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Abstract

For x € (0, 1] and a positive integer n, let S,(x) denote the summation of the first n digits in the dyadic
expansion of x and let r,(x) denote the run-length function. In this paper, we obtain the Hausdorff
dimensions of the following sets:

{ Sn(x) Sn(x) (X)) }

x € (0,1] : liminf =a,limsup —— =, lim =
n—oo n n—oo n n—oo ]0g2 n

where 0 <a<f<1,0<y < +o0.
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1. Introduction

Suppose that A, B C R" are two fractal sets; the intersection A N B is often a fractal.
Therefore, it is interesting to try to find the relationship between the Hausdorff
dimension of this intersection and those of A and B. Unfortunately, we immediately
find that we can say almost nothing in the general case although one often could hope
that

dimy(A N B) = max{0, dimy A + dimy B — n}. (1.1)

Here and in the following, dimy F' denotes the Hausdorff dimension of the set F'. For
example, let C be the middle third Cantor set; Hawkes [12] proved that dimg((C + 1)
NnC) = %(log 2/log3) for Lebesgue almost all t € [-1, 1]. The result shows that the
formula (1.1) does not hold even for ‘many’ simple fractal sets C + ¢ and C since the
Hausdorff dimensions of the two sets are log 2/ log 3. For more details about Hausdorff
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dimension and the results on the intersection of two fractals, we refer the reader to the
famous book [8].

In this paper, we will consider the intersections of two typical fractal sets and our
result shows that the formula (1.1) holds for these intersections. Let us firstly recall
two kinds of fractal sets: Besicovitch sets and Erd6s—Rényi sets.

Each x € (0, 1] admits a nonterminating dyadic expansion:

[ee]
Xi
x=2—k=0.x1xz---,

where x; € {0, 1} for any k£ > 1. The infinite sequence (x, X2, X3, . . .) is called the dyadic
digit sequence of x. For a positive integer n, let S,(x) be the summation of the first n
digits of x. The classical Borel normal number theorem can be stated as follows:

. Su(x)
lim —— =

n—oo N

1/2 (1.2)
for Lebesgue almost all x € (0, 1]. In a fractal, it is natural to study the following level

sets: g
B(oz)={xe(0,1]: lim "(x):a/}, 0<ac<l.
n n

—00

Besicovitch [2] first studied the Hausdorff dimensions of this kind of sets and
Eggleston [6] generalized Besicovitch’s work to b-adic expansions, where b > 2 is
an integer. More precisely, they established that

H(a)

dim[-] B(a') = @

Here H(x) is the classical entropy function, which is defined as
H(x) =xlogx+ (1 —-x)log(1-x), 0<x<1, (1.3)

where we define 0 log O = 0 by convention.

Nowadays, the sets B(a) are often called Besicovitch sets. It is worth mentioning
that the above work of Besicovitch and Eggleston has been generalized in diverse
directions; see [1, 9, 19, 21, 22] and references therein.

Recently, another kind of fractal sets arising from the digit sequence of x € (0, 1],
Erdés—Rényi sets, has been widely studied by many authors. For each n > 1 and
x € (0, 1], the run-length function r,,(x) is defined as the length of the longest run of 1’s
in (xg, x3,...,X,), thatis,

ro(x) =max{€: xiy1 =---=x¢=1forsome 0<i<n-—¢}.

Erd6s and Rényi [7] (see also [23]) proved the following asymptotic behavior of 7,:
for Lebesgue almost all x € (0, 1],

Jim 2 _

=1. (1.4)
n—co log, n
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This is the well-known Erdés—Rényi limit theorem. There are many generalizations of
this theorem; see [5, 18, 25] and references therein. Again, it is interesting to study the
following level sets:

rn(X)

" o 10g2

Ep) ={re@11; =y} 0sys+e.
Following Chen and Wen [4], we call E(y) Erd6s—Rényi sets. Moreover, Chen and
Wen [4] proved that

dimg E(y) =1, 0<7vy<+oo. (1.5)

Clearly, the two quantities S,(x) and r,(x) reflect different properties of the dyadic
digit sequence of the point x. It is interesting to consider those points with some
properties associated with them simultaneously. For 0 < @ <1, 0 < 8 < +oo, Chen
and Wen [4] first studied the Hausdorff dimensions of the following interesting
intersections:

