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ON EFFECTIVE CONSTRUCTIONS OF EXISTENTIALLY
CLOSED GROUPS

I. SCOTT

Abstract. Existentially closed groups are, informally, groups that contain solutions to every consistent
finite system of equations and inequations. They were introduced in 1951 in an algebraic context and
subsequent research elucidated deep connections with group theory and computability theory. We continue
this investigation, with particular emphasis on illuminating the relationship with computability theory.

In particular, we show that there are existentially closed groups computable in the halting problem, and
that this is optimal. Moreover, using the work of Martin Ziegler in computable group theory, we show that
the previous result relativises in the enumeration degrees. We then tease apart the complexity contributed by
“global” and “local” structure, showing that the complexity of finitely generated subgroups of existentially
closed groups is captured by the PA degrees. Finally, we investigate the computability-theoretic complexity
of omitting the non-principal quantifier-free types from a list of types, from which we obtain an upper
bound on the complexity of building two existentially closed groups that are “as different as possible”.

§1. Introduction. In this section, we introduce the main objects of study, provide
some mathematical context for the article, and give formal statements of our main
results at the end of the section.

Definition 1.1. An existentially closed group M is a group such that for every
quantifier-free formula ϕ(x,m), wherem ∈M ,1 if there is a group N containing M
as a subgroup with N |= ∃xϕ(x,m), thenM |= ∃xϕ(x,m).

We will be interested in the complexity of existentially closed groups. From a
computability-theoretic standpoint, a natural way to measure the complexity of an
algebraic object is to look at the Turing degree of its atomic diagram. In the case of
groups, this generalises the well-studied notion of the degree of the word problem,
so this fits into a natural lineage of study on both the computability-theoretic and
algebraic sides. (Aside: as we will discuss in the next section, the degree of a word
problem is only well-defined for finitely generated groups and, as a result, word
problems of infinitely generated groups—which existentially closed groups always
are—are not often studied in the group theory literature. Computability theory
bypasses this issue by instead studying the class of degrees that compute some copy
of the group.) The interactions between the word problems of finitely generated
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2 I. SCOTT

groups and the degrees of the existentially closed groups they generate will be a
theme of the present work.

As we take a computability-theoretic approach, from now on all existentially closed
groups will implicitly be assumed to be countable.

We now review some of the history of existentially closed groups that forms the
backdrop for the rest of the article. The first result is one of the earliest major
theorems on existentially closed groups, which highlights how they blend algebra,
computability theory, and model theory.

In what follows, a finitely generated group G is ∃1-isolated if there is a quantifier-
free formula of group theory ϕ(x, y) such that whenever H is a group such that
H |= ∃xϕ(x, a) for some a ∈ H , then 〈a〉 generates a copy of G in H.

Theorem 1.2 [11, 15, 16]. Let G be a finitely generated group. Then the following
are equivalent:

(1) G embeds in every existentially closed group.
(2) G has a solvable word problem.
(3) G is ∃1-isolated.

While most of the equivalences were proved using group-theoretic arguments,
Macintyre [11] used the Robinson’s newly developed finite forcing to show that,
for any finitely generated G with unsolvable word problem, there is an existentially
closed M that does not contain a copy G. To do so, he proved a much more general
theorem. In fact, the result in [11, Section 3] is even more general than what we state
here. (We use ≤T for Turing reducibility; this should cause no confusion with the
theory T once pointed out.)

Theorem 1.3 [11]. Let T be a decidable ∀∃ theory and let Ψ and Φ be atomic
T-types such that Ψ �T Φ. Then there is an existentially closedM |= T that realises
Φ and omits Ψ.

It follows from this theorem that Theorem 1.2 relativises: if G and H are
finitely generated groups with word problemsW (G) andW (H ), respectively, and
W (G) �T W (H ), then there is an existentially closed group that contains H and
not G.

It is natural to ask whether the converse holds: namely, if W (G) ≤T W (H ),
does G embed into every existentially closed group that H does? Ziegler showed the
answer is “sort of”: this holds for a somewhat strengthened notion of computability,
∗-reducibility, written ≤∗.

Definition 1.4 [24, Chapter III.1]. X ≤∗ Y iff:
• X ≤e Y (see Definition 6.4);
• Xc ≤1

e Y
c , which means that there is a c.e. setWe such that

x /∈ X ⇐⇒ ∃u, y (〈x, u, y〉 ∈We ∧Du ⊆ Yc ∧ y ∈ Y ) ,

where (Du)u∈� is a fixed enumeration of the finite sets.

We will not discuss ≤∗ further in this article. Ziegler’s theorem, then, is the
following.

Theorem 1.5 [24]. Let G and H be finitely generated groups with word problems
W (G) andW (H ), respectively. Then the following are equivalent:
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ON EFFECTIVE CONSTRUCTIONS OF EXISTENTIALLY CLOSED GROUPS 3

(1) W (G) ≤∗ W (H ).
(2) G embeds into every existentially closed group that H does.

Thus, Ziegler’s theorem shows that the property of embedding into every
existentially closed supergroup of a given group is really a computability-theoretic
notion. Moreover, since countable existentially closed groups are determined up to
isomorphism by their finitely generated subgroups, it veers towards a classification
(and, in fact, Ziegler does show that countable existentially closed groups are in
one-to-one correspondence with what he calls algebraically closed ideals in the
∗-degrees—see [24, Chapter III.3]).

Going back to Theorem 1.2, another natural question is whether there is any
existentially closed group all of whose finitely generated subgroups have solvable
word problems. Macintyre, relying on a result of Charles Miller III, answered that
question in the negative.

Theorem 1.6 [12]; based on [14]. Let M be an existentially closed group. Then M
has a finitely generated subgroup with an unsolvable word problem.

Thus, in particular, no existentially closed group is computable.
In fact, Miller’s argument shows that every existentially closed group contains

a finitely generated subgroup of PA degree (see Definition 7.3). It is known that
there are no computable PA degrees, but that they can be “quite close to being
computable”.

Despite the connections with computability noticed by Macintyre, Ziegler, and
others, there had been no systematic investigations into the computability theory
of the existentially closed groups themselves. Indeed, to summarise the historical
development outlined above: If one wants to understand countable existentially
closed groups from a purely algebraic standpoint, it suffices to understand their
finitely generated subgroups, as this determines the existentially closed group up
to isomorphism. The thrust of many earlier results can be understood from this
point of view: at least when investigating the computability-theoretic properties
of existentially closed groups, earlier authors focused on their finitely generated
subgroups.

In the present work, we take a step back, treating the existentially closed
groups as objects of computability-theoretic study in their own right. Through
our investigations into the computability theory of existentially closed groups, a
stratification emerges that was not visible before—the complexity arising from the
finitely generated subgroups and the complexity coming from how they fit together.

1.1. New results. Our first main theorem, Theorem 5.1, identifies the minimum
complexity of an existentially closed group—every existentially closed group
computes the halting problem and there is an existentially closed group computable
in the halting problem.

Theorem 5.1. The degree spectrum of the class of existentially closed groups is
exactly the cone above 0′.

It is then shown, that Theorem 5.1 relativises, although in the enumeration degrees
rather than the Turing degrees. We show that the minimum degree of an existentially
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4 I. SCOTT

closed group containing a given finitely generated group G is the Turing degree of
the enumeration jump ofW (G), as defined in Section 6.1.

Theorem 6.2. Let G be a finitely generated group. Then the degree spectrum of the
class of existentially closed supergroups of G is exactly the cone above Je(W (G)).

The upshots of this theorem are that this minimum degree always exists and
is obtained, and that it is not merely the Turing jump of W (G). As a corollary,
we can strengthen Theorem 5.1 above to show that in fact every degree a ≥ 0′

is the minimum degree of the set of copies of some existentially closed group
(Theorem 6.27).

Our next main theorem illustrates that the complexity of existentially closed
groups is not fully accounted for by the complexity of their finitely generated
subgroups, showing that Theorem 5.1 is not a local result. We write Sk(M ) for
the collection of finitely generated subgroups of M.

Theorem 7.7. Let a be a PA degree. Then there is an existentially closed group M
such that for every G ∈ Sk(M ),W (G) ≤T a.

In other words, since there are PA degrees whose jump is 0′, much of the
complexity of existentially closed groups is not necessarily witnessed at the finitely
generated level. Moreover, it shows that the Macintyre argument, while not
capturing the full complexity of existentially closed groups, was the best that could
be done by looking at their finitely generated subgroups.

From Theorem 7.7, we obtain a new characterisation of the PA degrees, which
form an important class of Turing degrees (see Definition 7.3). Again, Sk(M ) is the
collection of finitely generated subgroups of M.

Theorem 7.8. A Turing degree a is a PA degree iff there is an existentially closed
groupMa such that a ≥T W (G) for every G ∈ Sk(Ma).

Finally, we turn to the problem of constructing two existentially closed groups
whose only common subgroups are those with solvable word problems—which, as
we have seen, embed in every existentially closed group. On the basis of Theorem 1.2,
we call a pair of such groups relatively atomic. We give an upper bound on the degrees
of these groups, but a precise characterisation remains unknown.

Corollary 8.3. Let A �T 0′ be 0′-c.e. Then there are A-computable existentially
closed groups which are relatively atomic.

