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Abstract  Using variational methods, we establish the existence and multiplicity of positive solutions
for the following class of problems:

—Au+ A\V(2)+ Z(x))u=Bul +2u> "1, u>0in RV,
where \, 8 € (0,00), ¢ € (1,2* — 1), 2* =2N/(N —2), N > 3, V,Z : RN — R are continuous functions
verifying some hypotheses.
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1. The problem

In this paper, we are concerned with the existence of positive solutions for the following
class of problems:

—Au+ AV (x) + Z(z))u = fu? + u* ~' in RY,
u>0in RY, (1.1)
uin HY(RY),
where \, 3 € (0,00), ¢ € (1,2* — 1), 2* = 2N/(N —2), N >3 and V,Z : RN — R are
continuous functions with V' (x) > 0 for all z € RY. The function V' has the property that

Int V=1(0) := £ is an open smooth domain composed of k open connected components
denoted by £2;, j € {1,...,k}, which satisfy d(£2;,2;) > 0 for i # j, that is,

=M UU---Ul,

with V=1(0) = 2.
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For each j € {1,2,...,k}, we fix a bounded open subset §2; with smooth boundary
such that

(i) 925 C 2},

(ii) 27N =0 for all j # 1.

Moreover, we also fix a non-empty subset I' C {1,2,...,k} and set
Or=J 2 and 0p =[]
jer jer

Let us also assume that there exist two positive constants M, and M; such that the
functions V' and Z verify

0< M, <V(z)+Z(x) Yz ecRY (1.2)

and
|Z(z)| < My VzeRY. (1.3)

Many papers concerning existence and multiplicity of positive solutions for this kind of
problem have been published in recent years. For example, in the case when the function
AV (z) + Z(z) is coercive, Miyagaki [21] proved some existence results for a positive
solution to (1.1). For the case when the function AV (z) + Z(z) is 1-periodic, Alves et
al. [3] showed the existence of positive solutions to (1.1). If A\V(x) + Z(z) is radial, Alves
et al. [4] also established the existence of a positive solution to (1.1). The papers cited
above proved only the existence of positive solutions; the multiplicity of solutions was
established in [6-8,10,11,22].

In [13], Ding and Tanaka considered problem (1.1) without the critical term and
assume that § = 1. Supposing that (2 has k& connected components, the authors showed
that, for this case, problem (1.1) has at least 2¥ — 1 solutions, for large ), establishing
the existence of solutions called multi-bumps.

In our work, due to the critical growth of the nonlinearity in RY, standard procedures
adopted in the literature to treat the subcritical case do not hold. In view of this obstacle,
a new approach has had to be applied. For instance, we have had to prove a bootstrap
argument for the case we study (see Propositions 3.8 and 3.9). Motivated by [13] and by
some arguments developed in [1], we have proved, even for the critical case, the existence
of multiple solutions to (1.1), and that these solutions have the same characteristics
of those found in [13]. We have employed variational arguments, and our main result
completes the study made in [13], in the sense that we are working with a class of
problems involving critical growth.

Our main result is the following.

Theorem 1.1. Assume that (1.2) and (1.3) hold. Then, for any non-empty subset I'
of {1,2,...,k}, there exist constants * > 0 and \* = X\*(8*) such that, for all 8 > 0*
and A\ = X\*, problem (1.1) has a family {u)} of positive solutions with the following
property: for any sequence \, — 0o, we can extract a subsequence (\,,) such that Ux,,
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converges strongly in H'(R™) to a function u that satisfies u(z) = 0 for x ¢ Qr, and
the restriction u|o; is a least-energy solution of the following problem:

—Au+ Z(x)u = Bul +u? "L e 2,
u>0 in Qj,
u=0 on 02
foralljelI.

Corollary 1.2. Under the assumptions of Theorem 1.1, there exist 3* > 0 and \* =
A\*(B*) such that, for A\ > \*, problem (1.1) has at least 2F — 1 positive solutions.