S n
S(@,B) = {x € (0, 1] : liminf ( ) 5 . fim 2% _ }
- n—oo n—oo ]()g2 n
They obtained that
H(t
dimy §(@.f) = sup 22
a<t<l lo 2
Later, Zhang and Peng [26] proved that
H
0g?2
where S
E(@,p) = {x c.1]: tim > _ ¢ fim =& _ ﬁ}_
n—oo N n—oo0 10g2 n

Borel’s normal number theorem tells us that the rate of growth of S,(x) is 1/2
for almost all x € (0, 1], and the Erdés—Rényi limit theorem tells us that the rate of
growth of r,(x) is log, n for almost all x € (0, 1]. However, the limits in (1.2) and (1.4)
may not exist. Therefore, it is natural to study the exceptional sets in the above Borel
normal number theorem and Erdés—Rényi limit theorem. In particular, Carbone et al.
[3] proved that

Ha) He)) 16

d. Dl] = i ( 2 2
1 Fayp = min log2 log?2

where

n()

Dyg —{xe(O 1] : liminf

n—oo

@, limsup —— "( ) ,3} 0<a<p<l.
n—oo

Let us remark that the above result has been generalized in diverse directions; see

[13, 17, 21, 22] and references therein. Of course, there are also many works on the

exceptional sets arising from the Erdés—Rényi limit theorem or its generalizations; see
[10, 14, 15, 20, 24, 27] and references therein.
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In [16], we consider the intersections of the classical Besicovitch set and some kind
of ‘worst’ exceptional sets in the Erd6s—Rényi limit theorem, that is,

Sy .y . n
Ef nax = {x € (0,1]: lim ) = a, liminf ra(X) =0, limsup ﬂ = +oo}.
n—oo n n—oo t,D I’l) n—oo (;D(n)

Here ¢ : N — (0, +00) is a function satisfying lim,_, ;e ¢(n) = +oo.

In this paper, we naturally consider the Hausdorff dimensions of the intersections
of exceptional sets in Borel’s normal number theorem and Erd8s—Rényi sets. Our
result complements the ones in [4, 16] and [26]. More precisely, for 0 <a <8 <1,
0 <y < 400, define

Ch 5= DagNE(y)

= {x € (0,1] : lim inf S"’Ex) =aq, 1131 sup S”,ix) =p, lim l:)g,f:zz = y}. (1.7)
Now we can state our main result.
THeOREM 1.1. For0<a < <1,0<y < +oo,

dimy €7, = min (fé ;“2), %)
The following result follows immediately from Theorem 1.1.
CoroLLARY 1.2. For any 0 <y < 400,
dimy C7 =1,

where

C? = {x € (0,1]: liminf % <limsup S"r(lx), lim 1:);3 - }

We would like to emphasize again that it is very difficult to determine whether
the formula (1.1) holds even if one of the original sets has full Hausdorff dimension.
However, combining (1.5) and (1.6), our results show that the formula (1.1) does hold
for Cgﬁ and C”.

2. Preliminaries

In this section, we present some notation and classical tools which we need in the
next section.
Forn e N, let

{0, 1} = {(w1,...,w,) :w; €{0,1},i=1,...,n}

and

(0,1} = U{o, 1"

neN
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For each w = (wy, ..., w,) € {0, 1}, the length of the word w is n and we call w an
n-word. That is, {0, 1}" and {0, 1}* denote the families of words with length of n and
all finite words, respectively.

For two words w = (w1, Wy, ...,w,) € {0,1}" and 7 = (11,72, ..., Tn) € {0, 1}, we
denote their concatenation by wt = (w1, ..., W,, Ty, ..., Tm), Which is a word of length
n + m. Moreover, for Wy, ..., W, c {0, 1}, we write

W]"'Wn={(M1,...,Mn)ZMi€W,‘,1Siﬁn}.

