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Abstract

The Theory of Contexts is a type-theoretic axiomatization aiming to give a metalogical account
of the fundamental notions of variable and context as they appear in Higher Order Abstract
Syntax. In this paper, we prove that this theory is consistent by building a model based
on functor categories. By means of a suitable notion of forcing, we prove that this model
validates Classical Higher Order Logic, the Theory of Contexts, and also (parametrised)
structural induction and recursion principles over contexts. Our approach, which we present in
full detail, should also be useful for reasoning on other models based on functor categories.
Moreover, the construction could also be adopted, and possibly generalized, for validating
other theories of names and binders.

1 Introduction

In recent years there has been growing interest in developing systems for defining,
programming with and reasoning about, languages with variable binding construct-
ors (binders). Dealing with these syntactical structures requires context-sensitive
notions such as scope, free and bound variables, a-conversion, generation of fresh
names, capture-avoiding susbstitution, and so on. It is well-known that traditional
representations of languages with binders, such as those based on first-order abstract
syntax or de Bruijn indexes, are not satisfactory because of the lack of a general
and smooth account for these notions.

An approach to this issue, originated with Church and widely adopted in Logical
Frameworks and proof assistants, is that of Higher-Order Abstract Syntax (HOAS)
(Church, 1940; Harper et al., 1993; Pfenning & Elliott, 1988; Miculan, 1997). The
key idea is to represent variables and binders of object languages with variables and
binders of a metalanguage based on some type-theoretic A-calculus. In this way, we
shift the treatment of variables and binders to the metalanguage, where where we
can establish all the required properties and notions once and for all.

However, this approach has some drawbacks. First of all, being equated to
metalanguage variables (i.e., metavariables), object level variables cannot be defined
inductively without introducing exotic terms, ie. metalevel terms which do not
correspond to any object level term (Despeyroux et al, 1995; Miculan, 1997). A

https://doi.org/10.1017/50956796806005892 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796806005892

328 A. Bucalo et al.

similar difficulty arises with term contexts, i.e. terms with holes, which are rendered
as functional terms. Reasoning by induction and definition by recursion on object
level terms is therefore problematic.

To address these problems, some of the authors proposed an axiomatic strategy.
First, a small set of basic properties, aiming to characterize the “natural” behaviour
of term contexts and names as intended in weak HOAS encodings, has been identified
and proposed (Honsell et al., 2001b) and generalized later (Honsell et al., 2001a).
These properties, called the Theory of Contexts, can be assumed (as “axioms”) in
existing logical frameworks and metalanguages based on type theories corresponding
to (Intuitionistic) Higher Order Logics (such as the Calculus of Constructions, or
CC(Colnd) for gaining the extra expressive power required for reasoning about form-
alizations using weak HOAS. The Theory of Contexts has been shown to be practic-
ally useful and well-suited also for large, non trivial languages and systems: successful
case studies include, but are not limited to, the metatheory of strong late bisimilarity
of the n-calculus (Honsell et al., 2001b), the metatheory of the A-calculus, (Miculan,
2001), the metatheory of Mobile Ambients and its logic (Scagnetto & Miculan, 2002).

We have still to accomplish the second part of the “axiomatic” strategy: we have
to prove the consistency of these axioms. This is the main aim of the present work.

More precisely, we present a basic logical framework, composed by a type theory a
la Church and a classical Higher Order Logic extended with the Theory of Contexts.
This simple yet expressive metalanguage can be used for representing a broad class
of object languages and logics with binders; as an example, we show how to encode
(a subset of) the n-calculus. Then, we present a sound model for this type theory and
classical logic, which validates also the axioms of the Theory of Contexts. Moreover,
we prove that suitable structural induction and recursion principles over terms with
binders and even term contexts are validated by this model.

To achieve these results, we have to resort to rather sophisticated mathematical
tools. Categorical models of languages with binders and local names have been
around for a while. In most cases, they are based on (‘covariant) (pre)sheaf catego-
ries, i.e. functors of the form % — Set, for some suitable index category %. Types are
then interpreted as “stratified sets”, indexed by the objects of ¥ which are finite sets
(of variables/names). The morphisms in 4 express the kind of “replacement law”
we are requiring the terms to satisfy: if we are interested in modeling languages with
variables (which can be unified), then morphisms are all (finite) functions (Fiore
et al., 1999; Crole, 2003); on the other hand, if we are interested in names (which
cannot be unified), the morphisms are only injective functions (Moggi, 1993; Stark,
1994; Fiore & Turi, 2001).

However, using a functor category is not enough for modeling the Theory of
Contexts. In fact, a peculiarity of the Theory of Contexts is that it contradicts the
Axiom of Unique Choice (Honsell et al., 2001b; Honsell et al., 2001a). Since the
Axiom of Unique Choice holds in all topoi, this means that no (pre)sheaf category
alone can be used for building such a model.

The problem is that to model a metalanguage embodying the Theory of Contexts
we must address at once two related, but different, aspects. The first one is the
interpretation of terms of the metalanguage itself, whose variables, like for any
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/-calculus, may be subject to substitution and unification. The other is that variables
ranging over the specific type of “names” are given a particular meaning by the
axioms of the Theory of Contexts. Therefore, the properties of such variables must
be obtained from some model of names, which cannot be unified.

The solution to this problem has been devised in Hofmann (1999), by “gluing”
together a model of variables and a model of names. Essentially, we need to deal
with two presheaf categories, over two different index categories. Datatypes of
the metalanguage are interpreted as presheaves over the category of all variable
substitutions, while predicates are interpreted as subsheaves in the Schanuel topos,
which is a sheaf category of presheaves over injective variable substitutions only.
The right technical notion for best describing this construction is that of tripos, a
useful generalization of topoi (Hyland et al., 1980; Pitts, 1999). However, our aim is
to describe this construction in elementary terms, in order to make it accessible also
to the reader with little knowledge of category theory.

In fact, this paper has a pedagogical purpose. It illustrates through a concrete
example the novelty of the approach in Hofmann (1999) for modeling a logic
for reasoning on systems in HOAS, using a tripos-like construction for interpreting
predicates. The construction is described in full detail, without resorting to advanced
categorical theoretic notions.

This paper has also the technical purpose of working out the details of the
category-theoretic ideas and constructions outlined in §7. One of the crucial tools
that we introduce to this end is a notion of forcing which allows us to streamline the
computation of the truth value of a proposition. This methodology can be useful
also for validating other theories of names and binders, and reasoning about other
models based on functor categories.

Finally, this paper has also the speculative purpose of discussing, besides consist-
ency, also independence and completeness of our axiomatization for variables and
contexts in HOAS.

Synopsis

In section 2 we present Y, a simple logical framework geared toward encodings in
weak HOAS (and containing the Theory of Contexts).

In section 3 we define from scratch the model % and the interpretation of the
term language and of predicates of Y. In section 4 we will verify that this model
validates the (classical) higher order logic, and the Theory of Contexts, thus proving
its soundness. In section 5 we will clarify the connection of this model with tripos
theory; in fact, the reader familiar with tripos theory is encouraged to read section
5 in parallel to (or even before) section 3.

Then, in section 6 we extend Y with recursion and induction principles, possibly
also over higher-order terms (i.e., term contexts).

Finally, a comparison of our approach with similar works in the literature is given
in section 7. Concluding remarks and directions for future work are in section 8.

Some category-theoretic preliminaries, together with longer proofs, are gathered
in an appendix available online at the JFP web site (Bucalo et al., 2005).
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2 The logical framework Y

In this section we present Y, a simple logical framework geared toward encodings
in weak Higher Order Abstract Syntax.

Y consists of a simply typed A-calculus a la Church, suited for representing
a broad class of object languages, and a Classical Higher Order Logic extended
with the Theory of Contexts. This theory is “parametric” in the specific signature
we are focusing on; thus, in order to exemplify the framework and the encoding
methodology, we fix a simple object language, namely a fragment of the n-calculus.
For a more general presentation we refer to Honsell et al. (2001a). Finally, we discuss
some design choices and issues of the Theory of Contexts.

2.1 Theory of terms

The metalanguage Y is a theory of Simple Types/Higher Order Logic a la Church
over a particular signature encoding an object language. Many details of the
underlying type theory are not strictly intrinsic. The machinery that we define
in this section could have been based on any sufficiently expressive type theory,
e.g. the Calculus of Inductive Constructions (INRIA, 2003). We picked Church’s
Simple Theory of Types only for simplicity. Thus, types, ranged over by o, 7 (possibly
with indices or apices), are defined by the following abstract syntax:

gi=ol|1|v|o—o1

For each type there is a countably infinite disjoint set of variables x,y,z ... Since
these are variables of the metalanguage, we sometimes call them metavariables.

An object system is defined by a signature X, which is a finite collection of constant
symbols together with their type. Given a signature X, the (pre)terms over X are
defined by the following syntax:

M :=x|MN|Ix*M|M = N |V, M

| ¢«(My,...,M,) where c:0y > ...0, >0 €EX

As usual, we denote by M[N/x] the capture-avoiding substitution. Terms are identi-
fied up-to a-conversion and are ranged over by M, N, P, Q, R (possibly with indices).
In the case of terms of type o, we also use p,q,r....

Terms of types 1, o are intended to denote object-level terms and propositions
of any given system. Terms of type v represent variables and names of the object
system, the exact behaviour being enforced by suitable logical assumptions, as we
will see. We require signatures to do not have constructors of type v; hence the only
terms (in normal form) inhabiting v can be metavariables.

In the following, we restrict our attention to well-typed terms only. An environment
I' is a finite set of typing assertions over distinct variables of Y, denoted by
{x1 :0o1,x2 : 02,...,%, : 6y}, possibly without curly brackets. Its domain is the set
{x1,...,x,}. Then, as usual, the typing judgment is of the form

Fl—zMZO'

https://doi.org/10.1017/50956796806005892 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796806005892

Consistency of the theory of contexts 331

(VAR)

I'x:obsgx:0 I'sM:0—o0
I'x:c'bxM:o (ABS) ' Vo.M o ™)
ks ix M 16’ >0 I'ks M :0o T N:o
FFsM:0' >0 TFsN:o (APP) Tr=M=N 0 =)
[Fs MN ;o
TheMiior .. ThEsMiiow 0 Loesx (CONST)

rl_z C(M|,...,M,,) .0

Fig. 1. Typing rules.

expressing the fact that M is a term of type o, starting from environment I' and
using the typed constants in signature X. The rules for typing are listed in Figure 1.
The term language given so far allows for an adequate encoding of a broad
class of object languages, following the second-order encoding procedure of the
Edinburgh Logical Framework (Harper et al., 1993; Miculan, 1997). As a simple
example object system, here we consider a fragment of n-calculus (Milner et al.,
1992); a complete and general treatment can be found in Honsell et al. (2001a).

The object system: syntax: In the m-calculus there are two basic syntactical entities:

e Names: the set " is an infinite set of names;
e Processes: the set 2, ranged over by P, Q, is defined by the following abstract
syntax, where the operators are listed in decreasing order of precedence:

P ::=0]|wP | PPy | [x# y]P | (vx)P

It is worthwhile to recall here the difference between (object-level) names and
(metalanguage) variables. A name is an atomic data structures, distinguished from
all other names. On the other hand, a variable of the metalanguage acts as a
placeholder: it can be instantiated by any term of the type it ranges over.

In the case of m-calculus, a variable of type v (i.e., ranging over names) can be
bound by the restriction operator v. Processes are taken up to a-equivalence, and
variables bound by v’s are intended to denote a fresh (i.e. local) name. Since we can
always choose different variables for bound names, we can assume that different
variables of type v are intended to denote different names.

For each process P we can define in the standard way the sets of its free names
fn(P) as the set of free variables of type v. Let X be a finite set of (variables
denoting) names; then, Zx denotes the set {P = 2 | fu(P) = X}. Capture-avoiding
substitution of a single name y in place of x in P is denoted by P[y/x]. A (process)
context is a process with a (possibly repeated) hole for a name.

This fragment has been chosen by striving for simplicity in order to highlight
the problematic issues of reasoning about names in higher-order abstract syntax. It
lacks the computational expressivity of the original system, since it features neither
synchronization nor mobility of processes; still, the presence of the t prefix leads
to a a non-trivial theory of strong bisimulation. For a formalization of the full
n-calculus, see Honsell et al. (2001b).
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The above language can be encoded in Y by the following signature X:

0:1 Ti1—>1 |i1—>1—>1
[£] :v>o0v>1—>1 vi(p—oi1) >
Let X = {xy,...,x,} a finite set of variables, and let us consider the object language

terms Zx. The corresponding terms of the metalanguage are the terms in long
fn-normal form defined as follows, using infix notation:

X =X ... ] X, P ::=0]|tP | P|Q] [x1 # x2]P | vAy".P
We denote the set of such normal forms by Procy.

Proposition 2.1
There is a bijective correspondence between #y and the normal forms of type i in
the signature X and in the environment I'y = {x; :v,...,x, : v}.

The proof (omitted) follows a standard induction on the syntax of terms and on
the derivation of the typing judgment (Harper et al., 1993; Miculan, 1997).

2.2 Theory of predicates

The main aim of Y is to provide a formal setting for reasoning on the properties of
the object language, especially those involving names, variables and binders. To this
end, beside the theory of terms, Y has to support also a sufficiently expressive theory
of predicates. In fact, terms inhabiting the basic type o are supposed to represent
propositions stating facts about the (terms representing the) object languages.

