descent data. Breuil modules here will play the role played by
the Honda systems in [Con99]. We compute all of the rank-one Breuil modules with descent data
over a tamely ramified extension, and identify explicitly the Galois characters to which these Breuil
modules with descent data correspond. We next classify all of the (rank-two) extensions, in the
category of Breuil modules with descent data, of these rank-one Breuil modules with descent data,
after which we may discard from consideration those Breuil modules with descent data which do
not correspond to group schemes satisfying relations (2.3)—(2.5) on their Dieudonné modules.

We will indeed see that the only p for which integral models exist that admit generic fibre
descent data satisfying the desired Dieudonné module relations, are exactly those of the form (1.2).
Moreover, for each such 7 this integral model with descent data will be seen to be unique (up to
isomorphism). We complete the proof of Theorem 2.10 by calculating Ext! (M, M), in the category
of Breuil modules with descent data, for the Breuil modules with descent data M corresponding
to these integral models with descent data, and checking that the space of extensions satisfying the
Dieudonné module relations is at most one-dimensional.
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3. Review of Breuil modules with descent data

3.1 Breuil modules

We remind the reader that the prime [ is odd. Let K/Q; be a finite extension, and suppose K has
integers O, ramification index ey, and residue field k. Fix a uniformizer = of O. A Breuil module
(M, My, ¢1) for K consists of the following data:

e a finite-rank free k[u]/u®%!-module M;
e a submodule M; C M such that M; D u®5< M;
e an additive map ¢1 : My — M such that ¢, (hv) = hl¢;(v) for any h € k[u]/u¢s! and v € My,
and such that the k[u]/u¢%!-span of ¢1(M;) is all of M.
Morphisms of Breuil modules are k[u]/u¢%!-module homomorphisms which preserve M; and
commute with ¢;. The rank of a Breuil module is defined to be its rank as a k[u]/u®%'-module.

Breuil [Bre00] has proved the following theorem.

THEOREM 3.1. There is an (additive) contravariant equivalence of categories, depending on the
choice of the uniformizer m, between the category of Breuil modules for K and the category of finite
flat group schemes over O which are killed by [. The rank of the Breuil module is the same as the
rank of the corresponding group scheme.

When the field K and uniformizer 7 are clear from context, by the Breuil module correspond-
ing to a group scheme we will mean the Breuil module obtained from the group scheme via this
equivalence (and vice versa).

The Breuil module functor has numerous useful properties: for example, a short exact sequence of
group schemes maps under the functor to a short exact sequence of Breuil modules, and a sequence
of Breuil modules is short-exact if and only if the underlying sequence of k[u]/u®%!-modules is
short-exact [BCDTO01, Lemma 5.1.1.]. This will allow us directly to compute the Exts of Breuil
modules.

There is a very useful compatibility between Breuil theory and contravariant Dieudonné theory.
Let u®s — IG(u) be the minimal polynomial of 7 over W (k), and let ¢; = —Gr(u)! € k[u]/ux’.
On any Breuil module, define ¢ : M — M via ¢(v) = (1/¢r)d1(ucv). Note that v v € My
by definition. Then [BCDTO01, Theorem 5.1.3(3)] if M is the Breuil module corresponding to the
group scheme G (with 7 as our fixed uniformizer), there is a canonical k-linear isomorphism

D(G) ®x Frob, k = Mz /uMx, (3.2)

under which F' ® Frob; corresponds to ¢ and V ® FI‘Ob;l corresponds to the composition

MjuM P My JuMy — M JuM.

(One can see that ¢1 mod u is always bijective.)

3.2 Rank-one Breuil modules

It is a straightforward exercise [BCDTO01, Example 5.2] to check that the rank-one Breuil modules
are of the form

M = (k[u]/ue, My = (k[u]/ucYu"e, ¢1(u"e) = ae
with 0 < r < eg and a € (k[u]/u®s")*. We will denote this module as M(r, a). The reader may verify
that non-zero homomorphisms M(r,a) — M(ry,a1) exist if and only if r; > 7, 7y =7 (mod [ — 1),
and a/a; € ((k[u]/u¢x")*)!=1, and are given exactly by the linear maps e — bu!("=7)/(=De; where
b'=! = a/a;. In particular, any rank-one Breuil module M(r,a) is isomorphic to M(r,a(0)),
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where a(0) € k* is the constant term of a. Therefore, in the remainder of this section we will
assume that a € k*.

From 3.1.2 of [Bre00], the affine algebra underlying the group scheme corresponding to M(r,a)

IS o)/ (x4 5t

where a denotes the Teichmiiller lift of a. We note that we may say even more, namely that the
comultiplication on this algebra is exactly that which one would expect from the Oort—Tate classi-
fication, which leads us to Lemma 3.3.

LEMMA 3.3. Set C = (7°5"a)/Gr(m) € O. The group scheme corresponding to M(r,a) (under the
fixed choice of uniformizer ) is isomorphic to the group scheme with affine algebra O[X]/(X!'+CX)
and comultiplication

Xlz

X|—>1®X+X®1——Z; (3.4)

wy—;’
where the units w; € Z, are as defined in § 2 of [OT70].

Proof. If r < e, so that C' is divisible by m, one simply needs to note that
OX]/(X' + CX) = O[X]/(X' + C'X)

if and only if C/C" € (0*)!~!. By the Oort-Tate classification, the group scheme corresponding to
M(r,a) is isomorphic to some Spec O[X]/(X! 4+ C’X) with comultiplication as in Equation (3.4)
with C” in place of C. Since C’/C € (0*)!1, it is therefore also isomorphic to Spec O[X]/(X!4+CX)
with comultiplication (3.4).

If r = eg, the Dieudonné module compatibility (3.2) shows that the classical Dieudonné module
of the closed fibre of the group scheme corresponding to M (e, a) is isomorphic to

k[F,V]/ <F+%(O),V) ,

where the ring k[F, V] is non-commutative if k # F;, satisfying Fox = 2'F, V2! = 2V for z € k,
and F'V = VF = 0. We recall from § 3 of [OT70] that the Dieudonné module attached to the group

scheme
-1

X Xl—i
k[X]/(X' — aX), X+—>1®X+X®1+BZ—®

(=)
with af = 0 is k[F,V]/(F — o,V — g}, If the group scheme corresponding to M(ex,a) is
isomorphic to Spec O[X]/(X! + CX) for some C € O with comultiplication (3.4), it follows that

C € O*, and that the image of C in k differs from that of —a/G-(0) by an (I — 1)st power.
Noting that G (0) and G (7) have the same image in k, the claim follows using Hensel’s lemma. [

3.3 Generic fibre descent data

A group scheme with descent data (G, {[g]}) corresponds to a Breuil module with descent data.
With the notation of Definition 2.6, in the case where K/L a is tamely ramified Galois extension
with relative ramification index e = e(K/L), and the uniformizer m of K satisfies 7¢ € L, the
description of the generic fibre descent data is fairly simple. (In the wild case, it is decidedly not.)
The following description has not appeared in the literature, but is essentially a transcription from
an unpublished preprint of Conrad [Con], included here by permission.
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THEOREM 3.5. If K/L is a tamely ramified Galois extension and n¢ € L, then giving generic fibre
descent data on (M, My, ¢1) is equivalent to giving, for each g € Gal(K /L), an additive bijection
lg] : M — M satistying:

e cach [g] preserves My and commutes with ¢1;

e [1] is the identity and [g][h] = [gh];

e glau'v) = g(a)(zu)’
Teichmiiller lift.

g(v), where g(m) = zm and a € k is regarded as being in K via the

Moreover, this generic fibre descent data is compatible with Dieudonné theory (3.2).

To see that this description follows from the (significantly) more involved description, found in
§ 5.6 of [BCDTO1], of generic fibre descent data over general (i.e. possibly wild) field extensions, we
again quote from [Con]: observe, in the notation of [BCDTO01], that we can choose Hy(u) = g(m)/7
a root of unity, so t, = 0 for all g, f4, 4o = 0 for all g1, g2, and therefore 1,4, 4, is the identity.

Given two Breuil modules M', M” with descent data, an extension in the category of Breuil
modules with descent data is an extension of Breuil modules

0o-M-M-M -0
with generic fibre descent data on M such that for all [g] the following diagram commutes:
0 M M M 0

l 9] l 9] l g]

0 M M M 0

If M is a Breuil module with descent data corresponding to a group scheme G with descent data
from K to L, then by the descended L-group scheme (respectively Gp-representation) of M, we
mean the descended L-group scheme (respectively Gp-representation) of G.

For any further facts about Breuil modules which may be necessary, the reader can refer to § 5
of [BCDTO01]. We now begin the computations needed for the proof of Theorem 2.10.

4. A Galois cohomology lemma

Let K/L be a tamely ramified Galois extension of Q, let k/1 be the extension of residue fields, let
e = e(K/L) be the ramification index, and let 7 € K be a uniformizer such that 7¢ € L. For ease
of notation, we will identify the elements of k with their Teichmiiller lifts in K.

LEMMA 4.1. With the above notation, let n be a positive integer and let G = Gal(K/L) act on
K[u] /u" via 9(3") a;u’) = 3270 g(ai) (g7 /7) w'. Under this action:

e HY(G,k[u]/u™) =0 for all ¢ > 0;

o #H'(G, (k[u]/u")*) =e.
The non-zero elements of H(G, (k[u]/u™)*) are represented by the cocycles g +— (gn/w)¢, for
0<i<e.

Proof. Let k; denote the additive group k with the G-action g -a = g(a)(gn/7)". Let I denote
the inertia subgroup of G, and let Ky = K! be the maximal unramified extension of L inside K.
Then H%(1,k;) = 0 for all ¢ > 0 as #k; is a power of [ whereas #I is prime-to-l (since L/K is
tame). As a result, the Hochschild—Serre spectral sequence provides an isomorphism

H(G/1k]) = H(G k)
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for all g. We compute: a € k! if and only if g(a)(gm/7)" = a for all g € I, if and only if an’ € Ko.
Noting that a € Ky, if a # 0 then 7° € K, and in this case we see by considering the valuation
that i is divisible by e. Hence either k! = 0 or k! = k with the usual action of G/I = Gal(k/1).
In both cases HY(G/I,k!) =0, and so HY(G,k;) = 0 for all 4 and all ¢ > 0.