Notation

The integral [y ¥ da is denoted by [y ¥. The usual norm of H*(R") is denoted by
lu||. The usual norm of L"(RY) is denoted by |ul,, 7 > 1. The usual norm of L>*(R") is
denoted by |u|. For an open set © C RY, the symbols |ulle, |u|re, r > 1, and |u|w.0
denote the usual norms in the spaces H'(0), L"(0) and L>(O), respectively.

2. Some preliminary results

In this section, we set some notation and the proper variational framework to be employed
in this work.
Let us define the space of functions

Hy = {u € H'(RY) - /RN(/\V(a:) + Z(2))? < oo}

endowed with the norm

fulls = ([ (70 + 0V(o) + Z<m>>u2>)1/2.

For A > 1 it easy to see that (Hx, | - ||») is a Hilbert space and we have the following
continuous imbedding: H, < H1(RY).

The non-negative weak solutions of (1.1) are the critical points of the functional J :
Hx — R defined as

I = [ (VP OV @) + 2@ty - L5 [ ot - 5 [

where uy (x) = max{u(x),0}.
For an open set @ C RY we analogously define

HA(O) = {u c H'(0); /@()\V(x) b Z(2)? < oo}
and

lullxe = (/@ [Vul* + (AV () + Z(w))u2)1/2~
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In view of (1.2), we have
[ull} o = Molul3 o forall u€ Hy(O) and A > 1.

The next result is an immediate consequence of the last inequality.

Lemma 2.1. There exist constants dg,vg > 0 with g ~ 1 and vy = 0 such that, for
all open sets © C RY,

Jo]lul

?\)@ < ||u||?\@ — uo\u@@ for all u € H)(O) and A > 1. (2.1)

Once we consider the nonlinearity with critical growth, the next lemma will be useful
and it is an immediate consequence of a result due to Lions [18-20].

Lemma 2.2. Let (v,) C HY(RY) be a bounded sequence such that v, — v in
L¥ (RN). If (v,) is a subsequence such that |v,|*> — v and |Vu,|> — p for some
measures v and i, then there are sequences of points (z,) C RY and (v,) C [0, 00)
satisfying

o0
on]®” = [+ vide, =,
i=1

Z V217 < oo and p(x,) = Sv2/? VneN,

n=1

where ¢; is the Dirac measure and S is the best Sobolev constant of the immersion
HY(RN) — L (RY).

3. An auxiliary problem

In this section, we adapt, for our case, some arguments developed by Ding and Tanaka
[13] and del Pino and Felmer [12].
Henceforth, let us denote by h : R — R the function given by

h(s) = Bs? 4521 if s >0,
0 if s<0

and fix a positive constant a verifying h(a)/a = vy, where vy > 0 is the constant given
in Lemma 2.1.

For technical reasons we define two functions f, F' : R — R, which play an important
role in what follows:

0 ifs<O0,
f(s)=qN(s) ifsel0,dl,

vps if s > a,
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and
Fls) = /0 " ey dr

Using the set 2, let us also consider the functions

1 for x € 2%,
XF(fE):{ i

0 forx ¢ 2,
g(z,8) = xr(@)h(s) + (1 — xr(z))f(s) (3.1)
and
Gla,5) = [ gle.0)dt = xr(@)H(s) + (1= xr () F(o) (3.2)
where

H(s) = /O h(r) dr.

Let us denote by @, : H)x — R the functional given by

() = 1/ (Vul? + AWV (@) + Z@)?) — [ Glaw). (3.3)
2 RN RN
It is standard to prove that @) € C'(H,,R) and that the critical points of &, are
non-negative weak solutions of the equation
~Au+ AV (x)+ Z(z))u = g(z,u) in RV, (3.4)

Note that positive solutions of the above equation are related with positive solutions
of (1.1), once we see that if u € H, is a positive solution of (3.4) verifying u(z) < a in
RN\ 24, then it is a positive solution of (1.1).

3.1. The Palais—Smale condition and the study of some energy levels

A sequence (u,) C H is defined as a Palais—Smale sequence at the level ¢ € R
(hereafter referred to as a (PS), sequence) of the functional @, when

Dr(un) — c€R and @) (un) — 0 € (Hy)'- (3.5)

Remark 3.1. By the definition of the functions f and F', the Palais—Smale sequences
may be assumed to be non-negative.