Since the main aim of this paper is to prove the consistency of the Theory of
Contexts, whereas proof theory is not an issue, we choose to use a Hilbert-style
deductive logical system, because this style is simpler to deal with for model-
theoretical investigations. Of course, Natural-Deduction and sequent presentations
are possible as well (Honsell et al., 2001a). Thus, the logical judgment is of the form

I'>sp well-formed when I'Fx p @0

to express the fact that a proposition p involving free variables from I' is valid.

The rules for this judgment are given in two parts. The first part provides the
general logical axioms and rules for classical higher-order logic; the second part
consists of the three axioms of the Theory of Contexts. Only the latter depends
on the particular object system (i.e., signature) we are interested in. (A third part,
providing recursion and induction principles, will be considered in section 6).

The logical rules are given in Figure 3; we note that permutation, weakening, and
contraction are admissible rules. In Figure 2 we define some other logical connectives
used in the following, using the usual higher-order encodings in terms of V, and =-.

Before introducing the second part of the system, we need to define the auxiliary
predicate of occurrence-checking of variables in (terms representing) object-level
terms. Intuitively, this can be defined by induction on the structure of terms; in fact,
we can define ¢: v — 1 — o by means of an impredicative inductive definition for
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Vx7.p £ ¥, (Ax°.p) pAgE—(p=—q)
1 =Vx°x pVqgE-p=gq
pEp=1 p=qE(p=q) N(g=Dp)

Ix’.p = =Vx".—p M =" N £Vx"~° xM = xN

Fig. 2. Syntactic abbreviations.

I'ksp:o T'kxq:o T'kgr:o
'os(p=q=r=@(p=q)=p=r
I'ksp:o T'kzq:o

I'x:6bsM:0' TrFsN:o
I' >y (Ax°.M)N =" M[N/x]
I'ts M :o— 06

(S) (h)

(K) x@FV(M)  (n)

I'>sp=qg=p I'>y Ax9.Mx =77 M
I'ksP:0—>0 I'sM:o (V-E) IN'x:0bsM:6' T,x:0FsxN:0o @)
>y Vo(P)=PM I'>5(Vx°.M = N)
I'kgp:o (DN) = /x°. M =" )x°.N
I'>s—~—p=rp IT'ksp:o Iox:o>sp=gq (Gen)
I'bksp=4q T'hksp (MP) I'>ysp=Vx’qg

I'bsgq

Fig. 3. Logical axioms and rules.

a suitable “closure” operator Ty (Figure 4). The definition of the operator Ty is
completely syntax driven, after the signature we have chosen.

The second part of the logical system of Y is given by the axioms in Figure 5, which
represent the Theory of Contexts (for the given signature X). These properties reflect
in the metalogic some core properties of names and higher-order terms over names.
In section 2.3.1 we illustrate how to apply the axioms of the Theory of Contexts in
order to derive some fundamental metatheoretic properties about process algebras.
According to our experience (Honsell et al., 2001b; Scagnetto, 2002), these axioms
are very useful for proving metatheoretic properties about encodings in higher-order
abstract syntax. For a general account and discussion of these axioms we refer to
Honsell et al. (2001a), (where Fresh was called Unsat).

It is worthwhile noticing that these additional axioms are not derivable from the
logical ones; in fact, as we will see in section 3, the axioms of Figure 5 are not
validated by any set-theoretic semantics.

T¢ :(v—>1—>0)—(—>1—0)
ZAR AP APLP =0V
3Q'.P =t.Q N (Z x Q))V
(ElP{ElPZIP = P1|P2 N (% X P]) A\ (@ X Pz))\/
(30" Fy* 3z P =y #z]QA-(x =" y) A=(x =" 2) A(Z x Q))V
(3Q"LP =vO A (VY. =(x =" y) = (% x (Q ¥))
¢ = Ix" AP YR (V' NQ'.(Tg Zy Q)= (2 y Q)) = (Z x P)
e=)x"IP'.~(x & P)
¢ E )X AP x & (vAx). .. . vAX_ (P x1...%,—1)) (n=1)

n—

Fig. 4. The occurrence-checking predicates.

https://doi.org/10.1017/50956796806005892 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796806005892

334 A. Bucalo et al.

Fl‘gpll

I'>yIxtx ¢ P (Fresh,)
kP v ' 51 T Q"' > 1 Thyx:v (Ex[,)nﬂ_”)
r D> X¢n+1P — x¢n+1Q = (P X) vl (Q X) - P oty Q
'k P:v"—>1 TI'kgx:v (B_exp”)

I'>s HQU”“—H‘X ¢n+1 Q AP ="t (Q X)
Fig. 5. Axioms of the Theory of Contexts.

The object system: semantics. We show how to use Y to encode predicates of object
systems. For the simplified n-calculus presented in the previous section, let us
consider an operational semantics —< 2 x 2 inductively defined by the following

rules:
— P— P’ P— P
P —p Y G = e Y B g AR
0—0 P—P
———(PAR _— MISMATCH
pig— pig " e T )

This operational semantics is a relation over Proc x Proc which can be encoded
in Y by a predicate —: 1 — 1 — o, defined by an impredicative inductive clause for
a closure operator T_, (Incidentally, this definition makes use of the ¢ previously
defined, but this does not hold in general):

T ,:(t—>1—>0) —(1—1—0)
ZAR'T'TOAP QP = 1.0V
(3P{.3Q01.3S'.P =P{ISAQ =Q1ISAN(Z P; Q1)) V
(3P;.305.38'.P = S|Py ANQ =S|02 A (% P> 02)) V
(AP"'3Ix"3Y'.P =[x # y]P' A=(x =" y) A(Z P’ Q))V
(AP"'3Q"7' P =vP'AQ =vQ' A(VX'x & P = (% (P x) (Q' x))))
—2)P' Q' NR T (VP NQ' (T #P' Q)= (%P Q)= (% P Q)

This encoding technique applies to coinductive predicates as well, such as the
quite common case of bisimilarity. Recall that a binary relation S on processes
is a simulation iff, for all P,Q processes, if P S Q and P — P’ then for some

0,0 — Q and P' S Q. S is a bisimulation if both S and S~! are simulations.
Bisimilarity is the greatest bisimulation, that is the binary relation ~ defined by

P ~ Q <= 3S.S bisimulation and (P S Q).

The corresponding formalization in Y is by means of a coinductive definition for
a “denseness” operator “T.”:

T. . (1—>1—0)—>(1—>1—>0)
2)R 0P 2Q (VP (P — P')=30".(Q — Q')A (%2 P’ Q')
AVQ"(Q — Q) =3P (P — P )N (2 P’ Q)

REJP' QAR T TP NQ (2 P Q)= (T 2P Q)AN(Z P Q)
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In this paper we will not deal with the properties of — and ~; we refer the
interested reader to Honsell et al. (2001b).

2.3 Remarks on the design of Y
2.3.1 Motivations and rationale

In this subsection we will try to convey the reader the rationale behind the Theory
of Contexts. The axioms of this theory aim to reflect in the logic, some fundamental
and natural properties of object level “term contexts”, “variables” and “name”, when
these are represented by meta-level abstractions and variables following the weak

HOAS paradigm. Their informal meaning is the following:

Freshness: for any term, there exists a variable which does not occur free in it.

Extensionality: two term contexts are equal if they are equal on a fresh variable;
that is, if M(x) = N(x) and x € M(-), N(*), then M = N.

f-expansion: it is always possible to split a term into a context applied to a variable,
that is: given a term M and a variable x, there is a context N(-) such that
N(x) = M and x does not occur in N().

These properties have been first suggested by practical reasoning about process
calculi, and have been proved to be quite useful in a number of situation. A simple
and recurring situation, faced in all the formal developments of the metatheory of
process calculi (like the m-calculus), and in which the Theory of Contexts is put
to work is the following: proving that crucial properties are preserved by fresh
renamings, 1.e., by replacing a given name with a fresh one. An example is Lemma 3
of Milner et al. (1992) (adapted to the m-calculus fragment used in this paper):

For all processes P,Q and y & fn(P)U fn(Q), if P — Q then P{y/x} — Q{y/x}.

All these lemmata are instances of the following general pattern of renaming lemma
(expressed in natural deduction style):

for some x & Ji_, /(Ci(*)) : Z(Ci(x),..., Ca(x))
for all y ¢ UL, n(Ci(")) : R(C1(y),...,Cu(y))
where # : 1y — -+ — 1, — 0 is a given n-ary relation and Cy(*)...,C,(:) are meta-

variables ranging over contexts of terms (e.g., contexts of m-calculus processes). For
instance, Lemma 3 above can be expressed in Y as follows:

for all Ci(°),...,Cu(") : (1)

P:u—>1,Q:u—»l,x:DI>2X¢1P3X¢1Q3(PX)—’(QX)3
Vy'yg'P=y¢' Q= (Py —(Qy)

here, # =—, and C; = P,C, = Q.

“On paper”, this kind of properties is usually proved by structural induction either
on the derivation of the premise Z(C(x), ..., Cy(x)) or on one of the arguments C;(x)
or else on a “measure” of an argument (e.g., the number of symbols it contains).
The problem is that the term C;(x) is not a “plain” metavariable, but rather the
application of the metavariable C; to the metavariable x. Thus, we cannot apply the
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induction principle over C;(x), because this would require a second-order unification
which is not usually available in proof-assistants.

To circumvent this problem, we need to prove a preliminary version of the
renaming lemma, where the necessary second-order unifications are all made explicit
in order to recover sufficient inductive information on the structure of the contexts
C;i(*) from their instantiations C;(x). In other words, we “lift” structural information
to the level of functional terms, using the f-expansion and the extensionality axioms.
This lifting follows a general pattern. First of all, we replace the original goal of the
form (1) with the following one

for all Cy(*),...,C,("),for all Ty,..., T, :
for some x ¢ Ji_, m(Ci(*)) : Ty = Cy(X),..., Ty = Cu(x) = R(Ty,..., Ty)
for all y ¢ UL, n(Ci(")) : R(C1(y),...,Cu(y))

where Ti,..., T, are plain terms and Ty = Cy(x),..., T, = C,(x) are the required
unifications. Clearly we can infer the former goal (1) from (2) by taking T; = C;(x).

In proving (2), we can proceed by structural induction over T;. We can take
advantage of the structural information on Ti,...,T, given by the inductive
hypothesis: using the f-expansion axiom, we can rewrite each term T; as a
context applied to x, yielding the equations Ty = Tj(x),..., T, = T,(x), where
x ¢ U, /m(T/(-)). Differently from C;(*), T/(-) is not a variable, but a concrete
/-abstraction. By transitivity of equality, we obtain the equations Cj(x) = T/(x);
thus, by the extensionality axiom, we can infer Ci(-) = T/(-), i.e., the structural
information we needed on the variable C;(-). Such an information can then be
used in the instantiations over y in the current goal, in order to apply the suitable
constructor of # and solve the subsequent subgoal by means of the inductive
hypothesis.

It should be noticed that this kind of “fresh-renaming” properties cannot be
derived in standard type theories, using HOAS-based encodings. In the proof sketch
above, the use of f-expansion and extensionality is essential.

(2)

2.3.2 Independence

It is worth noticing that, according to our experience, in order to reason about the
metatheory of nominal calculi, full classical logic is not strictly needed. Indeed, we
could replace DN in Figure 3 with either an axiom stating the decidability of Leibniz
equality over names or an axiom stating the decidability of occurrence predicates of
names into terms. This is the approach we adopted in Honsell et al. (2001b). In our
framework Y, these two axioms can be rendered as follows:

I'ksx:v Thgy:v (EM_) I'tsx:v T’k P i1
I>yx="yVx#y - I'>sx ¢ PV—(x¢P)

(EM ¢)

While EM _. derives directly from EM ¢, on the converse, EM ¢ can be derived from
EM _. using Fresh, and the induction principles Ind', Ind’™" (section 6.3) over plain
terms and contexts.
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Thus, the minimal classical flavour that Y must have in order to allow metatheor-
etic reasoning about the representation of the n-calculus amounts to decidability of
equality of names. However, for simplicity we prefer to stick to full classical logic.

In Honsell et al. (2001b) the Theory of Contexts is enriched by another axiom
stating the congruence of ¢ with respect to v (there called “monotonicity”):

I'kFex:v Tksy:v TP :iv—1
Torx¢(Py)=xg¢rP
Recently, we discovered that this law is indeed derivable from Fresh,, EM ¢ and
Ind'. Another possibility of deriving CONG¢ is to exploit Ind"~" without any other
axioms, i.e., to reason by induction on the structure of the term context P(-) (for the
details see Section 4.5.1 of Scagnetto, 2002).
We remark here that congruence of € w.r.t. v, i.e.
I'kFex:v T'kFsy:v TP :v—1
I'by-x=y=x€(Py)=xe€vP

(CONG )

(CONG.)

is trivially derivable by exploiting the inductive nature of &.
Finally, for what concerns the axioms schemata f_exp” ~' and Ext“”“‘”, we have
the following result:

Proposition 2.2
For all n € N: Ind”"~" allows to derive f_exp” ™' from f_exp” " =" and (if n > 0)
Ext”™" from Ext”""~".