The structure of the article is as follows:
Section 1 lays out the background in group theory and logic that will be assumed

throughout the rest of the article. Sections 2 and 3 develop a construction for building
existentially closed groups effectively, following work of [4, 24]. Then Sections 4 and
5 leverage this construction and group-theoretic arguments to establish that the
Turing degrees of existentially closed groups are exactly the degrees which compute
the halting problem. Section 6 shifts focus to the subgroups of existentially closed
groups, and shows that the results above do not extend to them. Section 7 extends
the analysis of constructing existentially closed groups to constructing pairs of them
that are “as different as possible”.
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ON EFFECTIVE CONSTRUCTIONS OF EXISTENTIALLY CLOSED GROUPS 5

§2. Background. To keep this article relatively self-contained and to fix notation,
we will lay out the mathematical preliminaries needed for the rest of the article. We
assume familiarity with basic model theory, computability theory, and group theory.
For more details on these, we recommend [1, 17, 20], respectively.

We will adhere to the following conventions throughout the article:

• Existentially closed groups are implicitly assumed to be countable.
• Unless otherwise mentioned, “computable” and its derivatives will always refer

to Turing computability.
• L is the language {e, ·, •–1} for group theory. (Here •–1 indicates that we use

the notation g–1 for “g-inverse”.)

2.1. Notation for formulas.

Definition 2.1. We establish the following conventions for L-formulas. The only
language we will refer to is the language of group theory, L = {e, ·, •1}.

• An atomic formula is a quantifier-free formula ϕ(x) which does not include
conjunctions, disjunctions, or negations. Relative to the axioms of group
theory, any atomic formula in the language of group theory is equivalent to
“w(x) = e”, where w(x) is a word in x and its inverses.

• Ifϕ(x) = “
∧
i∈I �i (x) ∧

∧
j∈J ¬�j(x)”, where I and J are finite, and (�i )i∈I

and (�j)j∈J are atomic formulas, then we write

ϕ+(x) = {�i (x) : i ∈ I }

and call this the positive part of ϕ(x) or the equations of ϕ(x).
Analogously, we write

ϕ–(x) = {�j(x) : j ∈ J}

and call this the negative part of ϕ(x) or the inequations of ϕ(x).
• If Φ = {ϕi : i < n} is a finite set of formulas, we write

∧
Φ for

∧
i<n
ϕi .

• Let M be an L-structure. For a quantifier-freeϕ(x,m) with parametersm ∈M ,
say the L-structure N satisfies ϕ over M if N ≥M and N |= ∃xϕ(x,m). For
n ∈ N with N |= ϕ(n,m), we will say that n satisfies ϕ(x,m) in N.

The following easy proposition will simplify our arguments showing that a group
M is existentially closed. It says that to check existential closure, it suffices to check
finite systems of equations and inequations.

Proposition 2.2. For a group M, the following are equivalent:

(1) M is existentially closed; i.e., for every quantifier-free formula ϕ(x,m) with
parameters from M, if there is a group N ≥M with N |= ∃xϕ(x,m), then
M |= ∃xϕ(x,m).

(2) For every conjunction ϕ(x,m) of atomic and negated atomic formulas with
parameters from M, if there is a group N ≥M with N |= ∃xϕ(x,m), then
M |= ∃xϕ(x,m).

Proof sketch. Clearly (1) implies (2). For the other direction, let ϕ(x,m) =∨
i<n

ϕi(x,m) be a quantifier-free formula in disjunctive normal form which is
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6 I. SCOTT

realised in some group N ≥M . Thus, N models at least one of the disjuncts,
say ϕi(x,m). Applying (2) to this ϕi , we obtain that M |= ∃xϕi(x,m) and hence
M |= ∃xϕ(x,m). �

2.2. Computable structure theory.

Definition 2.3. For an L-structure M,D(M ) denotes the atomic diagram of M;
i.e., for a fixed enumeration (mi)i<� of M (represented as a subset of �), D(M ) is
the collection of (Gödel numbers of) atomic sentences of L((mi)i<�) which hold
in M.

SimilarlyDc(M ) refers to the complete diagram of M, the collection of first-order
sentences of L((mi)i<�) which hold in M.

In this manuscript, we will focus on the computability-theoretic power of D(M ),
as discussed in the introduction. The definitions below go through equally well for
the complete diagram, but will not be as relevant for the article.

In general, the computability-theoretic power ofD(M ) may depend on the choice
of enumeration of M.

Definition 2.4. Let M be an L-structure.

• We write Spec(M ) for {a : a ≥T D(N ) for some countable N ∼=M}. If a ∈
Spec(M ), then we will say M is a-computable or has an a-computable copy.

• In particular, M is computable or has a computable copy when 0 ∈ Spec(M ).
• The (Turing) degree of M is the minimum element a of Spec(M ), if it exists.

Knight showed in [9] that for nontrivial M, Spec(M ) is upward-closed in the
Turing the definition of Spec M .

A stronger notion, which we also investigate here, is the degree spectrum of a class
of models.

Definition 2.5. The degree spectrum of a class K of models is given by

DegSpec(K) = {a | a is the degree ofM andM ∈ K}.

In words, DegSpec(K) is the collection of degrees, in the sense above, of models
in K.

2.3. Constructions in group theory.

Definition 2.6. Let C be a possibly infinite set of constants and let C –1 be the
set obtained by formally inverting each element of C.

• A word on C is an element of (C � C –1)<� .
• For a word w in n letters, we will write w(x) for the corresponding word in the

free variables x, |x| = n. Similarly, for constants g, |g| = n, write w(g) for the
word where each letter is replaced by the corresponding element of g.

• A word w is reduced if it does not contain a consecutive subword of the form
c · c–1 or c–1 · c. The set of all reduced words on a set C forms a group with
multiplication given by “concatenation with cancellation”, called the free group
on C.
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ON EFFECTIVE CONSTRUCTIONS OF EXISTENTIALLY CLOSED GROUPS 7

• A presentation 〈X | R〉 for a group G consists of a set of generators X and a
set R of words on X called relations or relators such that G is isomorphic to a
quotient of the free group on X by the normal subgroup generated by R. In
particular, the group given by a presentation 〈X | R〉 is the group satisfying
exactly the equations w(X ) = v(X ) provable from the axioms of group theory
and the sentences r(X ) = e for every r ∈ R (see [17, Chapter 11] for more
details).

Definition 2.7. We establish the following conventions for group presentations:

• G is finitely generated if it has a presentation 〈X | R〉 with X finite, and finitely
presented if it has a presentation 〈X | R〉with both X and R finite. To emphasise
that a given tuple g generates G, we will sometimes write 〈g | R〉, and to
emphasise that R is a set of words whose letters are contained in g, we may
write R(g).

• If G is a subgroup of H and g ∈ H generates G, we will write G = 〈g〉.
• G has an a-computable set of relators if there is a presentation 〈X | R〉 with X

finite and R ≤T a. When a = 0, we say that G has a computable set of relators.

Definition 2.8. We will writeH ≤ G to denote that H is a subgroup of G.2 When
H ≤ G , call G a supergroup of H.

We will make use of several constructions from group theory. Throughout, we use
g, h to denote the concatenation of g and h.

Definition 2.9. LetG = 〈g | R〉 andH = 〈h | S〉 be finitely generated groups.

• The free product of G and H is given by

G ∗H = 〈g, h | R ∪ S〉.

• Suppose G and H both embed F = 〈f | V 〉, with α : F ↪→ G and � : F ↪→ H .
Then the free product with amalgamation of G and H over F is given by

G ∗F H = 〈g, h | R ∪ S ∪ {α(f)�–1(f) : f ∈ f}〉.
• If G contains two copies of F with an isomorphism, say α : F ∼= F ′ between

them, then the HNN extension of G over α is given by

G∗α = 〈g, t | R ∪ {tft–1α(f)–1 : f ∈ f}〉,
where t is a letter not appearing in g.

2.4. Word problems.

Definition 2.10. For a finitely generated groupG = 〈X | R〉, let the word problem
of G be

W (G,X ) = {w : w a word on X and w = e in G}.
Remark. Note that 〈X |W (G,X )〉 is always a presentation of G.

2Note that this notation is similar to, but distinct from, the notation for computability introduced in
an earlier section. Throughout, undecorated ≤ will refer to the subgroup relation or the ordering on the
natural numbers, while decorated ≤ will denote a computability-theoretic reduction.
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8 I. SCOTT

We can somewhat explicitly describe the word problem of a group from its
presentation.

Proposition 2.11. Let G = 〈X | R〉 be a group. Then W (G,X ) consists of all
conjugates of cyclic permutations of R by elements of G.

This is a standard fact from group theory, which implies that, for example, any
finitely generated group with a c.e. set of relators has c.e. word problem.

The following easy proposition justifies the use of the phrase the degree of the
word problem for G.

Proposition 2.12. Let G be finitely generated. Then the degree of W (G) is
independent of the choice of finite generating set for G, and, moreover, is equal to
the minimum degree of Spec(G) (which exists).

Hence, from now on, we writeW (G) forW (G,X ).
Thus the degree of a group generalises the degree of the word problem to possibly

infinitely-generated groups. Furthermore, every Turing degree is the degree of the
word problem of a finitely generated group.

Proposition 2.13. For every X, there is a finitely generated group G such that
W (G) ≡T X .

We will need a somewhat stronger version of this result, which can be found in
[23], and which we will see as Theorem 6.13.

2.5. Higman’s embedding theorem. Higman’s remarkable Embedding Theorem
[5] provides one of the first bridges between group theory and computability theory.
It will play a large role in many of the arguments in this article.

Theorem 2.14 [5]. Let G be a finitely generated group. Then G has a computable
set of relators iff G embeds in a finitely presented group.