The next lemma establishes that all (PS). sequences are bounded, and the proof follows
using well-known arguments (see [13]).

Lemma 3.2. Any (PS). sequence (u,) C H of the functional @y is uniformly bounded
with respect to X > 1.
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Next, for each fixed j € I', let us denote by c; the minimax level of the mountain-pass
theorem associated with the functional I; : Hl(£2;) — R, given by

1

- o+l _ 2 3.6
el R USRI

L =y [ (9 + 2@

It is well known that the critical points of I; are weak solutions of the following problem:

—Au+Z(@)u=pul+u> ! in 12,
u>0 in £2;, (3.7)
u=20 on 042;.
The technique we shall apply in order to prove Theorem 1.1 includes the comparison
between some energy levels of the functional associated with (1.1) with the energy levels
associated with other auxiliary problems related to (1.1), as well as the study of the

behaviour of some (PS). sequences.
In this regard we prove the following results.

Lemma 3.3. There exists * > 0 such that, for all § > *, we have
1 1\ SN2
; - ——— |—— | forallje{l,...,k}.
CJ€(07(2 q—|—1>k—|—1> OI"&_]E{, 1}
Proof. For each j € {1,...,k}, we fix a non-negative function ¢; € H}(£2;) \ {0}.
Observe that there exists tg ; € (0,400) such that
< T 0. = . .
cj < 1i(tp,;05) I?;glj (tej)

and thus, the following equality holds:
| 196+ z@lest =g [ e [ g
J 2; 2;
This equality implies that
{fnj [Ves;l* + Z(x)%‘lgl} /a1
B9 ﬁfgj (qu+1

and hence
tg; — 0 as f — +oo.

Using the above limit, we have
Ii(tp.jp5) = 0 as f — +oo,

whence it follows that there exists 8* > 0 such that

1 1\ SN2 : .
Cj< 57(]—1—71 (ICTl) forall]E{l,,k}andallﬂé[ﬂ,Jroo)
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Remark 3.4. In particular, the above lemma implies that

écj c (0, (; —~ qil)SN/Z) (3.8)

The above result is very important, as we show in the following proposition.

Proposition 3.5. Foreach A > 1 and c € (0, (1 —1/(q+1))SN/?), any (PS). sequence
(un) C Hy of the functional ® has a strongly convergent subsequence (in Hy ).

Proof. Let (u,) C Hx be a (PS). sequence. By Lemma 3.3, the sequence (u,) is
bounded in H, and we may assume that

u, — u weakly in Hy and in H'(RY),
u, — win LP (RN) Vp e [1,2%).

loc
First, we observe that weak limit « is a critical point of @).
By hypothesis, for any bounded sequence (p,) C Hyx, we have @ (uy, ), = 0,(1). Let
us choose a special ¢, for our purposes:
on(x) = n(x)un(z),
where n € C*°(RY) is given by
1 Vz € B%(0),
n(z) = "
0 Vxe BR/Q(O),
n(x) € [0,1] with 27 C Bg/»(0).
Here and below B%(0) = {z € RY; |z| > R}. Using the above data and adapting

arguments used in [12, Lemma 1.1] one proves that, for each € > 0, there exists R > 0
such that

/{ O |V, + (W (z) + Z(z))u? < e for large n € N. (3.9)
xre x| 2>

Claim 3.6. The sequence (v,,) obtained by applying Lemma 2.2 to the sequence (uy,)
verifies v, = 0 for alln € N.