Proof

By structural induction on contexts of type v" — 1, using Ind”'~'. Most cases
are trivial; in the case of the v constructor, we apply the axioms ﬁ,exp”"“*’ and
Exl'vnﬂ%l. O

2.3.3 Simplicity, adequacy and expressiveness

In the present work we define the predicate € in terms of ¢ and =" rather than
giving an independent constructive definition, like in Honsell et al. (2001b). This
approach is motivated by the fact that in nominal calculi a crucial role is played by
freshness (i.e. non-occurrence) of names within terms. However, it would be clearly
possible to give a constructive definition of such a predicate as follows:

€ Z X" AP'NR 0.V NQ (T () y Q)= (Z y Q) = (% x P)
where
Tee @ (v—>1—>0)—>(—>1—>0)
= AR AX AP
(AQ'.P =10 N (Z x Q) V
(APLAPLP = P[P, A((% x P))V (% x P»))) V
(30" 3y’ Az P =y #z]OA(x="yVx="zV(Z x Q)))V
(F3Q"7.P =vO A (VY'(Z x (Q y)))
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The two definitions are provably equivalent. We have in fact the following:
x:0,P:i>sx€P < xeP

where Z denotes the signature introduced so far together with the operator Te.
defined above. Without going into the details of the proof, we simply note that the
left («<=) implication required Fresh, (see Figure 5), while the right (=) direction has
been proved by means of Ind' (see Figure 8), EM _» (which is trivially derivable in
classical logic), Fresh, and CONG¢ (which, as we pointed out before, can be derived
from Ind"~").

3 The construction of the model %

Proving that the axioms of the Theory of Contexts are sound is not trivial. In fact,
they cannot be validated in any set-theoretic interpretation of the metalanguage of
Y. Let us consider an interpretation of the types of Y as sets, in particular o as the
set of truth values {_L, T}, function spaces as sets of all functions, v, 1 as an arbitrary
set, truth of a proposition as giving T under all valuations of the environment with
V,=> given their usual meaning.

So that Fresh, be validated we must necessarily interpret v as an infinite set, so
suppose that ng,ny,... is an enumeration of (the interpretation of) v. Let Q : v =1
be the function that maps n; to [n;+1 # nl]0. Then, by unfolding the definition of ¢
we obtain n; € v(Q) for all i which is in conflict with Fresh,.

More subtly even, under an arbitrary interpretation of function spaces we get a
contradiction if we furthermore assume the Axiom of Unique Choice, as explained in
Hofmann (1999):

I'ksp:itgi—>1m >0
>y (VX7 Ay2.p(x, y) AVz2.p(x,z) = y =2 z) = Afu>2.YxT.p(x, f(x))

Now, the Axiom of Unique Choice is validated in any topos, not only in set theory.
Therefore, in order to model consistently the Theory of Contexts, we have to go
beyond the theory of topoi.

The solution to this problem has been suggested in Hofmann (1999), by “gluing”
together a model of variables and a model of names. The interpretation of types
and environments as set-valued functors from the category of finite sets of names
and functions. The meaning of a term depends on the set of names which can be
associated to its free variables. The functor interpreting a type, therefore, gives the
set of possible values for every set of names, while its action on a function between
two sets of names corresponds to the capture-avoiding substitution of names in
terms. The meaning of a well-typed term is then the interpretation of its typing
judgment, which is a natural transformation from the meaning of the environment
to the meaning of the type. Naturality ensures that this interpretation is compatible
with all possible substitutions of names for interpreting free variables.

Given a set of names for interpreting free variables, the meaning of a formula is the
set of name substitutions under which it is verified. Intuitively, a valid proposition
must be satisfied under all injective substitutions, since these keep distinct the
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meaning given to different variables. Therefore a proposition is valid if, for all sets
of names, its intepretation contains at least all injective substitutions.

We will proceed as follows: in section 3.1 we introduce the base categories VA
and j, which will be used in section 3.2 for interpreting the types of Y. The
interpretation of terms will be given in section 3.3. Finally in section 3.4 we will give
the interpretation of the logical judgment.

We suppose the reader familiar at least with basic concepts and notions of the
theory; e.g. see Mac Lane (1971) and Barr & Wells (1999) for a first introduction. An
account of the basic notions and constructions we are going to use is in Appendix A.

A suitable model can be constructed directly using the theory of triposes (Pitts,
1999; Jacobs, 1999), an advanced categorical notion used for building models of
higher-order logic. However, our aim is to describe the model, and the subtle
techniques in it, also to readers with little knowledge of category theory; hence,
we have decided to describe in detail the construction. The connections with tripos
theory will be described in section 5; in fact, the cognoscenti is encouraged to read
section 5 in parallel (or before) the present one.

3.1 The ambient categories v and I

In this section we introduce the categories we will use to build the model and we
state some useful properties. We will mainly work in ¥~ £ Zet”, where 7" is the
category whose objects are finite sets of variables, ranged over by X,Y,Z,..., and
whose morphisms are functions between them. The intended meaning of morphisms
is that of variable substitutions. We will use the fact that ¥~ has coproducts, given by
disjoint union, and also that, by the Yoneda Lemma, for all F € 4 , VA (1,F) = F.

Though the category ¥ would suffice to interpret basic datatypes, in order
to obtain a consistent model for our extra logical axioms (Fresh,, Ext""' ™" and
B_exp” "), we must interpret the type of propositions o in a non-standard way.
Following Hofmann (1999), we introduce the auxiliary notion of predicate over a
given type exploiting the subcategory of ¥~ whose objects are the same of ¥~ and
morphisms are injective functions. We will denote this category by .#; notice that it
inherits coproducts from 7.

The following proposition is an instance of a general result on subcategories (see
Mac Lane, 1971, § X.3). It will be fundamental in the construction of the model.

Proposition 3.1
There is an adjunction ((_)",(_)", ¢) from ¥~ to .# with (_)" the restriction to .# of
functors in ¥~ and the identity on morphisms, and (_)* and ¢ defined as follows:

(L)': for G € 4, G* : ¥~ —> et is the functor whose action is
Gy 2 SV (X..).G).  (Gj(t)z(h) = tz(hof),
and for s € %(F, G), s € %(F*, G") is the natural trasformation defined by
(sx(m))y (f) = sy (my (f)),

¢: forall F€ ¥, Ge I, 0V (F,G), x € Fx: (prg(a))x(x) = (ax(x))x(idx).
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It will be useful to have the explicit definition of the inverse p of ¢: for F € 7,
GeSJ,aec I(F,G),X, Y eV, teFyand ge 7V (X,Y)):

((pra(0))x(1))y (g) = ay (Fy(1)).

3.2 Interpreting types
3.2.1 Variables and Processes

The interpretation of the type of variables is the functor [v] = Var : v~ — Pet
defined by Vary = X and, for h € ¥ (X,Y),x € X, Var,(x) = h(x). In other words,
Var is simply the embedding of ¥~ into Y et. Note that it is isomorphic to the
representable functor %/({*}).

The interpretation [i] of processes is given by the functor Proc, which is defined
by extending the previous definition Procy (denoting the set of processes with free
names in X) with the action on morphisms. Given h : X — Y, we define Proc, = o,
where o : Procy —> Procy is the substitution function which replaces every X-
indeterminate x in t € Procy with h(x), yielding a term of Procy. For this reason,
sometimes in the following we will denote Proc(t) by t[h]. This useful notation can
be extended to any type, i.e., for all F € ¥ and h € 7 (X,Y) and t € Fy, we will
often denote Fj(t) by t[h].

Notice that Proc is not representable; indeed if this were the case, then there would
be a finite set of variables Z such that [i] = @(Z) = v°(Z,_). From this we could
infer that [i]x = Procy = %(Z)y = ¥°(Z, X), i.e., that the set of processes with free
variables included in X would be isomorphic to the set of finite substitutions with
domain Z and codomain X. This is clearly absurd since the cardinality of the latter
set is finite and precisely |Z| - | X|, while the cardinality of Procy is infinite (since it
is inhabited by the following succession of processes: 0, 0|0, 0]0|0,...).

3.2.2 Propositions

As anticipated, we cannot interpret propositions in the standard way. Instead we
will proceed as follows:

1. a functor Pred; : S — Pet with suitable properties is introduced.

2. Pred ; is extended to a functor Pred : VP —s Fet by means of Proposi-
tion 3.1; the adjunction ensures that the properties of Pred ; we are interested
in are transferred to Pred. In particular Pred is representable.

3. Prop : V" —> et is defined as the functor representing Pred.

The whole construction is inspired by results related to the notion of tripos (Pitts,
1999). Indeed, the properties of Pred we are interested in essentially amount to the
conditions ensuring that Pred ; is a tripos on 4, so that we can interpret Higher
Order Logic. However, to keep the construction of the model as elementary as
possible, in this section we will not refer to tripos theory, but we will just introduce
the notions needed to carry out a direct verification that our construction indeed
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yields a model of Y. In section 5 we will briefly discuss how our results can be set
in the general setting of tripos theory.

First, we introduce Pred;, which assigns to every functor F € JV, a Boolean

algebra of predicates. For this purpose we recall the following definition.

Definition 3.1
Given a functor F : .4 — Pet, a subfunctor of F is a #-indexed family of sets
(Px)xes such that
for X € 4 : Px < Fy (Sub)
for he #(X,Y),if t € Py then Fj,(t) € Py. (Func)

(Notice that by condition (Func), a subfunctor is a functor).
We will say that a subfunctor P is closed if it satisfies the following:

forall X,Y € 4, t € Fy, if t[h] € Py for some h € .#(X,Y), then tr € Py
(Closure)

(As we will see in section 5, closed subfunctors of F are precisely the double negation
closed predicates in the topos logic of .#.)

We will denote a subfunctor P of F by P »» F. With the usual abuse of language,
we will identify subfunctors of F with the subobjects, or predicates, of F.
Now let Pred ; : .77 — Fet be defined as follows:

e for F € 970, Pred ;(F) = {P € J|P>>F,Pis closed};
e for o € J‘V"I’(F, G) and P € Pred ;(F), Pred ;(«)(P) is the subfunctor of G such
that (Pred ;(«)(P))x = x5 (Py), and (Pred ;(«)(P)); £ F;.

It is a standard result that the previous conditions indeed define a functor, and
moreover that the following holds:

Proposition 3.2
For all F € .4, Pred ;(F) is a boolean algebra w.r.t. the operations:

Oxé@ (UVV)XéUXUVX
ly = Fx (UAV)x =UxNVy (U)x = Fx \ Uy

and moreover for all o € & °P(F,G), Pred ;() preserves all boolean operations.

The proof of both previous statements is in Appendix B.1. In the following, we will
denote by < the order naturally arising from the operations of the algebra.

Now let Q € .7 be the functor defined by Qy = Pred ;(#(X,)) and Q; = J(f, ).
(The notation is reminiscent of the fact that this is the subobject classifier in the
topos of ——-sheaves over .#.) Then:

Proposition 3.3
Pred ; and S (-,Q) are naturally isomorphic, so Pred ; is representable.
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We just give the definition of the isomorphism: ;{i : Pred ; — J(_,Q) and K
J(-,Q) — Pred ; are defined by:
r(Ux(0) = ({f € S(X,Y) | Ff(1) € Uy })yes
kp(m) = ({teFy [my()=;Y))yes.

Then the proof of the proposition is a routine check that these maps form an
isomorphism (see Appendix B.2).

Now let us proceed to define the functor Pred : Vo —s et by setting Pred(F) =
Pred ;(F") and Pred(x) = Pred ;(«"). By Propositions 3.1 and 3.3 we have the
following natural isomorphisms:

o forall Fe v, Pred ;(F") —— J(F",Q) — > /" (F,Q")
X[:r ’

o forall X €/, yx 2wl 1 (Q)x = F(V(X,),Q) —> Pred ;(/ (X,)).
Let Prop be defined by
Propy = Pred(¥'(X, ) Prop; = Pred(7(f,.)) = f o _.
Then we obtain natural isomorphisms
7 :Pred — ¥°(_, Prop) and « : 7 (_, Prop) —> Pred
given by
U0 = (7o vralzZ(UNx(0) = (g € V' (X,Y) | tlg] € Uy}), ., »
Kkp(m) = Kf,(qﬁp,g(y’l om)) = ({t € Fx | mx(t) = #(X,)}) o, -

Now we can define the interpretation of the type of propositions as [o]] = Prop, i.e.
the object representing Pred.

3.2.3 Arrow types

The interpretation [[o — ¢'] is given by the functor [[¢]] = [[¢'] where = is in
general the usual exponential in presheaf categories: for 4, B in ¥":
(A= B)x =7 (A x 7 (X,),B)
forf:Y >Zandm:Ax 7 (Y,)— B: (A= B)i(m)E=mo(idy x (-of))
while evaluation evyp : A X (A = B) — B and transposition ™" : “%(A x B,C) —
v (B,A = C) are given as follows, for all X € ", a € Ax, b € By:
form:A4Ax¥7(X,.))— B: (evap)x(a,m) = myx(a,idy),
forf :AxB—C: ("f'x(b))y : Ay x V' (X,Y) — Cy
(a,h)— fy(a,b[h])

Therefore, elements of (4 = B)x are, in general, natural transformations in v

However, a particularly important case is when the exponent A is a representable
type, that is 4 = #%(X) for some X € 7. In this case, the elements of (4 = B)x
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have a much simpler representation (which holds in any presheaf category Set? as
long as € has finite coproducts).

Proposition 3.4 (( Hofmann, 1999))
For all X,Y € ¥, and B in ¥: (#(X) = B)y = Byuy.