Remark 2.15. Higman’s theorem extends to finitely generated groups with
computably enumerable presentations: suppose G is such a group with c.e. list of
relations (Ri(g))i<� . Then G is computably presented via (Ri(g)ei)i<� .

Indeed, to check if some word is a relator in the new relating set, first check that it
is of the form w(g)ei , where w has no terminal es. Then, to check if this is a relator,
go through the computable enumeration of the old relating set up to position i. This
will be enough to determine if w(g)ei corresponds to a relator in the old relating
set.

This is called Craig’s Trick.

§3. Building existentially closed groups via the Fraı̈ssé construction. In this section
we show that every existentially closed group is a Fraı̈ssé limit and characterise the
Fraı̈ssé classes that yield existentially closed groups. All of the results of this section,
unless otherwise stated, are from [24, Chapter I]. This characterisation of Fraı̈ssé
classes giving existentially closed groups, together with a relativisation of Fraı̈ssé’s
Theorem, will be key ingredients in many arguments in this article, so we include
details for completeness.
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ON EFFECTIVE CONSTRUCTIONS OF EXISTENTIALLY CLOSED GROUPS 9

Definition 3.1. M is �-homogeneous if whenever A and B are finitely generated
substructures of M and α is an isomorphism between A and B, there is an
automorphism α̂ of M extending α.

Note that some authors refer to this as strongly �-homogeneous, but we will not
need this distinction.

Proposition 3.2. Existentially closed groups are �-homogeneous.

The proposition follows by applying HNN extensions, which show that any
isomorphism between finitely generated subgroups can be realised by conjugation
in a supergroup.

Definition 3.3. The skeleton of a structure M, denoted Sk(M ), is the collection
of all (isomorphism types of) finitely generated substructures of M. (Note that many
authors call this the age of M.)

A standard back-and-forth argument shows that countable �-homogeneous
structures are isomorphic. Thus we obtain the following corollary.

Corollary 3.4. If M and N are countable existentially closed groups and Sk(M ) =
Sk(N ), thenM ∼= N .

We will provide a characterisation, due to Ziegler, of the classes of finitely
generated groups that form the skeleton of an existentially closed group in
Theorem 3.6. This will ultimately give us an effective way of building existentially
closed groups from an appropriate class of finitely generated subgroups. This tool
will be an important component of many of our later results.

Before we state the characterisation, we need to define some properties of
skeletons.

Definition 3.5. Let T be a theory and let K be a countable collection of finitely
generated models of T. Then K has the:

• Hereditary Property (HP) if for every A ∈ K, and every finitely generated
substructure B of A, there is some B̂ ∈ K such that B̂ ∼= B .

• Joint Embedding Property (JEP) if for every A, B ∈ K, there is a C ∈ K with
embeddings α : A ↪→ C , � : B ↪→ C .

• Amalgamation Property (AP) if for every A,B ∈ K and every finitely generated
C such that there are embeddings α : C ↪→ A and � : C ↪→ B , there is a D ∈
K along with embeddings α̂ : A ↪→ D and �̂ : B ↪→ D such that α̂α � C =
�̂� � C .

In addition, in this article we say that K is existentially closed if for every quantifier-
free formula ϕ(x, a) with parameters from some A ∈ K and such that ϕ is satisfied
in some superstructure B of A with B |= T , then there is a B̂ ∈ K with B̂ a
superstructure of A and b ∈ B̂ with B̂ |= ϕ(b, a).

Theorem 3.6 [24]. A countable collection of finitely generated groups is the skeleton
of an existentially closed group iff it is existentially closed and satisfies HP, JEP, and
AP.

The proof of this theorem relies on Fraı̈ssé’s Theorem, which we state below. In the
next section, we will discuss how Fraı̈ssé’s Theorem can be effectivised, which will
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10 I. SCOTT

provide us with a bound on the computational power needed to build existentially
closed groups.

Theorem 3.7 (Fraı̈ssé’s Theorem). A countable class of finitely generated
structures K is the skeleton of an �-homogeneous structure, called the Fraı̈ssé limit of
K, iff it satisfies HP, JEP, and AP.

Further detail on Fraı̈ssé’s Theorem and its variations can be found in most
standard model theory textbooks (e.g., [7, Chapter 7.1]).

Proof of Theorem 3.6. It is clear that the skeleton of an existentially closed
group M is existentially closed and satisfies HP, JEP, and AP.

For the other direction, suppose K is an existentially closed collection of finitely
generated groups satisfying HP, JEP, and AP. By Fraı̈ssé’s Theorem, there is an
�-homogeneous group M with Sk(M ) = K. Now it suffices to show that M is
existentially closed.

Consider ∃xϕ(x, g), where ϕ is quantifier-free and g ∈ G ∈ Sk(M ). Suppose
in addition that ϕ is satisfied in some N ≥M . Since G ∈ Sk(M ), it follows that
N ≥ G . Thus, by existential closure of K, there is some H ∈ K with H ≥ G and
such that ϕ is satisfied in H. But H ≤M , since Sk(M ) = K, so ϕ is satisfied in M,
as required. �

Remark. This proof goes through equally well for other theories, so every
existentially closed Fraı̈ssé class gives rise to an �-homogeneous existentially closed
structure and every �-homogeneous existentially closed structure determines an
existentially closed Fraı̈ssé class.

§4. Building existentially closed groups effectively. In this section, we present the
second preliminary construction needed for our work—a computable version of
Fraı̈ssé’s Theorem (Theorem 4.3) due to [4]. This will allow us to effectively construct
existentially closed groups with various properties.

In order to state the effective Fraı̈ssé’s Theorem, we need to effectivise the notion
of skeleton, and properties that a skeleton may satisfy, from above.

Definition 4.1. A sequenceK = (Ai , ai)i<� is a representation of a countable col-
lection K of finitely generated structures if K = {Ai : i < �} (up to isomorphism),
ai is a finite tuple, Ai is generated by ai , and the domain of each Ai is a subset of �.

A representation is computable if the sequence (ai)i<� is computable and the
functions, relations, and constants of (Ai)i<� are uniformly computable.

A computable skeleton is a computable representation of a skeleton.

Definition 4.2. A computable skeleton K = (Ai , ai)i<� has the computable
extension property, or computable-EP, if there is a partial computable function that
takes a pair (i, ϕ(x, a)), where ϕ is quantifier-free with parameters from Ai , and
returns a structure (Aj, aj), an embedding α : Ai ↪→ Aj , and a tuple b ∈ Aj such
that Aj |= ϕ(b, α(a)) if such a structure exists, and that does not halt otherwise.

If there is such (Aj, aj) and b, say ϕ(x, a) is consistent with Ai in K.

Note that K is existentially closed in the sense of Definition 3.5 exactly when,
for every i and ϕ(x, a) with a ∈ A, ϕ is consistent with Ai in K iff ϕ is consistent
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ON EFFECTIVE CONSTRUCTIONS OF EXISTENTIALLY CLOSED GROUPS 11

with Ai . In light of this, when K is existentially closed, we say K has computable
existential closure, or computable EC instead of the computable extension property.

We are now in a position to state an effectivisation of Fraı̈ssé’s Theorem due to
Csima–Harizanov–Miller–Montalbán. (Although they prove other effectivisations,
we will refer to this one as the effective Fraı̈ssé’s Theorem in this article.)

Theorem 4.3 (Effective Fraı̈ssé’s Theorem, [4, Theorem 3.12]). Let K be a
computable skeleton with HP, JEP, and AP. Then K has a computable Fraı̈ssé limit if
and only if it has a computable representation with the computable extension property.

The relativisation of this theorem will be our primary method for effectively
constructing existentially closed groups. It follows by relativising the proof of the
effective Fraı̈ssé Theorem in [4].

Definition 4.4. Let a be a Turing degree. K is an a-computable skeleton if there is
an a-computable enumeration of K such that the constants, functions, and relations
are uniformly a-computable.

K has the a-computable extension property, written a-EP, (or a-computable
existential closure, written a-EC, if K is existentially closed) if there is a partial
a-computable function f that takes an index i for Ai ∈ K and a quantifier-free
ϕ(x, a), where a ⊆ A, and returns an index j for Aj ∈ K and a b ⊆ Aj such that
Aj |= ϕ(b, a), if such a j and b exist. If no such j and b exist, f does not halt.

Theorem 4.5. Let a be a Turing degree and K an a-computable skeleton with HP,
JEP, and AP. Then K has an a-computable �-homogeneous Fraı̈ssé limit if and only
if it has the a-EP.

§5. An existentially closed group in the halting problem. In this section, we
prove our first main result characterising the minimal Turing degree necessary for
constructing existentially closed groups.

Theorem 5.1. The degree spectrum of the class of existentially closed groups is
exactly the cone above 0′.

To prove this, we show that every existentially closed group computes 0′ and
moreover that there is an existentially closed group with a 0′-computable copy. We
prove each half of the result separately over the next two sections.

5.1. Every existentially closed group computes 0′. The main result of this section
is the following theorem.

Theorem 5.2. Let M be an existentially closed group. Then D(M ) ≥T 0′.

In order to prove this, we require two group-theoretic lemmas.

Lemma 5.3. There is a finitely presented group F such thatW (F ) ≡T 0′.