In fact, once it is proved that (u,) is a (PS). sequence, for each ¢ € C§°(£2) we have
that

/]RN |V |[2é + /RN UV, Vo + /RN AV + Z)ul¢p = /]RN 9(x, up )und + o, (1). (3.10)

If (z,,) is the sequence given in Lemma 2.2, then let &, = &(z —x,,)/e, z € RN, £ > 0,
where @ € C5°(RY,[0,1]) is such that @ = 1 on B;(0), ® = 0 on B§(0) and |V®| < 2.
Considering ¢ = @, in (3.10) and using the same type of arguments explored in [16],
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we obtain u(x,) < v, for all n € N. If v, > 0, the latter inequality combined with
Lemma 2.2 implies that
vy = SN? wneN, (3.11)

whence it follows that (v,) is finite.
Next, we will prove that v, =0 for all n € N.
Again using the fact that (u,) is a (PS). sequence, we have

Consequently,

11 , (1 1 ,
S . S AV + 7
(2 q+1)/RN [Vun[” + (2 q+1)/RN( + Z)un

+ /RN [1g(x,un)un G, un)} = ¢+ on(L).

q+1

Since
1
Loovezn s [ et - 6] 2o
RN RN |49 + 1

it follows that
11 )
a4 n < nla
(2 qul>/]RN|Vu| ¢+ on(1)

1 1
- — — < . .
(2 q+1>p(acn) <c VneN (3.12)

and then

Recalling that p(z,) > SVTZ/T7 if there exists a v, > 0 for some n € N, from (3.11) and
(3.12) we obtain the inequality
1 1
>z - — SN/2
‘ (2 g+ 1> ’

which is a contradiction; thus, v, = 0 for all n € N.
From Claim 3.6 we have
u, —u in L2 (RY) (3.13)

and, by (3.9), it follows that

/ g(z, up)u, — g(z,u)u asn — oo,
RN RN

which implies that
U, — u In Hy.
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A sequence (u,) C HY(RY) is called a (PS)s . sequence when the following hold:

Up € H
Ap — 00, N — 00,

n?

PS
¢>\n (un) — C as An — 00, ( )oo,c

2%, (un)|| =0 as A\, — oo.

Let us study the behaviour of a (PS). . sequence.

Proposition 3.7. Let (u,) be a (PS)w,. sequence with ¢ € (0, (3 —1/(g+ 1))SN/?).
Then, for some subsequence still denoted by (uy,), there exists u € H'(RY) such that

u, —u weakly in H'(R").
Moreover,

(i) w=0in RN\ 2r and ulg, is a non-negative solution of

—Au+ Z(x)u = Blul u+ [u* "2u in 2, ®)
u=0 on df2 !
for each j € I'.
(ii) w, converges to u in a stronger sense, namely
|tr — ullx, — 0.
Hence,
Up —u  strongly in H'(RY). (3.14)
(iii) As A, — 0o, we have the following convergences:
/\n/ V(z)u? — 0, (3.15)
RN
”un”imRN\QF — 0, (3.16)

||un||§n9; — /Q |Vul? + Z(z)u? foralljcT.
J

Proof. As in the proof of Lemma 3.2, there is a positive constant K > 0 such that
llunllr, < K ¥neN.

Thus, (u,) is a bounded sequence in H'(R") and, for some subsequence still denoted by
(un), we may assume that there exists u € H*(RY) such that

u, —u weakly in H*(RY)
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and
un(z) = u(z) a.ein RV,
Using once more similar arguments explored in Proposition 3.5, we get
U, —u in H'(RY). (3.17)

To show (i), we fix the set C,,, = {x € RN : V(z) > 1/m}. Then

m
[ o<t [ awvee
Com An Jr

that is,

m
| < Pl
C n

m

The above inequality, together with Fatou’s lemma, implies that

/ uw?=0 VmeN.
Cm

Thus, u(z) = 0 on U:;O:ol Cr =RY \ 2 and we can assert that u|o, € H}(£2;) for all
je{l,...,k}.

Once we have proved that @) (u,)p — 0 asn — oo for each ¢ € C3°(£2;) (and hence
for each p € HL(£2;)), it follows from (3.17) that

VuVe + Z(x)up — / glz,u)p =0, (3.18)

Q; Q;

showing that u|g, is a solution of (P); for each j € {1,2,...,k}.
For each j € {1,2,...,k} \ I', setting ¢ = u|g, in (3.18), we have

/Qj Vul? + Z(2)? — /Qj Flu)u =0,

that is,

ul o, — /Q =0,

By (2.1) and the fact that f(s)s < 1ps? for all s € R, we have
Sollull3 o, < 1ulli o, = volul o, < llul3 o, - /Q f(u)u = 0.