Proof

(#(X)= B)y =6(¥(X) x #(Y),B) by definition of =
= gg(@(X wY) B) since %/ preserves coproducts
= Bywy by Yoneda Lemma []

Therefore, each natural transformation m : Var x ¥ (Y,_) — B is represented by a
unique element im € Byyy:), and vice versa. Explicitly, this m can be described as

S

= Mmyuw(z) (2, inx)

where iny € 7' (X, X W {z}) is the left inclusion in the following coproduct diagram
X Xuwiz) <1

0 J/WZ] g
X
Notice that by naturality the following diagram commutes

Mxwiz}

X w{z} Xw{z} x V' (X,X W{z}) —= Bxu(z)
[x/2] i [x/2] J{ J{ [x/2o- le
X X xV(X,X) — = s By

Taking advantage of this naturality, we have that

(evyarB)x (X, m) = my(x,idy)
= mx(z[x/z], [x/z] o inx)
= (B[y/z] © Mxwiz))(2, inx) = m[x/z]
In particular, the interpretation of v — 1 is Var = Proc and hence, since Var =
%(1), by Proposition 3.4 we have
[ =y = Procyupy (3)

In other words, a term of type v — 1 with variables in X is (equivalent to) a term in
1 with variables in X plus an extra fresh variable x. This corresponds to the basic
idea of higher-order abstract syntax, where term schemata correspond to terms with
an extra (abstracted) variable.

The equivalence (3) is so fundamental for the construction of the model %, that
we can take it as the real definition of exponentials of the form v — 1. Since Procy,-
is simply the capture-avoiding substitution, the corresponding evaluation is

(eUVar,Pr()(r)X(x»P) =P [X/Z] for P € PrOCXkﬂ{z} (4)
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3.3 Interpreting the typing judgment of terms

Typing judgments of the form I' - M : ¢ will be interpreted as suitable natural
transformations with domain [I']] and codomain [o¢]. As usual, the interpretation
[I'] of an environment I' = {x; : 6y,...,X, : 0,} is given by the functor []._, [a:].

We shall give the interpretation of the typing judgment by induction on the depth
of the derivation of ' F M : 0.

Rule VAR: [[X1 : 01,...,%X; i Giy.... Xy 20y Fx X 207l =1 2 [[[o;] — [oi]
j=1

Rule CONST: for interpreting the judgments involving constants in X we introduce
the following natural transformations (naturality is trivial to prove):

nil : 1 — Proc mismatch : Var x Var x Proc — Proc
nily : 1y — Procy mismatchy : X X X X Procx — Procy
*— 0 (x,9,P)—> [x # yIP
tau : Proc — Proc par : Proc X Proc — Proc
tauy : Procx — Procy parx : Procx X Procx — Procy
P+—— 1P (P,Q)— P | Q

new : Var = Proc —> Proc

. Pixl — X
newy : Procxwix) Proc

P+— (vx)P
We can now interpret judgments of the form I' by ¢(My,...,M,) : o, for ¢ a
constant of the signature. Let I" be an environment, x, y be variables, and P,Q be
terms. Then:
o [I' 5 0 : 1] = nilo !yry, where !yry is the unique morphism from [I'] to 1;

[ThkgtP 1] =tauo [T’ b P :1];

e [Tk PO 1] =paro ([T kg P : 1], [T Fx O :1]);
o [T ks [x # y]P 1]l = mismatcho ([T Fs x : o], [T Fg y : o], [T ks P :1);
o [I'FgvAx".P 1] = newo [I' ks AxX".P :v — 1].

Rule APP: givent; =T’k M :6' — o] : [T — ([0’ = [o])
and t, = [T Fg N : 6'] : [T — [¢’'], we define

[T Fs MN : o]l £ evgey oy © (t2. 1) : [T] — [a],

Rule ABS: given t =[[I,x : o ks M : '] : [T']] X [e] — [[¢']], we define
[TFs XM :6 - 6] £,

where "7 : [T — ([[o] = [[¢']) is the exponential transpose of t.
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Rule =: [Tksp=¢q:0] =impo ([T Fxp:ol,[T Fsq :ol), where
impx : Propy x Propy — Propy
(U,V) — UVV.
Rule ¥: [T ks Vop : 0]l = forall, o [T bs p : 0 — 0]], where

(forall;)x : ([o]l = Prop)x —> Propy
m Vn(’c[[g]]x;}(x)(m))

and m is a natural transformation from [o] X @(X ) to Prop (remember that
(Iel = Prop)x = v ([[lo]l X #(X), Prop)), n : [6] X #(X) — #(X) is the projection
and, for F € Pred([[o]] x #(X)),

V(F) 2 ((f € 1(X,Y) | Vg € S(Y,Z).nz (g o f) = Fz})ver

More explicitly

(forally)x(m) =
={fe?V(X,Y) Vg e S(Y,Z)Vt € [[o]z.(t,.gou) € K[[JHX@(X)(M)Z})YEW‘

Remark. Notice that, if [I" Fx M : o] is defined and x ¢ dom(I"), then [I',x:0’ b5
M : o] is the following natural transformation:
(IT,x:0' Fs M o)y : [TTx x [6'lx — [olx
(n,ny) > [T Fx M 2 a]lx(n)

This means that the model % admits the weakening rule.

3.4 Interpreting logical judgments

As we said before, intuitively a proposition is valid if and only if it is verified
under all possible injective substitutions of names. In our model, this means that
the interpretation of a valid proposition contains all injective substitutions. More
formally, let [T Fs p : o] and T be defined by

[T ks p:ol : [T — Prop T :1—> Prop
[[Fsz:O]];:[[F]]X—>PropX Tx :1x — Propy
ﬂ'_’ﬂr'_ZPO]]X(W)/\f(X,—) *I—)j(X,,)

Then we give the following

Definition 3.2 (Validity)
We say that I 5 p holds in % if [T b5 p : o]l! is the constant natural transformation

(Truer)y : [Tlx — Propy
n— J(X,.)
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This is equivalent to [T Fx p : o] ' = To![ry, ie., the following diagram commutes:
!r\'[ll—-]](III"FEp:o]]]

k([T Fz p < oll)

[Tksp:o]! !y T

e

T P
[[ ]] [CHsp:o]! rop

where the outer square is the pullback of T along [[I" Fx p : o]l!. Notice that in
this case we have xprp([[I" Fx p : o]]) = 1 € Pred([[T'])). One should also note that
k([T Fs p 2 o) = xgry(IT Fx p : 0]'); indeed we have the following:

krp(ITC Fe p sol) = ({t € [Ty | A(X,-) < [T Fxp:ollx(t)})xer
={tellx | £(X,) <[TFgp:olx(t) NI(X, )} )xer
2 k([T Fx p :o]l')

4 7/ is a model of Y

In this section we verify that the model defined in section 3 validates the axioms
and rules of the framework Y. In order to be able to streamline the computation of
the truth value of a judgment I' >3 p in the model %, in section 4.1 we introduce
an appropriate notion of forcing. By means of this useful tool, in section 4.2 we
will give a characterisation of Leibniz equality; finally, in sections 4.3 and 4.4 we
will verify that % is a model of Classical Higher-Order Logic and of the Theory of
Contexts, respectively.

4.1 Forcing

Definition 4.1
Forcing judgments are statements of the shape

X bp, U

for X e v, F € “/}, U € Pred(F), and € Fx. The intended meaning of X IFg, U
is that n € Uy.

When F = [I', U = kry([[I" k5 p : ol) and € [I']x, we will also write X IFr), p
instead of X IFr, kpry([T" k= p : o]]). We will write X I- p to denote “for any I" such
that I'Fs p o, forall n € [Ix: X Ik, p”.

Hence we can rephrase the condition for a logical judgment to be valid in terms
of the forcing relation, namely

Proposition 4.1
The judgment I >y p holds in % iff for all X € ¥~ and for all # € [T]x we have
X H—r’yl p.

Lemma 4.1
Let P € Pred(%(X)) such that P # #(X,_), then Py N (X, Y)=0forall Y € ¥
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Proof
We proceed by an absurdity argument: let us suppose that P %2 .#(X,_) and there
exists Y € ¥ and f € #(X,Y) such that f € Py, we will show that, given any
Z ey and g€ S(X,Z), g € Py.

Indeed, by property (Closure) of predicates (see Definition 3.1), we have that
idy € Py since @(X )f(idx) = f oidx = f € Py. Then, by property Func, we have
that, for all g € .#(X,Z), g € Pz since #(X)y(idy) = goidy =g € P,. [

A number of useful propositions can now be easily stated.

Theorem 4.1
For all X, T, n € [T,

1. X IFr, ¥x°.p if and only if for all Y, h € #(X,Y), and for all a € [[oly we
have that Y “‘(r’x:a)ﬁ (ICD5(n).a) D,

2. X IFry, p=q if and only if X IFr, p implies X IFr, q;

3. X lbry PMAff ([T s M 2 ollx(n),idx) € wp,p,0x) ([T = P 1o — ollx(n)),
iff ([I'Fe P o —ollx(m)x(IT Fs M :a]lx(n),idx) = F#(X, );

4. it is never the case that X IFr, L.

Proof

The proof is a rather easy consequence of the definition of forcing and of the
interpretation of logical judgments described in section 3.4. For the details, see
Appendix B.3. O

Notice that the last statement of the previous theorem amounts to say that the
model % is sound.

Corollary 4.1

1. X IFr, —p if and only if it is not the case that X I-r), p;

2. X IFr, pAgqif and only if X IFr, p and X IFr), q;

3. X IFry, pVgqifand only if X IFr, p or X IFr), q;

4. X IFr, 3x7.p if and only if there exist Y, h € #(X,Y) and a € [[¢]ly such that
Y IFr o), (In.a) P-

5 X lFpy, VxT'....Vxfpif and only if for all Y, f € #(X,Y), n1 € [o1]ly,...nm €
[on]ly we have that Y IFr .y 0. x o0 ([T )it ) P

Proof
The proof follows from Theorem 4.1 and, in the case of point 5, from a straightfor-
ward induction on n. For the details, see Appendix B.4. O

4.2 Characterisation of Leibniz equality

Definition 4.2 (Separatedness)

An object F € ¥ is said to be separated if its diagonal Ap < F X F, defined
as (Ap)x = {(t,t) | t € Fx} and (Ap)y = Fy X F, , is a predicate of F X F, ie,
Afr € Pred(F x F).
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This definition is equivalent to those usually given about sheaves on textbooks, in the
case of sheaves for the ——-topology (Mac LaneS & Moerdijk, 1994, p.223, Lemma
V.2.3). As we will show below, for separated objects Leibniz equality coincides with
true equality. First we need the following lemma:

Lemma 4.2
An object A in ¥ is separated if and only if for every map i € .#(X, Y ) the function
A; : Ax — Ay is injective.

Proof

(=) Let A be separated; then, by definition, A4 is a predicate of 4 x A. Hence, by
the condition (Closure), we have that for all X, Y € .# and [ = (a,b) € Ax x Ay,
if (A x A)u(f) € (Ag)y for some h € F(X,Y), then f € (A)x. Observing that
(4 x A)(f) = (An(a), An(b)), An(a) = An(b) (since (4 x A)y(f) € (A4)y) and a = b
(since f € (A)x), we have proved that A is injective for any h € #(X,Y).

(<) It is trivial to verify that A, satisfies both condition (Sub) and (Func). For
condition (Closure), we observe that, for all X, Y € .# and f = (a,b) € Ay x Ay,
if (A x A)p(f) € (Ay)y for some h € #(X,Y), then we must have A,(a) = Ap(b).
At this point, since we know that Aj, is injective, we can deduce that a = b holds,
whence f € (Ay)x. U

As a consequence, we have that A4 is separated iff for all Y, the function 4, : 49 —
Ay is injective, where ? : ) — Y is the empty function. In fact, for any i € #(X,Y),
if i has a left inverse p then A, is a left inverse to A4; by functoriality, so in this case
A; is injective. Therefore, to establish separatedness it suffices to check injectivity of
A». For example, the presheaf A given by Ay = {0,1} and Ax = {0} otherwise, fails
to be separated since A, is not injective.

Lemma 4.3
The objects Var, Proc and Prop are separated. If G is separated, so is F = G.

Proof
Ifi e #/(X,Y) and x € Vary = X then Var;(x) = i(x), hence Var; is injective.
Similarly, if p € Procy then Proc;(p) = pli], hence Proc; is injective.

For Prop we appeal to the above analysis and merely check that Prop, is injective.
Indeed, Propy contains exactly two elements corresponding to T and L which are
never identified.