Proof Sketch. Consider the group

H = 〈a, b | {[a, bnab–n] : n ∈ ∅′}〉.
Using that {bnab–n : n < �} freely generate a copy of F�—the free group on

countably infinitely many generators—in F2 and that ∅′ is c.e., one can show that
W (H ) ≡T 0′.
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12 I. SCOTT

Since ∅′ is c.e., Craig’s trick (see Remark 2.15) and Higman’s embedding theorem
imply that H embeds in a finitely presented group F. Then, since H ≤ F and H is
finitely generated,W (F ) ≥T 0′ and, since F is finitely presented,W (F ) ≤T 0′.

(In fact, Clapham has shown that the finitely presented group F guaranteed by
Higman’s theorem can always be chosen to have the same Turing degree as the
original computably presented group [2].) �

The second will allow us to encode the word problem of any finitely presented
group into any existentially closed group. It may be useful to recall the notation
w(x) from Definition 2.6.

Lemma 5.4. LetG = 〈g | R0(g), ... , Rm–1(g)〉 be a finitely presented group. Define

ϕGw (x) = “R0(x) = e ∧ ··· ∧Rm–1(x) = e ∧ w(x) �= e”,
where |x| = |g|.

Then ∃xϕGw (x) is consistent iff w(g) �= e in G.

Proof. If w(g) = e in G, then it must be the consequence of the relations
R0, ... , Rm–1. So, whenever all these relations hold, w = e, so ∃xϕGw is inconsistent.

On the other hand, if w(g) �= e in G, then ϕGw is realised in G and hence is
consistent. �

We are now in a position to prove the main theorem of this section.

Proof of Theorem 5.2. Assume G is a finitely presented group with a word
problem of degree 0′ and let M be any existentially closed group. LetW (G) be the
word problem of G and define ϕGw (x) as above. By existential closure, each ϕGw must
be realised in M iff it is consistent.

We will show thatW (G) and W (G)c (i.e., the complement ofW (G)) are both
M-computably enumerable.W (G) is already c.e., so this direction is done.

On the other hand, for a fixed word w(x) and a given enumeration (m0, m1, ...)
of M, the procedure that tests whether |x|-length strings from M satisfy ϕGw (x)
terminates iff ϕGw is consistent, and hence iff w(g) �= e in G. �

5.2. 0′ computes an existentially closed group. In this section, we construct an
existentially closed groupM0 whose atomic diagram is computed by 0′. We will do
this in two parts: we first buildM0 non-effectively following [24], and then use the
machinery of the effective Fraı̈ssé’s Theorem to show that it can be built in 0′.

Theorem 5.5 [24]. There is an existentially closed groupM0 whose skeleton consists
of precisely those finitely generated groups with computable sets of relators.

We will see later howM0 fits into a larger class of existentially closed groups.

Proof. Let K0 be the collection of finitely generated groups with computable sets
of relators. By Theorem 3.6, it suffices to show that K0 is existentially closed and
has HP, JEP, and AP (see Definition 3.5).

For HP, let G = 〈g | R〉 be a finitely generated group with computable set of
relators, and let H ≤ G with H generated by h = (h0, ... , hn–1) in G. Writing
hi = wi(g), we obtain a new presentationG = 〈g, h | R ∪ {wi(g)h–1

i : i < n}〉which
still has a computable relating set. Using Proposition 2.11, we get a computable
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ON EFFECTIVE CONSTRUCTIONS OF EXISTENTIALLY CLOSED GROUPS 13

enumeration ofW (G, g ∪ h). Looking at the subsequence consisting only of words
in h, we get thatW (H, h) is c.e. Thus, 〈h |W (H, h)〉 gives a presentation of H with
a c.e. set of relators. A presentation of H with a computable set of relators can be
obtained using Craig’s Trick, outlined in Remark 2.15. (HP also follows more easily
and less elementarily follows from Higman’s embedding theorem (Theorem 2.14).)

Suppose G and H are in K0 and F ∈ K0 embeds in both G and H. Then G ∗F H
has a computable set of relators (as can be seen in Definition 2.9). This gives JEP
and, for F = {1}, AP.

Finally, to show existential closure, let G ∈ K0 with computable presentation
〈g | R〉 and let ϕ(x, a) be a quantifier-free formula with parameters from G that
satisfied in some groupH ≥ G . SayH |= ϕ(h, a) and, recalling Definition 2.1, write
ϕ+ for the positive part of ϕ and ϕ– for the negative part of ϕ. Consider the group
F = 〈h, g | R(g) ∪ ϕ+(h, a)〉. Since F clearly is finitely generated with a computable
set of relators, we just need to show that it satisfies ϕ.

It is clear that h satisfies
∧
ϕ+(x, a) in F. On the other hand, any inequation in F

is a consequence of the relations R(g) = e and
∧
ϕ+(h, a). But all these equations

hold in H, so if any inequation of ϕ– were to hold in F, it would also hold in H,
contradicting our assumption that H |= ϕ(h, a). �

Now that we know that M0 exists, we can prove the main result of this section;
namely, that 0′ computes the atoic diagram ofM0. To do this, we apply the 0′-effective
Fraı̈ssé’s Theorem (Theorem 4.5).

Theorem 5.6. M0 is 0′-computably presentable.

Proof. As before, let K0 = {G : G has a computable set of relators}. By the
relativised effective Fraı̈ssé’s Theorem, it suffices to list the finitely generated groups
with computable relating set so that their function and constant symbols are
uniformly 0′-computable, the sequence of generators is computable, and such that
it satisfies 0′-EC.

Let Ai = 〈ai | Ri〉, i < �, be a computable enumeration of all computable
presentations whose generating sets are an initial segment of �. In order to put
this into the context of Theorem 4.5, we need to obtain the atomic diagram of each
group in the sequence. Since each group has a computable relating set, Proposition
2.11 implies theW (G), and hence the atomic diagram of G, has c.e. degree. Hence,
this can be done with an oracle for 0′. Thus, K0 = (Ai , ai)i<� is 0′-computable
enumeration of K0 such that the atomic diagrams of the groups are uniformly 0′-
computable.

We will now show that K0 has 0′-EC. Let ϕ(x, a) be a quantifier-free formula
with parameters from Ai and which is satisfied in some G ≥ Ai . We will show that
there is a 0′-procedure for finding a j such that Aj ≥ Ai and Aj |= ∃xϕ(x, a).

First note that by writing the finitely many elements of a in terms of the generators
ai , and possibly adding conjuncts of the form “aki = aki ”, we may transform ϕ into
an equivalent formula with parameters consisting exactly of ai . Thus, without loss
of generality, we write ϕ = ϕ(x, ai).

By assumption, we can computably obtain from i a computable presentation
〈ai | Ri〉 for Ai . Consider the presentation 〈ai , t | ϕ+(t, ai) ∪Ri〉, where t consists
of the first natural numbers not in ai . Set S = ϕ+(t, ai) ∪Ri . Since S is computable,
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14 I. SCOTT

there is some � such that 〈ai , t | S〉 is the �th presentation in the list. � can be found
computably in 0′ by asking, for each presentation 〈ak | Rk〉with the right generators,
whether there is a word which is in Rk and not in S or vice versa.

We will show that Aj |= ∃xϕ(x, ai). Indeed, let g satisfy ϕ in G. Then 〈g, ai〉 is a
quotient of Aj , since it satisfies all the relations Rj . But every formula in ϕ–(x, ai)
is satisfied by g in G and hence, since taking a quotient forces more words to be the
identity, t also satisfies ϕ(x, ai) in Rj .

Since 〈ai〉 generates Ai in G, a similar argument also shows that Ai ≤ Aj . �

Putting together the main results of this and the previous sections, Theorems 5.2
and 5.6, we complete the proof of Theorem 5.1.

§6. Existentially closed supergroups. We now turn to the question of the degrees
of existentially closed groups into which a fixed finitely generated group embeds.
Again, we are able to exactly identify the minimum Turing degree of an existentially
closed supergroup of G. While the result and proof are relativisations of Theorem 5.1,
the details raise subtleties that were not covered in the unrelativised case, in particular
regarding the interaction of the enumeration degrees and the Turing degrees.

Definition 6.1. Let G be a finitely generated group. An existentially closed group
M is an existentially closed supergroup of G iff G embeds into M.

Although this definition works equally well for uncountable existentially closed
groups, as before, we restrict our attention to countable groups.

There will always be many existentially closed groups extending a particular G.
However, the main theorem of this section is a relativisation of Theorem 5.1
characterising, for every finitely generated G, the minimal degree of an existentially
closed supergroup of G. Note that even the existence of a minimal such degree is
not a priori obvious.

The optimal Turing degree is the degree of the enumeration jumpW (G), denoted
Je(W (G)) (see Definition 6.10) which we will see is the maximal Turing degree in
the enumeration degree ofW (G).

Theorem 6.2. Let G be a finitely generated group. Then the degree spectrum of the
class of existentially closed supergroups of G is exactly the cone above Je(W (G)).

As in the previous section, this requires two lemmas: one showing that a is
necessary—i.e., every existentially closed supergroup of G computes a; and one
showing a is sufficient—i.e., a computes an existentially closed supergroup of G.

While the result for arbitrary G is more complicated than for G = {e}, we note
that one direction relativises “as expected”.

Theorem 6.3. Let G be finitely generated. ThenW (G)′ computes an existentially
closed supergroup of G.

However, this is not optimal in general:M0, the Fraı̈ssé limit of the computably
presentable groups, is 0′-computable and contains finitely generated subgroups of
degree 0′.