Now the first claim of the lemma follows immediately from the isomorphism k[u]/u" = @?;01 k;.
To see the second claim, observe that we have a short exact sequence of G-modules

0 — {1+ au™ + v Mku) /u"} — (K[u] /") — (k[u]/u™)* —0 (4.2)

and note that the first module in the sequence (4.2) is isomorphic to k,, when n > 1. From the
long exact sequence of cohomology associated with Equation (4.2) and the vanishing of H(G, k)
and H?(G,k,) we obtain an isomorphism H'(G, (k[u]/u"t1)*) = HY(G, (k[u]/u™)*) for all n > 1.
Hence HY(G,k[u]/u") = H'(G,k*). By another application of the Hochschild-Serre spectral
sequence, we obtain

0— HY(G/I, (k")) - HY(G,k*) — H'(I,k*)T — H>(G/I, (k). (4.3)

Inertia acts trivially on k, and so the first and last groups in Equation (4.3) vanish by Hilbert’s
Theorem 90 and by the triviality of the Brauer group of finite fields, respectively. Therefore

HY(G,k*) = HY(I, k)% =~ Hom(I,k*)%/!,

The right-hand side evidently is not bigger than e = #1I, and so to complete our proof we need
only to show that the cocycles g +— (gn/7)" for 0 < i < e lie in distinct cohomology classes.
It suffices to show that they are non-trivial if ¢ # 0. However, if b € (k[u]/u™)* is such that
(gm/7)" = b/ gy for all g € G, then since the left-hand side of this equality has no terms involving
u we find (g /m)" = b(0)/g(b(0)) for all g € G as well. Then b(0)7* € K¢ = L, and by considering
the valuation we see that e | 4, so i = 0. O

5. Rank-one modules

We retain our notation from § 4, so in particular K/L is a tamely ramified Galois extension of
local fields with ramification index e = e(K /L), and 7 € K satisfies 7¢ € L. We let ex = e(K/Q;)
denote the absolute ramification index of K, and G' = Gal(K/L) acts on k[u]/u¢x! as in Lemma 4.1.
We will frequently need to divide various integers by the greatest common divisor (I — 1,¢), and so
we make the following definition.

DEFINITION 5.1. If x is any integer, then 2’ will denote z/(l — 1, e); moreover, use of the expression
a2’ will implicitly mean that x is divisible by (I — 1,e).

It is often useful that 2’y = zy’. Finally, we choose U an integer which is an inverse of (I — 1)’
modulo €/, and let V' satisfy
Ul-1)=1+Ve. (5.2)
When [ — 1 | e, for example, we will always choose U =1, V = 0.

ProrosiTION 5.3. Consider the category of Breuil modules for O with m as the fixed choice of
uniformizer.
i) A rank-one Breuil module M(r,a) admits generic fibre descent data from K to L if and only
if r is divisible by (I — 1,€) and a € 1*((k[u]/u®)*)!~1.
ii) For each 0 < 1’ < ey, a e 1*, ce Z/(l —1,e)Z, define My(r,a,c) to be the Breuil module
M ((r,a) with descent data given by [gle = (gr /7)€ "Vl e, extended G-semilinearly to additive

bijections on M. Any rank-one Breuil module with descent data from K to L is isomorphic to
some My (r,a,c), and My (r,a,c) = My(s,b,d) if and only if r = s, ¢ = d, and a/b € (1*)'~1,
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Proof. The first statement of the proposition follows immediately from the second, and from our
understanding of maps between rank-one Breuil modules. It is straightforward to check that the
additive bijections in item ii do indeed define generic fibre descent data.

Suppose now that M(r,a) admits generic fibre descent data given by [g]le = Aje. We make the
following observations:

i) We have [h][gle = [h](Aze) = "AjApe, and so Ap, = "A Ay,
ii) Replacing e by & = be as the standard basis vector, we find ¢;(u"€) = b'~'aé, and [g]é =

gp/bAgeE.

Therefore g — A, is a cocycle in H*(G, (k[u]/u%!)*), while replacing e by be multiplies this cocycle
by the coboundary g — g,/b. As a consequence, by Lemma 4.1 we may make a choice of e so that
Ay = (gm/m)k for some k.

Having done this, we calculate
e ]C+’f‘ T lk+lr
o) = an (1) wre) = ()" e
7r m
while

glon(u'e) = [glae = (1) Cae
Equating these two expressions, we find
(gﬂ-)(l—l)kz—f—lr 9q
T
We conclude that g — (gr/7){=DE+ s a coboundary, and therefore e | (I — 1)k 4 Ir (see the proof

of Lemma 4.1). From this, we easily see that (I — 1,¢e) | r and therefore that k£ must be of the form
e'c — Ulr' for some c € Z/(1 — 1,e)Z.

Since e | (I — 1)k + Ir it also follows that 9a/a = 1 for all g € G and so a € ((k[u]/u¢x)*)¢ =
(1[u®]/ucxt)*. We note, however, that replacing e by & = be with b € ((k[u]/u°x!)*)% leaves A,
unchanged but replaces a by ab!~!. Since

((ue]/u!) )=t = )M+ ulu] fus),

the remaining statements in the proposition follow easily. O

Example 5.4. Recall our notation from § 2.2. We are interested in describing the rank-one Breuil
modules over Ops with descent data from H’' to @ using a choice of 7 = (—=)Y~1 as our
uniformizer. In this case the ramification indices are e = ey = [ — 1 and the residue field of H’
is Fj2, so these are rank-one modules over Fjz [u] /u'®*~1. Since [—1 | e, we choose U = 1 and V = 0.
Whenever U = 1, we drop the subscript U from My (r, a,c).

Recall that Gal(H'/Q) is generated by ¢ and the g¢, subject to the relations g?*l =1 and

pgcp = gé for all ¢ € Fj2. Since H'/Q; is tamely ramified and n¢ = —I € Q;, we conclude from
Proposition 5.3 that the desired Breuil modules with descent data are the M(r,a,c) given by

M=(e), M= Ve), ¢ Ve)=aqe

for a € F* and r = /(1 — 1) with 0 <’ <14 1, and generic fibre descent data given by [¢](e) = e
and [¢](e) = ¢HDe~e with ¢ € Z/(1 — 1)Z. (We will abbreviate [g;] by [¢].) For different triples
(rya,c), M(r,a,c) are non-isomorphic.
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6. Identification of rank-one Breuil modules with descent data

We now give an argument which identifies the Breuil modules with descent data from § 5, in the
following sense: the Breuil module My (r,a,c) corresponds to a finite flat group scheme Gy (r, a, c)
over O with descent data, and we wish to determine the finite flat group scheme Gy 1 (r,a,c)
over L to which the generic fibre Gy (r, a,c) /i descends. That is, we will compute the character
xvL(r,a,c) : G, — F) obtained as the Galois representation on Gy r(r,a,c)(Q;). If L’ is any
field lying between L and K, we may similarly define the character x¢ 1/(r,a,c) of G/ obtained
by restricting descent data to Gal(K/L'). We will sometimes write xy(r,a,c) as shorthand for
xu,L(r, a,c).
To begin, we note the following lemma.

LEMMA 6.1. There is a non-zero homomorphism from My (r,a,c) to My (s,b,d) if and only if r < s
andr=s (modl—1),a/bc (1)~ andc=d+V(r—s)/(l—1) (mod (I —1,¢)).

Note. Henceforth, we will always let e denote the standard basis vector of M (s,b,d) and € the
standard basis vector of My (r,a,c).

Proof. Ignoring generic fibre descent data for the moment, the descent dataless analogue of this
lemma (e.g. part 2 of Lemma 5.2.1 in [BCDTO01]) states that we have a non-zero map from M(r, a)
to M(s,b) if and only if r < s, 7 = s (mod I — 1), and a/b € (k*)!~!, and moreover all such maps
are of the form € — aul(G="/(=D)e for o € k*. Such a map is exactly compatible with generic
fibre descent data when

N (@)6’C—Ulr’ L= /-1 — o) (@)l((S—r)/(l—l)) (g)e’d—ws’ L= /=)

s s m

for all g € G. This amounts to a € 1* and

S—rTr

de—Ulr'=éd—Uls +1 (l—1> (mod e);

this congruence is easily seen to be equivalent to

c—dzv<’l":f> (mod (I—1,¢)). 0

COROLLARY 6.2. If r = s (mod [ — 1), then xu(r,a,c) = xv(s,a,c+ V((s —r)/(l —1))).

Proof. Putd =c+V((s—r)/(l—1)) € Z/(l—1,e)Z. Suppose r < s. A non-zero map My (r,a,c) —
My (s, a,d) exists by the previous lemma, and arises from a non-zero map Gy (r, a,c) — Gy (s,a,d)
compatible with generic fibre descent data. Therefore we get a map Gy r(r,a,¢) — Gy r(s,a,d)
which is non-zero. This amounts to a non-zero map of Galois modules of order [, so is therefore an
isomorphism, and we find xy(r, a,c) = xv(s,a,d). If s < r, the maps go in the other direction but
the conclusion is the same. O

THEOREM 6.3. Let
A= —la(z®)Vr' Ve e,

Then xy(r,a,c) : G, — F[ is the character

‘ g()\l/(lfl))
W9

Before we give the proof of Theorem 6.3, we need the following lemma.
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LEMMA 6.4. Let G be a group scheme of order | over Ok with descent data from K to L, such
that by the Oort-Tate classification G = Spec O [X]/(X! +CX) with comultiplication (3.4). If g €
Gal(K/L), then the generic fibre descent data map [g] sends X — «aX for some « satisfying
ot =g(C)/C.