Finally, assume u,v € (F = G)xy = "Vv‘(?Vy(X) X F,G), leti : X — Y be injective
and assume (F = G);(u) = (F = G);(v). To show u = v assume a—not necessarily
injective—map f : X — X’ and t € Fy.. We must show uy/(f,t) = vx(f,t). Now,
we can find an injective map j : X’ — Y’ and arbitrary map g : Y — Y’ such
that g oi = jo f. Since G is separated, it suffices to show G;(u(f,t)) = G;(v(f,t)).
But, Gj(u(f,t)) =u(jo f,Fj(t)) = u(g oi, Fj(t)) = (F=G);(u)(g, F;(t)) which yields the
desired conclusion by assumption and symmetry. O

Corollary 4.2
For all types o, [0] is separated.
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Theorem 4.2
Forallo, I, M,N, X and 5 € [T]x:
XlryM="N < [I'ktsM:ollx(n)=1[IFs N :alx(n)

Proof

Let us denote by T the interpretation [[¢]] and by I"” the environment I', P : ¢ — o,
for P a fresh variable. By definition of =° and Theorem 4.1, X IFr, M =° N holds
iff

forall Y,he #(X,Y),p e (T = Prop)y :
if [T" ks PM :olly(n[hl,p) = #(Y, ), then [I" s PN :olly(n[hl,p) = #(Y,.)
iff
forall Y,he #(X,Y),p: T x ¥ (Y,.) — Prop :

if (I k. P 2o—olly ([h], p)y (I k= M = oDy (nlh], p),idy) = A(Y, ),
then ([I" b5 P 2 o—olly (n[hl, p))y (IT" Fx N = olly (n[h], p),idy) = #(Y, )

iff
forall Y,he #(X,Y),p: T x ¥ (Y,.)— Prop :

if py (my (nIH])vidy) = #(Y, ), then py(ny (n)vidy) = #(Y, ). O

where m,n : [I'] — T denote the natural transformations [I' Fy M : o] and
[T Fg N : o], respectively. We have to prove that this is equivalent to

myx(n) = nx(n). (6)

(5 = 6) By Corollary 4.3, Ay is a predicate of T x T. Let o7 : T x T —> Prop be
its characteristic map, i.e., for all X and s,t € Tx: (07)x(s,t) = F(X, ) iff s=1t.

Let m : ¥(X,.) — T be the natural transformation mz(h) = mz(n[h]), and
define ¢ = dr o (idy xim) : T x ¥ (X,_) — Prop. Then, for all t € Ty:

gx(t,idx) = S(X, ) <= (Or)x(t,mx(n)) = S(X,) < t =mx(n)
Instantiating (5) for Y = X, h =idx and p = ¢, we have
if gx(mx(n),idyx) = #(X_) then gx(nx(y),idx) = £ (X, )
which is equivalent to
if mx (n) = mx(n) then nx(n) = mx(n)

hence (6) holds.
(6 = 5) By naturality, if myx(n) = nx(n) then for all Y and h € #(X,Y), we have
my (n[h]) = ny (n[h]), hence the thesis. O

We can generalize this result to a semantic form of Leibniz equality. In the

following, given a stage X, an object A of 4" and ay,ay € Ay, we will denote by
X I a; =" a, the property “for all U € Pred(A), if a; € Uy then a, € Uyx.”
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Proposition 4.2
Let A € v and a,a; € Ax. The following are equivalent:

1. X I+ aq =A4 [75)
2. If X # 0 then a; = ay; otherwise, As(a;) = Ao(az) for ?: 0 — {x}.

Proof
(1 = 2) Leibniz equality is the least reflexive predicate, so it suffices to show that
the property (2) is a reflexive predicate, but this is clear by inspection.

(2= 1)If X # 0, it is trivial. Let X = 0; then, As(a;) = As(a;). Let U € Pred(A4)
such that a; € Uy. Then As(a;1) € Uy, that is, A+(az) € Uyyy. By property (Closure)
of predicates, we have a, € U. O

Theorem 4.3
Let F,G € 7. The following formula is valid in 7":
Yu,v:F=G.(Vx:F.u(x) =% v(x)) = u=%0

Proof
Let X be a stage and u,v € (F = G)x = VV(“I/(X, _) X F,G), such that for all
i€ #(X,X')and t € Fy one has X' IF ux:/(i,t) = vy(i,t). We must show X |-
u =F=0 p. Let us first assume X # . In this case, by Proposition 4.2, we need to
show u = v, so assume h € ¥ (X,Y) and t € Fy. We should prove uy (h,t) = vy (h,t).
We write h = poe where p : Z — Y is surjective and e : X — Z is injective.
This can be done by putting Z = X + (Y \ Im(h)). Every surjective map has a
right inverse, thus F, is surjective, too. So we can find ty € Fz with F,(to) = t. By
assumption uy (e, tg) = vy (e, ty), so the claim follows by naturality of u and v.
If X = 0 then, again by Prop. 4.2, we need to show that (F=G)+(u) = (F=G)(v)
where ? : 0 — {x}. This is done in the same way. O

Unfortunately, the following extensionality principle for propositions
Vp,q:Prop.(p = q) = p =" ¢

is not validated by the model. For example, if X = {x,y} then py = #(X,Y) and
qy = 7" (X,Y) are both elements of Propy that moreover, are logically equivalent.
However, they are clearly nonequal.

Nevertheless, if u,v : A —> Prop are maps in ¥ and Va € A.u(a) < v(a) is valid
then u = v. The assumption asserts that for all X and a € Ay if idy € ux(a) then
idxy € vx(a) and vice versa. To deduce u = v assume a € Ax and h € u(a)y <
7' (X,Y). By naturality of u this implies idy € u(A4p(a)), thus idy € v(A4(a)) by
assumption and h € v(a) by symmetry.

4.3 U models logical axioms and rules

Theorem 4.4
The model % validates all logical axioms and rules; indeed if T Fy p :0, ks q 0
and I Fx r : o, then all the following statements hold in % :

I.Tes(p=>q=>r)=(p=q)=p=r
2.I>ysp=q=p
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3)MfT'Fg P :o—>o0and ' M 0, then I'>y V,(P)=PM
4. IfT,x:6Fs M :¢' and T s N : o, then T’ >y (Ax°.M)N = M[N/x]
5. fIx:0bsxM:6',T,x:0Fs N :0d,
then I' >y (Vx°.M = N) = JIx°.M =7 )x°.N
.IfTFs M :6 -0 and x ¢ FV(M), then T kg Ax” .Mx =" M
>y ——p=p
.M T'>ysp=gqgand I >z p, then I' >3 ¢
IfIx:0>xp=¢q,then I >y p = Vx4

O 0 N O

Proof
Follows from Theorem 4.1, Corollary 4.1 and Theorem 4.2 (see Appendix B.5). O

We conclude this section with a result about the ¢ predicate which will be useful
in the following proofs.

Theorem 4.5
Forall T, y, M, X and n € [T ]lx, such that T g y :v and I' s M : 1, we have:

Xlryyé¢M < ny ¢ FV(IT'Fx M :1lx(n))

Proof
(=) By structural induction on the derivation of T' gy M : 1.
(<=) By definition of Ty, (T¢ p z Q) is the following A-term:

0=0vV

(3P'.0=06.PA(pzP))V

(AP{3P;.0 =P | P A(pz P)A(pz P2)) V

AP Q=[yFulPAN—z="yAN-z="uAN(pzP))V
(@AP"Q =vP A(Vy'.mz ="y = (pz (P ))))

Whence (by Corollary 4.1), to prove the premise, it suffices to show that one of the
disjunctions holds. This can be achieved by structural induction on the derivation
of 'kFs M : 1.

For the details, sece Appendix B.6. O

Corollary 4.3
For all T, y, M, X and n € [I']lx, such that T'Fy y :vand ' s M :v — 1. Let
M' = [I'Fs M :v — 1]lx(n) € Procxyy:) we have:

Xlr,y¢' M <= n, ¢ FV(M')\ {z}

Proof
By unfolding the definition of gél and using Corollary 4.1 and Theorem 4.5. O

4.4 U models the Theory of Contexts

Lemma 4.4
The model % validates Fresh,: if I' by P : 1, then for all X, n € [I']x, the following
holds: X IFr,, 3x".x ¢ P.
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Proof

Applying Corollary 4.1, we deduce that X IFr, 3x".x ¢ P holds if and only if
there exist Z, g c f(X,Z), RS [[D]]Z = Z such that Z H_(l",xtu),<|11"]]g()7),z> X ¢ P. By
Theorem 4.5, this is equivalent to

z & FV([U,xw ks Pullz(([TTg(n), 2))) = FV(IT Fx Pulz([FTg(m))-

Hence it is sufficient to take Z = X U {n} where n ¢ X (which surely exists since X
is a finite set), z = n and g = idy. O

Lemma 4.5

The model % validates Ext"”"":if T'Fs P v > 1, T’'Fs Q@ :v > 1rand I'kx x v,
then for all X, n € [I']lx, the following holds:

X“_F,qx¢1P:>X¢1Q3(Px):’(Qx)jpzvarQ.

Proof
By Theorem 4.1, we have to prove that if X IFr, x¢' P, X IFr, x¢' Q and
X IFr, (P x) =" (Q x), then X Ik, P =""" Q. Let us denote

P'=[IksP:o—dlx(n) Q' =[keQ:v—1lx(n)

in (Var = Proc)x = Procxy;). By hypothesis and Corollary 4.3, we have that

ny ¢ (FV(P)UFV(Q)\ {z}.
By definition of interpretation, we have

[[r Fs (P X) . l]]X("I) = (evVar,Proc)X(len [[r Fs P :v— l]]X(n)) = Pl["]x/z]

and similarly [T ks (P x) : iIx(n) = Q'[nx/z]. By hypothesis and Theorem 4.2,
therefore, it follows that P'[n./z] = Q'[nx/z].
We have to prove that the two processes P’ and Q' are equal. Indeed:

P'= P'[ns/z][z/nx] because n. ¢ FV(P')\ {z}

= Q'[n«/z][lz/n<] by above
= @ because n, ¢ FV(Q)\ {z} O

Lemma 4.6
The model % validates _exp':if 'y P :1and I' Fy x : v, then for all X, n € [T']y,
we have that X IFr, 30°7'.x ¢! Q AP =' (Q x) holds.

Proof

By Corollary 4.1, it is sufficient to prove that there exist Z, g € J(X,Z), no € (Var =
Proc)z such that Z |5, x ¢! Qand Z IFau P ="(Q x) hold (Wwhere A=T,Q :v — 1
and pu = ([I'T(n),ng)). Hence we choose Z = X, g £idy and ng = [T\ {x : v} Fx
x".P v — allx(n') (where " = ny,,...,)- In order to prove the first forcing
statement, we observe that it is equivalent, by Corollary 4.3, to n, ¢ FV(Q') \ {x},
where 5 = [I" bz x : 0]x(n) and Q" = [A Fx Ax".P : v — ilx(ux) € Procyy-
Hence, we can conclude since the following holds:

[A Fx 2x".P 0 = tllx(ix) = [A bx 2x"P v = ilx({.10))
= kg 2x".P :v —> t]x(n)
=[C\{x:v} ks Ax".P v > 1]lx(#).
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Referring to the proof of X IFa,, P ='(Q x), we observe that this statement holds
if and only if [AFs P :1]lx(ux) = [[A Fs (Q x) : 1] x(ux) holds. Then we have that
[AFs P :illx(ux) = [T Fs P :1]lx(n); hence, we can conclude since

[A Fs (Q x) : illx(x) = (evvar,proc)x ([A Fx x :vllx(ux), [A Fx Q@ 1 v = 1] x(ux))
= (€0yar,Proc)x (1, [T\ {x 10} Fx AX".P 10 — 1] x(n"))
= ([T \ {x:v} Fx Ax".P :v = ]x(n"))x(nx, idx)
=[T ks P :idx(n). O

As an immediate corollary of the results proved in this section, and by Theorem 4.1,
we have one of the main achievement of this paper.

Theorem 4.6
The Theory of Contexts is consistent with (classical) higher-order logic.

5 Connections with tripos theory

In the previous sections, to be self-contained also to readers without a deep
knowledge of category theory, we have illustrated the construction of the model #
in full detail. In this section we will review briefly the basic steps in the construction
of the model # from the point of view of tripos theory. The reader aware of the
many categorical notions behind this model will benefit from this more abstract
perspective which gives a more general justification to the definitions and results
presented. This can suggest further developments in using functor categories to model
other metalanguages and allows to relate this work with other recent research.

In the following we suppose the reader familiar with the notions of topos, Lawvere-
Tierney topology and sheaf (Johnstone, 1977; Mac Lane & Moerdijk, 1994).

First, let us recall some standard notions and results in topos theory. Given a
topos &, there is a functor Sub : §° — Set which associates to every X € & the set
of its subobjects, and to every arrow f : X — Y in & the function Sub(X) — Sub(Y)
defined by Sub(f)(m) = f~'(m). In general the partially ordered set Sub(X) is a
Heyting algebra and the function Sub(f) is a Heyting algebra morphism. A topos is
said Boolean if, for every X € &, the Heyting algebra Sub(X) is a Boolean algebra,
in this case Sub(f) is a morphism of Boolean algebras.

Given a Lawvere-Tierney topology j on &, the subobject classifier in the topos of
Jj-sheaves Sh;(&) is the equalizer of idg and j, say Q;. In fact Q; classifies the j-closed
monomorphisms, and the subsheaves of a sheaf are exactly its closed subobjects.
Moreover the inclusion I of Shj(&) into & has a left adjoint L which preserves
finite limits. These two facts imply that there is an isomorphism between j-closed
subobjects of X (j-Sub(X) in the following) and subsheaves of LX.

Now if false is the characteristic map of the unique arrow 0 — 1 and — is the
characteristic map of false, the morphism —o - : Q — Q is a Lawvere-Tierney
topology on & and Sh-_(&) is a Boolean topos.

Finally if & is Set® for some small category C, then the functor Q defined by
Qx = Sub(hX) and Q4(F) = Sub(h')(F) is the subobject classifier of &; so the
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subobject classifier Q. in the topos of ——-sheaves is given by Q. (X) = {F |
F is a subobject ——-closed of h¥} (and the restriction of Q on morphisms).

