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The structure of a bisimple inverse semigroup with an identity has been related by Clifford
[2] to that of its right unit subsemigroup. In this paper we give an explicit structure theorem for
bisimple inverse semigroups in which the idempotents form a simple descending chain

ep>e >e, ...
We call such a semigroup a bisimple w-semigroup. The structure of a semigroup of this kind
is shown to be determined entirely by its group of units and an endomorphism of its group of
units.

These semigroups occur as subsemigroups of O-simple semigroups with non-primitive
idempotents [3, Theorem 2.54] and, since Rees [5] has obtained a structure theorem for 0-
simple semigroups with primitive idempotents (that is, for completely 0-simple semigroups),
the study of bisimple w-semigroups seems a natural next step.

The results of Sections 2 and 3 of this paper can be obtained by combining the results
of Clifford [2] with those of Rees [6], while the isomorphism theorem of the last section
can be deduced from Warne’s homomorphism theorem for bisimple inverse semigroups
with an identity [7, Theorem 1.1]. However, we have favoured a more direct approach
throughout.

Warne has also informed us that he had an equivalent form of Theorems 2.2 and 3.5
in terms of ordered quadruples at the time of submitting his paper [7].

1. Definitions and preliminaries. We shall use the terminology and notation of Clifford and
Preston [3].

Two elements of a semigroup S are said to be Z- [ #-] equivalent if and only if they generate
the same principal left [right] ideal of S. We write S =¥ nZandD =L o0 R=Z%0 %.
Then &, &, # and & are equivalence relationson Ssuchthat # c ¥ =D and# = R < 9.
We call a semigroup bisimple if it contains only one 2-class.

If we denote by L, the #-class of a semigroup S containing the element a then we can
define a partial ordering on the .#-classes by writing, for any two elements a, b of S, L, < L,
[L, < L,] if and only if the principal left ideal generated by a is contained [strictly contained]
in that generated by 5. We can similarly denote by R, the %-class of S containing the element
a and define a partial ordering of the Z%-classes.

A regular semigroup is a semigroup S such that a € aSa for all elements a of S. An inverse
semigroup is a semigroup S such that for every element a of S there exists a unique element x
of S, called the inverse of a, such that axa = a and xax = x. Then the following three con-
ditions on a semigroup S are equivalent [3, Theorem 1.17]:

(1) Sis regular and any two idempotents of S commute;
(2) every £~ [%-]class of S contains a unique idempotent;

(3) S is an inverse semigroup.
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We denote the unique inverse of the element a of an inverse semigroup S bya™!. Thenaa~

and a™'a are idempotents such that (a~'a, a) € £ and (aa™ ', a) € Z. If e is an idempotent,
then e™! =e. Also, for any elements g, b in S, we have [3, Lemma 1.18]

1

(@) '=a and (ab)"'=b"'a"'.

Thus, if we write ™" for (a~')", then (a") ™! = (@~ !)"=a™".

2. Bisimple w-semigroups. For any semigroup S we shall denote by Eg the set of idem-
potents of S. We define a partial ordering < on Eg by the rule that e £ fif and only if
ef = e = fe. If Sisaninverse semigroup, then Eg is a commutative subsemigroup of S and any
two elements of Eg have a greatest lower bound under the partial ordering. Let N denote the
set of all non-negative integers. Then we say that a semigroup S is an w-semigroup if and only
if there exists a one-to-one mapping ¢ of Eg onto N such that, for any elements e, f of
Es, ed < f¢ if and only if f < e. Thus, if S is an w-semigroup, then we can write

Es={e,:me N},
where e,, < e, if and only if m= n. In particular, Es is totally ordered.

LeMMA 2.1. Let S be a regular w-semigroup. Then S is an inverse w-semigroup with an
identity. In particular, a bisimple w-semigroup is a bisimple inverse w-semigroup.