Proof. Let (m) be the multiplication-by-m endomorphism of G, and let x : F)* — Z; denote the
Teichmiiller map. Then (m) and [g] commute, and so [g] also commutes with the operator

61:[—112 . (m),

mG]Fl><

defined by Oort and Tate [OT70]. But in the Oort—Tate construction, e; is the projection onto the
submodule generated by X, and so

[g](X) = [g] 0 e1(X) =10 [g](X) € Ok X.

Write [g](X) = aX with a € O. Since [g](X') = o! X! and [g](CX) = g(C)aX, it follows that
o=l =g(0)/C. O

Now we return to the proof of Theorem 6.3.

Proof of Theorem 6.3. Let Ky be the maximal unramified extension of L inside K and let L; =
L(7), so that K = KyL;. Then it suffices to show

XU,KO(Tvavc) = 77>\|GKO (65)
and

XU,Ly (r,a,c) - 77)\‘GL1‘ (6'6)
Formula (6.5) is precisely what is obtained by applying this theorem to the totally ramified extension
K/Kjy. As for Equation (6.6), the extension K/L; is unramified, and the parameters U; and V) for
this extension satisfy U;(l — 1) =1+ V;. Putting

A\ = —Za('/r)vlr_(l_l)c _ _la(,ﬂ)—r-i—(l—l)(rUl—c)’

the statement of this theorem for the extension K/L; is that xu 1, (7, a,c) = ny,. However, it is
easily checked that A;/\ is a power of 7t=1 and so M, = 77>\|GL1- We conclude that it suffices to
prove the theorem in the cases of K/L an unramified extension and K /L a totally (tamely) ramified
extension.

The unramified case is easy, since in that case generic fibre descent data actually descends the
group scheme. Specifically, let My (r,a) be the Breuil module for O, with chosen uniformizer = and
parameters r and a. There is only one way to put generic fibre descent data on M(r, a), and Corollary
5.4.2 of [BCDTO1] tells us that M(r, a) descends to My, (r,a). Then it follows from Lemma 3.3 that
the affine algebra underlying M, (r,a) is Op[X]/(X' + (la/7")X) and Xy 1(r,a) = N—la/x = T, &S
desired.

We next turn to the situation when L/K is totally (tamely) ramified. We will first consider
the case when e | r. Note that (gr/m)¢ € F, so that in this case g acts as multiplication by
(gm/m)€' =Vl € FX on the standard basis vector of My (r,a,c). Since K/L is totally ramified,
the residue fields 1,k are equal, and part 2 of Theorem 5.6.1 of [BCDTO01] tells us that D([g]) is
the multiplication-by-(gm/ 7)€"=Vl endomorphism of the Dieudonné module, D(Gy(r,a,c) xi k).
Since (g /7)€ Ul e [y, there is an integer n such that D([g]) = Id+--- + Id (where there are n
Id’s in the sum). As the Dieudonné functor is additive, it follows that the corresponding action of
[9] on Gy (r, a,c) Xk k is also multiplication by n, where (gr /7)€ ¢~V is the mod-I reduction of n.
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Recall from Lemma 3.3 that the affine algebra of Gy (r,a,c) is Ox[X]/(X! + CX) where C =
(75 ~"a) /G () = la/7", and the comultiplication is

-1 ;
l ¢ -
X—1X+X®1—-—= — .
—19X+X® C;wi@@w”
In any case one can verify that the multiplication-by-n map on the mod-7 reduction of this group
scheme is X — nX, and using the fact that n = (gn /)¢ *"U"" (mod ), we therefore know that

the action of [g] on Gy (7, a,c) fits in the commutative diagram

gU (Ta a, C) ﬂ) gU (’I”, a, C)

| l

Spec Oy, — Spec Oy,

and sends X — (gn /7)€ Ul X 4 7 f(X) for some polynomial f(X). Since g(C) = C (because
7¢ € L and e | ), we conclude from Lemma 6.4 that [g] : X + (g /m)¢ VI X,

We now consider the action of this descent data on the generic fibre. Put g = g (€'e=Ulr)
and C; = '71C € L. Note that we have a K-algebra isomorphism v : K[X]/(X! + C1X) —
K[X]/(X' + CX) sending X + BX, and for each g € Gal(K/L) we obtain the commutative
diagram

K[X]/(X'+01X) — K[X]/(X'+ CX)

X»—>Xl l[gl

K[X]/(X'"+ C1X) —= K[X]/(X' + CX)
where the horizontal maps are v and the vertical maps are g-semilinear. This shows that, pulling our
generic fibre descent data back via the map -, the generic fibre descent data acts on K[X]/(X' +
C1X) simply via the action of Galois on K. Furthermore, v pulls back the comultiplication on
K[X]/(X"+ CX) to the following comultiplication on K[X]/(X! + C1X):
l -1 X Xl—i

X—1X+XR®1—— —® .
Clizlwi wi—;

It follows immediately that the descended group scheme over L corresponding to the above group
scheme with descent data over K is L[X]/(X! + C1X) with the usual Oort-Tate comultiplication.
Therefore the character xy 1.(r,a,c) is n—¢,. Using e | r it is straightforward to check that —C7/A
is an (I — 1)st power in L, and so xu,1(r,a,c) = n as well.

Now suppose instead that 0 < r < er. Again Gy (r,a,c) has underlying algebra O [X]/(X! +
CX) with C = la/n". From Lemma 6.4 we have [g] : X +— p4X where p, satisfies uéﬁl = (gm/m)",
and we must determine /i .

Note that the induced action of [g] on the closed fibre sends X — p,X, and by the identification
of the Cartier-Manin Dieudonné module of Gy (r,a,c) ®o, k = o with its tangent space, we
find that [¢g] induced multiplication by pg on the Dieudonné module. We also know that [g] on
My (r,a,c)/uMy(r,a,c) acts as multiplication by (gw/w)e/C*lUw, and from the proof of Theorem
5.1.3 in [BCDTO1] it follows that ué = (gr/m)¢ U We conclude that p, = (gr/m)¢c U+,
(One may check that indeed this i, satisfies ué‘l = (gm/7)~".) Now proceeding exactly as in the
case e | r, we put

Cy = ﬂ_f(lfl)(e/cflUTUrr)l% _ la(ﬂ_e)(lVr’fc(lfl)/) el
T
and compute that xy(r,a,c) = n_c, = ). O
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Ezample 6.7. We return to the example of particular interest, namely when the extension K/L is
H/Q,s0ex =e=02—-1,U=1,V =0,and 7 = (=)@~ Then (I — 1) = 1, 7° = —I, and
A = a(—1)'7¢. Theorem 6.3 now says that x(r,a,c) = xaw!' ¢, where x, is the unramified character
sending arithmetic Frobenius to a.

7. Rank-two extensions of rank-one modules

In this section, we classify the extensions, in the category of Breuil modules with descent data, of
the rank-one modules in the previous sections by one another. The extensions without descent data
are classified in Lemma 5.2.2 of [BCDTO01].

LEMMA 7.1. In the category of Breuil modules corresponding to finite flat [-torsion group schemes
over Ok with choice of uniformizer w, we have an isomorphism

Ext'(M(r,a), M(s,b)) = {h € um>Orts=e)ku) /ucs!} /{u't — (b/a)u"t'}
given by associating to each h € u™>*Or+s=ex)k[y] /u¢x! the ¢1-module
M= (e, €), My=(u’eu"e +he),
with
o1 (u’e) =be, ¢1(u"€ + he) =ae'.

Moreover, replacing the basis element €' with € + (b/a)t'e transforms h to h + (u*t — (b/a)u"t!),
and all equivalences between extensions are of this form.

We now wish to understand extensions of rank-one modules in the category of Breuil modules
with descent data. The underlying Breuil module extension must be of the above form, and generic
fibre descent data must act via

@) = (2) e o) = (Z) e + A

T T
where for ease of notation we have set

ki =ed—Uls, ky=¢ec—Ulr.

One checks that the relation [h][g]e’ = [hg|€’ is equivalent to

ol = T (Zl)kk h(ﬁ)

and so the map g — A,/(gm/m)*? is a cocycle in H(G, k[u]/u°x!) where h € G acts on klu]/ux’
via hf = (ha/m)F=F2("f). (The notation "f will always be reserved for the action defined in
Lemma 4.1.) By the same method of proof as in Lemma 4.1, this cohomology group vanishes, and
so this map is in fact a coboundary.

Now putting & = e’ + (b/a)t'e, one computes
(9T k2, gm klgbl gm\k2 b
bl = () "¢+ <Ag +(5) (at (%) o)
gm\ k2 _ g\ k2 b b
= () @+ (Ag (%) (9' <5”> “at))e
and so this alters A,/(gm/m)* by the coboundary of (b/a)t!. Since A,/(gm/m)* is already a co-

boundary, to see that in this fashion the A, may be transformed to 0 by an appropriate choice of ¢
it suffices to show that all non-zero terms of A, have degree divisible by [.
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To this end, we apply the relation ¢1[g] = [g]¢1 to the element u"e’ + he € M;. One computes

that
ko)l !
b1]g)(u"€e' + he) = (g—ﬂ>( ) ae’ + <%> be,

m
where
A (g_ﬂ>ru7‘Ag Lo <g_7‘('>k1 o (g_’]‘(')kQ“F’l"
m m 7r
must have lowest term of degree at least s, while

k
[g]¢1(u"€ + he) = (g—ﬂ) Cael + Agae.
T
That the €’-terms are equal follows from the fact that e | (I — 1)ky + I, while the equality between
the e-terms shows that A, is indeed an Ith power.

