Appendix F

Feynman integrals

F.1 Feynman parametrization

The Feynman parametrization is needed to recombine the product of denominators
appearing in the momentum integral. We shall discuss the most usual ways of
parametrization.

F.1.1 Schwinger representation

The first one consists of an exponentiation of the propagator denominators and leads to:

1 o0 o0 n
= dz / dz,exp | — a;zi | . (F.1)
ap- - -a, /0 ! 0 p ( ,Zzlj )

In connection to this, the following Gaussian integral is useful:

dk e 1
/ (271)”6 = —(47101)"/2 . (E.2)

F.1.2 Original Feynman parametrization

The second alternative is obtained from the original Feynman parametrization:

1 ! ! 1
=m-=D![ dz;--- | dz,8(1- i) F3
ap---ay, (n ) ./0 “ /0 ¢ ( Xi:z ) (Zz aiz,-) )

After a suitable change of variables, one can eliminate the §-function and one obtains:

1 1 1 1
= (n— 1)!/ u'f_zdulf ug—3du2---/ du,_
ap---dy 0 0 0

x [(ar —auy- - up—1 + (a2 —azm)uy- - upp+---+a,]™" . (F4)

This parametrization is quite convenient as it allows possible cancellations among terms
of two propagators, and has the advantage to provide finite bounds of integration, which is
convenient in various numerical integration calculations encountered e.g. in QED
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calculations (g-2,...). A particularly useful case of Eq. (F.4) are:
1 T+ ', x'(-x)Ff!

= X , ES
a*b?  T@IrB) Jo ~ [(a—b)x+b]"F )
and:
1 r !
— (n+m+r) dx xm+n71(1 _x)r71
arbmcr C'm)C(m)T() Jo
I —1yn—1
1 — m n
x / dy ( y) 4 m+n+r (F6)
o ~[a—=Dbxy+ (b —ocx+c]
entering in a one-loop calculation. In the case where a; is In k2, the following
representation integral is useful:
: 1 / T dx Gy (E7)
= XX . .
(Ink®)+t T'(n+1) Jo
F.2 The I" function
It is defined for complex z by the Euler integral:
[o.¢]
() = / drtv e, (E.8)
0
If the previous integral does not exist, it can be defined, using an analytic continuation, by:
SR G Y
I(z) = —+f detvte™", F.9
@ ; nl(z+n) J; 9

which expresses that I'(z) is analytic in the entire z-plane but contains simple poles at
z=0,—1, -2, .... It has the properties:

i +z)=zI'G), (F.10)
and:
o0 Zn
r'd+z) =eXp=—zyE+Z(—l)"7{(n)} , (F1D)
n=2
with:
. 1 1
yp =y = lim {1+—+~--+—}=0.5772156649... (F.12)
n—00 2 n
and:
X1
= — F.1
¢(n) ; o (F.13)
is the Riemann function: with:
72 a4
c2) = ra £(3) =1.202056 903 1.. ., dOE 0 (F.14)
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The following expansion is particularly useful in dimensional regularization:

62 71,2 e3 3 7.[2
1in(1)r(1+e)=1—e)/5+— <V§+—> - —(V—E+—VE+§(3)> + O(eh)

2 6 3\2 4
(F.15)
from which one can deduce I'(¢) with the help of Eq. (F.10). For integer n, one has:
rn)y=m-1", (F.16)
while one also has the following properties:
1
()
2
Frx)rd —x) = — (F17)
sin T x
F.3 The beta function B(x, y)
It is defined as:
: I'o)r'(y)
B(x,y):/ di t*7 11—~ = 22, (E.18)
0 F'x+y)
and has the useful properties:
X
B(erl,y):( )B(x,y),
x+y
B(x.1+) =( > )B(x,y>. (E19)
x+y

Therefore, one can deduce:

B(1+az, 14 bz2)

—zyE + Z(—l)"%z(nna" +b" —(a+ b)"]} . (F20)

=——————exp
1+ (a+b)z { o

In the limit € — 0, it has the Taylor expansion:

2
lim B (1 = ae, 1 = be) = 1 — ea+b) + € |:(a+b)2—ab%}
€—

+e¥a+b)[ — (a+b)* +abt(2) +abr(3)] +-- -,
. € € 1 el2 A1 )
!2%3(”—5’1‘5)—;{”5[;*;;““’)(”’