Proof. Let S be a regular w-semigroup and let e and f be any two idempotents of S.
Then either e < f or f< e; that is, either ef = fe =e or ef =fe =f. In both cases ef = fe.
Hence the idempotents of S commute and so Sis an inverse semigroup. Let Eg = {e,,: m € N},
where e, 2 e, if and only if m S n. Let a be any element of S. Then ga™' = e, for some
idempotent e, of S. Hence ega = ey(e,a) = (ege)a = eq,a = a. Similarly aeq = a. Thus e,
is an identity. Now a bisimple semigroup containing an idempotent is a regular semigroup
[3, Theorem 2.11 (i)] and so a bisimple w-semigroup is necessarily a bisimple regular w-
semigroup, that is, a bisimple inverse w-semigroup.

Example. We shall denote by B the bicyclic semigroup, which we can define to be Nx N
under the following multiplication. For any elements (m, n), (p, q) of Nx N,

(ms n)(p: q) = (m+p—r, n+q—-r),

where r = min (n, p). Then B is a bisimple inverse semigroup [3, p. 45] and can readily be
shown to be an w-semigroup. The following theorem shows how we can generate bisimple
w-semigroups from any group and any endomorphism of that group.
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THEOREM 2.2. Let G be a group and o an endomorphism of G. Let
S = S(G, a) = {[(m,n); g € BxG: (m,n) € Band g € G}.
Define multiplication on S as follows:
[(my, n1); g1][(ma, n2); g2] = [(my, ny)(my, n3); gya™ g™ "],

where r = min (n,, m,) and we take «° to be the identity automorphism of G. Then S is a
bisimple w-semigroup.

Proof. We first verify that the multiplication is associative. Let [(m;, n)); ¢,](=1,2,3)
be any three elements of S. Then, with r;, = min (n,, m,) and r, = min (n, +n, —r, m,), we
have

([(mla n); gl][(""z, n,); 92])[(’"3, n3); 93]
=[m+my—r,ni+ny,—ry); g™ g™ " [(ms, n3); gs)
= [(m1+m2+m3—-r1-—r2, n1+'12+n3_rl—r2);

oy —ry— —_—py = —_ -
glamz my—ry rzgzanl+m3 ry r2g3a"l+"2 ry rz].

Similarly, if we write r; = min (n,, m3) and r, = min (n,, m,+m;—r;), then we have that

[(my, n1); g, 1([(ma, ny); g21[(ms, n3); g3])
=[(m1+m2+m3—r3—r4, ny+ny+n3—r3—ry);

glamz+m,—r3—r4gzanl+m3—r;—r4gsan1+n3—r3—r4]'

Now, a straightforward verification, such as that used when establishing the associativity of
the multiplication in B, will establish that r,+r, =r;+r,. Hence the multiplication in
S(G, o) is associative, Henceforth, for the sake of convenience, we shall adopt the more
compact notation (m; g; n) for the element [(m, n); g] of S. For any element (m; g; n)
of S, we have

1

(m; g; n)(n; g~ m)(m; g; n)=(m; g; n).

Hence S is a regular semigroup. The element (m; g; n) will be an idempotent if and only if
(m; g; n)=(m; g; n)(m; g; n)=Q2m—r; ga" "ga"""; 2n—r),

where r = min (m, n). Thisis so if and only if m = r = n and g = ga®ga® = g2; that is, if and
only if m=n and g =1, the identity of G. Thus Eg={(m; 1; m): me N}. It is easily
verified that (m; 1; m) < (n; 1; n) if and only if m > n. Hence § is a regular w-semigroup
and so an inverse w-semigroup. The inverse of the element (m; g; n) is just the element
(n; g~'; m) and the unit group of S is {(0; g; 0):g € G}. From the multiplication it is
readily verified that, for any elements (my; g,; n,) and (m,; g,; n,) of S,

(my; gy; n)%(my; 9,5 ny) if and only if m;, = m,;

https://doi.org/10.1017/52040618500035346 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500035346

BISIMPLE w-SEMIGROUPS 163
also
(my; gy; n) L (my; g,; ny) if and only if n, = n,.
Hence, if (m; g; n) and (p; h; gq) are any elements of S, then
(m; g; M%(m; g; q) and (m; g; 9L (p; h; q);
that is, (m; g; n)2(p; h; q). This completes the proof.