We can suppose, then, that all A; = 0. Since now (A/u® )! must be 0, it follows that a necessary
and sufficient condition on h € u**(Or+s=ex)k[y] /u°x! for this extension of Breuil modules to admit
that the generic fibre descent data is

ustex | A =9} (@)kl o (@)kQJrr
0

T
for all g € G. Moreover, two such extensions with descent data with parameters h,h’ are equivalent
precisely when A’ is of the form h + u*t — (b/a)u’"t' for some t such that g((b/a)t') = (b/a)t' for all
g € G. That is, we have the following necessary and sufficient conditions:

e all monomial terms of h with degree k < s 4+ ex must have k = r + ko — k1 (mod e) and
coefficient in 1;

e all terms of degree k < e of an allowable change-of-variables ¢ must have k = lil(kg — k1)
and coefficient in 1.

Before continuing, given H € k[u]/u¢%! we describe an inductive procedure to solve the equation
H =T — (b/a)u"T". Let H = Y, Hiu' and T = 3", Tyu’, so that the equation we wish to solve
amounts to the system of equations

b

H, =T, s — ET(lz‘—r)/l (7.2)

for 0 < @ < leg, and where Tj is required to be 0 if j is not a non-negative integer. Set ig =
(ls—1)/(l —1). We will attempt to solve Equations (7.2) inductively, inducting on the distance of
i from ip. The condition |i —ig| < 1/(I — 1) is an empty condition unless i = iy is a non-negative
integer, in which case the associated equation is
b l
Hs—r)/a-1) = T(s—r)/a-1) = 5 L(s=r)/a-1)-

If this equation can be solved for T,_;)/;—1), this is our base case, and then assume the following
inductive hypothesis:

e Equations (7.2) can be solved for all ¢ such that |i —io| < N +1/(l — 1);

e in doing so, all and only the Tj with |j — (s —7)/(l—1)] < N+1/(l—1) have been determined.

Now suppose that i satisfies N +1/(l —1) < |i —ig] < N+ (1/(l —1)). Then N +1/(I — 1) <
(i—s)—((s—7)/(l—1))| < N+ (I/(l —1)) and so by assumption T;_s has not been determined.
Alternatively, |((i —7)/l) = ((s —7)/(I = 1))] < (N/I)+(1/(1 —=1)) < N+ (1/(l = 1)), and so T(;_y 1
has been determined. So we may recursively take T; s = H; + (b/a)T{;_,- This is only a condition
if i < s, in which case there is a solution only if the T;_¢ so-obtained is 0. By induction, we conclude
that system (7.2) has a solution if and only if:
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e the base case Hjs_p)/1-1) = T(s—r)/(1-1) — (b/a)T(lS_r)/(l_l) is either vacuous or is non-vacuous
and has a solution;

e in our recursive process, T;_s = H; + (b/a)T(li_T)/l = 0 for whenever ¢ < s.

Note that the base case may be unsolvable only if (s — r)/(l — 1) is a negative integer and
Hs—ry/q—1y # 0; or if (a/b) € (k*)!=! so that the map a +— a — (b/a)a! is not surjective.
In the latter case, fix any 1 not in the image of the map a +— o — (b/a)al.

As an example of the usefulness of this description, we can employ it show the following propo-
sition:

PROPOSITION 7.3. Suppose H = u*T — (b/a)u"T" has a solution and deg H < s. Then H = 0.

Proof. If the base case is not vacuous, then either (Is —r)/(l — 1) > s and so H(s_),q-1) = 0 by
assumption, or else r > s and the assumption that the equation can be solved forces H j,_,y/q-1) = 0;
in any case the base case may be solved by taking T(,_,)/;—1) = 0. We claim that in our inductive
procedure, all T; will be determined to be 0: indeed, if ¢ > s, then T;_, = H; + (b/a)T(llfr)/l =0
by induction, while if ¢ < s then perforce T;_; = 0. Thus if the system of Equations (7.2) can be
solved, then T"= 0 is a solution, and so H = 0. ]

In a similar vein, we can show the following.
PROPOSITION 7.4. Let H be as before.

i) If the base case for H is vacuous, can be solved, or cannot be solved but if r > s then there exists
a unique H' such that H' = u*T — (b/a)u"T" can be solved and such that deg(H — H') < s.

ii) If the base case cannot be solved and s > r, then there exists a unique H' such that the only
non-zero term of H — H' of degree at least s is of the form Nnu(s="/0=1 for N € F,.

Proof. For item i, uniqueness is evident by Proposition 7.3. Existence when the base case is vacuous
or can be solved follows from the inductive procedure for H, simply defining H; = —(b/a)T(ll.ir) y
whenever ¢ < s. If » > s and the base case cannot be solved, first set Hzlsir)/(lil) = 0, and proceed
as before. For item ii, if s > r and the base case cannot be solved, then since the N7 are coset
representatives for {o — (b/a)a!} in k there is a unique HEIS#)/(lil) € {a — (b/a)a!} such that
Hs—ry/0-1) _Hélsfr)/(lfl) = N for some n, and then we proceed to construct H' via the inductive
procedure as in item 1. O

Finally we return to the situation under consideration, namely that all monomial terms of h
with degree k < s + ex must have k = r + ko — k1 (mod e) and coefficient in 1. Notice that if
i—5 < ek, theni < s+ex and (i — 1)/l < er. Moreover, since kg — k; = s — 1 + 1" (ko — k1)
(mod e), we find that i — s = 7! (ky — k1) (mod e) if and only if (i — )/l = [~ (ko — k1) (mod e)
if and only if i = ko — k1 + 7 (mod e).

We use our procedure to attempt to solve the equation h = u*t — (b/a)u"t'. Suppose first that
the base case is vacuous, or cannot be solved but r > s. Using the above observations, and by
induction, the coefficient t;_¢ for i — s < ey can become non-zero only if i = s + [~ (ko — k)
(mod e); and in that case induction and the formula for ¢;  in terms of H; and (;_,), shows that
ti—s € L It follows from the method of item i of Proposition 7.4 that when we construct A’ and
t such that &' = u*t — (b/a)u"t' and deg(h — h') < s, the resulting ¢ satisfies our condition that
every non-zero term of degree k smaller than ex has k = [71(ky — k1) and coefficient in 1. Moreover,
also by construction, the terms of h' of degree less than s + ex have coefficients in 1, and so all the
coefficients of h — A/ lie in L

Next, consider the situation where s > r, and the base case is non-vacuous, so s = r (mod [ —1).
If (Is—7)/(l = 1) # 7+ ko — k1 (mod e), then hgs_,)/q—1) = 0 and so taking t(,_,),q—1) = 0 the
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conclusions of the previous paragraph hold. Suppose, then, that (Is —r)/(l — 1) = r + ka — Kk
(mod e), or in other words that (s —7)/(I —1) =17 (ks — k1) (mod e). It is not difficult to see that
this congruence is equivalent to ¢ —d =V ((r —s)/(l —1)) (mod (I —1,¢)). If a/b is not an (I — 1)st
power in 1%, then the base case can solved with #(,_,y/;—1) € 1, and again the conclusions of the
previous paragraph hold. (Note that the congruence (s —r)/(l —1) =171 (ks — k1) (mod e) ensures
that the possibly non-zero coefficient t(,_,)/;—1) lies in suitable degree.)

We are finally left with the case when s > r, s = r (mod [ — 1), a/b is an (I — 1)st power in
I, and c —d =V((r —s)/(l = 1)) (mod (I —1,e)). Note that this is exactly the case when there
is a non-trivial map My (r,a,c) — My (s,b,d). Let n be any fixed element of 1 not in the image of
o+ a— (b/a)a!. Following the method of item ii of Proposition 7.4 and using the same arguments
as in the previous paragraphs, we construct ¢ such that the non-zero terms of ¢ of degree k < ex
have k = 17 (ky — k1) and coefficient in 1, and such that h — (u®t — (b/a)t') has coefficients in 1 and
all terms of degree less than s, save possibly for a term of the form Nnu(*=")/(=1) Putting this all
together, we obtain the following theorem.

THEOREM 7.5. Put ky =e'd — Uls' and ky = €'c — Ulr'.

i) Suppose that there is no map My (r,a,c) — My(s,b,d). Then every extension of My (r,a,c)
by My (s,b,d) with descent data is isomorphic to exactly one of the form

M = (e, &), M= (v’e,u"e + he),
o1 (u’e) =be, ¢1(u"€ + he) = ae,

) = (Z) e, lglte) = () e

™

where h € u™*Or+s=e)][y] /uk! has degree less than s and all non-zero terms of degree
congruent to r + ko — k1 (mod e). In particular, the F;-dimension of this space of extensions is
at most [L : Q).

ii) If there is a map My (r,a,c¢) — My(s,b,d), let n be any fixed element of 1 not in the image of
a+— a—(b/a)a! on 1. Then the same conclusion holds as in item i, except that h may also have
a term of the form Nnu'*="/U=1) for N e ;. In particular, the F;-dimension of this space of
extensions is at most [L : Q] + 1.

To see the dimension claims, note in item i that at most ex /e = ey, different terms in h can be
non-zero. Since each coefficient lies in 1, the dimension over F; is at most ey, fr, = [L : Q;]. The claim
in item ii follows identically.

We remark that this result is intuitive: the number of extensions grows as s gets larger and r
gets smaller, in other words as the group scheme corresponding to My (s, b, d) gets ‘more étale’ and
that corresponding to My (7, a,c) gets ‘more multiplicative’. This is sensible as there are plenty of
extensions of étale group schemes by multiplicative ones, and none in the other direction.

7.1 Start of the proof of Theorem 2.10

We return once again to the case where K/L is the extension H'/Q;. Since we are only interested
in two-dimensional residual representations of Gg, with a trivial centralizer, we are safely in the
situation where there is no map M(r,a,c) — M(s,b,d), for otherwise the two diagonal characters
would be equal; that is, since V' = 0, we are assuming (a,c¢) # (b,d). In this case, item i of
Theorem 7.5 tells us that the space of extensions with descent data of M(r,a,c) by M(s,b,d) is at
most one-dimensional, and in fact non-split extensions exist exactly whenever there is a solution to
the congruence

n=(0+1)(c—d)+1s -1
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with
max(0,r +s— (I* - 1)) <n < s.
Then write h = h,u™, and denote the resulting extension M(r,a,c; s,b,d;n, hy,).