In particular, @™ means a---a, where a = 0 or 1. For convenience, Zhang and Peng

m times

[26] introduced the notion of an (N, M)-word. For an integer N satisfying 0 < N < M,
the M-word

M-1
(X1, %2, -+ o> X1-1,0) € {0, 1} with Z x;=N
i=1

is called an (N, M)-word. The family of all (N, M)-words is denoted by Wy, (N).
By Stirling’s formula and simple calculation, we can get the following useful
estimate, which is closely related to the entropy function.

LemMma 2.1. For any natural numbers n and k with 0 < k < n, the following estimate
holds:
n k
log (k) = nH(—) + O(logn) asn — oo,
n
where H(-) is the entropy function defined as in (1.3) and the notation f(n) = O(g(n))
means that f(n)/g(n) is bounded as n — oo.

Moran sets play an important role in fractal geometry due to their controlled
constructions and nice dimensional results. To get the lower estimate for Hausdorff
dimension of a set, a powerful method is to construct a Moran-type subset in it and then
use the known dimension result on the Moran-type set to get the lower bound. We next
present the dimension result on homogeneous Moran sets established in [11], which
has become a classical tool to estimate the lower bound of the Hausdorff dimension of
a fractal set.

Let us firstly recall the definition of a homogeneous Moran set. Let {m;};»; be a
sequence of positive integers and {c;};>; be a sequence of positive numbers satisfying
m; >2,0<c¢; <1,mic; <6andm;c; <1foranyi> 2, where d is some positive number.

Define
D= UDi,
i>0
where
Dy =0, D,-={(w1,...,cu,-):ISijmj,lSjsi}.
For w = (wy,...,wy) € Dy and 7 = (11, ...,7,) € D,, we again use wt to denote the

concatenation of the two words.
Suppose that J C R is a closed interval of length §. Consider the collection of closed
subintervals ¥ = {J, : o € D} of J satisfying:
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O Jo=J;
(i) for any k> 1 and o € Di_1, Jgu1, Jgs25 - - - » Joum, are subintervals of J, and
int(Ji.;) Nint(J.;) = O (i # j), where int(A) denotes the interior of A;
(iii) forany k> 1andany o € Dy_1,1 < j < my,
o = |Jrr*j|
k= T, >
|l

where |A| denotes the diameter of A.

=%

k>1 oeDy

Then we call

a homogeneous Moran set determined by 7.
Lemma 2.2. Let E be the Moran set defined as above. Then

log(m; -~ m))

dimy E > lim inf .
jmeo =log(cy -+ - cjrimysn)

Finally, we end this section with an easy inequality which will be frequently used
later.

Lemma 2.3, Let {a,}ns1, {bntns1> {Cnlns1, {dntns1 be four sequences of positive numbers
and suppose that

n . bn
lim dn =A, lim — =B.
n—oo CV! n—oo dn
Then
a, + b,

min(A, B) < liminf

n—o  C, =+

p < max(A, B).

n

The above inequalities also holds if we replace limit inferior with limit superior.

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1.
By (1.6), (1.7) and the monotonicity of Hausdorff dimension, we only need to show

that (H(a) HE) )

dimy C” , > —_—
1t &q,p = TN log2’ log?2

To do this, for fixed 0 < @ < < 1, 0 <y < 400, we next construct a homogeneous
Moran set E such that
y
EcC,, (3.1)

and

H@ H('B)). 3.2)

iy £ > min (142,
o i log?2 log?2

We divide the proof into three cases according to the value of y.
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Case 1. 0 <7y < +oo.

Let N, =2",n > 1. Then it is not difficult to check that there exists some positive
integer ng such that

vlog,(nN,) > n (3.3)

for n > ng and
Ny +2N; + .-+ nN, 1 N,
lim ~ =2 Nu o, tim 00Ny
n—oo (I’l + 1)]\InJrl n—oo 10g2((n + 1)Nn+l)

Recall that, for integers N, M with 0 < N < M, Wy, (N) denotes the family of all
(N, M)-words. For k > 1, define

WZk—l — {wlwz e wNZk—l_luNZk—] : uNZk_l — wN2k-] 1[710g2((2k*1)N2k71)]0’

w; € Wy ([a(2k = D), 1 <i < Nyg_1}

and

(Wzk = {wlwz S WNy—1UNy, : Uy, = wNZk][}’logz(Qszk)]O,

wi € Wor([BQ2K)]), 1 <@ < Nyb.