Note. If ais the zero endomorphism of G, that is, if « is such that ga = 1 for all elements
g of G, then S(G, a) is an extension of G of a type first discussed by Bruck [1]. Moreover,
if in the above theorem we relax the conditions on G and allow G to be a [regular, inverse]
semigroup then the construction in the theorem yields a [regular, inverse] semigroup.

3. The structure theorem. Let S be a bisimple w-semigroup with Eg = {e,; m e N},
where e, 2 ¢, if and only if n > m. Then, from Lemma 2.1, we know that e, is the identity of
S. Let R; [L;] denote the #- [.#-] class of S containing the idempotent e;; thatis, R; = R,,
[L;=L,). Since a bisimple w-semigroup is an inverse semigroup, it follows that every
R- [#-] class contains a unique idempotent. Hence the set of - [#-] classes of S is just
{R;:ieN} [{L;:ie N}], where, since ¢,S> e;S [Se; > Se;] if and only if j> i, we have
R;>R;[L;>L;]if and only if j>i. Let H;; = R;nL;. Then H;; is non-empty, for all 7, j
in N, since S is bisimple. In particular, H,; = R, n L, is non-empty for all i e N. Now R, is
the right unit subsemigroup of S and so we can apply the following lemma ([2], Lemma 2.1)
to R,.

LeMMaA 3.1. Let P be the right unit subsemigroup of a bisimple semigroup S with an identity.
Then two elements of P are L-equivalent in P if and only if they are - equivalent in S.

Hence the #Z-equivalence classes of R, are just the sets of the form RynL; (i € N).
Let us denote the #-class Ry N L; of Ry by L(i). Then clearly L({) > L(j) if and only if j > i.
Moreover e, is contained in L(0). We have (as the left-right dual of [6], Lemma 3.2)

LeMMA 3.2. Let T be a right cancellative semigroup with an identity and let {L(m): m € N}
be the set of F-classes of T, where L(m) > L(n) if and only if n> m. Let a be any element of
L(1). Then a" is contained in L(n).

Now R, satisfies all the conditions of Lemma 3.2 and so, for any element a of L(1) =
Ry~ L,, we have that a" is contained in Ry L,. Moreover, in S, (a", a"a™") € Z for all n in
N. Also eq and a" lie in R, an #-class of S. Thus e, = a"a™", since each #-class of S contains
a unique idempotent. Similarly, since ¢" and e, lie in L, and (a”"a", a") € %, it follows that
(@ "a", e,) € £ and therefore that ¢, = a™"a". Thus we have

LemMA 3.3. For any element ain L(1), a"a™" = ey and a™"a" = e,.

LeMMA 3.4. Let a be any element of L(1). Then every element of S can be written uniquely
in the form a~"ga", where m and n are elements of N and g is an element of H .
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Proof. Let s be any element of S and suppose that s € H,,. Then se R,nL, and so
ss*'=e,and s”'s=e, Also, forg = a™sa™", we have from Lemma 3.3 that

gg_l =asa "a"s"la™" = a’"se,,s‘la'"' =a"ss la "= a"e,a " =a"a"" = e,y;

similarly g~'g = e,. Hence g € Hyo,. Moreover, a”"ga" = a~"a"sa™"a" = e,,se, = s.
Now suppose that, for x = a™"ga" and y = a™"ha®, where m, n, r, s are elements of N and
g, h are elements of H,,, we have x = y. Then xx~ ! = yy~!, where xx™' = a " "ga"a""g " 'a™
= a""gey,g”'a™ = a”"eya™ = e,, and, similarly, yy~! =¢,. Thus e, = e, and so m = r. Simi-
larly n =s. Now a "ga" = a~"ha" implies that g = eqge, = a™a "ga"a™" = a™a""ha"a™" =
eohey = h.