Notation 6.4. For the remainder of this section, fix a finitely generated group G.
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ON EFFECTIVE CONSTRUCTIONS OF EXISTENTIALLY CLOSED GROUPS 15

In the next section, we lay out the requisite background in enumeration degrees,
which we will see are interwoven with the structure of the finitely presented extensions
of G. In the following section, we introduce the relativisations of the relevant group
theoretic notions. Then, we combine these ideas in the subsequent sections to prove
the main result.

6.1. Enumeration reducibility. The notion of enumeration reducibility will be key
to our understanding of the computational power of the existence of an existentially
closed supergroup of G. We review some background on enumeration reducibility
here. More information can be found in, for example, [22, Chapter 2].

Intuitively, Y ≤e X if any enumeration of X yields an enumeration of Y. The
following definition makes this precise.

Definition 6.5. Let (Wk)k<� be a computable listing of the c.e. sets.
Let X, Y ⊆ � and let (Di)i<� be a computable enumeration of the finite subsets

of �. Then Y is enumeration reducible to X, written Y ≤e X , iff there is some k ∈ �
such that for all n ∈ �,

n ∈ Y if and only if ∃i(〈n, i〉 ∈Wk ∧Di ⊆ X ).

This induces an equivalence relation on 2� denoted by Y ≡e X . The equivalence
classes are called enumeration degrees.

Two notions of relative computation that we have used thus far—being Turing
reducible to a set X or being computably enumerable in a set X—can both be defined
in terms of enumeration reducibility.

Proposition 6.6. Let X,Y ⊆ �. Then:

• Y ≤T X iff Y ⊕ Yc ≤e X ⊕ Xc .
• Y is c.e. in X iff Y ≤e X ⊕ Xc .

This motivates the following classical definition, which isolates a copy of the
Turing degrees in the enumeration degrees.

Definition 6.7. A set X is total ifX ≡e X ⊕ Xc , or equivalently ifXc ≤e X . An
enumeration degree b is total if it contains a total set.

We will be interested in the subsets of � that are enumeration reducible to a given
set X.

Definition 6.8. For a fixed computable listing of the c.e. sets (Wk)k<� , define
the enumeration operator

Γk(X ) = {n : ∃m (〈n,m〉 ∈Wk ∧Dm ⊆ X )}.

Furthermore, we write KX :=
⊕
k<� Γk(X ).

Note that as k varies in the natural numbers, Γk(X ) lists all the setsY ≤e X . Thus
the following proposition is evident and implies that KX gives the maximal Turing
degree that intersects the enumeration degree of X. Moreover,KX is Turing-bounded
above by X ′.
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16 I. SCOTT

Proposition 6.9. Let X be a set. Then:

• KX ≡e X .
• KX ≥T Y for every Y ≤e X .
• KX ≤T X

′.

As in the Turing degrees, there is a notion of a jump associated with the
enumeration degrees. Enumeration jumps were introduced, in a slightly different
form, in [3].

Definition 6.10. Define the enumeration jump of X by

Je(X ) = KX ⊕ (KX )c .

Note that this definition immediately gives us that Je(X ) is total for every X. We
continue to write X ′ for the Turing jump of X.

Proposition 6.11.
3 Let X be total. Then KX ≡1 X

′. In particular, Je(X ) ≡T X
′.

Proof. Since X is total, Y is computably enumerable in X iffY ≤e X . Moreover,
going from the c.e. index to the enumeration index is uniform, soKX ≥1 Y for every
Y c.e. in X. Thus, KX is 1-complete and hence KX ≡1 X

′. �
The following result, a special case of Theorem 1.2 in [21], shows that the

enumeration jump operation satisfies a jump inversion to total sets.4

Theorem 6.12 [21]. Let Y be a set. Then there is a total X ≥e Y with Je(X ) ≡e

Je(Y ).

(This is obtained from the corresponding result in [21] by setting B0 = B1 = Y ,
and Q = Je(Y ).)

As we will be working with enumeration degrees of word problems, we finish with
a couple of results showing that word problems and enumeration degrees interact
nicely.

Proposition 6.13. Let G be a finitely generated group. Then the enumeration degree
ofW (G, g) does not depend on the choice g of generators of G.

The proof of this proposition is simple and relies on G being finitely generated.
Finally, the following result of Ziegler improves Proposition 2.13.

Theorem 6.14 [23]. For every set X, there is a finitely generated group G such that
W (G) ≡∗ X . (In particular,W (G) ≡T X andW (G) ≡e X .)

What Ziegler actually shows is that W (G) ≡∗ X , which is stronger than the
conclusion we state here. (Recall that ≤∗ was the notion of reducibility introduced
by Ziegler in [24, Chapter III.1] which characterises when every existentially
closed supergroup of a fixed finitely generated group must contain another finitely
generated group.) It is not hard to check from the definition that X ≤∗ Y implies
X ≤T Y and X ≤e Y .

3The author wishes to thank Mariya Soskova for pointing out this proposition.
4Again, the author thanks Mariya Soskova for making them aware of this result.
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ON EFFECTIVE CONSTRUCTIONS OF EXISTENTIALLY CLOSED GROUPS 17

6.2. Results on finitely presented extensions. Higman’s Embedding Theorem
played a key role in the argument that the degree spectrum of existentially closed
groups is exactly the cone above 0′. In order to relativise that result, we need a
relativisation of Higman’s Theorem due to Ziegler in [24], which we present in this
section. We will see that this relativisation rests on enumeration reducibility rather
than Turing reducibility.

We start by relativising the notion of finitely presented.

Definition 6.15. Let G be a finitely generated group generated by g. We say that
F is a finitely presented extension of G, or F is finitely presented over G, if there is a
finite tuple f and a finite collection of words R(g, f) such that

F = 〈g, f |W (G) ∪R(g, f)〉

and g generates a group isomorphic to G in F.

In other words, if we know that G is the subgroup of F generated by g, we only
need finitely many more generators and relations to present F.

Ziegler used this concept to prove a relativised analogue of Higman’s Embedding
Theorem [24, Theorem II.3.10]. The fact that Higman’s Theorem relativises suggests
that in some sense it is not purely a coincidence that computability and embeddability
align, but an incarnation of a deeper relation between the two fields.

Theorem 6.16 (Generalised Higman’s Embedding Theorem). Let G and H be
finitely generated groups. ThenW (G) ≤e W (H ) iff G embeds in a finitely presented
extension F of H.

Remark. The case when H = {e} is just the classical Higman’s Embedding
Theorem: Repeating a comment we made after Theorem 2.14, a group with a c.e. set
of relators will also have a computable set of relators. To see this, let 〈g | {Ri(g) : i <
�}〉 be a presentation for a group with c.e. relating set. Then 〈g | {Ri(g)ei : i < �}〉
gives an equivalent presentation with a computable set of relators.

Setting H = {e}, Theorem 6.16 tells us that W (G) ≤e 0 (i.e., W (G) is c.e.) if
and only if G embeds in a finitely presented group. By the argument above, this is a
restatement of Higman’s Embedding Theorem.

6.3. A degree computed by every existentially closed supergroup. Recall that G is a
finitely generated group, and we are interested in the complexity of the existentially
closed supergroups of G. This section is dedicated to showing that the Turing degree
spectrum of the collection of existentially closed supergroups of G is exactly the
cone above Je(W (G)) (see Definition 6.10).

In this section, we will show that every existentially closed supergroup of G
computes Je(W (G)), thereby completing the first half of Theorem 6.2.

Theorem 6.17. Every existentially closed supergroup M of G satisfies D(M ) ≥T

Je(W (G)).

We start with a simple observation.

Observation 6.18. Let F be a finitely presented extension of G. Then W (F ) ≡e

W (G).
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18 I. SCOTT

In fact, a converse also holds: any set in the enumeration degree of W (G) is
Turing-computed by a finitely presented extension of G.

Proposition 6.19. Let G be a finitely generated group. Then, for anyY ≡e W (G),
there is a finitely presented extension F of G withW (F ) ≥T Y .

Proof. Let H be a finitely generated group satisfying W (H ) ≡T Y and
W (H ) ≡e Y , as provided by Theorem 6.14. Then, using Proposition 2.11, we have
that

W (H ∗G) ≤e W (G) ⊕ Y ≡e W (G).

By the Generalised Higman’s Embedding Theorem, Theorem 6.16,H ∗G embeds
in a finitely presented extension F of G. Then W (F ) ≥T W (G ∗H ) ≡T W (G) ⊕
W (H ) ≥T Y . �

Recalling from Proposition 6.9 that Je(W (G)) ≡e W (G), we obtain the following
corollary.

Corollary 6.20. There is a finitely presented extension F of G with W (F ) ≥T

Je(W (G)).

Proof. By Proposition 6.9, Je(W (G)) ≡e W (G). �

We now show that any existentially closed supergroup of G must compute the
Turing degree of any finitely presented extension of G, and so, in particular the
Turing degree of Je(W (G)).

Theorem 6.21. Let G be finitely generated, and M an existentially closed group
containing G. ThenM ≥T W (F ) for any finitely presented extension F of G.

The proof is a relativisation of that of Theorem 5.2.

Proof. Let F = 〈g, f |W (G, g) ∪R(g, f)〉 be a finitely presented extension of
G. For a word w(g, f) in F, define

ϕFw (g, x) = “
∧
R(g, x) = e ∧ w(g, x) �= e”.

We first claim that ∃xϕw(g, x) is consistent with G = 〈g〉 iff w(g, f) �= e in F .
If w(g, f) �= e, then F witnesses that ∃xϕw is consistent with G. On the other

hand, if ∃xϕw is consistent with G, then it is satisfied in some group H ≥ G . Let
h satisfy ϕw in H. By construction, 〈g, h〉 ≤ H is a quotient of F in which w �= e.
Thus, w �= e in F.