Thus, v =0in 2, for j € {1,2,...,k}\ I', proving (i).
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For (ii), we have

o=l = [ () = ) ) = [ () b))

fo28

Using the equalities
[ (b)) = 0) = on(1),
2r
D\ (u)(un —u) = ., VuV (u, — u) + Z(z)u(u, — u) — ; fu)(up —u) = o0,(1)

and employing the inequality

[, (un) (= w)| < [[ @), (un)l|(J|un]

i

A,,L) = On<1)7
it follows that

I, — u

b Ly, )~ S =) = 001

Now, using (2.1), the fact that v = 0 in R™ \ 2 and the above estimate, we obtain
un —ull}, =0 asn— oc.

To prove (iii), note that, from (1.3),

/ MV (@) < Cllug — ul
RN
SO

AV (z)u? =0 asn — occ.
RN

O

In order to establish a uniform L bound result for (uy), we need the next two propo-
sitions. The first is a version of [9, Theorem 2.3] due to Brezis and Kato (see also [23])
and we omit its proof.

Proposition 3.8. Let b be a non-negative measurable function and let the function
g: RN xRy — R, satisfy the following. For each non-negative function v € H'(R")
there exists a function h € LN/?(RN) such that

g2 v(2)) < (h(z) + Co)u(x) Vo € RY.

Ifv e HY(RY) is a weak solution of —Av + b(z)v = g(z,v), we have v € LP(RY) for all
2 < p < 00. Moreover, there exists a positive constant C, = C(p, Cy, h) such that

[o]lp < Cpllv]lar- (3.19)

Moreover, if (), (by) and (hy) satisfy the above hypothesis and hy, — h in LN/2(RN),
the sequence Cy, j, = C(p, Cy, hy) is bounded.
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Proposition 3.9. Suppose that b is as set in Proposition 3.8, ¢ > N/2 and that, for
each non-negative function v € H'(RY), there exists h € LY(RY) with

g(z,v(z)) < h(z)v(z) VzeRN.

Then, if v is a non-negative weak solution of —Av + b(x)v = g(x,v), there exists C =
C(q, ||h|lq) > O such that
[vllco < Cllvllar-

Moreover, if (vg), (bg) and (hy) satisfy the above hypothesis and (||hllq) is bounded, it
is possible to show that (C = C(q, ||hk|l4)) is a bounded sequence.

Proof. We use the Moser iteration technique, adapting the arguments found in [15,17]
(see also [5]). The basic idea is as follows.

For each n € N and a > 1 such that v € L2241 (RY), consider 4,, = {z € RV : [v|*71 <
n}, B, = RV \ A,, and the function v, given by

vp = v[o[?* Y on 4, and v, =n%v on B,.

Once we have proved that v, € H'(R"Y), we have

/]R (VoVo, + bla)vo,) de = / o, v)on do.

RN
Considering g1 = ¢/(¢ — 1), r > 2¢1,
Wy, = v\fu\(o‘*l) €A, and w,=nv€EB,
and repeating the arguments explored in [5,15], we obtain
|U|m < al/a(sr‘h|q)a/2|v|2aq1' (3'20)

Now, we will prove the estimate involving the L°° norm.

Step 1. Fixing x = r/(2¢1) > 1 and a = x, we have 2¢;o = r and we can rewrite
(3.20) in the following way:

[0lr < XX (S0[RI)PX 0], (3.21)
Step 2. Considering o = x2, we have 2¢; = ry. Thus, by Step 1 and (3.20), we get
2 2
V] y2 < XQ/X (ST|h|q)1/(2X )‘U‘TX‘ (3.22)
From (3.21) and (3.21), it follows that

0]z < XXFRIE (S, R| ) XD 2|y (3.23)
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Step 3. Choosing o = x3, we have 2¢;a = rx?. Thus, by Step 2 and (3.20),
. 3 3
V] rye < Xd/x (Sr‘h|q>1/(2x )|U|rx2' (3.24)
From (3.23) and (3.24),