Here and in the following, the notation [x] denotes the integer part of x.
Finally, define
E={0vivy---€(0,1] : v; e W;,Vi>1}.

We next show that E is the desired homogeneous Moran set.

Write
2k-1

Ar= ) (N;+ [ylog,(iN)l + 1)
i=1
and
k
(iN; + [ylog,(iN))] + 1).
i=1
That is, Ay and By are the lengths of the words in W, --- Wy and W - Wy,

respectively.
For any n > Ny, there exists some positive k such that

A <n < Ap +2kNy, + [’legz(Zszk)] +1

2
B, =

or
Bk <n< Bk + (2k + 1)N2k+1 + [’y 10g2((2k + 1)N2k+1)] + 1.

We only consider the case Ay < n < A + 2kNy; + [y log,(2kNoi)] + 1 since the second
case can be treated in the same way.
First, we show that
i ra(x)
im =
n—oco log2 n

Y (3.5)

for any x € E.
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By the construction of E and (3.3),

ra(x) = [ylog,((2k — 1)Noyi—1)]  or  [ylog,(2kNy)].
Therefore,
[ylog,((2k — 1)Noi-1)] < 7n(X) < [y 1og,(2kNo)]
log,(Ax + 2kNoy + [ylog,(2kNy )1 + 1) — logyn log, Ax ’

By (3.4), we can check that both the first and the third terms tend to 7y as k — co. That
is, (3.5) holds.
Next we show that

liminf 2% — o, limsu

n—eo n n—o0

Su
p ) =p (3.6)
n

for any x € E.
On one hand, write

k=1

Cr = Z ([a(2i = DINai—1 + [y1ogy((2i = DN2i-1)] + [BD)IN2; + [y 1og,(2)N2)]).
i=1

It is easy to check that
Sa,(x) = Cx + [a(2k — 1)]Np—1 + [y 1og,((2k — 1)Noy—_1)]
and
Sp,(x) = Cr + [@(Zk — 1)IN2—1 + [y 10g,((2k — 1)Nog-1)]
+[B2K) N2k + [y log, ((2k)Nok)].
It follows from (3.4) that

Sa,(x) _ Ci + [a(2k = 1)]No—1 + [y 1og,((2k — 1)Ny—1)]
Ay Bio1 + 2k — DNy + [ylogy((2k — DNy—)] + 1

tends to « as k — oo. That is,
Sa,(x)
m-——=q

i 3.7
k1—>oo Ak ( )
In a similar way,
. Sp(x)
lim —— = 3. 3.8
im =g B (3.8)

On the other hand, recall that
Ap <n<Ap+2kNy + [y IOgZ(ZkNQk)] +1.

We consider the following three cases.
Assume that there exists some positive integer 1 < p < Ny such that

Ar+ p(2k) < n < Ag + (p + 1)(2h).
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Then

S + PIBEOT _ $u(0) _ Sa®) + (p + DIBK)]
Act(p+ D2k = n = Ar + pl2k] ‘

It follows from (3.7) and Lemma 2.3 that

a < 1iminfS”—(x)

n—co n

< lim sup $u(x) <pB.
n

n—oo

Assume that
Ag + 2kNop <n < Ap + 2kNoy, + [y 10g2(2kN2k)]

Then

Sp.(x) — [ylog,(2kNo)] < Sp(x) < Sp, (%)
By —1 T n 7 By—[ylogy(2kNy)l - 17

It follows from (3.4) and (3.8) that

lim 22 _ g

n—oo n

Assume that

Ak + 2kN2k + [’y 10g2(2kN2k)] <n< Ak + 2kN2k + [’)/ IOgZ(ZkNZk)] + 1.

Then
S Bk(x) S (x) Sp.(x)
Bk n Bk - 1
It follows from (3.8) that
Jim 22 _ g

n—ooo N

Combining (3.7), (3.8) and the above estimates, we claim that (3.6) holds and
therefore (3.1) is proved.

We next prove (3.2).