Now we show how these notions and results are related to the properties of Pred ;.
First, notice that the closure condition (Closure) in the definition of Pred ; is exactly
the request that a subfunctor is closed w.r.t. the =—-topology. The verification is
straightforward: by using twice the following description of —U, for U »» 4 in g

(-U)xy ={a|a€ Ax and, for all h : X — Y, A(a) ¢ Uy}

one obtains

—(=U)y ={x|x € Fy and, for all f : X — Y, there exists Z € g
and g € 4(Y,Z) such that Ag.s(x) € Uz}

Thus, requiring that —(-U) = U is equivalent to condition (Closure). As a
consequence, Pred; is the functor Sub in the topos of ——-sheaves of 4. This
immediately imply Proposition 3.2.

Now, as to Q € .7, previous remarks show that it is precisely the subobject
classifier in the topos S hﬁ(j ) so Proposition 3.3 follows from fact that in any topos
& there is a natural isomorphism Sub = &(_,Q). We remark that, actually, Qy is a
two-element set.

To clarify in the present context the definition of Pred we need to introduce some
more notions and results.

The principal one is the notion of tripos, a structure which generalizes realizability
toposes. There are several slightly different definitions of tripos in the literature
(Hyland et al., 1980; Pitts, 1981; van Oosten, 1991; Jacobs, 1999); the following one,
is good for our purpose:

Definition 5.1
Let % be a category with finite products. A é-tripos is a functor 2 : €°? — Set such
that

1) for each A € €, #(A) is a Heyting algebra
i) for each f € ¥(A, B)
(a) 2(f) is a homomorphism of Heyting algebras

(b) 2(f) has left and right adjoints 3f and Vf which satisfy the Beck-
Chevalley condition: if
B
lh
D

is a pullback square then 3f o (k) = #(g) o 3h (and hence also the dual
condition for V holds)

f

—_—

Aa<——xn

k
—_—

N

iil) 2, when regarded as a set-valued functor, is representable, i.e., there is an
object Prop € € such that for all 4: 2(A) = %(A, Prop).
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A fundamental property of triposes is that, if ¥ models some metalanguage then
a @-tripos models intuitionistic higher order logic over that metalanguage. This
means that there is a type for propositions, terms formers for implications and
universal quantification. We can therefore interpret the logical judgment I' > ¢
which intuitively states that the proposition ¢, involving variables from I, holds.
(Pitts, 1981) proves that intuitionistic logic is sound w.r.t. this semantics

To show the connection between triposes and the functor Pred we will apply the
following two results which we state without proof.

Proposition 5.1 (( Pitts, 1981 ), Example 1.3 (i))
If & is a topos, the functor Sub : £°P7 — Set carries the structure of a tripos.

Proposition 5.2 ((van Oosten, 1991 ), Prop. 1.4)
If €,2 are categories with finite products, F 4 G : 4 — 2, F preserves products
and Predy is a tripos on Z, then the functor Pred defined by

Predy : € — Set
X > Predy(F(X))

X —L>¥) s Preds(F(f))
is a tripos on C.
Now we can show that

Proposition 5.3
Pred is a tripos on a

Proof

Consider the adjunctions L I : J > Shﬁ(fv) and ()" 4 ()" : ¥ — 4, where
L and (.)" preserve products. By Proposition 5.2 and the fact that —=—-Sub(F) =
S ubShﬁ(j)(LF ), the functor Pred ; is a tripos. Another application of Proposition 5.2

immediately shows that Pred is a tripos on v O

The interpretation defined in the model % has been suggested by tripos semantics,
therefore from general results it follows that all intuitionistic theorems hold in %.
Moreover, since Pred(F) is a Boolean algebra, the logic of Pred is the full higher-
order classical logic. This is a consequence of the fact that we consider only the
—--subobjects. In other words, although we work in ¥, our logical propositions
ultimately live in Sh__(4).

6 Recursion and induction

In the case of traditional first-order signatures, recursion and induction principles
are easily derived directly from syntactic definitions. Unfortunately, this is not so
clear when we consider second-order and higher-order signatures. The key issue
is about the arguments of the binding constructors. Let us suppose to prove the
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I'tsfiio Thksfhi0>50 T'hyf3:0o00—>0
'ty fa:vov>o50—>050 Thsfs:(v—o0)—>0
I'es (RO)="f;

I'tsfiio Thsfhio—>0 Thyf3:0>50—>0
I'kyfa:vov—>o0—>0 T'hsfs:(v—o0)—>0
I'>s VP'.(R 7.P)=° (f> (R P))
I'tsfiio Thksfhi0—>0 T'hyf3:0o00—>0
'ty fa:vov>50—>00 Thyfs:(v—o0)>0
I'>s VPLVQ(R P|Q) =" (f3 (R P) (R Q))
I'btsfiio Thsfhio—>0 T'hyf3:0>50—>0
'ty fa:vov—>50—>0 Thsfs:(v—o0)>0
>y VxP.Vy* VP (R [x # y]P) =° (f4+ x y (R P))
I'ktsfiio Thsfh:0—>0 Thsfs:0>50—>0
'ty fs:vov—>o0—>0 Thyfs:(v—o0)>0
I'>y VP2 (R vP) = (f5 Ax".(R (P x)))

where R is a typographic shorthand for (Rec, fi f2 f3 fa fs);

(Rec _red,)

(Rec! _red,)

(Rec), _reds)

(Rec), _redy)

(Rec), _reds)
Fig. 6. Reduction rules for first-order recursion.

validity of a given property for all processes (as defined in section 2). Proceeding by
structural induction, it is not clear what the inductive hypothesis should be in the
case of vx.P, because P is an abstraction (of type v — 1) and not a plain process.

This problem has been addressed in Hofmann (1999), where induction principles
for higher-order abstract syntax have been introduced and justified in suitable
presheaf categories. We aim to extend these constructions to our logical framework
Y, and within the tripos-based model % presented in the previous sections.

More precisely, in this section we extend the logical framework Y with recursion
and induction principles, also over second-order data types, that is, terms with
“holes”. We prove that these rules are justified by the model . Finally, we conclude
the section with a more abstract (and shorter) treatment of these issues. The required
categorical theoretic notions are those of (initial ) algebra, slice category and strong
functor ; see Appendix A and Jacobs (1999).

6.1 First-order recursion

To be able to define recursive function over 1, we extend the signature X with a
recursor operator Rec! for any type o:

Rec) : 06 — (6—0) > (6—0—0) > (0>0—>0—0) > (v—>0)>0) > 1 >0

and whose reduction rules are given in Figure 6.
To interpret the constant Rec, it is sufficient to show that Proc can be seen as the
initial algebra of the functor T : ¥~ — ¥~ defined on objects by

TF=1+F+(F X F)+ (Var x Var X F)+ (Var = F),
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and on morphisms h : F — G by (at each stage X € ¥"):

(Th)x :(TF)x — (TG)x
iny () —> iny (*)
iny(a) — iny(hy(a))
in3((a, b)) — in3((hx(a), hx(b)))
ina((x,y,a)) — ina((x, y, hx(a)))
ins(a) — ins(hxwx (@) where a € Fyy(y, -

Indeed, any type ¢ equipped with fi,..., fs as in Figure 6 induces a semantic type
[e] with a T-algebra structure on it (defined by the interpretation of fi,..., fs).
If Proc is the initial T-algebra, then there exists a unique homomorphism (i.e.,
a morphism of algebras) which can be used for interpreting the recursor R in
Figure 6. Parameterizing this construction over ¢ and fi,..., fs5, we will obtained the
interpretation of Recl. Let us spell out in detail this construction.

First, we define the algebra structure « : T Proc — Proc for Proc as the “natural
term forming operation” at each stage X € ¥:

A

ax (ing(*))
ax (ina(P))
ax(in3((Py, P2))) = P[P,
)
)

4

t.P

ax(ina((x,y, P))) = [x # y]P
ax(ins(P)) = (vx)P where P € Procyyjy)

Proposition 6.1
(Proc, ) is an initial T-algebra.

Proof

Let (B, f) be an arbitrary T-algebra; then there is a unique homomorphism f :
(Proc,a) — (B, 8) of T-algebras such that f oo = o Tf. Given f, in order to
prove the latter equality we must consider each component fx for X € 7~. We define
f by cases as follows:

) = Bx(i
fx(z.P) = Bx(ina(fx(P)))
Fx(Pi|P2) = Bx(ins({fx(P1), fx(P2))))
) (i
) (

fx([x # yIP) = Bx(ina((x, y, fx(P))))
Fx((vx)P)) = Bx(ins(fxwx(P)) (P € Procxuy)
Then we can easily check that, for each ¢t € (T Proc)x, we have fx(ax(t)) =
Bx((Tf)x(1)):

fx(ax(ini(*))) =
fx(ax(ina(P))) =

x(0) = Bx(ini(*)) = Bx((Tf)x (ini(*)))
x(t.P) = Bx(iny(fx(P))) = Bx((T f)x(ina(P)))

x\
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Fx(oax(ins((P1, P2)))) = fx(P1|P2) = Bx(ins({fx(P1), fx(P2))))
= Bx((Tf)x(in3((P1, P2))))
Fx(ax(ina({x,y,P)))) = fx([x # yIP) = Bx(ina({x,y, fx(P))))
= Bx((Tf)x(ins((x,y,P))))
fx(ax(ins(P))) = fx((vx)P) (P € Procxu(x))
= Bx(ins(fxwixy(P)))
= Bx((Tf)x(ins(P)))
The uniqueness of f follows by its definition. Indeed, if there is another homomorph-
ism g : (Proc,a) — (B, ) such that goa = f§ o Tg, then rewriting the previous

equality and simplifying it according to the definition of o we would obtain exactly
the definition of f by cases. O

Using this result we can interpret the recursor Rec? as follows. Let 4 = [a]),
G = [I'l and T F R : Proc — g, where R = (Rec? fi f2 f3 fa fs). Let g; be the
meaning of f;, as follows:

g1=[TFf1:0] :G— A4
g=[kFfr:0-0] :G— A=A
gs3=[TkFf3:0>0—>0a] G — A=A=A

ga=[Ffs:vov>00->0]:6G6— Var=Var=A4=A4
gs=[Ffs:(v—>0)—>d] G — (Var=A)=A

We define a natural transformation m : T(G=A4) — G=-A, that is, for X € 7",

my : 1y +(G=A)x + (G=A)x x (G=A)x + Varx x Varx x (G=A)x +
+ (Var=G=A4)y — (G=A)x

by cases as follows, bearing in mind that (G=A4)x = "%(G X ¥(X,.),A): for a stage
Y,neGy and he v (X,Y),

Ny (n,h) = gry ()
Ny (n,h) = (g2y M)y (ry (n, h),idy )
(mx (in3((ri,72))))y (1, h) = ((g3y M)y (r1y (0, h),idy))y (r2y (n, ), idy )
(mx (ina({x, y, 1))y (n, h) = (((gay (M) (h(x),1dy))y (h(y),idy))y (ry (n, h),idy))
(mx(ins(r))y (n,h) = (gsy (n))y (,idy)

where ¥ :Var x v (Y,)) — A

1y Z XV (Y,Z)— Az
(z,k) —> (rz(z,k o h))z(n[h],idz)

Thus, (G=>A,m) is a T-algebra; therefore, there exists a unique natural transforma-

tion m : Proc — G=>A such that mo T'in = moa. By using a standard argument of
cartesian closed categories, m can be converted into the morphism G — Proc=A4

(mx (ing (*
(mx (ina(r

)
)
)
)
)
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we need. More explicitly, we interpret I' - R : Proc — ¢ as follows:

[T FR:Proc = o] : G—> Proc=A
[T FR:Proc — odllx : Gy — (Proc=A)x
[T F R : Proc — allx(n) : Proc x V" (X,.) — A
[ R : Proc — allx(n)y : Procy Xx ¥ (X,Y) — Ay
(P,h) — (my (P))y (n[h],idy)
We can now prove the soundness of the recursion principles.

Theorem 6.1
The model % validates Rec) _red;, fori=1...5.

Proof
Long unfolding of forcing definitions, using the universal property of the initial
T-algebra Proc; see Appendix B.7. O

6.2 Second-order recursion

First-order recursion rules can be generalized to second-order processes, i.e. terms
with holes for variables. Indeed, the initial algebra over Proc can be readily “lifted”
to the types Var = Proc, Var = Var = Proc, ... . Let us consider the functor
T':4 —> ¥ defined on objects by

Tp =1+ F+F x F+ (Var = Var) x (Var = Var) x F + (Var = F),
and on morphisms in the obvious way. Then, the following holds:

Proposition 6.2
Var = Proc has an initial T'-algebra structure, which is isomorphic to Var = o.