[Vl < I (5[] ) TN (3.25)

Repeating the above arguments, for each m € N we have the following inequality:
V] pym < Y /XFZEFBICHdm /X (G | YATDEFLXE + AN 2] (3.26)

Since

= m 1 1o 1 1
— = and = _— =
mz::lxm (x-1) 2 2 2(x—1)

from (3.26) we have
[Vlrxm < Clolr,

where C' = x'/ (=1 (S, |h|,)/X=1) Consequently,
[V]oo < Cloly.
]

Now we are ready to prove the key result in order to conclude the proof of Theorem 1.1.

Proposition 3.10. Let {uy} be a family of positive solutions of (3.4) satisfying

1 1
@ S ——— /0]
Sul?{ Alua)} (2 q+1)

<
Then, there exists \* > 0 such that
[Ux|oori\ 2. S @ VA Z A"

Hence, uy is a positive solution of (1.1) for A > A*.

Proof. Let (A,) be a sequence with A\, — oo and define u,(z) = uy, (x). Then uy,
is a bounded sequence of positive solution of (3.4). Using Proposition 3.7, it follows that
u, — uwin HY(RY), where u is the weak limit of (u,) in H'(R"™). Moreover, recall that
there exists C' > 0 such that

g(xz,un) < up + C’ui*fl < (1 + ap(z))un,

where a, () = Clu,|> ~2, which converges in L™/2(RN) to u? ~2. Using Proposition 3.8,
it follows that, for each r > 1, the sequence (|uy|,) is uniformly bounded. In the following
we set r > 2*. Let us rewrite (3.4) in the following way:

—Auy, + (/\nV(J?) + Z('T) - Vo)un = §(1‘, S) = g(x7un) — VolUp € RV,
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Note that

and we can check that a,(z) = Clu,|* ~2 € LY(RY) with ¢ = r/(2* — 2) and ¢ > N/2.

Proposition 3.9 ensures that

[tnloo < Ko Vn €N,

for some K, > 0.
Now let v, (x) = uy, (enz+%,), €2 = 1/\, and (Z,,) C 9£2).. Without loss of generality
we will assume that Z,, — & € 92}-. We have |v,|0 < Ko,

—Avy + (V(enw + 7)) + €2 Z(enx + Tn))vn = e29(ent + T, vy)

and
|9(en® 4 Tp, vn)| < |vn| + C‘Un|2*_1'

These facts, together with bootstrap arguments, imply that there exists K; > 0 such
that

lonllc2(By o)) < K1 VneN.

The above estimate implies that the weak limit v of the sequence (v,) C H'(RY) belongs
to C1(By(0)) with
v, — v € CYH(B1(0)) asn — oo.

Assuming by contradiction that there exists n > 0 verifying
ux, (Tn) =2n VYneN,
it follows that
v,(0) =1 VYneN.

Thus, v # 0 in B4 (0).
On the other hand, the function v satisfies the equation

~Av+V(z)w=0€ecRY.

This implies that v = 0, and contradicts the fact that v # 0 in B;(0). Thus, there exists
A* > 0 such that

|UA|00739/F < a VA 2 )\*

Repeating the arguments explored in [12], we have
|u)\|oo,RN\Q} <a VA > )\*,

from which the proposition follows. (I
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4. Positive solutions for the original problem

In this section, for each A > 1 and j € I, let us denote by @, ; : HI(Q;-) — R the
functional

Dy j(u) = ;/Q; |Vul?2 + AV (z) + Z(z))u? — q:_% o (uy )7 — 2% /Q (u_,_)z*. (4.1)

i
We know that the critical points of @, ; are the weak solutions of the elliptic equation
with Neumann boundary condition

—Au+ NV (z)+ Z(z))u = Pul +u> "' e 2,

’LL>0€Q;-, (42)
ou
8777 =0 on 6();-.