1

This completes the proof of the lemma.

We now select an element a from L(1) and keep this element fixed throughout the follow-
ing discussion. Let G = Hyq = Ryn Ly =L(0). Then G is the unit group of S and also of R,.
Hence [6, p. 108] the equation

ag =(ga)a (g €G)
defines an endomorphism « of G. Taking inverses we find that, for all elements g of G,

g7l =0 g) T = a7 g s

that is, ha™! = a~!(ha) for all elements h of G.
‘We now define a mapping ¢ of S into S(G, «). For any element s of S we write

s¢p=(a""ga")p =(m; g; n),

where s is contained in H,, and g = a™sa™". From Lemma 3.4 it follows that ¢ is well-defined
and is a bijection. To show that ¢ is a homomorphism, let x = a "ga" and y = a~*ha? be any
two elements of S.

Assume first that n > p. Then

xy=a""ga""?.a%a"? . ha' = a"ga" " Feyha’
=a""g(a""?h)a® = a~"g(ha" " P)a""P*9,
Similarly, if n £ p, then
xy=a""g.a"a”".a"?""ha? = a~" " P*"(gaP " ")ha".
Thus

(xy)p = 105 (A" r:rq—p) if n 2 p,
(m+p—n; (ga"""h; q) ifn=p,

=(m; g; n)(p; h; q) = (xP)(ye).
Thus § is isomorphic with S(G, «).
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Hence we have established the following theorem.

THEOREM 3.5. Let S be a bisimple w-semigroup with group of units G. Then there exists
an endomorphism « of G such that S is isomorphic with S(G, &), where S(G, &) is defined as in the
statement of Theorem 2.2.

4. The isomorphism theorem.

THEOREM 4.1. Let S| = S(Gy, &) and S, = S(G,, B), where o and f§ are endomorphisms of
the groups G, and G, respectively. Then there exists an isomorphism ¢ of S, onto S, if and only
if there exists an isomorphism 0 of G, onto G, such that a8 = 0B, where, for some element z
of G,, A, is the inner automorphism of G, defined by gi, = zgz™".

Proof. Let ¢ be an isomorphism of S, onto §,. Then ¢ must induce a one-to-one order-
preserving mapping of Eg onto Es,. Thus (m; 1; m)¢ = (m; 1; m), for all min N, where we
have denoted the identities of both G, and G, by 1. For any element a = (m; g; n) of Sy, let
ad = (m; g; n)p = (p; h; q) = b, say. Now, a™'¢ =(a¢)~"' and so

(aa= )¢ = apa~'¢ = ad(ad)~! = bb~ 1.

Thus (m; 1; m)¢ = (p; 1; p). Hence, by the above, m = p. Similarly n =q. Thus, for any
element (m; g; n) of S,, we have (m; g; n)¢ = (m; h; n), for some element s of G,.

We define a mapping 0 of G, into G, by (0; g; 0)¢ = (0; g8; 0). Since ¢ is an iso-
morphism and must clearly map the unit group of S, onto the unit group of S,, it follows that
0 is a bijection. It is straightforward to verify that § is also a homomorphism. Now suppose
that (0; 1; 1)¢ =(0; z; 1), for some element z of G,. Then, for all g in Gy,

©; ga; Dp=((0; ga; 0)(©0; 1; 1))¢ = (0; go; 0)$(0; 1; D

=(0; gaB; 0)(0; z; 1) =(0; (gah)z; 1).
Also
(0; ga; D¢ = ((0; 1; 1)(0; g; 0)¢ =(0; 1; DP(0; g; 0)p

= (0; z; 1)(0; gb; 0) = (0; z(g6p); 1).