€ € 1 € 2 2 i
imB(n—S2-S)=—— iS22 S 2|l Loey,
Py, (" 2’ 2) n(n+1){ 2[ n on+l ;j]}Jr €
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F.4 The incomplete beta function B,(x, y)

It is defined as:

a
Ba(x, ) :/ di t*7'(1 =)' (F22)
0
Defining the function:
By(x, y)
Li(x,y)= ———, (F.23)
YT By

one has the properties:

al,(x,y) = I,x+1, )+ A -a)l,(x+1,y-1)=0,
(xc+y—xa)ly(x,y) —yl.(x,y+ 1) —x(1 —a)l,(x+1,y—1)=0,
yl,(x,y+D+xl,(x+1,y)—(x+y).,(x,y)=0. (F.24)

F.5 The hypergeometric function ,Fi(a, b, c; z)
It is defined as:
I'(c) ! b—1 b1 -
Fi(a,b,c;2) = —————= | dtt"7'(1 —1) 1 —1z2)™ F.25
i byeis) = O [t = - ) (F25)
for Re c and Re b > 0, and arg(1 —z)< =. It has the properties:

ab  a(a+ Dbb+1
2F1(a,b,c;z)=1+_z+¢ 2

l.c 1.2.c(c+1)
_ I'(c) X T'(a+n)Ib+n) z"
~ T'(b)(c —b) ; I'(c+n) n!’ (F:26)

The hypergeometric function enters frequently in the calculation of multiloop Feynman
integrals when the Gegenbauer polynomial techniques are used.

F.6 One-loop massless integrals

The most useful integral is:
I B) f d"k 1 1
(x’ E .
Qmy (k> +ie) [(k — q) +ie'l’

_ L yeBgrya—pmp L@t B—n/2) pm
= Qe D=0 T(@)I(B) B<2 F:3 “)'

(F.27)
Combining this result with the one in Eq. (8.24), one can derive inn =4 — €
dimensions:
d"k k*

PP = | Gay @ Tiew - q? +i€)
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Table F.1. Some values of 1(«, B)

o B I(e, Byve (A=) (g7 =2
1 1 I+2

2 1 -240

3 1 ~1

2 2 -3-

4 1 ~1/3

3 2 —4_

Table F.2. Some values of 1" («, B)

« B 1@, Byve (1) (g") (g?) 2
1 1 14
2 1 +1
1 2 -1
1 1
3 1 —: 73
2 2 -2-1
1 1
! 3 2

1672 \ 4702
L TG—a—¢/9rQ—p—¢/@+p—2+¢/2)

. 2\ —€/2
— et (—q) (@ "

. (E28
F@)I'(BIrGS —a—p—e¢) (£:28)
P L Kk
GP= | Oy W ¥ ieyk —q)P +ie)
e b —q>\ " 22—a—p
=V Ten2 (471\12) @)
LA TG —a—€/2T(3 — B —e/DT(@+ B +¢/2)
x18""q
2l ()T (BI'6 —a— B —¢€)
pgup P =M@=/t p-24e/|

2L(@T(BT(6 —a — p —¢€)
We give (Tables F.1-F.3 in values of the integrals for some values of « and 8, where:

2 2 I —q°
- —ye—1In .
€ Ve 4 v?

(F.30)

€
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Table F.3. Some values of
1"(a, B) = v (12) (@***P[Ag?g"" + Bg"q"]

@ B A B
1 2 2 13
1 I TS %t
2 1 3% T2 2
1 1 2 3
1 2 ﬁl+zl —: 3
1
3 1 % i 2
2 2 i -1-2
1 1 2 1
1 3 % "3 it3

F.7 Two- and three-loop massless integrals

Most of the integral encountered in the evaluation of loop diagrams can be reduced to the
following integrals by means of the formula:

— %[k2+q2 ~ (k- g7 (E31)

These integral come from [2] and reads:

L {/ d"k, 1 }2
? Qry Kk — g2

= ﬁ(—l)%(_q e {F (2_ g) B (% 1, g B 1)}2

~1 11 2 g2
= (:ﬂ)4)_6(_q2)—f4{E—2+;(2—y)+3—2y+% - 721—4} forn =4 —€,
; d"k, [ d"ks 1
T eny ] @ry B — ke — g
1
ﬁ(— 1)"1(—g®) 3T (3 — n) B (5 1, 5 ~ 1) B (g “1n —2)
I Gl P N N B —4_
_(4n)4_€(q)( q°) 2{6+4 y} forn=4—¢€,
I d"ky [ d"k 1
Qry ) Q) kit — q)*(ki — k2)*(ka — q)?
D s T@=n/)TE =)
= Qenyn "D 40 rG-n/2)
n
xB(§—1 3 1)3(5—1,;1—3)
. (=Dl e |2  5=2y 19 w2 _
_(471)4—6(_ ) {—2+ —i—?—Syy _E} forn=4—¢,
. d"k, [ d"ks k2

Quyr ] Quy kit — @)tk — k) (ko — q)?
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3(1—2,2—2)3(2—;1—6)
11
€

_ 4 2 ]—GE
= (471)4,6( q°)

1 /89 11 , m?
N = - — forn=4—¢. F32
+2<8 2)/—1—7/ 12)} orn € (F.32)

Some more complicated integrals entering in the three-loop calculation has been done

analytically in [875] using Gegenbauer techniques. Within our notations and conventions,
these integrals are generally of the form:

d"k; d"k 1

I(a, B, A, 8) =
(@8 ) Qryr ] Qry ki (ki — q)*P(ky — ko) (ky — @)®

_ ED e 2vuampoy—s Ty H8 - 2+€/2)
(4n)4—6( ) @) I'(y)T'(S)
Na+p+y+8—4+4¢€) B<2_ —5,2—3—5)
Fe)'B+y +86—-2+¢€/2) 2 2
xB(z—a—§,4—ﬁ—y—5—e) forn=4—e.  (E33)
One also has:
_ dnkl dnk2 1
L(a, B) = Q) Qn)" k12a(k1 _ q)zﬁ(kl _ kz)zkg(kz _ q)z
(=1 leae e
= Gomayrt D g R ) (F34)

for o, B > 1 and where:

r=n/2-1,
x©
171(1,1)=6]Z:;(k+1)3 =67(3),

(1 =200 — a)[(h — BT (a + B — 21)

Fa>18>1)= I(@)(BTGL —a — B)

FGr—a—p) = T@+p-3 N ()
NITA+r—a—-8) T@+B+1-31)  Td+a—2%
Irer-o I'B) _re-pL (F35)
Fl—a) TA+B-21) TU-H)
A final type of integral is:
d'k; [ d"k; 1
I (a, B, =
B = [ Gy | @y i — it — kP o — a7
(-1 e
= G @) P2~ 1 —a— BFi(a, B,y) . (F.36)
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where:
Fabuy) — T4 1—a)TG 41— BT +1— )0
L T(@)T (BT ()L (2%)
i (—nm Fn+20)I'm+n+a+B+y —210)

mnln+AM)TA4+3A—m—-—a—B—y)Im+n+r+1)

1 1
X{(n+ﬂ)(m+n+oz+ﬁ—)»)+(m+n+ot)(m+n+a+,3—)»)
1
+
m4+n+ao)n+21—p)

+ (@< )}, (F37)

where the series is convergent for (A = o + 8 + y):

A<3a+1, A<2x+2, A<i+4. (F.38)

F.8 One-loop massive integrals

I fm®) = d"k 1 1
s P = Q)" (kz +ie)e [kz —m? + ie/]ﬂ
. 2\ —€/2
e b o0 gp [ T
=V e ) <47rv2>
» Fr2Q—a—€/2)T(a+B8—-2+¢€/2)
['(2—€/2)I'(B)
2 o d"k 1 1
I(a, B, q",m") =

Qr)y [(k —q)* —m? +ie']” (k2 +ie')p

r2-g—€¢/2)T(a+p—-2+¢€/2) <1 ~ m2)2—a_5_6/2
" @2 —¢/2)l ()

1
X o Fy <Ol+,3—2+E/2,2—,3—6/2,2—€/2;1 m2>

e

d"k Kt 1
QY [k —q)? —m? +i€']* (k> +ie)P

q —€/2
— 2\2—a—p
v 16n2(q ) (4;11)2)