Since we have assumed that p has a trivial centralizer, we may henceforth restrict ourselves to
the non-split situation above; in particular s # 0 and r # [2 — 1, so that an n satisfying the given
inequality and congruence can exist. Moreover, we will always take h,, = 1: if h,, # 1, the resulting
group scheme with descent data is isomorphic to the group scheme with descent data having identical
parameters save h, =1 — they are simply non-isomorphic as extension classes, which will be of no
concern. Therefore, we will need to consider only Breuil modules with descent data of the form
M(r,a,c;s,b,d;n,1).

We now turn to the question of which of the group schemes with descent data corresponding to
these Breuil modules with descent data satisfy relations (2.3)—(2.5) on their Dieudonné modules:
namely, that [¢] +[¢] acts as (™™ 4¢P, that [¢(]"+! acts as ¢~UFU™ and that F+TV = F +abV
acts as 0. It is easy to see, using the compatibility between Dieudonné theory and Breuil theory as
described in § 3, that the Dieudonné module of the closed fibre of M(r,a,c;s,b,d;n,1) has a basis
v, w on which [¢] acts in the following manner:

[CI(v) =Dy and - [(J(w) = (DT,
and so
vy =¢"Dv and [(]{(w) = (D w
It follows that if [(] satisfies the desired relations, then either
C(H—l)c—lr/ =(¢"™ and C(l-l—l)c—r/ _ C—lm
or
C(lJrl)cflr’ _ Cflm and C(lJrl)cfr’ _ Cfm’

and a similar relationship holds between d, s’; and m. Recalling that m = i + (I + 1)j, the first
possibility yields the congruences

(I+1)ec—lr'=-m (modi*>—1) and (I+1)c—7r' =—Im (mod*—-1).

Solving for r’ we obtain 7’ = —i (mod [ + 1). Since 1 < i <l and 0 <7’ <1+ 1, we conclude that
r" =1+ 1 — 4. This allows us to solve ¢ = 1 — i — j (mod [ — 1) (which completely determines ¢
since it is an element of Z/(l — 1)Z). Applying a similar analysis to the second of the possible sets
of relations among ¢, 1/, and m, we find that between the two cases

(r',e) = (i,—j) or (I+1—1i,1—1i—j).
By an identical calculation
(s',d) = (i,—j) or (I+1—i,1—1i—j).
However, if v’ = s’ and ¢ = d, we would require
n=(10+1)(c—d)+1s -1 =(1-1)s =5 (modI*—1).

Since we require 0 < n < s and since s < [2 — 1 (as i # [ + 1), this situation is impossible.
We have therefore proved that the only possibilities for Breuil modules with descent data attached
to integral models with descent data for p which satisfy our Dieudonné module relations are those
of the form

M((l - 1)(l+ 1 _i)7a71 _i_j; (l - 1)i7b7 —j;O, 1)
and
M1 —-1)i,a,—75;,(1—-1)(1+1—14),b,1 —i—75;0,1).
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By Theorem 6.3 (and recalling the contravariance of the Breuil module functor) the descended
Gq,-representations p corresponding to these Breuil modules with descent data are exactly of the

form p = (“’H(:X“ wlfij) and p = (le:)jX“ wi:be)’ Note that unless i = 1 or i = [, each different
possibility for p yields at most one Breuil module with descent data in our list. Wheni =1 and i =1,
it is still possible that M(I(I—1),a,—7;({—1),b,—4;0,1) and M((I—1),a,—7;1(l—1),b,—7;0,1) are
both integral models with descent data for the same p; however, we will see in § 8 that the former
arises from a residual representation of Gg, which is either split or non-split but has non-trivial
centralizer, and since we have assumed that p has trivial centralizer this group scheme with descent

data cannot arise from our p. Therefore it is again the case that our p gives rise to at most one
witiye ¥

0 wltixy

one of the integral models with descent data in the above list and if i = 2, then * is peu ramifié.

integral model with descent data. We will also prove in § 8 that if p = ( ) gives rise to

witiyg
0wty
together will have completed the proof of the following proposition.

Similarly if p = ( ) and if ¢ = [ —1, then % is peu ramifié. Once done, all of these results

PROPOSITION 7.6. If 7 = &5 @ Ob™ and 7 : Gq, — GL2(F;) has centralizer F; and is reducible, and
if R(p,2,7) # 0, then p|j, does indeed have one of the forms specified in Theorem 1.1. Furthermore
p gives rise to exactly one finite flat group scheme over O with descent data for QQ; satisfying the
necessary relations on the Dieudonné module of its closed fibre.

Remark 7.7. The relationship F'+TV = F +abV = 0 is indeed satisfied on the Dieudonné modules
of the closed fibres of the above group schemes. One may check that on our basis v,w, F' and V act

via the matrices
-b 0 1/a 0O
(6 0) = (" 0):

8. Maps between rank-two Breuil modules with descent data

respectively.

8.1 Generalities

Our strategy for proving that certain pairs of rank-two Breuil modules with descent data arise from
the same representation is to find maps between these rank-two modules.

DEFINITION 8.1. Let M be the Breuil module corresponding to a group scheme G over Og. Then,
by Raynaud [Ray74], G is mapped to by a maximal integral model G, and maps to a minimal
integral module G_. The maximal and minimal Breuil module of M are defined to be, respectively,
the Breuil modules corresponding to G4 and G_.

By Lemma 4.1.4 of [BCDTO01], if two extensions with descent data of rank-one Breuil modules
for O with descent data from K to L arise from the same representation of G, they both map
to a maximal Breuil module with descent data for this representation, and are also mapped to
by a minimal Breuil module with descent data, where the maps are generic fibre isomorphisms.
A scheme-theoretic closure argument as in Lemma 4.1.3 of [BCDTO01] shows that in this situation,
the maximal and minimal Breuil module with descent data are again extensions of rank-one Breuil
modules with descent data.

As an initial example, note that as a corollary of Lemma 6.1 and Theorem 6.3, if xy(r,a,c) =
xu(r',a', ) then there is a non-zero map either from My (r,a,c) to My(r',d’, ') or vice versa,
depending on whether r» < 7’ or ' < r. For instance, when [ — 1 | e, so that U = 1 and V = 0,
this implies that the maximal and minimal Breuil modules with descent data of M(r,a,c) are
M(ek,a,c) and M(0, a, c), respectively. It follows easily that if M is an extension with descent data
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of M(r,a,c) by M(s,b,d), where x(r,a,c) # x(s,b,d), then the descended G-representation of M
is split if and only if there is a non-zero map M(0, a,c) — M, and that in this case the maximal and
minimal Breuil modules with descent data are M(ex, a,c)® M (e, b, d) and M(0,a,c) P M(0,b,d),
respectively. In a similar vein we have the following proposition.

PROPOSITION 8.2. Suppose that we have a diagram

0 g; g1 Gy 0

|

0 g5 Go gy 0

where for i = 1,2, G/ and G/ are finite flat group schemes over Ok of order | with descent data
from K to L whose generic fibres descend to non-isomorphic irreducible G-representations, and
where G; is an extension with compatible generic fibre descent data. Suppose furthermore that the
map G1 — Go induces a generic fibre isomorphism of group schemes with descent data, and that the
descended generic fibre representation of G, is not semisimple. Then there are maps G; — G} and
G — GY which are isomorphisms on the generic fibre.

Proof. By the semisimplicity assumption, the irreducible Gp-representations corresponding to G}
and GY are different. Therefore the composite map

g1 —G1— Gy — Gj
is the zero map and so factors through G). Let G denote the Cartier dual of G. Dualizing our diagram,
we obtain a non-zero map G5 — G7, and dualizing again gives a non-zero map Gy — GY. O

Finally, we will need to make use of the following result.

PROPOSITION 8.3. Let G — G’ be a map of finite flat group schemes over Ok of equal order, both
killed by . If the kernel of the corresponding map M’ — M of Breuil modules does not contain a
free k[u] /u'-submodule, then G — G’ is an isomorphism on generic fibres.

Proof. Assume f : G — G’ does not induce an isomorphism on generic fibres. Then the image of
f/kx in G’/ i is not all of G’/ 5> and taking the scheme-theoretic closure of this image yields an exact
sequence of group schemes

0—H—G -5H —0
with H' # 0 and go f = 0. If N is the Breuil module corresponding to H’, then N/ < ker(M' —
M), since short-exact sequences of group schemes yield short-exact sequences of Breuil modules. [

Note that, if the map G — G’ in Proposition 8.3 is in fact a map of group schemes with descent
data, then the isomorphism in the conclusion is also an isomorphism of group schemes with
descent data.

8.2 Application to the proof of Proposition 7.6

Return once again to the situation where the extension K/L is H'/Q;, and suppose henceforth that
(a,c) # (b,d), so that our representations have different diagonal characters. We begin with the
following proposition.

PROPOSITION 8.4. When (a,c) # (b,d), the descended representation of
M(r,a,c;s,b,d;n,1)
is split if and only if r > s and ¢ = d.
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Proof. By the discussion in § 8.1, we must determine when there exists a non-zero map
v M(0,a,¢) = M(r,a,c;s,b,d;n,1).
Let f denote the standard basis vector of M(0, a,c). Assume that ¥ exists. Then ¥(f) = Ve+ We/,

and since (a,c) # (b,d) it follows that W # 0.

From the fact that ¥ commutes with generic fibre descent data, it follows that all non-zero terms
of V are in degrees congruent to (I + 1)(c — d) + Is’ (mod I2 — 1) and have coefficients in F;; and
that all non-zero terms of W are in degrees congruent to I/ (mod [? — 1) with coefficient in F;.
From the fact that ¥ commutes with ¢1, it follows that all non-zero terms of V' and W are in degrees
divisible by I. By the Chinese remainder theorem, V = vu® and W = wu® are monomials with
v,w € Fy, and from the given conditions it follows with one exception that o = I((I + 1){c—d} + ")
and 8 = Ir', where for © € Z/(l — 1)Z, {x} is the unique representative of z lying between 0
and | — 2. The exception is that & = 0 when s’ = [ 4+ 1 and {¢ — d} = [ — 2, as in this case
I+ D){c—d}+s)=101*-1).