Now, let M be an existentially closed supergroup of G. If ∃xϕw is consistent with
G, then it must be realised in M. Thus, checking if each tuple of elements of M
satisfies ϕw , we get that W (F )c is M-c.e. On the other hand, M computes W (G)
andW (F ) is c.e. inW (G), soW (F ) is M-c.e. Thus,W (F ) ≤T M . �

Thus, we obtain that for every existentially closed supergroup M of G, M ≥T

Je(W (G)), which is Theorem 6.17.

6.4. The enumeration-jump computes an e.c. supergroup of H. Here we prove the
second half of Theorem 6.2.
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ON EFFECTIVE CONSTRUCTIONS OF EXISTENTIALLY CLOSED GROUPS 19

Theorem 6.22. Let G be a finitely generated group. Then Je(W (G)) computes an
existentially closed supergroup of G.

We will prove this in several parts. We first argue that Theorem 5.6, which gives a
0′-computable existentially closed group, relativises.

Theorem 6.23. Let H be a finitely generated group. Then there is an existentially
closed supergroupMH of H that isW (H )′-computable.

The construction ofMH is analogous to the construction ofM0 in the proof of
Theorem 5.5—indeed, M0 =M{e}—where we use the notion of finitely presented
extensions instead of finitely presented groups. We sketch it below.

The following result, noted by Ziegler in [24, Definition III.4.3], gives the skeleton
of the desired existentially closed group MH . We will then show that MH can be
builtW (H )′-computably using the effective Fraı̈ssé’s Theorem (Theorem 4.5).

Lemma 6.24. Let H be a finitely generated group. Then there is an existentially
closed groupMH such that

Sk(H ) = {F :W (F ) ≤e W (H )}.
Proof Sketch. By Theorem 3.6, it suffices to show that {F :W (F ) ≤e W (H )}

is an existentially closed Fraı̈ssé class (see Definition 3.5). The key observation is
that, by Proposition 2.11,W (G) ≤e R for any set of relators R in a presentation of
G. Then the lemma follows essentially identically to Theorem 5.5. �

Lemma 6.25. MH isW (H )′-computable.

Proof. The proof is largely a relativisation of Theorem 5.6. Setting

KH = {F :W (F ) ≤e W (H )},
we show that KH has aW (H )′-computable representation withW (H )′-EC. (The
definition of a-EC can be found in Definition 4.4.)

Fix a presentation 〈h | R〉 of H, where h is an initial segment of �. Computably
enumerate the presentations 〈h, f | S,R〉, where h, f is an initial segment of the
natural numbers and S is a finite of words on h andf. (Note that this is not the same
as enumerating the finitely presented extensions of H, as H in general will not embed
in these groups.) Now, usingW (H )′, we can compute the full atomic diagram of each
group given by a presentation in this list. Call the resulting enumeration (Fi , fi)i<� .

Moreover, for each i, denote by αi the map H → Fi obtained by sending the
generators of H to their image in Fi . We askW (H )′ whether there is a word w and
s ∈ � such that w(h) �= e in H and w(fi(h)) is the sth consequence of the relations
of Fi . If the answer is yes, then the elements h in Fi do not generate a copy of H in
Fi , so Fi is not a finitely presented extension of H, and we delete it from the list.

Let (Djn )n<� be an effective list of all the finite sequences of words in the lettersfj
where, by convention, Dj0 = {fj}. Write F jn for the subgroup generated by Djn in
Fj , so F j0 = Fj and F jn embeds in Fj for every j and n. Then KH = (F jn ,D

j
n )〈j,n〉<�

enumerates all finitely generated groups that embed in a finitely presented extension
of H. By the relativisation of Higman’s Embedding Theorem, this is equivalent
to KH . Moreover, KH is a W (H )′-computable enumeration such that the atomic
diagrams of the groups are uniformly KH -computable.

Finally,W (H )′-EC follows by the analogous argument for Theorem 5.6. �
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20 I. SCOTT

Remark. This lemma can also be proved without the relativised Higman
Embedding Theorem by checking that

KT
H = {F :W (F ) has aW (H )-computable set of relators}

satisfies the conditions of the effective Fraı̈ssé Theorem, relativised toW (H )′.
In fact, it turns out that KT

H � KH in general. A relativisation of Craig’s trick
(Remark 2.15) implies that if F has a presentation which is ≤e X , then it has an
X -computable one.

On the other hand, we do not get equality as we can take H a group that is T- and
e-equivalent to ∅′ and F a group that is T- and e-equivalent to ∅′. ThenH,F ∈ KT

H ,
but onlyH ∈ KT

H .

We can now obtain the desired Je(W (G))-computable existentially closed
supergroup of G.

Theorem 6.26. Let G be finitely generated. Then Je(W (G)) computes an
existentially closed supergroup of G.

Proof. Apply Theorem 6.12 to W (G), which gives a total X ≥e W (G) with
Je(X ) ≡e Je(W (G)). Since both of these sets are total, we get Je(X ) ≡T Je(W (G)).
Moreover, since X is total, Je(X ) ≡T X

′ by Proposition 6.11. Thus, X ′ ≡T

Je(W (G)).
By Theorem 6.14, there is a finitely generated H withW (H ) ≡e X andW (H ) ≡T

X . By Theorem 6.23, we can obtain an existentially closed group that is W (H )′-
computable, and hence X ′-computable and Je(W (G))-computable.

We just need to check that G embeds in H. But W (G) ≤e X , so G ∈ KH , as
required. �

This completes the proof of the relativisation of Theorem 6.22, and hence we have
shown that Je(W (G)) is the minimum degree of an existentially closed supergroup
of G.

6.5. Degree spectrum of existentially closed groups. As an application of the work
above, we characterise the Turing degrees which are degrees of existentially closed
groups.

Recall that, for a model M, the degree ofD(M ) (or, for simplicity, the degree of M)
is the minimum Turing degree, if one exists, that computes the constants, functions,
and relations of M, relative to some enumeration. The following definition captures
all such minimum degrees for existentially closed groups M (see also Definition 2.5).

Definition 6.27. Let

DegSpec(ECGroup) = {a : deg(D(M )) = a for some countable e.c. groupM}

be the degree spectrum of existentially closed groups.

We can characterise such degrees.

Theorem 6.28. The degree spectrum of existentially closed groups is given by

DegSpec(ECGroup) = {a : a ≥T 0′}.
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Proof. By Theorem 5.1, we already have

DegSpec(ECGroup) ⊆ {a : a ≥T 0′}.
On the other hand, let a ≥T 0′, and let b be such that b′ ≡T a. Let A ∈ a and

B ∈ b be total. Applying Proposition 6.11, we get that Je(B) ≡T B
′ ≡T a.

Thus, for every a ≥ 0′, a ≡T Je(B) for some B. Taking a group G such that
W (G) ≡e B andW (G) ≡T B and applying Theorem 6.2 we get the result. �

§7. Existentially closed groups with “uncomplicated” subgroups.. In this section,
we delve deeper into our earlier result that the minimum degree of an existentially
closed group is 0′ (Theorem 5.1). We show that this complexity arises only from
having to determine which systems of equations and inequations to realise, and not
from having to embed “complicated” finitely generated subgroups.

The key idea is that, once we know an existential formula ∃xϕ(x, g) needs to be
satisfied (using 0′), actually building a finitely generated group that realises it can
be done by finding an element in some Π0

1-class (see Definition 7.1).
This provides a new, algebraic characterisation of an important class of Turing

degrees called the PA degrees (Theorem 7.8). The PA degrees will be defined in the
following section.

7.1. Background on Scott sets. A key tool in our proof will be the notion of a
Scott set, introduced by Dana Scott in [18]. Before we prove the main result of this
section, we collect relevant results on Scott sets.

Definition 7.1. Let X ⊆ �. A Π0,X
1 -class C is a set of the form

C = {	 ∈ 2� : ∀nR(	 � n)},
where R is an X -computable relation.

Definition 7.2. A Scott set is a collection S of subsets of � satisfying all of the
following:

• If X ∈ S and Y ≤T X , then Y ∈ S.
• If X, Y ∈ S, then X ⊕ Y ∈ S.
• If C is a nonempty Π0,X

1 for some X ∈ S, then S contains an element of C.

Scott sets were introduced by Dana Scott to capture sets of standard natural
numbers that are the standard part of definable sets in a fixed non-standard model
of Peano arithmetic (PA). In particular, he showed that every countable Scott set is
the “standard system” of a model of PA [18]. They are intimately connected with
the computability-theoretic notion of PA degrees.

Definition 7.3. A PA degree is a Turing degree that computes a complete
extension of PA.

There are many equivalent formulations of PA degrees. The following will be most
relevant for our discussion.

Proposition 7.4. For a Turing degree a, the following are equivalent:
(1) a is a PA degree.
(2) a computes an element in every nonempty Π0

1-class.
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22 I. SCOTT

The key result connecting PA degrees and Scott sets is the following, in which we
use ΦXe to denote the eth partial X -computable function with image in {0, 1}. If ΦXe
is total, we identify it with the set for which it is the characteristic function. The
second part is due to [13].