Proof
Let G : ¥ —> ¥ be the functor G(F) = Var = F. G has a right adjoint, namely
the functor R : ¥~ — 7" defined on objects by

R(F)x =¥ (Var = %(X),F)  R(F),=_o(Var = %(h)) (he 7 (X,Y))

and on natural transforngations te ¥ (F,F') by R(t) : Var = F —> Var = F/,
R(t)x(f)=tof for f € ¥ (Var = %(X), F). Hence, forvTheorem A.1, we need only
to show that T’ o G = G o T. Given any functor F in ¥~, we have that
(T"oG)F)=T'(Var = F)=1+ Var = F + (Var = F) x (Var = F) +
+ (Var = Var) x (Var = Var) x (Var = F) + Var = (Var = F)
=Var =14 Var = F+ Var = (F X F) +
+ Var = (Var x Var x F) + (Var = (Var = F))
=Var = 1+ F+F x F+ Var x Var x F + Var = F)
=Var = TF = (Go T)F

and similarly for the morphism part. O
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We can elaborate the functor T’ a step further, by noticing that
Var = Var = Var + 1.

Indeed, for all X, we have (Var = Var)x = Var yy; = XW{x} = X+1 = (Var+1)x.
Thus we can rewrite T’ as follows:

Tpr =14+ F+FXF+Var x Var x F+Var X F+Var x F+ F+Var =F (7)

=(Var=-Var)x(Var=-Var)xF

and Proposition 6.2 still holds, that is, Var = Proc is a T’-algebra. The intuitive
meaning of the four cases arising from an abstraction Ax.[y # z]P corresponds to
the four situations when none, one or both y,z are exactly x, and hence are bound
by the abstraction.

This argument can be generalized to an arbitrary number of “holes”, so that all
types Var" = Proc have an initial algebra structure for a suitable functor. In fact, it
is easy to see that for all n:

Var® = Var = Var +1+4---+1
—_———
n times

Hence we can generalize (7) at any number of holes, as follows:

T 214+ F+F x F+ Var x Var x F +
+Var x F+--+Var x F+F+---+F+Var =F (8)

2n times n? times
Correspondingly, Proposition 6.2 can be generalized as follows:

Theorem 6.2
For all n, Var" = Proc has an initial T"-algebra structure.

From the definition of T" we can derive immediately that the recursor over
second-order terms with n holes (i.e., contexts with n free variables) for type ¢ has
the following type:

Rec’ ™' 16 » (6 »0)—> (6 50 >0)>(L—>1—>0—>0)—>

w—o>o0—>o0)> " >WOo0—>o0)>(0—>0)> > (60>

2n times n? times
(v>0)—>0)> O >1)>0

The reduction rules for second-order recursion are in Figure 7. Notice that when
n = 0, these rules reduce to those for first-order terms (Figure 6).

Theorem 6.3
For all n, the model % validates all axioms in Figure 7.

Proof

Similarly to Theorem 6.1, also this proof is an application of the forcing relation,
using the universal property of initial algebras. Obviously, this proof is longer and
more complicated since there are many subtleties to deal with as far as the mismatch
operator is involved (which leads to to the n> 4+ 2n + 1 cases of Figure 7). O
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>y (R ;;Iv.()) = f (Recy " red,)
I >y VP"=1L(R Hc”.f(P ) =" (f2 (R P)) (Rec;™"-red)
H n
T > VP ¥Q =" (R /%' (P %)[(Q %)) =* (f3 (R P) (R Q)) (Recy ™' reds)
T >3 Vy' ¥z VPV (R I, [H;é AP )= (nyzRP) (Recy™"redu)
T >y V)" VP~ (R %[y : P ) = Gayy ®P) I = (Reereday)
I >5 Vz0 VP~ (R /X" [xli z](P X)) =° (fsi z (R Py Loon (Recy ™" redsy)
T >y VPV~ (R 73 [x; :xj](p ) = (o (R PY) 2= 1eem (Recy ™! reda;)
H

(Rec”" ™' reds)

[ > VP =U(R AZV.(vAY' (P y %)) =7 (f5 2y"(R (P y)))
where H is a typographic shorthand for the following hypotheses

I'tfi:o THfy:050 T'HFf3:000—>0 T'Ffy:vov>o0—>0
I'cfpj:v>0—-0 T'kFfygivo0—-0 I'kFfyj:o—-0 (G,j=1...n)

and R is a typographic shorthand for
(Recfynﬂ fi f2f3 far faoroo faon fa31-- fazn faarn ... faamn f5)

Fig. 7. Reduction rules for second-order recursion.

I'Fs R:1—>0
I'>s(R0O)= (YP'.(RP)= (R t.P))=>
(VP'(R P)=VQ'.(R Q)= (R P|Q)) =
(Vy*Vz"VP'(R P) = (R [y # z]P)) =
(VP (Vx".(R (P x))) = (R vP)) =
VYP'(R P)

(Ind')

Fig. 8. First-order induction principle.

6.3 First-order induction

The first-order induction principle we consider is presented in Figure 8.

Since the model % does not support the “proposition-as-types, proofs-as-i-terms”
interpretation, induction principles do not derive automatically from the recursion
principles in Section 6.1. A problem we have to deal with, is the presence of
parameters, represented by the environment I'. Actually, induction with parameters
in 7" can be recovered from the initial algebra property in a simple slice  category
defined from ¥~ (Definition A.4). In fact the signature functor T in ¥ can be

“transferred” in this category, so that it has an initial algebra corresponding to the
initial algebra in VA (Jacobs, 1995).

For the sake of simplicity, and without loss of generality, in the following we
consider I' = R : 1 — o, where R is the predicate over terms, appearing in the
induction principle.
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We proceed as follows. We will work in the simple slice category ¥~ /G, where
G = Proc = Prop; over this category we will consider the functor T /G where
T : 4 —> ¥ is the signature functor defined in Section 6.1. We will prove
that (Proc,G*(«)) is an initial T /G-algebra. Then, the soundness of the induction
principle will derive from a usual argument in the category Va /G.

To prove the main statement, we need the following two results:

Proposition 6.3

The functor T is strong.

Proof
The strength (styp)x : Ax X (TB)x — (T(A x B))x is defined as follows
*)

(stap)x(a,ing(*)) = iny
(SIA B)X(a lnz(b)

) (
) (
(stap)x(a,in3((b1,b2))) = in3(
) (
) (

2

(a,b))

(a bl,a b2>
in4 <X Y, a, b>
ba)

where b, € ¥ (Var x v°(X,-),A x B) is the natural transformation such that

(ba)y ((y,g)) = {alg],by((y,g)))). The commutativity of the two diagrams of Defini-
tion A.5 is proved by cases over b (see Appendix B.8). O

inz

(stap)x(a,ing((x,y,b))) =
(sta,p)x(a, ins(b)

A

in5

Proposition 6.4
For every G € VA , (Proc,G*()) is an initial T /G-algebra.

Proof
Since o € ¥°(T Proc, Proc), G*(o) € ¥ J)G((T J/G)proc, Proc), ie., (Proc,G*(2)) is a
T / G-algebra. It remains to show that, given any other T ) G-algebra (B, f3), there

is a unique morphism f from Proc to B such that the following diagram in V4 /G
commutes:

(T /G)Proc” = proc
(T//G)J\L lf
(T/G)B 7 B

Notice that the same diagram can be read in ¥ as follows:

idg xo
G x T Proc —> G X Proc

st | |

GXTB?B
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We define f as follows:

fx({(g,0)) = px((g, in1(*)))
fx({g,7.P)) = Bx((g,ina(fx({g, P)))))
Ix((g, P1IP2)) = Bx({g,in3((fx((g, P1)), fx({g, P2))))))
Ix({g, [x # yIP)) = Bx((g. ina({x, y, fx((g, P))))))
fx({g,(vx)P)) = Bx((g, ins(yp.x(fxwix ((glinx], P)))))

Commutativity of the previous diagram is proved by cases on P (Appendix B.9).

The uniqueness of f follows by its definition. Given any other homomorphism
g : (Proc,G*(a)) — (B, B) such that g ¢ G*(«) = f ® (T /G),, rewriting the previous
equality and simplifying it according to the definitions of G*(«) and st¢ py,. We obtain
exactly the definition by cases of f. O

Now we have the necessary tools for proving our goal:

Theorem 6.4
The model % validates Ind', i.c., the following holds:

0>y YR™°(RO)= (VP'(R P)= (R 1.P)) =
(YP'.(R P)=VYQ'(R Q)= (R P|Q)) =
(Vy*'Vz°.YP'.(R P) = (R [y # z]P)) =
(VP (Vx".(R (P x))) = (R VvP)) =
VP'.(R P))

Proof
By Proposition 4.1, we have to prove that for all X € 7~ the following holds:

X lkg. VR™°((R0) = (YP'(R P) = (R 0.P)) =
(YP'.(R P) = VQI (R Q) (R P[Q)) =

(V' V2" YP'(R P) = (R [y # z]P)) =
(VP (Vx"(R (P ))) = (RvP)) =
VP'.(R P))

By Theorem 4.1, this is equivalent to prove that, under the following assumptions

Y ”_R:1—>o,rm ( )

Y IFRusome (YP.(R P) = (R 1.P)),

Y IFRumsone (YP.(R P) = VQ'.(R Q) = (R P|Q)),

Y IFRrusone (Vy".Vz".VP'(R P) = (R [y # z]P))

Y IFrausope (VP'7L(YX"(R (P x))) = (R vP)),

we have that for all Z € ¥, for all f € #(Y,Z) and for all yp € Procz, the
Judgment Z I-(r.io,p ), ((Proc=Prop);(nr)e) (R P) holds. This fact amounts to say that
the following equation must hold:

D = []:R 1> 0,P by (R P) :0]]f = TO!II(RZ(—>0,PZ!)]]' (9)
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Consider the following pullback in ¥ //G:

(1
U G ('v) 1

hi \LG*(T)

Proc —;— Prop

where G = [[R : 1 — o]. Then, from the assumptions above, we have that the
following diagram in ¥~/ G commutes (see Appendix B.10):

G (!rv)

TU = Uy 1
T//G(h)J/ hl iG*(T)

T Proc e Proc —; Prop

Let f : TU — U be the unique map defined by the universal property of the
pullback. Then, (U, f§) is a T J/G-algebra; therefore, by initiality of Proc (existential
part) there is a map h' € VA J/G(Proc, U). Moreover, again by initiality of Proc
(unicity part) we have h e ' = G™(idp,,.). Hence we have the following:

p=peG (idpu)=pehel =G (T)e G (ly) sl
Translating the equation in terms of the composition in the category 7, we get
p= G*(T) © <TE7 G*('U) © <TE,h,>> =Tolyo h = TO!Gmec

i.e., the thesis (9). O

6.4 Second-order induction

As in the case of recursion, also the induction principle can be generalized to
second-order processes. The second-order induction principle is given in Figure 9.
Notice that in the case of n = 0, this rule degenerates in that for first-order terms
introduced above.

The proofs of the validity of second-order induction principles follow the same
pattern of the first-order case, exploiting the initiality of the corresponding second-
order initial algebra (see section 6.2) and the following result which extends Lem-
ma 7.8 of Jacobs (1995) to the exponentiation of functors in the category v

Lemma 6.1
IfT:79 — 4 is strong, then the functor Var = T (whose action on objects is
A Var = TA) is strong as well.

Proof
Let st be the strength of T'; we define (up-to suitable isomorphisms) the strength st’

for Var = T as (st p)x = (stap)xwix} © (Ain X id), where X "Xy {x} is the

https://doi.org/10.1017/50956796806005892 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796806005892

Consistency of the theory of contexts 365

F'FsR: (V" —>1)—>0
I'>s (R AX".0) = (VP (R P) = (R AX".(t.(P X)))) =
VP"~'(R P) = VQ"~"(R Q) (R 2X".(P X)I(Q X)) =
P19y V2" (R P) = (R 2%".[y # 2)(P %)) =

( (Indu”—>1)
(

(v

(VP"=1¥2" (R P) = AL (R m [xi # 21(P X)) =

(

(v

(

VPV LYY (R P) = N (R J3".[y # x,](P X)) =

P"7(R P) = N[, (R 2X".[x; # x;|(P X)) =
VP =1 (V)P (R ARV(P % 1)) = (R X0 (P %)) =
VP"~'(R P)

Fig. 9. Second-order induction principle.

obvious injection. More explicitly, for A,B € ¥ and X € Var:
(styp)x 1 Ax x (Var = TB)y — (Var = TA x B)x
(styp)x ©  Ax X(TB)xuy  — (T(4A X B))yuix
(a,b) > (st4.8)xwix}(alin], b)

It is easy to check that st’ is a strength for the functor Var = T, that is, the following
diagrams commute:

iny Xid (5t4.B)xwix)

Ax X (T B)xu(x Al Axuixy X (TB)xuy ——— (T(A X B))xuix)
N l””’)wm

(T B)xwix)
j‘lm (Bm Xlgf ldXStBC
Ax X(Bx X(T C)xwix) xux) X(BX(T C))xuix) — Axwix) X(T(BXC))xwix))

lSlA.BX(‘

~ ~ (T(AX(BxC)))xw

(Ax XBx) X(TC)xuped 25 A X B) yigp X(T C) yopy —2 s (T((AXB)XC))ypa)

3l
Xy

In the latter diagram, the left square is the naturality of the associativity isomorphism
of product, and the right part is the property of the strength st. O

6.5 An abstract view on initial algebras and induction

We end this section with a more abstract hence shorter account of the results in
section 6.3. First, recall Theorem A.1: initial T-algebras can be lifted along functors
having a right adjoint. Our aim is to extend this result to induction principles in an
arbitrary tripos.