Since Ve + We' € My(r,a,c;s,b,d;n,1), it follows that

B=2r, a=s, [-—r+n=s, (8.5)
and
Ve +We' = (vu®* — w7 %) ude + wi " (u" e’ + ue).
Note that the inequalities (8.5) rule out the possibility s’ =1+ 1 and « = 0, and so we indeed have
a=1((l+1){c —d} +&'). The condition that ¥ commutes with ¢; is then equivalent to

bout(@=8) — gt B=mH1=5) — g,

Now B—r4+n—s=1r+n—s<7,s0l(f—r+n—s)<I(>—1) and the term bwu!(B~7+n=2)
is non-zero. It follows that v is non-zero, and since a sum of three monomials can equal zero only if
each non-zero term in the sum has the same degree, we see that a = [(f — r +n — s). This yields
n=(1+1){c—d}+1s —r', and since n < s this forces ¢ = d and 1’ > s'.

Finally, under the assumptions ¢ = d and 7’ > §’, one can check that

£ oulse + (1 — %) vl e

is a map of the desired sort, and so these conditions are sufficient as well as necessary. ]

Note that, as claimed in § 7.1, this shows that descended Gg,-representation corresponding to
the Breuil module M(I(l —1),a,—7;(l —1),b,—4;0,1) is split.

Observe that the preceeding proposition may be reinterpreted as follows. The quantity (I +
1){c —d} + 1s' — 7' lies between 0 and 2(1*> — 1), and so n = (I + 1){c —d} +1s' — ' — N(I> — 1)
for some N € {0,1,2}. The equality n = (I + 1){c — d} + s’ — r" occurs precisely when {¢ —d} =0
and r > s, and this is exactly the case when the descended Gg,-representation is split. Note that
(I+1D{c—d}+1s"—r" =2(?>—1) only when {c —d} =1—2,s=1?>—1, and r = 0, and the rest
of the time we must have n = (I + 1){c — d} +Is’ — 7' — (1> — 1). We can now prove the following
proposition.

PRrROPOSITION 8.6. Suppose that
M(r,a,¢;8,b,din, 1) and  M(r1, a1, ¢1381,b1,disn, 1)
have non-split descended Gq,-representation. Then there is a map
M(r,a,¢;8,b,din, 1) — M(r1,a1,c1581,b1,d1;n,1)
which is an isomorphism on generic fibres if and only if (a,c) = (a1,¢1), (b,d) = (b1,d1), r < 7y,
and s < s1.
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Proof. The conditions in the proposition are necessary by Proposition 8.2 and Lemma 6.1. To see
that the conditions are sufficient, we will exhibit the desired maps
M(r,a,c;8,b,d;n, 1) — M(ri,a,¢81,b,d;n1,1)

whenever r < r; and s < s1. Let e, e’ and f,f’ denote our standard bases for the left-hand and
right-hand Breuil modules with descent data above, respectively. Most of the time, we have

n—(1s—r)=n— (s} —r)) =1+ D{c—d}— (> 1)
and in these cases one can check that the maps given by
e — vul175)f
e — vl

are indeed maps of Breuil modules with descent data. The equality n — (Is’" — ') =ny — (Is] — 1)
is crucial to the verification that the map preserves the filtration and commutes with ¢;. Similarly,
we have maps

M(0,a,d — 1;5,b,d;1s' — (1 +1),1) — M(0,a,d — 1;1* —1,b,d;0,1)

given by
e— Uul(lJrlfs/)f
e — a tbuf + o thof’
and maps
M(0,a,d —1;1* —1,b,d;0,1) — M(r1,a,d — 1;1> = 1,b,d; 1> — 1 — 7}, 1)
given by

e — of
e — —vf + b lavu!1f.
This exhibits the desired maps in the remaining cases, when one or the other Breuil modules with
descent data has {c —d} =1—2,s=12—1,and r = 0.
To see that these maps all induce isomorphisms on the generic fibre, we note that this follows
from the following general criterion. If we have a map of such Breuil modules sending
e — vuf
e — yulf + 2t
with v, z € F*, then any element of the kernel of our homomorphism is annihilated by ymax(v.aty=pF)

If a+v—0 < [(I12—1), this shows that the kernel does not contain any free Fjz [u] /u!*~1-submodules,
and so by Proposition 8.3 the map induces an isomorphism on generic fibres. U

The analogous result is true for maps between Breuil modules with descent data in which the
descended G,-representation is split.

8.3 Lattices of rank-two Breuil modules

Consider the non-split Breuil module with descent data M = M(r,a,c;s,b,d;n,1). Implicit in the
existence of this Breuil module with descent data is that n satisfies the inequalities max(0,r + s —
(12— 1)) < n < s as well as the congruence n = (I + 1)(c —d) +1s' — ' (mod I?> — 1). By our earlier
comparisons of n and (I 4+ 1){c — d} + s’ — 1/, we see that n — (Is" — ') = —k(l + 1) for an integer
k between 0 and [. Indeed, if ¢ = d then kK =0 or [ — 1, the former if and only if r > s;if c=d — 1,
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VR

\
1=3, k=0 1=3, k=1 1=3, k=2 1=3, k=3

F1GURE 1. The regions of Proposition 8.7 when [ = 3.

then k = 1 or [, the latter if and only if s = I> — 1 and r = 0; and otherwise k is the unique integer
between 2 and [ — 2 which represents d — c¢. In fact, we can show the following proposition.

PROPOSITION 8.7. (See Figure 1.) For fixed k € {0,...,l}, the pairs (r', s") for whichn = (Is'—r") —
k(1 + 1) satisfies the inequalities max (0,7 + s — (I> — 1)) < n < s are precisely the pairs satisfying
0<7r<l—kandk+1<s <Il+1 with the exceptions that for k = 0 we require ' > s, and for
k =1 the pair (0,1 + 1) is excluded.

Proof. We shall prove that for fixed k > 0 the desired pairs (', s’) are the lattice points inside the
convex quadrilateral bounded by the inequalities

>0, §<Ii+1, 1= >1+Dk &~ +(1*-1)=(1+1)k,
and, if k& = 1, the region excludes the extremal point (0,7 4 1). For k = 0, we shall similarly prove
that the pairs (17, s") for which n = (Is" — ") — k(I + 1) are precisely the lattice points inside the
triangle bounded by the inequalities
> s = = (I Dk, 8 = (P = 1) = (14 1)k
It is easy to see that the lattice points inside these regions are exactly those described in the
statement of the proposition.
At the outset, we know that we must satisfy the following inequalities:

0<s<l+1, 0<r<I+1, 0<n<s, r+s—(*>=1)<n.

From n = (Is' — ') — k(I + 1) < s we get —k(l + 1) < 7’ — §’. This is no condition if k¥ > 2, but
if & =1 we exclude (0, + 1) and if k£ = 0 we need ' > . The condition n > 0 translates into
Is' —r" > (I+ 1)k, and the condition n > r + s — (12 — 1) translates into s — I/ + (12 — 1) > (I + 1)k.
Therefore, the conditions in the proposition are necessary. We need to show that they are sufficient.

If k = 0, the inequalities Is’ > 7’ > s imply s > 0, so 7 > 0, while the inequalities r' + (12 — 1) >
s+ (?—=1) =" imply 7' <l+1,s0s <l+1.

If £ > 0, the inequalities ' > 0 and Is’" — ' > (I + 1)k > 0 imply s > 0, while the inequalities
s<l+land s —Ir' +(?—=1) > (I + 1)k >0 imply »’ <1+ 1. O

COROLLARY 8.8. For all choices of r, s, and n such that
M(r,a,d —1;s,b,d;n,1)

is a Breuil module with descent data whose descended G,-representation is non-split, that repre-
sentation is peu ramifié.

Proof. This is the k = 1,1 case in Proposition 8.7. The above discussion, combined with the maps
constructed in Proposition 8.6, show that the module M(r,a,d — 1;s,b,d;n, 1) has minimal Breuil
module with descent data M(0,a,d — 1;2(1 — 1),b,d;1 — 1,1), and so for fixed a,b,d these
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Breuil modules with descent data all correspond to integral models with descent data having the
same descended representation. To see that this representation is peu ramifié, we note (see, e.g.,
[Edi92, § 8]) that peu ramifié representations of Gg, have integral Z;-models. Therefore, since we
have constructed all possible integral models with descent data, at least one of the above Breuil
modules with descent data corresponds to an integral model with descent data for a peu ramifié
representation. Consequently, they all do. O

This completes the proof of Proposition 7.6. We summarize these results as follows.

THEOREM 8.9. Fix a,b € F/ and ¢,d € Z/(l — 1)Z, and let p be a representation

Xawl—c %
0 walfd

of Gg, with * # 0 and (a,c) # (b,d). Ifd—c =1 (mod [ — 1), suppose * is peu ramifié. Let k be the
integer between 1 and | — 1 congruent to d — ¢ (mod [ — 1). Then the Breuil modules with descent
data corresponding to the integral models with descent data for p over Qg are the Breuil modules
with descent data M(r,a,c;s,b,d;n,1) with0 <1’ <l —k and k +1 < s <1+ 1. The lattice of
these Breuil modules with descent data is a square with [ — k-1 points on each side, and maps from
M(r,a,c;8,b,d;n,1) to M(r',a,¢;8',b,d;n’, 1) respecting generic fibre descent data exist whenever
r" > r and s’ > s. In particular, there are (I — k + 1)? such integral models with descent data, and
the maximal and minimal integral models for this representation correspond to the Breuil modules
with descent data

M1 =k)(1—1),a,¢(1+ 1)1 —1),b,d; 1% — kI, 1)
and

M(0,a,¢;(kE+1)(1—1),b,d;1 — Kk, 1).