Theorem 7.5. Every Scott set contains a PA degree.
On the other hand, every countable Scott set S is effectively enumerated by a

PA degree a; i.e., there is an a-computable enumeration (Xi)i<� and a-computable
functions α, � , and 
 such that:

• If ΦXie = Y , then Y = Xα(i,e).
• If Xi ⊕ Xj = X�(i,j).

• If C is a nonempty Π0,Xi
1 class, then X
(i) is an element of C.

In other words, for every Scott set S, there is a PA degree a computing every
element of S and also the functions witnessing that S is a Scott set.

7.2. Existentially closed groups from Scott sets. Given a Scott set S, we now
construct an existentially closed group MS whose finitely generated subgroups
“span” S. This will give a number of corollaries, including a new characterisation
of the PA degrees.

Theorem 7.6. Let S be a countable Scott set. Then there is an existentially closed
groupMS such that the Turing degrees in Sk(M ) are exactly the Turing degrees of S.

Remark. We have already seen that the converse does not hold: there is an
existentially closed group the Turing degrees of whose skeleton do not form a
Scott set. Consider M0, the existentially closed group whose skeleton consisted of
all finitely generated, computably presentable groups. The set of Turing degrees
of its skeleton contains a maximal element; namely, any computably presentable
group with a 0′-computable word problem. However, Scott sets never have maximal
degrees.

This raises a natural question: can one computability-theoretically characterise
the subsets of the Turing degrees which arise as the skeletons of existentially closed
groups? We know, for example, that such subsets are not necessarily downwards-
closed—as the c.e. degrees comprise the skeleton ofM0—but that it is closed under
joins, by the JEP.

It is worth noting that Ziegler has characterised the subsets of the ∗-degrees
which correspond to skeletons of existentially closed groups as algebraically
closed ideals [24, Theorem III.3.12]. Thus, answering this question requires a
further understanding of the interaction between ∗-computability and Turing-
computability.

Proof of Theorem 7.6. Let KS = {G : a finitely generated group andW (G) ∈
S}. By Theorem 3.6, it suffices to show that KS is an existentially closed Fraı̈ssé
class with HP, JEP, and AP.

It is clear that KS satisfies HP, JEP, and AP since taking finitely generated
subgroups, free products, and free products with amalgamation, respectively,
produce groups whose word problems are no greater than the joins of the original
groups. Thus, it suffices to show that it is existentially closed. Let G ∈ KS , let
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ϕ(x, g) be a quantifier-free formula with parameters from G that is satisfied in some
supergroup of G.

By Proposition 2.2, we may assume that 〈g〉 generates G and that ϕ is equivalent
to “

∧
i∈I wi(x, g) = e ∧

∧
j∈J wj(x, g) �= e” for some finite sets I and J.

Let h be a tuple of new constants of length |x|. Fix an ordering on the words in
g, h and identify 	 ∈ 2� with the theory

T̂ = {(wn(g, h) = e)	(n)},

where �0 = ¬� and �1 = �. Say a finite theory is n-consistent if there is no proof
of a contradiction from it of length < n. Define the Π0,W (G)

1 class

C = {T̂ : ∀n ∀t ≤ n
(
T̂ � t is n-consistent

)
}.

The elements of C correspond to atomic diagrams of groups generated by g and
h which satisfy ϕ(x, g). Since ϕ(x, g) was assumed to be solvable over G, it follows
that C �= ∅. Thus, by definition of a Scott set, there is some T̂ ∈ S which is also
in C. Hence, S contains the atomic diagram of a group H generated by g, h which
contains G and satisfies ϕ. This finishes the proof. �

Remark. We thank the referee for pointing out that the above proof goes through
for Scott sets of sizeℵ1. The key difference is that we need to apply Fraı̈ssé’s Theorem
to classes of size ℵ1, as can be found, for example, in [24, Theorem I.3.5].

From the above result and the equivalence between Scott sets and PA degrees,
we obtain the following theorem highlighting the relationship between skeletons of
existentially closed groups and PA degrees.

Remark. This theorem can also be readily deduced from a careful reading of
Section III.3 of [24]. We thank Steffen Lempp for pointing this out.

Proof. Let a be a PA degree. Then by Theorem 7.5, a computes a Scott set S.
By Theorem 7.6, there is an existentially closed group MS such that every finitely
generated G ≤MS hasW (G) ∈ S and henceW (G) ≤T a. �

From this, we obtain a new characterisation of the PA degrees.

Proof. Let a be a PA degree. Then Theorem 7.7 gives an existentially closed
groupMa such that every finitely generated subgroup ofMa is computable in a.

On the other hand, suppose a is a Turing degree and M is an existentially closed
group such that a computes the word problem of every finitely generated subgroup
of M. Following the proof of [24, Theorem II.2.11], we see that M has a finitely
generated subgroup whose word problem has PA degree. Since PA degrees are
upwards closed, a must be a PA degree. �

Remark. Theorems 7.8 and 6.2 hint at the reverse mathematical strength of
building existentially closed groups. In particular, we conjecture that the existence
of an existentially closed Fraı̈ssé class of groups is equivalent to WKL0 over RCA0

and the existence of an existentially closed supergroup of a group is equivalent to
ACA0 over RCA0.

However, as suggested by the machinery needed to prove Theorem 6.2, a number
of interesting subtleties arise, which the author hopes to address in a later paper.
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Remark. In [14], C. Miller constructs a finitely presented group such that every
nontrivial quotient (i.e., quotient that is not equal to the trivial group) has an
unsolvable word problem. He notes that the computably presented quotients have
degree 0′, but that, in general, the quotients may not even have c.e. word problem.

Our result shows that Miller’s theorem cannot be improved to guarantee that
every nontrivial quotient is in a cone above some fixed PA degree. Suppose there
were such a finitely presented group F = 〈f | R0, ... , Rn〉 such that every nontrivial
quotient is strictly above some PA degree a. Then, since F is finitely presented, every
existentially closed group contains a nontrivial quotient of F. But no such quotient
embeds inMa, a contradiction.

In fact, using the existentially closed groupMa from Corollary 7.8 below, a similar
argument shows that there is no finitely presented F such that every nontrivial
quotient of F has c.e. degree.

7.3. Applications. In this section, we explore some applications of the equivalence
between PA degrees and skeletons of existentially closed groups developed above.

Our first application highlights that the degree of the finitely generated groups in
the skeleton may in general be “quite far” from the degree of the whole group.

Corollary 7.7. There is an existentially closed group all of whose finitely generated
subgroups have low degree—and in particular, all have degree strictly below 0′.

Proof. There is a low PA degree (see [8]). �

Moreover, we can use other properties of PA degrees to get results about the
structure of the class of existentially closed groups.

Corollary 7.8. There is an existentially closed group M such that each finitely
presentable subgroup of M has a solvable word problem.

Proof. There is a hyperimmune-free PA degree a (see, for example, [20, Chapters
5 and 9]). Let Ma be the existentially closed group from Theorem 7.8. Because
hyperimmune-free degrees are downwards closed and do not contain nonzero c.e.
sets, it follows that the only groups with a c.e. word problem that embed inMa have
a solvable word problem. But the word problem of every finitely presented group
can be computably enumerated, and so has c.e. degree. �

Our last corollary is Theorem 4.1.4 from [6]. Recall the following definition from
the introduction.

Definition 7.9. Let T be a theory. A complete, atomic type Φ(x) is ∃1-isolated
(with respect to T) if there is an ∃1-formula ϕ(x) such that Φ is the unique atomic
type consistent with ϕ over T.

Corollary 7.10. There are two existentially closed groups M and N such that if G
is a finitely generated group embedding into both, then G has solvable word problem;
equivalently, by Theorem 1.2, G is ∃1-isolated.

Remark. The M and N in this corollary are necessarily distinct by Theorem 7.8.
This gives a different proof that, for any group with unsolvable word problem, there
is an existentially closed group into which it does not embed.
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Proof of Corollary 7.10. There is a minimal pair of PA degrees. (This follows
from [19, Corollary VIII.2.6] and the theorem, due from [18] that�-models of WKL0

correspond to what we call Scott sets, and thus to PA degrees, by the discussion at
the beginning of the section.) Thus the only degree that appears in both is 0. �

This is a different proof from Hodges’, who used a variant of Robinson’s finite
forcing to build M and N.

§8. Building relatively atomic existentially closed groups. The starting point for
this section is Corollary 7.10, which states that there are two existentially closed
groups M and N such that any finitely generated group that embeds in both has a
solvable word problem. Since, by Theorem 1.2, the only finitely generated groups
that are contained in every existentially closed group are those with solvable word
problem, M and N are, in a quantifiable sense, “as different as possible”.

As noted in the previous section, Corollary 7.10 has a model-theoretic incarnation:
there are existentially closed groups M and N such that if Φ is a complete, atomic
type realised in both, then Φ is ∃1-isolated.

Definition 8.1. Two structures M and N in the same language are relatively
atomic if any atomic type realised in both of them is ∃1-isolated.

(Note the unfortunate convergence of different meanings of the word “atomic”.)
In this section, we investigate the computability-theoretic strength of constructing

relatively atomic existentially closed groups, and prove an upper bound (Theo-
rem 8.3).

Theorem 8.2. Let N be a 0′-computable existentially closed group and let A be
0′-c.e., A �T 0′. Then A computes the atomic diagram of an existentially closed group
M such that M and N are relatively atomic.

Corollary 8.3. Let A �T 0′ be 0′-c.e. Then there are A-computable existentially
closed groups which are relatively atomic.