It is not difficult to check that E can be regarded as a homogeneous Moran set and
the associated parameters {m;};>; and {c;};>; are defined as follows:

2k=-2 2k-1

(W%AJ 2 Ni<is i
mi = ok 2k—1 2k (3.9)
, N, <i< N;,
@wﬂ ;’ ;
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2k-2 2k-1
22k DINj<i< ) Nj
j=0 j=0
2k—1
2~ (@h=1)+lylogy (k=DNa-DI#D) = Z Nj;
Jj=0
¢ = . (3.10)
272 ZN <z<ZN,
2k
2~ (2k+ly logy CkN2)1+1) i= Z N;.
Jj=0

Here k > 1 and we set Ny = 0 for convenience.

Next we will use Lemma 2.2 to estimate the lower Hausdorff dimension of E.
For any positive integer Jj > Nj, there exists a positive integer k such that either
22" N <j< Z N; or Z; oN <j< 22"“ N;. Again, we only consider the case
that X% N; s]<2, ko Ni.

We can write j = ZZk U'N; + g with 0 < g < Ny. We consider the following two
cases.

Subcase 1. j+1< Y Ni. By (3.9) and Lemma 2.1,

1 : .—kN. 1 21 k_lN»l 2 1 o
oglm-<-m = 3 Nacrlog|p o,y )+ D Narlow o |+ oo

- zk: ((21 - 1)H(%) + O(log(2i — 1)))
i=1

N szz,(uz)H([ﬁ( 1)+ 0ttog(ai)

[B2R)]
2k

+ q((2k)H( ) + 0(10g(2k))).

On the other hand, by (3.10) and the choice of {N,},>1,

_log(c1 Ce cj+1mj+1) < - log(cl Ce Cj+l)
2k-2

- ( DN + @k~ DNy + q(2k)) log 2

i=1

+ O((2k — 1)* + log(2k — 1)).

https://doi.org/10.1017/51446788718000435 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000435

[11] A note on the intersections of the Besicovitch sets and Erd6s—Rényi sets
By (3.4),
k
[a(2i—1)] [B(2)]
SRV (Sl ye (el
Zu Wait (= ZU m
im = : = H(a).
koo 2k=2

Z iN; + (2k — )Nyt + O((2k — 1)> + log(2k — 1))
i=1

Observe that

aaon(B20)

dm e

By Lemma 2.3 and the above estimates,

log(m; - --m;) >min(H(a) @)

lim inf , .
gy log2 log?2

e “logler - cjamyn)

Subcase 2. j+ 1= Zizfl N;. By simple calculation, similar to the above case,

k 2i—1
log(my ---mj) = > Nayiy log( . )
/ ; [a(2i — 1)]

k-1

2i 2i
+2memywkmﬂmﬁ

i=1

- Zk: ((21 - l)H(%) + O(log(2i — 1)))
i=1

+Zm@meWmamw

(N — 1)((2k)H( G = ol ) + O(log(2k))).

On the other hand,

—log(cy -+~ cjrimjy1) < —log(er -+ cjr1)
2%-1

- ( DN+ RN 1)) log2 + O((2k)* + log(2k)).

i=1
Again,
lim inf > >
jmeo —log(cr -+ cjrimje) — log2

Therefore, (3.2) holds.
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Case 2. y=0.

In this and the next case, we only give the key constructions of the desired
homogeneous Moran set since the proofs are similar to that in Case 1.

Let N, = 2"2,n > 1and, fork > 1, let

(WZk—l = {w1w2 S WNy —1UNy D UNy = WNy 12k710’
w; € Wa1([@2k = D), 1 < i < Ny i)

and
Wk = {013 -+ - Oy 1 Uy, & Uy, = Ony 1750, 0 € War (BRI, 1 < i < Nyl

Define
E={0vivy---€(0,1] : v; e W;,Vi>1}.

Case 3. 7y = +oo.
Let N, = 2”2,11 > 1 and, fork > 1, let

. _ 2k—1)3
Wo-1 = {w1w2 © WNy 18Ny - UNy o = WNy 1 ) 0,

w; € Wy ([a(2k = 1)]), 1 < i < Ny}
and
(WZk = {(,1)1(1)2 © WNy—1UNy, C UNy = wNzkl(Zk)zo, w; € W2k([ﬁ(2k)])’ 1<i< N2k}'

Define
E={0vivy---€(0,1] : v; e W;,Vi>1}.
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