A PRODUCT OF TWO E-FUNCTIONS
EXPRESSED AS A SUM OF TWO E-FUNCTIONS

by F. M. RAGAB
(Received 30th August, 1954)
§ 1. Introductory. The formula to be proved is
2mil (e, 1 —~a: :2)E(B,1-B: :2)
—

" a+f l+a-B l-a+f 2-a-B , .
_ m/me* 'E( 2’ 2 ’ 2 ’ 2 Phoematd l(l)
" sin an sin B a+f l+a-B l-a+f 2-a-8 ,
L—E<2, 5 5 —g— 1k ieTR4)
—
In proving (1) the following formulae are required :
) . 3 e+B), d(x+B+1); 9
Flo; 2a; 2)F(B; 2B; —-2)= F{ v} Brd atB 4 s eeeeenenanes (2)
Ep; a,: q; py: 2)= Z‘H' I(a, —a,){HF(pt—a,)}—F(oc,)
r=1¢=1 =1
xz“rF{“" “hthoarmpetl; (“m'qz}, .......... 3)
—ay+l, o a1

where p>=q +1, (1).
Formula (2) is proved in § 2, formula (1) in § 3 ; in § 4 an expression for K, (z) K, (z) a8 a
sum of E-functions is deduced, and this is used to evaluate two integrals.
§ 2. Proof of subsidiary formula. The L.H.S. of (2) can be written
% 2" (a; m) -n,1-2a-n,8; 1
1;50"!(2“; ”)F( l-a-n,28 )
On applying the formula (2)
p( B 7 )T B N0 Wl b oife) "
fa+3B+42y / Tle+)TGB+HI(y ~da+H(y-48+1)°
where, if « or 8 is not zero or a negative integer, R(2y —a — 8)> -1, the expression becomes
T2t (a; n) @I -a-n)IB+3) L(a+p+n) '
a0 (2 ; n) '3 —in) (1 —a—gn)l‘(ﬁ+§n+%)l"(a+ﬁ+gn)
Now, when = is an odd positive integer 1/I"(4 — in) =0 ; hence, on replacing by 2m the
expression can be written
© 22 (q; 2m) TR TQ-a-2m)T(B+3)(«+p+2m)
m=0 Cm)! Qe ; 2m) (3 —m) (1 ~a~-m)'(B+3+m)C(a+B+m)’
and this reduces to the R.H.S. of (2).

§ 3. Proof of the formula. In (1) expand the L.H.S. by means of (3), making use of the
formula (3).

Fla; p; 2)=e*F(p~-a; p; -2, (5)
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and it becomes
2ri [I'(1 = 20) MNa)2* F (& ; 2a;2) + M (2a - 1) (1 -} 2 F(l —a; 2-2a; 2)]
x[L(1-2B)I'(B)zPe* F(B; 2B; -2)+T(2B-1)I"(1 -B)z'~Pez F(1 -B; 2-28; -2)].

On multiplying and applying (2) this becomes
$(a+B), d(a+B+1);

a+d, B+i,a+f

22 /4}

2riet, + EI(1 -2

|+ T2 -1) (1 -

P

{ (1 - 20) I'(o) I'(1 = 2B) I'(B) 2++8 F
!
|

(@) I'(28-1)I'(1

r@eg-1rq-p

aprr g [E@—B+1), Ha=-B+2);

Az H+F{cx+% 2-Ba-B+1

2B ] %(2—“—3) 1}(3 o« - ﬁ)
—'_a)%_ﬁ)2 - = B

14)
z2/4}

Again, on applying (3) to the R.H.S. of (1), it becomes

T4 -p)rE - -
’F<1-; ,3) p@_;:é) 2esin (252) (5)”
+ 2 F<1+;_B> 2i cos (f;_ﬂ_”) (%)PH1 .

-B)

bl + 4

m Jme?

sin am sin ﬁﬂ

B8 F(ﬁ;a)
ey Ay S
TS = — 2z
1‘(‘”5-1) F<2‘;_ﬁ)2isin<%gﬂ>(.z2_> ’
L xF{3(2-a-B),4(3-a-B); 2-a-B,d-a1-F; 3 |

On comparing these two expressions it is seen that they are equal.

§ 4. Product of two modified Bessel Functions of the Second Kind. In (1) replace z by 2z,
put « =4 +m, B=3% +n, and apply the formula (4)

cosnrl (3 +n, 3 -n: :122)=J(@m2)e* K,(2), cvovvvnvinniiiiniinnn, (6)
and it reduces to
1 1 (l+m+n 1l+m-n 1l-m+n l-m-n , . .
Kalo) Kol =g £ B (750 B0, SRt Sy ) )

From this it can be deduced that

[ B KN B (s w05 g2
0

l+m+n l+m-n l-m+n l-m-n
2 ? 2 ' 2 ? 2

I 1+1
,pq)z:T

1P -

=}\/17E<a1, ey O,y

: z> , ---(8)

provided that p=q +1, R(l +m +n)>0, | amp z |<m. For other values of p and ¢ the result
holds if the integral converges.
In proving this use is made of the formula (5)

fwkk‘lE(p; a,:q; ps:NE(; Bim; o,:2[A)dA
0
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e % s g Br—ky o, B =k etz
' fﬁbE(l—]ﬂ, P1s ooy P> Oy =Ky ooy o — K )
=———Sin T 1_E<“1+k: oy ap+k, Bl’ cees Bl cetiny ) 3 eereecsseseairessrrenens
: L+k, py+k, ..., p,+k, 00 ..., 0
where p=q+1, {Z2m+1, RBl«,+k)>0, r=1,2,..,p, R(B,-k)>0, t=1,2,...,1, and
| amp z |<n7. For other values of p, ¢, I, m the result holds if the integral converges.

On substituting from (7) in the L.H.S. of (8), replacing A by /(z/A) and applying (9)
formula (8) is obtained. In the first of the two integrals the lower sign in e£ in (9) should
be employed, in the second integral the upper sign.

In particular, if p=¢=0,

[ e iz LK, (N K, (\)dA
J 0

L+m+n l+m-n l-m+n l-m-n 1 I+1
=LJwE< 2 b {) 3 ‘) E) 2 'é,—‘)'. ),

provided that R (z)>0, R(l +m +n)>0.
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