It is possible that this corollary could be deduced purely degree-theoretically:
for example, it would be implied by the existence, for every A that is 0′-c.e. and
�T 0′, of a minimal pair of PA degrees whose jump is A-computable. To the author’s
knowledge, this is unknown.

By Theorem 5.1, M and N must both compute 0′. Thus, this theorem leaves open
the following natural question.

Question 8.4. Is there a pair of relatively atomic existentially closed groups both
of which are 0′-computable?

Note that this cannot be solved by appealing to minimal pairs of PA degrees, as
Kučera has shown that there is no minimal pair of PA degrees computable in 0′ [10,
Theorem 2].

The proof of Theorem 8.2 is a 0′-c.e.-permitting finite injury argument. In it, we
dovetail three constructions: ensuring the final theory gives an existentially closed
group, that the group is relatively atomic with N, and ensuring the final theory is
complete. The only part that, on the face of it, requires a more powerful oracle than
0′ is ensuring the constructed model M is relatively atomic with N.
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Throughout, write tpM (c) for the atomic type of c in M. Then, to guarantee
relative atomicity, we meet the requirements

R〈c,d〉 : “If tpM (c) = tpN (d ), then this type is ∃1-isolated”

for every c in the domain of M and d in the domain of N.
To satisfy R〈c,d〉, we need to find an atomic formula ϕi with parameters from the

domain of M which guarantees tpM (c) �= tpN (d ). However, determining whether a
given such ϕi can be used to satisfy a given R〈c,d〉 is seemingly a 0′′ question:

Does there exist a consequence �(c) of ϕi ∧ Ts or ¬ϕi ∧ Ts such thatN |= ¬�(d )?
Thus we cannot, if we wish for the construction to remain below 0′′, apply the

naı̈ve strategy of inductively checking if ϕi and ¬ϕi are both consistent and, if so,
choosing the highest-priority R〈c,d〉 they can satisfy.

Instead, the requirement R〈c,d〉 will ask for permission from some 0′-c.e. set

A �T 0′ to add a sentence ϕ(c) to the theory which witnesses that c and d have
different atomic types. We will thus guarantee that the final theory is A-computable.

Proof of Theorem 8.2. Let T be the theory of groups in the language
L = {e, ·, •–1}. Let A be as in the theorem with 0′-enumeration {as : s < �}. For
simplicity, we will assume that, for s ≡3 1, as = as+1 = as+2. Let C be a countable
set of new constant symbols, and let TN = D(N ) via some effective assignment of
the constants of C to N. Let (ϕm(x))m<� enumerate the quantifier-free formulas and
(�i)i<� the positive, atomic sentences inL(C ). We will build a theory TM satisfying
the requirements below.

• Group: “The structure determined byTM models the axioms of group theory.”
• ECm: “If ∃xϕm(x) is consistent with TM , then TM |= ϕm(c) for some set of

constants c.”
• R〈c,d〉: “If tpM (c) = tpN (d ), then this type is ∃1-isolated.”

(Recall that tpM (c) and tpN (d ) are the atomic types of c and d in TM and TN ,
respectively. As we will guarantee thatTM is atomic-complete, these will be complete
atomic types.)

We use the ordering Group, R0, EC0, R1, EC1, ... of the requirements. Through-
out, we will refer to the kth element of this list as the “kth requirement”, starting
with Group as the 0th requirement. Thus, Rm is the (2m + 1)st requirement and
ECm is the (2m + 2)nd requirement. In addition, we will define along the way an
auxiliary function r(k, s) that “restrains” how the kth requirement is allowed to act
at stage s.

Construction: We will buildTM inductively. We will variously think ofTMs as a set
of sentences {�i : i ∈ I } ∪ {¬�j : j ∈ J} or as the corresponding partial indicator
function which is 1 on I, 0 on J, and undefined elsewhere. We establish the following
convention.

Definition 8.5. Set

�TMs � = max{i : TMs (i) is defined}.

In addition, throughout we will write T̂Ms for TMs together with the axioms of
group theory.
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Stage 0: TM0 = {“ci · e = e · ci = ci”; “ci · c–1
i = e”; “(ci · cj) · ck = ci · (cj ·

ck)” : ci , cj , ck ∈ C}. This will ensure that M is a group.5 While we will not
explicitly mention it, we will assume that these sentences are in TMs for every s. It
will be clear that this will not affect the construction.

Initialise r(k, 0) = r(k, 1) = 0 for every k < �.
Stage s ≡3 1: In this stage, we take another step towards ensuring that M is

existentially closed. Let m be minimal such that r(2m + 2, s) = 0. Using 0′, check the
consistency of ∃xϕm(x) with T̂Ms . If it is consistent, set TMs+1 = TMs ∪ {ϕm(c)} for
constants c not used since stage 0 and such thatϕm(c) > max{r(k, s) : k < 2m + 2}.
If it is not consistent, set TMs+1 = TMs .

Define r(2m + 2, s + 1) = �TMs+1�, r(k, s + 1) = 0 for k > 2m + 2, and r(k, s +
1) = r(k, s) for k < 2m + 2.

Stage s ≡3 2: In this stage, we take another step towards ensuring that M is
relatively atomic to N. We start with a definition which captures what we are looking
for to satisfy an Rm-requirement.

Definition 8.6. For a finite theory p in L(C ), a requirement R = R〈c,d〉, and
s < �, say an atomic sentence �s-splits R mod p if the constants of � are among
the c, and p ∪ {�} and p ∪ {¬�} are both consistent. We call � the witness to the
splitting of R.

For each Rm, m ≤ s , with r(2m + 1, s) = 0, set �m = max{as ,max{r(k, s) : k <
2m + 1}} and pm = T̂ sM � �m. For each �i with �m ≤ i ≤ �m + s , check if �is-splits
Rmmod pm. If no splitting is found, let TMs+1 = TMs and r(k, s + 1) = r(k, s).

If a splitting is found, let m = 〈c, d 〉 be minimal such that Rm is s-split and let �
witness the splitting. If �(d/c) ∈ TN , set:

TMs+1 = pm ∪ {¬�}.

Otherwise, ¬�(c/d ) ∈ TN , so set:

TMs+1 = pm ∪ {�}.

Set r(k, s + 1) = 0 for k > 2m + 1. Set r(2m + 1, s + 1) = �TMs+1� and r(k, s + 1) =
r(k, s) otherwise.

Stage s ≡3 0: Let i be minimal such that TMs (i) is undefined. Set TMs+1 =
TMs ∪ {�i} if this is consistent andTMs+1 = TMs ∪ {¬�i} otherwise. Set r(k, s + 1) =
r(k, s) for every k.

This finishes the construction. Set TM = lims TMs .
Verification: The stages s ≡3 2 ensure that TM is complete with respect to atomic

sentences. Thus we may consider the structure M that TM determines. Notice that
many elements of C may refer to the same element of M; this will not affect the
computability of M as these equalities are contained in TM . Stage 0 guarantees that
M is a group. We show that M is:

5We will guarantee that in our final model every element is labelled by a constant: in the process of
checking that the model satisfies existential closure, for any word w in C, we will choose a constant c ∈ C
to realise the consistent existential ∃x(w = x). Thus this does in fact ensure that the final structure is a
group.
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• existentially closed;
• computable in A;
• relatively atomic with N.

Say the kth requirement acts at stage s if r(k, s) = 0 and r(k, s + 1) �= 0 and
that it is satisfied at stage s if r(k, s) > 0. Note that no requirement acts infinitely
often: once a requirement has acted, it remains satisfied unless a higher priority
requirement acts.

Thus, to check that ECm holds, consider the minimal sm such that all higher
priority requirements do not act at a later stage. If ECm is already satisfied, it will
remain satisfied for the rest of the construction as no higher priority requirements
act again.

If ECm is not satisfied, the least s ≥ sm with s ≡3 2 will ensure that ECm is
satisfied, and, again, it will remain so for the rest of the construction.

This shows that M is existentially closed.
To compute M from A, let �i be an atomic sentence in L(C ). With an oracle for

A, find a stage s such that As � i + 1 = A � i + 1. From that point on, TMs � i + 1
changes only on stages s ≡3 2 and s ≡3 0 (both of which are 0′-computable) and
will never become undefined or change the value of j ≤ i which is already defined.
Thus, TsM (i) will eventually be defined and its value will never change. This gives an
A-computable way of determining if �i ∈ TM .

Finally, we show that M and N are relatively atomic. Suppose not, and consider
the minimal m = 〈c, d 〉 such that tpM (c) = tpN (d ), but they are not ∃1-isolated.
We will show that this impliesA ≤T 0′, a contradiction. Let s be a stage by which all
requirements of lower priority thanRm have stopped acting. Let pt = max{r(k, t) :
k < m}. By assumption that lower priority requirements have stopped acting by
stage s, pt = ps =: p for all t ≥ s . Moreover, p ⊆ TM , since none of the remaining,
unsatisfied requirements are high enough priority to change p. Thus,Rm splits mod
p. To determine if x ∈ A, let i > x with �i witnessing the splitting of Rmod p.
SinceRm is not satisfied, at a stage t ≡3 2 with t ≥ max{s, i}, it will see the splitting
mod p but not get permission to act on it. Thus, At � (i + 1) = A � (i + 1). Hence,
we can determine if x ∈ A, contradicting our choice of A, so M and N must be
relatively atomic.

The proof can be easily modified to give the following relativisation.

Theorem 8.7. Let N be an a-computable existentially closed group, and let B be
a-c.e., B �T a. Then B computes the atomic diagram of an existentially closed group
M that is relatively atomic with N.
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