Hence, for all elements g of G, we have (gaf)z = z(g0pB); that is, gad = z(g0B)z~ ' = g0BA,.
Thus a8 = 02,

Conversely, suppose that there exists an isomorphism 6 of G, onto G, such that af = 04,
for some element z of G,. Then aff = 0(B2,)", for all p in N. We define a mapping ¢ of S,
into S, as follows: for any element (m; g; n) of S, we write

(m; g; m¢=(1; z7'; 0)"(0; g¢8; 0)(0; z; 1)".

Now, in S,, the element (0; z; 1)iscontainedin Ry nL, = L(1)and soif wewritea = (0; z; 1)
and apply Lemma 3.4 to S, then we see that ¢ is necessarily a bijection.
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Now let (m; g; n) and (p; h; q) be any two elements of S;. Then, for n = p, we have
(m; g; mé(p; h; ¢ = (15 2715 0)"(0; g0 0)(0; z; 1)°(1; 2715 0)°(0; ho; 0)(0; z; 1)°
=(1; z7'; 0)(0; gb; 0)(0; z; 1)"~7(0; h0; 0)(0; z; 1)

and
(0; z; 1)"7P(0; hO; 0)=(0; z; 1)"""71(0; z(h6p); 1)
=(0; z; 1)""P710; z(hOB)z™'z; 1)
=(0; z; 1)""P71(0; h6BA,; 0)(0; z; 1)
= (0; hO(BA)"?; 0)(0; z; 1)"P.
Thus

(m; g; md(p; h; d =(1; 2715 0)"(0; g8; 0)(0; hO(BA,Y""7; 0)(0; z; 1)""%(0; z; 1)°
=(1; z7%; 0)"(0; (90)(hB(BA,)"™F); 0)(0; z; 1)"*9~P.
On the other hand, for n= p, we have
((m; g; n)(p; h; @))¢ =(m; g(ha""?); n+q—p)p
=(1; z7%; 0)"(0; gf(ha"""0); 0)(0; z; 1)"*°F
=(1; z7*; 0)"(0 gbhO(BA.)"~?; 0)(0; z; 1)**4~*
=((m; g; n))(p; h; 9)9).
A similar argument holds for n £ p. Thus ¢ is an isomorphism. This completes the proof.

Note. Congruences on a bisimple w-semigroup are considered in [4], and a generalisation
of Theorem 4.1 is stated.

Let G be any group. Then we shall denote by B x G the direct product of Band G; that
is, Bx G = {((m, n), g) : (m, n) € Band g € G} under componentwise multiplication. However,
to conform with our present notation, we shall write Bx G = {(m; g; n): m,n € N and g € G}.
Then, for any elements (m; g; n) and (p; h; q) of Bx G, we have

(m; g; n)(p; h; @) = (m+p—r; gh; n+q—r),
where r = min (n, p). Thus BX G = S(G, «) where « denotes the identity automorphism of G.

CoroLLARY 4.2. S = S(G, o) is isomorphic with Bx G if and only if « is an inner auto-
morphism of G.

Proof. Let S be isomorphic with Bx G = S(G, ). Then, by Theorem 4.1, there exists an
automorphism 6 of G and an element z of G such that

ab = 01, = 02,.

https://doi.org/10.1017/52040618500035346 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500035346

BISIMPLE w-SEMIGROUPS 167

Thus, for all elements g of G, gad = g0, = z(gf)z~!. Hence

gu=(20""g(z7107") = (2071)g(20™") ™" = gy-s
for all elements of g of G. Thus a = 2,,-,, an inner automorphism of G.

Conversely, if « = A, then, with § = ., we have af = 1+ = 1, = 6.4, and so, by Theorem
4.1, S is isomorphic with S(G, ) = BxG.

This paper is part of a Ph.D. thesis submitted in 1965 to the University of Glasgow. I
would particularly like to thank Dr W. D. Munn for his invaluable advice and encouragement
and also the Department of Scientific and Industrial Research for financial support.
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