If % were tres ramifié, then p would have no such integral models with descent data.
Proof. Our analysis in § 8.2 shows that the descended Gg,-representations of these Breuil modules

with descent data are indeed non-split. The rest of the claims follow from Propositions 8.6 and 8.7
and Corollary 8.8. U

9. Rank-four calculations

Recall that our list of non-split rank-two Breuil modules with descent data satisfying Dieudonné
module conditions (2.3)—(2.5) was

M((l - 1)(l +1- i)aavl —1 _j; (l - 1)i7b7 _j;()a 1)
and

M((l - 1)i7a7 _j; (l - 1)(l +1- i)vbal —1 —j;O, 1)
Notice that the change of variables ¢ — [+ 1 — i and j — ¢ 4 j — 1 interchanges the two collections
of Breuil modules with descent data above, so it suffices to consider the latter; moreover, we need

consider only those Breuil modules with descent data whose descended Gg,-representation is non-
split and has trivial centralizer. So, to prove Theorem 2.10 we are reduced to showing, for each

M=M((-1)iya,—j; (1 —1)({+1—14),b,1—i—73;0,1) (9.1
with ¢ =1,...,0—1and j € Z/(I —1)Z, and a # b if i = 1, that the space of extensions of M
by M with descent data still satisfying the desired Dieudonné module relations is at most one-
dimensional. We now begin this computation. For clarity we will continue to write 7’ for 7 and s’
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for [ +1 — i, since that is what we are used to. Note that ' +s =1+1,1s'—7" = (I —4)(l+ 1), and
Ir'—s' =(1+1)(GE-1).

Let (N, N7, ¢1) be an arbitrary extension of M by M with descent data. We will let e, e’ denote
the standard basis for the submodule M of A/, while f, f’ will denote lifts of the standard basis for
the quotient M of N. Then N = (e, e/, f,f’), and a priori N7 has the form

N = (v’e,u"€ + e, u’f + Ae + Be' ,u"f' + f + Ce + De').
Our study of these (N, N7, ¢1) will proceed in the following steps.

i) Show that we may take A = B = C = D = 0 in the above form for Nj.
ii) Find the most general change of f,f’ preserving this form for Nj.

)

iii) Simplify ¢;(u®f) as much as possible using these changes of variable.
)
)

iv) Simplify ¢;(u®f) the rest of the way by studying possible descent data.
v) Repeat for ¢ (u"f + f).

Step i: we wish to see that f,f’ may be chosen appropriately so that A = B =C = D = 0.
To begin, replace u*f + Ae + Be' with u*f + Ae + Be' — A(u"€’ + €) in our basis for N7, so that
we may take A = 0. Similarly we can take C' = 0. Now note that since w1 € "IN C N and
u"(u’f + Be') € N, we obtain u"Be' € Nj. This implies v | B. Writing B = u*B’, we may take
f =f+ B'€, and then N] has the basis (u®e,u"e’ + e, u’f,u"f’ + f + De’) for some D. Finally, we
wish to alter f’ to eliminate D. By the same considerations as before, we can see u*De’ € N7, and
so u” | D. Putting D = "D’ we can take f' = f' + D’e’, and we conclude that we may suppose

N = (e, u’€ + e u’f,u'f +f).
Step 4i: the next thing we want to do is determine the ways we can still alter f, f’ to £,  while
preserving this form for N7, i.e. keeping u*f, v"f' + f € N;. To this end, suppose
fiof=f+Ae+Be, ' —f=f+Ce+D¢.

Then

u*f = uf + Au’e + B'u’€,
and this is in N provided u" divides B’. Write B’ = u"B. Now

Ut 4+ f= Wt +f)+(A+u"C—B—-D)e+ (B+D)u"e +e).

Thus C may be arbitrary so long as we select D’ such that u® divides A + «"C — B — D'.
Writing A+u"C—B—D’ = u® D we may evidently make D arbitrary and put D' = A+u"C—B—u®D.
So our most general change of variables is

f=f+Ade+uBe, f'=f+Ce+(A-B+uC+u'D)e (9.2)
with A, B, C, D arbitrary.
Step #ii: we now turn to the question of ¢;. We suppose
d1(u’e) = be, ¢1(u"€e +e)=ae,
G (u’f) =0f +Ve+We', ¢ (uf'+f)=af +Ye+ Ze.

Using the change-of-variables (9.2), we wish to simplify V, W, Y, Z. To begin with, we try f =
f + Ae + u"Be' (with a commensurate choice of ', which for now will be irrelevant). Then one
computes that ¢;(ul"D¥'f) is equal to

bf + (V —bA+b(A— B)e+ (W + " (aB'u*") —bB))e.
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Since B may be arbitrary and Is — 7 > 0 we may make (aB'u*~") — bB) arbitrary, and we may
use this choice to eliminate all terms in W of degree at least . Thus we may assume deg(W) < r.
Making this change completely determines u"B, so we may now make this change and assume
henceforth that B = 0 and deg(WW) < 7. Then V is altered to V + b(A' — A) by our choice of A,
which we can use to eliminate every term of V' except the constant term. We can therefore suppose
that V is a constant v, that W is a polynomial of degree less than r, and that the only still-allowable
change of f is f — f + ae, with « a constant, moving V — V + b(a! — ). Note for later reference
that if we take C' = D = 0, then this change of variables also takes

Z— Z+a(a —a). (9.3)

Consider the additive map from Fj2 — Fj2 sending « to 2! — z. The kernel is exactly F;, while if
2! — 2 € Fy then (2! — 2)! = 2! — x; since 2 =2 and #+ 2 we find 2! = 2. So our map induces an
isomorphism Fj2 /F; — ;2 /F;. Thus we may select av above so that V' € F;, and then V' is completely
fixed, while f — f + ae with a € F; is the only possible change of f.

Summary (so far): we have now shown that our (N, N7, ¢1) without descent data may be taken
to have the following simplified form:
N = (e e f,f), N = (ueue +eufuf +f),
é1(u’e) =be, ¢1(u"e +e)=a€,
&1 (u’f) = bf +ve +We', ¢ (u'f +f)=af +Ye+ Zé/,
with v € F; and deg(W) < r. Moreover, the changes of variable preserving this form are those of
Equation (9.2) with A = a € F; and B = 0.

Step iv: to reduce further, we now wish to see the ways in which these extensions of Breuil
modules admit generic fibre descent data. Suppose

(I+1)d—1s'
[g]f = (%) f+ Age + Bye'.

Then
s (I+1)d—1s’
9] (u*f) = (ﬂu) ((ﬂ) £+ Age+ Bge'> €M,

™ T
which requires u” | By, say By = u" By. We see that ¢;([g](u°f)) is equal to

gm (H1)d=1s' / TN 1 i gm st N

(7) (bf + ve + We') + (7) wl(B)) ae +g(?> (A — Bl)'e,
whereas [g](¢1(u°f)) is

(I+1)d—1s’ (I+1)d—1s’ (I+1)c—1r’
(£) bf + (v (%) + bAg)e + <9W (%) + ng> e
T T T

using 9v = v since v € ;. Matching coefficients we get

gﬂ' sl
4= (£)" (4, - By (9.4)
and
(I4+1)c—1r' (I+1)d—1s’ sl
w () + 6B, = w (L) +a(E) wl(By). (9.5)
T T T
Since W is of degree less than r whereas B, and u®! are divisible by u", Equation (9.5) implies
(I+1)c—1r' (I+1)d—1s’
W (g—”) — W (g—”) (9.6)
T T
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and

_ TN i

0B, =a (L) ul(B))". (9.7)
All of the rank-two Breuil modules under consideration here have n = 0, so (I4+1)d—Is" = (I4+1)c—7r’
(mod 12 —1), and using this in Equation (9.6) we obtain W = (gn/m)" W for all g. Since deg W < 7,
this is only possible if W = 0. In Equation (9.7), if the left-hand side has lowest non-zero term of
degree k, then for the right-hand side the lowest term has degree sl + I(k — r). Equating these
degrees gives k = r + (1’ — ls') < r, contradicting our divisibility condition on By. Thus B, = 0.
Taking By = 0 in Equation (9.4), we finally obtain
l
Ag = (@f Aé,

™

which implies that A, is a constant. Indeed A, (gr/m)~(+14+H" ¢ T, and one checks from this
and from the relation [h][g] = [hg] that the map g +— (gr/m)~(HDH" A is a homomorphism from
G = Gal(H'/Q) to F;, which must be the zero map. We have thus shown A, = B; =0 and W = 0.

Step v: next we consider the more difficult problem of simplifying Y, Z, and [g]f’ by altering f’.
Taking A = B = 0 in Equation (9.2), we select

f'=f +Ce+ (u"C+u°D)é€.
Then one computes that ¢ (uf’ + f) is equal to
af’ + (Y —aC —bDYe + (Z — a(u"C + u*D) + a(u"C + u*D))e’.

Whatever D is, we will certainly want to take aC' = Y — bD! to eliminate Y (which completely
determines C in terms of D). We may therefore assume Y = 0 and aC' = —bD!, and then our map
alters

Z +— Z — (bu" D' — au®D)! + (bu" D' — au®D). (9.8)

Noting this, we now turn to the consideration of generic fibre descent data. Suppose for each g that

gm (I+1)c—1r’

[g)f = <?) f'+ Eje + Fye'.
We then have

’I”f/ f — @

gt +6) = (£

sou’ | (g /m)" (Equ" — Fy) = u* A4 and

gm gm

)T w4 (L) - Fe+ (L) B +o

l
(af' + Z€') + Aébe +a (g_ﬂ) ' Fée'.
7T

1[g)(u"f +£) = (g_ﬂ)(lﬂ)c—lr

T
Matching coefficients with

qm ) (I+1)c—1r'

rel _ (9T qgm (I+1)e—1r' ,
ot +6) = (£ )

af’+aEge+aFge’+gZ (— e
T

gives all; = bAé and

(I4+1)c—1r' Ir (I4+1)c—1r'
aFg+9z(g—”) :a(g—”) Fgl+z(g—”) . (9.9)
T T T
With these equations in hand we compute from [hg] = |[h]lg] that the map

g — (gw/w)*(l“)‘:*l’"/Eg is a cocycle in the group cohomology H'(G,TF) [u]/ul(lgfl)) where G
acts on Fplu]/ul~Y via gf = (gn/7)" 9f. Similarly g — (gn/m)" DA F i a cocycle in
HY (G, Fpfu] /ul@~D) for the action gf = 9f. We know from the proof of Lemma 4.1 that both
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these cohomological groups are trivial, and therefore we obtain elements P, Q € Fj2[u]/ u!@=1) such

that /
(g)—(l-i-l)c-‘rlr B, - <%>rgQ 0
and
(g_/f(>7(l+l)c+lr’ F=9p_P
Setting R = u"@Q — P, we see "
By — Fy — (g?ﬂ)(lﬂ)clr/ R R).