It is easy to check that the &, ; satisfy the mountain-pass geometry. In what follows,
we denote by cy ; the minimax level related to the functional @, ; and defined by

= inf Dy (1(t
oxg = nf  max &x;(v(t)),

where
Ty = {7 € C([0,1], H'(2})); 7(0) =0, @5 ;(~(1)) < 0}.

Since (3 is small, using well-known arguments found in [2,14], it is possible to prove
that there exist two non-negative functions w; € Hj(§2;) and wy ; € H'(§2}) verifying

Ij(wj) =c; and Ij(w;) =0 (I; was defined in (3.6))

and
Py j(waj) =cry and D) ;(wy ;) = 0.

4.1. A special critical value for the functional &)

In what follows, let us fix R > 1 such that

1
Ij(ij)’ <ic; Vjer
and
|IJ(RwJ)fc]|21 VJEF

From the definition of ¢;, it is standard to prove the equality

I(sRw;) = I;(w;) = ¢; VjeT, 4.3
Se[fln/%g’l] j(sRw;) = Ij(w;) = ¢; Vj (4.3)

where the interval [1/R?,1] is chosen conveniently for our purposes.
Reordering the set I', we may consider I' = {1,...,1}, I < k.
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Let us define
[1/R* 1) = [1/R* 1] x --- x [1/ R, 1],

l times

the [-dimensional closed cube in R! and (1/R2,1)!, the [-dimensional open cube in R’
We also need to define the application

(/R = | Hy (1)) € HY(27)
Jjer
as
1
Yo(81,82,...,81)(x) = Zszwj(x) (4.4)
and the number
by = inf max Da(v(s1y.-.,581)),

VETx (s1,..,81)€[1/R?1]!
where
. = {y € O([1/R* 1", H'(2) \ {0})7 = % on O([1/R?,1]")}.
We remark that 7, € 7%, so that 7% # 0 and by r is well defined.
Lemma 4.1. For any v € 7., there exists (t1,...,t;) € [L/R?,1]" such that

Nyt t)) (vt 1) =00 for g e {1, 0

Proof. For a given 7 € 7%, let us consider the map 7 : [1/R?,1]! — R defined by

5’(817"'351):( &1(7)(7%; /)\,l(’}/)(/}/))a

where
AN ) =5 (v(s1s- ) (Y (s, 81)) Vi €T
For (s1,...,s1) € O([1/R?,1]"), it follows that

’7(317"'781) :’70(51;~~~781)
and, by (4.3), that

.
D\ i(v0(s15--58))(W0(815---,81) =0 = ;= = Vjelr.

Thus, (0,...,0) ¢ ¥(9([1/R?,1]")). After some algebraic manipulation, we get the follow-
ing equahty mvolvmg the topological degree:

deg(%, [1/R?,1],(0,...,0)) = (—=1)".

Therefore, using topological degree properties, there exist (t,...,%;) € (1/R?,1)! such
that

Ot ) (W ) = 0 for j € {1,..., 1) (4.5)
U
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In the following, the number ¢y := 22:1

rem 1.1. Let us analyse the interaction between 22:1 ¢x,j, by,r and cr, using the fact

that ) )
2~ \gN/2
ere (0.~ 747)5")

¢; is very important in the proof of Theo-

(see Remark 3.4).
Proposition 4.2.
(a) Yo' eny <bar <cr forall A> 1.
(b) ®r(Y(s1,...,81)) <cr forall A > 1,y € Y, and (s1,...,s) € O([1/R?,1]).

Proof. The proof of this proposition follows by adapting some arguments found in [1,
Proposition 4.2]. O

Corollary 4.3.
(a) ba,r — cr, as A — oo.
(b) ba,r is a critical value of @, for large .

Proof. (a) For all A > 1 and for each j we have 0 < ¢y ; < ¢;. Using the same type
of idea explored in the proof of Proposition 3.7, we can prove that cy ; = ¢; as A = oo
and thus, from Proposition 4.2, by r — cr as A — oo.