WL QR=B—e/DT(@+p—-2+¢/2) (1 B m2)2‘“—ﬁ—6/2

T2 —e/2)l(a) ra

I"(a, B, g%, m?) =

xq

x 2 F) (a—i—,B—2+e/2,3—,3—6/2,3—6/2;l 1m2> (F.39)

q2
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One also has:
d"k 1 1

7 2 2N

I f.q7m7) = / Q) [k —qR —m2+ i€ (2 —m2 +ie)P
N e ( —q >‘6/2 T(@+pB—2+¢/2)
=V Ten2 JE) T(@T(B)

1 m2 2—a—f—€/2
X f dx x*7 (1 = x)f! |:x(1 —x)— ?] . (F40)
0

with:
I(a, B,q*,m*) = 1B, a,q*,m?. (F41)

For o + B > 2, one can rewrite the x-integral by letting ¢ — 0. For some particular
values of & and 8, one has, by using the definition of € in Eq. (F.30):

1(1,1,q2,m2)=v-6#{§—’;i;1n_m—;— <1—’;i22>1n<1—';ij>+2},
", 1,q% m) = v 16;2%{2_’:_22 (2_%22)1“%2_ <1 _Z_j)z
xln(l—’ZILj)—’Z—j+2},
2

A 2 2 2
11,2, g% m?) = v 1 {_m_21nm_2+m_zln(l—m_2>+1},
q q

1672 ? —q q

1,1, 4% m?) = v*ﬁ{

2 1 —4m?/q% + 1
- —v1—4m?/¢*In +2¢,
¢ J1—am2/q? — 1 }

. ’ 1 J1—=4m?/q? +1
7,2, % m?) = v 2{ In m/q T+ } (F42)
1672 | g2y 1—4m?/q* 1 —4m?/q* — 1
F.9 A two-loop massive integral
L@, B.n) d'ky [ d"k» 1
W, p,m7) = p
@yt ) Q)" (k2 4 m2)* (k2 + m?)P (ky — k)2
-1 B(@—*, B —MT —2x—1
(=1 () —ae (=2, -l (a+p ) (F43)

T (4wt (14 €/2T(@)T(B)
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F.10 The dilogarithm function

For complex z, it is defined as:
. *dt
Li(z) = —/ " In(1 — 7). (F.44)
0

When z is real and bigger than one, the log. is complex, and there is a branch cut from
z = 1 to oo. Therefore, the function develops an imaginary part:

Lir(x +i0) > —imInx . (F45)
For z < 1, one can write as:
o0 Zn
Lip(z) =) = (F46)

n=I1

which is convenient for numerical calculations. In particular, its values are:

w2 w2
Li,(1) = — Li,(—1) = ——
(1) c ir(—1) 7
S 0 DS Srep Lis(2 — i0) ™ irin2 (E47)
bhl=)]=——-=-In"2, ir(2—i0)=— —imIn2. .
\2) 12 2 ? 4
Some of its useful properties are:
2
Li, (x) + Lip(1 —x) + InxIn(l — x) = T
. 1 . r ., 7?2
Lip(—— |+ Liz(—x)+=In“x=—— :x >0,
X 2 6

(1 . 1., ar
L[ - )+ Lihx)+-In“x=— —inlnx :x>1,
X 2 3

2

|

Lis(x) + Li <1L> - %—Zinlnx—i—inln(x— D=1 -x) x> 1,
— X

1
Lix(x) +Lip [——— ) = —= 1?1 —x) :x <1,
1—x 2

. 1 ) 7> 1 14+x
Lip{—— ) —Lia(—x) = — — =In(1 + x)In 3 ,
1+x b

6 2
Lis(1 Lo (1) == 4 Dinyn —2
12( _x)_ 12(;)—_F+§ nxnm,
Lip(x) 4 Lip(—x) = %Liz(xz) :
. 1 o 7"
L12(Z) = m |:2(1 - Z) ln(l - Z) +z |:3 + ; m] :| (F48)
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F.11 Some useful logarithmic integrals

1 b n+1 n+1 b n+l—i _;
[t mos == g et = (B) e - (2)

~

1
1
dx x" Inx = ———— F.49
/0 (n+ 1) (F49)
Defining:
1
I, = / dx x" In[a — x(1 — x)], (F.50)
0
one has:

JT—da+1
Io=—2+1Ina+vI—dalnYo—at?