Definition 6.1

Let Pred be a tripos on some category % and let T : ¥ — % be an endofunctor. An
action of T on predicates consists of a Heyting algebra morphism T : Pred(4) —
Pred(T A) for each object A compatible with substitution, ie., if f : A — B and
P € Pred(B) then T(Pred;(P)) = Predr;(TP).
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An initial T-algebra (A4,a) for a functor T with an action on predicates has
induction if for each P € Pred(A) one has TP < P[«] implies P = T.

Consider, for example the case where 4 = Fet,Pred(4) = p(4A) and TX =1+ X
and TP = {inl(*)} Uinr(P). The initial algebra is the set of natural numbers and
induction coincides with the usual one.

To define an action of T on predicates is tantamount to lifting the functor T
to the category which has as objects pairs (4, P) with P € Pred(4) and where a
morphism from (4, P) to (B,Q) is a morphism f : A — B such that P < Q[f].
The latter category is the total category of the fibration associated with Pred. The
fact that initial algebra o : TA — A has induction then amounts to (4, T) being an
initial algebra in the total category.

Thus, applying Theorem A.1 to the total category allows us to transport induction
principles in the same way as recursion principles.

7 Related work
7.1 Semantics based on functor categories

The application of functor categories in the semantics of programming languages
goes back to the early 1980s, when “variable” sets (i.e., objects of % ) were recognized
as a useful tool to model variability of memory allocation in Algol-like languages
(Reynolds, 1981; Oles, 1985). An important step towards the generalization of this
approach has been the monad for allocation over the category % (Moggi, 1989). More
recently, presheaf models have been extensively used for interpreting concurrency
and mobility (Stark, 1996; Fiore et al., 1996; Cattani et al., 1997).

Recently, the use of functor categories as a semantics for HOAS has been
advocated (Fiore et al., 1999; Hofmann, 1999), the latter being the basis for the
present paper. At the same time, an alternative approach based on Frankel-
Mostowski set theory has been presented (Gabbay & Pitts, 1999). Here we briefly
illustrate the connections between these models.

In Hofmann (1999), functor categories are used for formally justifying several
logical principles which have been previously proposed for reasoning about HOAS.
In particular, metalanguage types are interpreted as suitable objects of Zet®”, where
the index category % depends on the nature of the metalanguage. A key feature of
this approach (which we have exploited in Proposition 3.4) is that the interpretation
of types which appear in negative position in the types of syntactic constructors
must be representable. This allows to apply the following property:

for X € 4 and F € Set® : (%(X) = F)y = Fx,y.
For instance, in the case of untyped A-calculus, whose syntax is defined by

Inductive tm : Set := isvar : var — tm | app : var X var — tm

| lam : (var — tm) — tm.

the second-order type var — tm is interpreted as the functor Var = Tm. Since
Var = %({x}), we have that (Var = Tm)y = Tmyy(y. In other words, functions

https://doi.org/10.1017/50956796806005892 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796806005892

Consistency of the theory of contexts 367

over variables correspond exactly to terms with an extra variable, which can be seen
as the “hole” of the syntactic context. Thus, the interpretation of tm is the initial
algebra of the functor T(A) = Var + A x A+ Var = A.

On the other hand, one cannot use the plain topos e for interpreting
predicates, because the induction principles over second-order types contradict the
Axiom of Unique Choice. The solution originally conceived in Hofmann (1999), and
which have been fully developed in this work, is to resort to some tripos over the
category of types.

Covariant presheaves are adopted in Fiore et al. (1999), where a general meth-
odology is developed in order to associate to every binding signature a category of
models which gives a notion of initial algebra semantics. The models are presheaves
which are both algebras for the signature functor and monoids with respect to
substitution. The choice of % (that is, the skeleton of the category of finite sets and
functions) as the index category is motivated by the operations which are allowed
on environments: name swapping, contraction and weakening. Indeed, the closure
by composition of these operations generates exactly all the functions between finite
cardinals. A key feature of the category “et” is that it has a type constructor

op
t‘ﬁ

6 Fet” - Fet” (0A)x = Axy1 (0A), = Ah+id1

which is used for interpreting second-order types like var — tm of the previous
example. Thus, the interpretation of tm is the initial algebra of the functor T(4) =
Var + A x A+ dA. Clearly, 6 corresponds to the functor Var = _ in Hofmann’s
approach, via the isomorphism previously described.

However, since & alone is proposed as a framework for higher-order abstract
syntax, this work is fine for the purely algebraic aspect, i.e., terms and equations;
as we have seen, in order to reason about HOAS, F alone is inadequate since for
example equality of names cannot be expressed. The value of Fiore et al. (1999) is
to have placed inductive types like Proc in ¥ in the context of universal algebra.

A different perspective is taken in Gabbay & Pitts (1999, 2002), where a logic
for specifying and reasoning about formal systems with name binders is introduced
using as a semantic basis the Frenkel-Mostowski permutation model of set theory
with atoms. (We will discuss briefly this logic in section 7.2 below.) This model has
a specific set of “atoms” A, and each set X is endowed with a primitive “atom-
swapping” operation (_ _)-_ : A X A x X — X. All usual constructions of set theory
(product, coproduct, function space,...) must respect this swapping operation, that
is an atom appearing in an object can be safely replaced with another (fresh)
atom without altering the behaviour of the object. (In particular, functions must be
equivariant, that is they must commute with atom permutations.) Therefore, given
an object x (of some FM-set X) and an atom a, the abstraction a.x can be defined
as the equivalence class of pairs (b, y) such that (¢ a) - x = (¢ b) - y for any ¢ fresh
for x and y. The dual operation of instantiation x@b is then the choice of a specific
representative of the class, namely the one with the particular b in place of the
abstracted atom. These notions of abstraction and instantiations are well-defined in
virtue of the equivariance restriction of FM-sets.
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By gathering all the abstractions a.x for a € A and x € X, we get the a new
set denoted by [A]X and called the set of abstractions of elements of X. This
new construction, specific of FM-set theory, is the key for interpreting binding
operators in signatures: if X is the interpretation of some syntactic class, [A]X is
the interpretation of contexts of type X. In our running example of A-calculus, the
interpretation of tm is the FM-set defined as the least fixed point of the (FM-set
valued) function F,(X) = A + X x X + [A]X. In other words, the quotient with
respect to a-equivalence is applied only to the interpretation of binding constructors,
instead of being applied to the whole initial algebra (like in the case of a pure first-
order syntax approach). As a consequence, in this approach the usual arguments
about least fixed points in set theory can be applied for deriving induction and
recursion principles over the higher-order abstract syntax.

To highlight the close connection between this latter approach and the previous
ones, notice that the universe of sets used in (Gabbay & Pitts, 1999) is the category
of the perm(A)-sets with finite support and equivariant functions. As the authors
of that work point out, this category is equivalent to the Schanuel topos, that
is, the category of sheaves over .#°’ for the ——-topology § IIL9, which, as we
have noticed in section 5, is the topos we have used for the interpretation of
logical judgments. Both Shﬁﬁ(f* ) and the Schanuel topos embed in 4, which is
related to ¥~ by the adjunction of Proposition 3.1. The reason we could not use
Shﬁﬁ(fv) to interpret terms and functions and resorted to ¥ instead was that
datatypes with second-order constructors (such as v : (v — 1) — 1) would not be
inductive.

A final remark is about the peculiar behaviour of the interpretation of abstraction
and instantiation in (Gabbay & Pitts, 1999). In our approach both can be rendered
naturally using the features of the metalanguage: the first as J-abstraction, the
latter as application. On the other hand, notice that instantiation x@a in FM-set
theory is only partially defined, i.e., when a is not in the support of Xx, i.e., the free
variables of x. Actually, the abstraction set of FM has a clear corresponding in
our categorial setting. Recall that in our model, the type constructor “v — _” is
interpreted exactly as the exponentiation Var = _ : a——p (Section 3.2). The
corresponding operation in S via the adjunction (i.e., the restriction) is not the
usual exponentiation of g , but only a certain arrow Var — _: 4 —> 4 which is
the right adjunct of a suitable tensor product. This arrow corresponds exactly to
the exponent in the Schanuel topos, and ultimately it corresponds to [A]_ of FM.
Using this exponentiation has the advantage that we can interpret both terms and
proposition in the very same Schanuel topos, where (as in any topos) the Axiom of
Unique Choice holds and thus it can be employed consistently.

Another difference between the present work and Gabbay & Pitts (2002) is that the
metalanguage we adopt is ordinary higher-order logic; this means that the Theory
of Contexts can be consistently used in our preferred logic and implementation (as
long as it does not enforce the Axiom of Unique Choice), such as the Calculus
of Constructions (implemented in Coq). No extensions to the syntax other than
constants and axioms, and no modification of the system are required; in particular,
we do not need a new kind of quantifier.
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7.2 Logics for nominal calculi

The Theory of Contexts and Isabelle/HOL. The Theory of Contexts can be used in
many different logical frameworks in order to reason about higher-order abstract
syntax. A HOAS-based encoding of the syntax of n-calculus processes in Isa-
belle/HOL is given in Rockl et al. (2001). For types of the form v" — 1, inductively
defined well-formedness predicates delineate members that correspond to terms with
free names in the object syntax. An instantiation of the axioms of the Theory of
Contexts, suitably adapted for their case study, can then be proved by induction on
the definition of these well-formedness predicates.

In particular, this allows for the axioms to be proved within the theory, ie., no
non-standard interpretation of the logic is required to establish soundness. On the
other hand, for each term in question one first has to assert well-formedness which
in view of the rules defining well-formedness is tantamount to giving the term in de
Bruijn notation.

The Nominal Logic. A first order logic for reasoning about languages with binders
has been proposed in Gabbay & Pitts (1999) and later extended and called Nominal
Logic in Pitts (2003). This logic is based on the Frenkel-Mostowski permutation
model of set theory, which we have already discussed in section 7.1 above. Nominal
Logic features a specific sort v of “atoms” representing variables names, and for each
type T a primitive atom-swapping operation swap, : v — v — T — 1. The axioms of
the logic compel terms, functions and propositions to be equivariant, that is “stable”
under atom permutations. This means that an atom a appearing in a term ¢ can be
safely replaced by any other (fresh) atom, without affecting the behaviour (meaning)
of t. The equivariance constraint applies also to propositions; namely, a proposition
which holds for some fresh atom, will hold for any fresh atom. This observation
leads to the introduction of a special quantifier U for expressing freshness of names:
the intuitive meaning of Ua.p is “p holds for a some/any fresh name”. U resembles
both V and 3, it satisfies the rules:

La#btp T rHWap T,pa#btq
I'Wap I'kgq

where b is the “support” (i.e., the set of “free names”) of p, and # is an atomic
predicate stating frehsness of atoms with respect to terms.

Essentially, the main difference with our approach is that in the Theory of
Contexts, terms with fresh names are modelled as functions v — 1, whereas
in Nominal Logic they are modelled as equivalence classes of name-term pairs.
Predicates as Wa.p and a#b can be translated in the Theory of Contexts as follows:

WNa.p =Va".a ¢"° (Ja".p) = p a#b 2 a ¢ p

Rules, corresponding to the ones above, can then be easily derived using the Theory
of Contexts. Correspondingly, suitable adaptations of our Theory of Contexts are
validated in the FM.

In a nutshell one can say that our approach works in the standard setting of
higher-order logic and type theory, whereas for FM new syntactic constructs are
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needed. On the other hand, FM has the advantage that axioms about n-calculus
can be derived from more primitive concepts so that it would more easily carry over
to different settings.

Meta-metalogics. In the approaches we discussed so far, the logical level belongs to
the same metalanguage which is used for the representation of the syntax. A different
perspective is to add explicitly an extra logical level for reasoning over metalogics.
One of these meta-metalogic is FOA*N (McDowell & Miller, 2002), a higher-order
intuitionistic logic extended with definitions and higher order quantification over
simply typed A-terms. Induction on types is recovered from induction on natural
numbers via appropriate notions of measure.

A similar approach, but with different aims, is behind .#, (Pfenning & Schiirmann,
1999), which is a constructive first-order logic based on the Edinburgh LF and
implemented in Twelf. At the meta-metalevel, .#, offers higher-order induction and
recursion for reasoning over (possibly open) objects of a LF encoding.

8 Conclusions

In this work we have proved the consistency of the Theory of Contexts, working
out in full detail the constructions of a categorical model based on a tripos on
functor categories. The technical machinery we have presented should be suitable
for reasoning about models with a similar structure. In our opinion, this construction
could be adopted for validating other theories of names and binders.

The first important application of the consistency of the Theory of Contexts is
that it can be safely embedded in existing logical frameworks (as far as their logics
do not entail the Axiom of Unique Choice). For instance, this theory has been used
fruitfully for developing the (meta)theory of several object languages in the proof
assistant Coq (INRIA, 2003); see Honsell et al. (2001b) and Miculan (2001) for the
case of m-calculus and A-calculus, respectively.

At least two possible developments are stemming from this work. An open
question concerns completeness of the Theory of Contexts. It is not clear which
class of properties can be derived from our axioms; a suitable characterization is
needed. Another direction is to extend the model in order to handle more expressive
metalanguages. For instance, one could take into account a theory of dependent and
impredicative types. The expressive power of such a metalanguage would allow the
representation and the manipulation of proof objects, via the usual “propositions-
as-types” paradigm. An example of object theories which could be dealt with in
this case are Natural Deduction-style proof systems; then, the well-known Inversion
Lemma could be proved by induction over proof objects, using (a suitable extension
of) the Theory of Contexts.
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