(b) By Corollary 4.3 (a) and (3.8), we may choose a large A such that

11
by~ 0.(=——)sN2).
AT CFG(’(Q q+1)

Proposition 3.5 implies that any (PS)s,
convergent subsequence (in Hy). Employing this fact, we can use the well-known argu-
ments involving the deformation lemma to conclude that by r is a critical level of @ for
A>1. |

sequence of the functional @, has a strongly

4.2. Proof of the main theorem

To prove Theorem 1.1, we need to find a positive solution uy for a large A\, which
approaches a least-energy solution in each (2;(j € I") and vanishes elsewhere as A — oo.
To this end, we will prove two propositions that, together with the estimates made in
the above section, imply that Theorem 1.1 holds.

Henceforth,

k 1 1 —1
M=1 - ;

Bar(0) = {u € Has Julla < M +1}
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and, for small y > 0, we define
Al = {u € Bary1(0); |ullyvyop < pand [@y(u) — ¢j < pfor all j € I'}.
We also use the notation
D ={u e Hy; Pr(u) <cr}
and remark that w = Z;Zl wj € A;\L NP§", showing that Af; NS # . Fixing
0<pu< %min{cﬁj eIy, (4.6)
we have the following uniform estimate of ||®} (u)||x on the annulus (A3, \ A}) NP5

Proposition 4.4. Let u > 0 satisfy (4.6). Then there exist 0, > 0 and A, > 1
independent of A such that

|@\(u)llx = 06 for A > A, and all u € (A3, \ A)) NPT (4.7)

Proof. The proof of this proposition follows the arguments found in [1, Proposi-
tion 4.4]. 0

Proposition 4.5. Let u satisfy (4.6) and let A, > 1 be a constant given in Proposi-
tion 4.4. Then, for A > A, there exists a positive solution uy of (P)y in the set Aﬁ Nesr.

Proof. Assuming by contradiction that there are no critical points in Aﬁ NP, since
the Palais—Smale condition holds for @) in

0 } _ 1 SN/2
"\2 q¢+1
(see Proposition 3.9), there exists a constant dy > 0 such that
[P\ (w)]] = dy forall ue A;\L naosr.
By hypothesis we also have
|4 (u)]] > 06 for all u € (A3, \ A}) NS,

where o, > 0 is independent of A. In what follows, ¥ : Hy — R and W : &5 — R are
continuous functions that verify

1 f €AY .,
Uy =4
0 forug¢ A

20
0<¥(u) <1 forueHy

and /\
—J(u U —1 u w

W) = {Ow WY I (o, € A3,

) u ¢ A

2
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where Y is a pseudo-gradient vector field for &) on M = {u € H, : &) (u) # 0}. Hence,
using the properties involving Y and &), we have the following inequality:

[W(u)[| <1 VA=A, and u € 5.
Considering the deformation flow 7 : [0, 00) x @57 — PS” defined by

dn _
dt
and observing that there exists K, > 0 such that

W(n), n(0,u)=ue o5,

|Px,j (1) = Px;(v)] < Ki|lu—vlx e foralluve Bar+1(0) and all j € T,

using similar arguments explored by Ding and Tanaka [13], we obtain two numbers
T =T(\) > 0 and &, > 0 independent of A > A, satisfying

Py*(sla"'asl) = U(Tavo(sla"'vsl)) €l
and

max Dy(v(s1,...,81)) < cr — Ex.
- 7 V)< er

Combining the definition of by  and the above results, we obtain the inequality
b)\7F§CF—€* VA > A,
which contradicts Corollary 4.3. ]

We now conclude the proof of Theorem 1.1.
From Proposition 4.5 there exists a family {uy} of positive solutions to (Ay) verifying
the following properties.

(i) For a fixed p > 0 there exists A* such that
HUAHA,RN\QIF <p VA=A

Thus, from the proof of Proposition 3.10, fixed p sufficiently small we can conclude
that
[urloomi\2. <@ YA Z A,

showing that wy is a positive solution of (P),.
(ii) Fixing A, — oo and p, — 0, the sequence {uy, } verifies that
Py, (ur,) =0 Vn €N,

lux, lIx, v\ — 0,
@)\mj(u)\n) — Cj Vj el

and
uy, —u € HY(RY) with u € H (2p),

from which the proof of Theorem 1.1 follows.
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