V1—4a—-1"

1
112510,

1 13 VT —4a+1
L=-|—-—+2a+ha+{(—-a)l—4aln — |,
2 3[ 6 ( ) «/1—4a—1:|

1
Iy = Sl =3I +3h], (ESD

where one has exploited the invariance under the change x < (1 — x) allowing to deduce
the integrals odd in n from the even ones. In addition to the properties of dilogarithm
functions [876], one also needs [877,45,3]:

*dt 1
/ —In(1 + %) = —=Liy(—x?),
o ! 2
x>0 1
/ - In(l—t+1>) = —§Liz(—x3) + Lix(—x),
0

x>0 dt 1
2 . ’4; .
/ Tln(l +t4+17) = —§L12(x‘)+L12(x),
0

/1 U+ 00t = —2022) + 48, + Le3)In2 — ¢ 22 + L 1n*2
n n = —— — nziZ— n — 1n
T ¢ s+ 56 ¢ .

U dr 4 7 1 1
In?(1 +Hnt = —=22(2) + 28, + -3 In2 — =) In’2 + —In*2,
/01+[n(+)n L) 4251+ ZEG) N2 — SE@IE 24

/ldtl (1 +1) = —22) 1/1 ey
—Intln = — =— | —In*t,
o 1 lOg 3o 141t

1
/ ﬂ In(1 + t)Lir(—t) = l§‘2(2) )
o I 8

/1 A e +0=-2220 - 35, - 2e@ym2+ Le@ma— L2
ir(—1)1n =—- —38;— — n2+ - n“2—-n*2,
T 2 5( 4 8§ 2§ 3

U dr 13 7 1
Lir(—t)Int = —¢%(2) — 48, — =¢(3)In2 NHIn®2 — ~In*2,
/(;1_“12()11 2020) 48— L) N2+ L@ W2~ CIn
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bdr o, 4 5 25, 14
21+ ) In(l — 1) = —~£22) + 284 +2¢(3)In2 — ¢(2)In®2 + = In* 2,
) 1 +1 5 3

(F.52)
with:
1
Sy = ; i = 0.5714790616... (F.53)
Some other useful integrals are:
: _ _ F()'(B)
a—1 _ -1 _ _ _ _
/0 dtt*7 (1=t " Int = —F(a 5 [Si(@ —1)— Si(x¢+ B — 1],
1
/ di t*'(1 =)’ 'In*t = 1;((Li(§))[[sl(a — =S+ B—-DP
0 o
+ S+ —1)— S(a—1)], (F.54)
where:
s,(n)EZ% 1=1,2,3,... (F.55)
k=1
Differentiating with respect to 8, one gets:
1
f dt t* "1 =)’ 'IntIn(1 — 1) = 1F“((Z)—i(§))[32(“ +8-1)—-¢(2
0
+ [Sila = 1) = Si(@ + B — 1]
X [Si(B—1) = Si(a+ B — DI
1 _a
x f ax 7 @) (F.56)
0 1—x
Integrals of the form:
1
/ dr t*7'(1 =)’ In" ¢, (F.57)
0

for integer or half-integer values of « and 8 are also useful and are given in [876]. For
some particular values, one has:

U dy ) 2
In t=—4§(3)+?+2,
0

(1 -1y
bodr 3212 )
/O —(l_t)zt In"r = =21£(3) + 7~ + 16, (F.58)
and:
: dt a—11,.m m
/0 a_pt Wr=EDImIEem 1) = Spe = DI (F.59)
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F.12 Further useful functions

The functions:

S‘(Z)Zk;k(z—m’ Sz(z>=¢<z>—;m,

731

(F.60)

appear often in the evaluation of the parametric integrals. For z = n integer, it can be

reduced to the one in Eq. (F.55). They have the properties:

1
Siz+D=8@+ —

z+17
S](OO) = g(l) )
ds
dl(Z) =Icd+1)— S.1(2)],
Z

forl =1, 2,3, ... They are related to the psi-function defined as:

d
V(@)= —Inl'(@),
dz
with the properties:
1
V() = —ve — -t Si@, Yy =—ye,

1
j—zllﬂ(z) =U(=D"gd+1) = Sz — D] forl > 1,

and therefore:

YH=¢2), ¥YQ=:¢@-1, Y"1H=-2¢03).
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