Recalling that u*A, = (gn/7)" (Equ” — Fy), so that

Ai

g =

(gﬂ-) (+)e—1" 9R — R
a0 u®
we find that R must have no terms of degree less than s, except possibly for a constant term in ;.

We write R = rg + rgu® +--- =19 + u’Rp. Then the equation al; = bAé gives

IR _ ! -
()8 () e a).
U b 7r
Writing @@ = qo + qiu + - -+, we examine the above equation term-by-term. Using the fact that
r=1ls (mod [? — 1), the left-hand side has terms of the form (9r!, (gm/m)"*" —rl, )u' while the
right-hand side has terms of the form (a/b)(9g;(gm/m)" "7 — ¢;)u’. Thus ¢; = 0 unless j is divisible
by [, or unless j = s (mod [*—1) and ¢; € F;. If j = il and is not congruent to s (mod ? — 1) then
the map & — 9z (gm/m) " — z is injective and we can match ¢; = (b/a)r!, . From this analysis, we
conclude that Q = (b/a)R} + Q', where the terms of Q" have degree congruent to s (mod 12 — 1)
and coefficients in ;. Therefore P = u"Q — R = guTRf) —u®Rgy + P’, where P’ has terms of degree
divisible by 12 — 1 and coefficients in ;. Combining Equation (9.9) with

" (%r) (I+1)c—1r’ P — P)

we get
9Y(aP —aP'+Z)=aP —aP' +Z

and so all terms of aP — aP! + Z are of degree divisible by [? — 1 with coefficients in F;. Putting all
this together, we find that

Z = (bu" Ro(u)! — au®Ry(u))! — (bu" Ro(u)! — au® Ro(u)) + Z',

where Z’ has terms of degree divisible by [? — 1 and coefficients in F;. Therefore taking D = Ry
in our change-of-variables (9.2) for £ transforms Z into Z', a polynomial with all terms of degree
divisible by 12 — 1 and coefficients in F;.

We still wish to reduce Z further, which is easier now that we can assume that Z has no terms
of low degree except a constant term in ;. If we alter Z via some choice of D, we suppose that
D =Y, d;u’ has no terms of degree less than s’ — /. Then the lowest non-zero term of

éuerF _ (éur_i_uls) Dl—l—usD
a a

has degree Is’ — 1/, and specifically the lowest term is

b —
<—Edi/r1 =+ ds/r’> Uls - .
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The equation z = —(b/a)d’, _,, + dg_,» may be solved for

2\ —1
dgr_pr = (1 - 6_2) <CC + éxl)
a a

except possibly if a = 4+b and x # 0. Note also that, if € F;, there is a solution for dy_,, except
possibly if a = b.

The terms of degree i > [s’ — ' in our transformation of Z are

L —S s i—ls b r i—r b r i—lr
w (dis'™) — Ul (dg_g) u I — Ju (i 4 Eul (di—pry 2N,

Since i —s > (i—1s)/l, (i—7)/l, (i—1r)/I? for i > s’ — 1" we see that taking d;_s = 0 for i up to
ls" — 7’ and solving the resulting linear equations for d;_4 for i > Is’ —r’, we may alter Z to remove
all terms of degree greater than s’ — 7’ (without introducing a term of degree Is’ — 1’ if there was
not one to begin with). Therefore unless Is’ — ' = > — 1, i.e. unless 7’ = 1, s = [, we may certainly
take Z to be a constant. In case 7’ = 1, s’ = [, note that the case a = b is excluded automatically
from our list of rank-two Breuil modules with descent data (9.1), and so again the term of degree
Is' — 1" =12 — 1 can be removed by this argument. Therefore in any case we can suppose Z is a
constant z € [F;.

In case a = +b and s’ > 7/, let 17 be a choice of (a/b)"/!~1. We note, for future reference,
that for any d € F; by the above argument there is a change-of-f’ leaving Z fixed, given by D =
ndu® " + (higher terms) and the corresponding C.

Now observe that because we have reduced Z to a simple form, we get Fy = a(gn/ W)lngl, and
since v divides F, we get F,, = 0. Then our equation for F, becomes

(gﬂ/ﬂi;"urEg >l

aEg—b<

Is'=r") but also ' >’ and a/b is an

and so if Fj; is non-zero then: Fj; is a monomial of degree u
(I —1)st power in Fj;, i.e. a = =£b.

So automatically E,; = 0 unless s’ > r’ and a = +b, which is exactly the situation in which
there was a change-of-f' leaving Z fixed. In this case write (grm/m)~ Dt B = e u!'=) | 5o
that epy = ej + (hw/w)ls/*’”/heg. If & = 1,7 =1 then g — ¢4 is a homomorphism G — Fp, so is
zero. Otherwise, by the usual cohomological argument e, = (gw/w)ls/_Tlge — e for some e € F.
Then selecting any ¢ for which (gr/7)!* =" € F; is not 1, we see that e = nd € nF;, where 1 was
our previously-chosen (I — 1)st root of a/b. Finally, we make the change-of-f” which fixes Z and has
D = ndu® ="'+ (higher terms). The corresponding C' = —a~'bD! = —ndu!*’~")+ (higher terms).
Then f' = f' + Ce + (€’ term), and we compute that [¢]f’ is equal to

(g_ﬂ)(lJrl)cflr/ N Eye+ (QC (g_ﬁ)(lJrl)cfr/ _o (g_ﬂ)(lJrl)CIr’) ot (e term).

s s 7T

So we have transformed F, into
I(s"—r") (I+1)c—r’ (I+1)c—1r’ ;.
E, - <977d (g_ﬂ) (g—W) —nd (g—W) ) u'™' =) 4 (higher terms),
m m m
and therefore this transformation leaves £, with no term of degree u!" =) However, notice that
since Z is unchanged by this transformation we still obtain F; = 0, and now our new E,, having
no terms of degree u!¢'=™)_is also 0.

To summarize, we have proved the following theorem.
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THEOREM 9.10. For the M under consideration, any N € Ext'(M, M) in the category of Breuil
modules with descent data from H' to Q; has the form

N = (e, e f, )
with
M = (ue,u"e + e u’f u'f +f)
and
P1(u’e) =be, ¢1(u"e +e)=a€,
o1 (u°f) = bf +ve, ¢1(u'f +f) =af + z€,
with v, z € ;, and generic fibre descent data satisfying

[g](e):(g_ﬂ)(lJrl)dfls’e’ 6) (g_ﬂ)(lJrl)dfls’f

9

= (2) 7 0, iy = ()7

Therefore this Ext' is two-dimensional over F;.

To confirm that the dimension is exactly (rather than at most) two, we have seen that any change
of variables preserving the above form for (N, N7, ¢1) must, in the notation of Equation (9.2), have
A€ TF;, B=0, and aC = —bD! for suitable values of D. Yet the effect of such a change of variables
is to alter v +— v + b(A! — A) and

2z 24 a(Al — A) — (" D! — au®*D)! + (bu" D' — au® D)

by Equations (9.3) and (9.8). Since A! = A and 7,5 > 0, we note that this change of variables
cannot alter the constant terms of v, z. Hence if a change of variables preserves the desired form for
(N, N1, ¢1) it does not alter v, 2.

9.1 Dieudonné module relations

It remains to determine which of these extensions with descent data satisfies relations (2.3)—(2.5)
on their Dieudonné module. We check from the compatibility between Breuil theory and Dieudonné
theory described in § 3 that each of the above extensions of Breuil modules with descent data yields
a Dieudonné module with basis v, w,v’,w’ on which F' and V act through the matrices

0 0 00 0O 0 00
0 0 00 0O 0 00
F=1y 0o oo ™ V=14 0o 0o
—v —b 0 0 —z/a®> 1/a 0 0

(Note that these matrices only describe the actions of F', V' on this particular basis: the actions of
F, V are extended to the full Dieudonné module semilinearly.)

To see this, we will have v, w, v/, w’ correspond respectively to the images of e, f, €', f' in N'/uN'.
Observe that ¢(e) = ¢ (u!"~Le) = u"be which maps to 0 in A /uN, and similarly ¢(f) = 0 in N /uN".
This gives the first two rows of the matrix for F. Next, ¢(€/) = ¢y (ul’~1e’) = ¢y (u* (u"€' +e)—ue) =
—be in N/uN, while similarly ¢(f') in N'/uN is —¢;(uf) = —be — of.

To obtain the matrix for V, we note that ¢;'(e) = b~ u’e is 0 in N/uN/, and similarly for
o7 (F). Alternatively, ¢;'(e/) = a~(u"€’ + e), which is a~'e in N'/uN, and

o' () =a (W 4 ) — S(uTe te),
which indeed is a='f — (z/a?)e in N'/uN.
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We know that in this case 7" = Teich(det(p))(s) reduces in F; to ab, and so F'+TV = 0 precisely
when —v — (b/a)z = 0. The space of extensions of Breuil modules with descent data satisfying the
necessary Dieudonné module relations is one-dimensional. This completes the proof of Theorem 1.1.
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