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Abstract. In this paper, we reduce the logarithmic Sarnak conjecture to the {0, 1}-symbolic
systems with polynomial mean complexity. By showing that the logarithmic Sarnak
conjecture holds for any topologically dynamical system with sublinear complexity, we
provide a variant of the 1-Fourier uniformity conjecture, where the frequencies are
restricted to any subset of [0, 1] with packing dimension less than one.
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1. Introduction

In this paper, a topologically dynamical system (t.d.s. for short) is a pair (X, T'), where X
is a compact metric space endowed with a metricd and 7 : X — X is a homeomorphism.
Denote by M(X, T) the set of all T-invariant Borel probability measures on X, which is
a non-empty convex and compact metric space with respect to the weak™ topology. We
say a sequence & is realized in (X, T) if there is an f € C(X) and an x € X such that
&(n) = f(T"x) for any n € N. A sequence £ is said to be deterministic if it is realized in
a t.d.s. with zero topological entropy. The Mdobius function i : N — {—1, 0, 1} is defined
by n(1) =1 and

(=K if n is a product of k distinct primes
pun) = . (L.D)
0 otherwise.

In this paper, N={1,2,...}, E (respectively E!°¢) stands for a finite average
(respectively a finite logarithmical average), that is,

Check f
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N
log Ay
n<NAn= E A, and E Z A, = E —.
"= Zn 1(1/}’1 n=1 n

Here is the well-known conjecture by Sarnak [19].

Sarnak Conjecture. The Mobius function p is linearly asymptotically disjoint from any
deterministic sequence &. That is,

Jim B <y ()€ (n) = 0. (12)

The conjecture in the case when X is finite is equivalent to the prime number theorem
in arithmetic progressions. The conjecture in the case when T is a rotation on the circle
is equivalent to Davenport’s theorem [2]. The conjecture in many other special cases has
been established recently (see [8, 6, 12, 13] and references therein).

Tao introduced and investigated the following logarithmic version of the Sarnak
conjecture [21, 22] (see also [7, 18, 23, 24]).

Logarithmic Sarnak Conjecture. For any topological dynamical system (X, T') with zero
entropy, any continuous function f : X — C, and any point x in X,

Jim Eanu(n)f(n) =0. (1.3)

Now we let (X, T) be a t.d.s. with a metric d. For any n € N, we consider the so-called
mean metric induced by d:

n—1

du(x,y) = Zd(Tx T'y)

i=0
for any x, y € X. For € > 0 and a subset K of X, we let

m
S,(d, T, K, €) =min {m € N : there exists x1, X2, . . ., X;; such that K C U Bgn(xi, e)},
i=1
where B; (x,€) :={y € X :dy(x,y) < €} forany x € X. We say (X, T) has polynomial
mean complexity if there exists a constant k > 0 such that lim inf,,_, 1 (S, (d, T, X, €)/
n*) = 0 for all € > 0. The following is our main result.

THEOREM 1.1. The following statements are equivalent.

(1)  The logarithmic Sarnak conjecture holds.

(2) The logarithmic Sarnak conjecture holds for any t.d.s. with polynomial mean
complexity.

(3)  The logarithmic Sarnak conjecture holds for any {0, 1}-symbolic system with poly-
nomial mean complexity.

We now briefly describe the main ingredients in the proof of Theorem 1.1. It is clear that
statement (1) implies statement (2) which in turn implies statement (3). So it remains to
prove statement (2) implies statement (1) and statement (3) implies statement (2). To show
statement (2) implies statement (1), we use Tao’s result as a starting point, which states

https://doi.org/10.1017/etds.2023.22 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.22

Complexity and logarithmic Sarnak conjecture 771

that the logarithmic Sarnak conjecture is equivalent to a conjecture involving the limit of
averages on nilmanifolds, see Conjecture 2.1. By assuming that Conjecture 2.1 fails, we
are able then to construct a system with polynomial mean complexity which does not
satisfy the logarithmic Sarnak conjecture, and hence prove that statement (2) implies
statement (1). To construct the system, we need to work on nilsystems and figure out the
complexity of polynomial sequences, see Proposition 2.5. Precisely, we will show that for
a given € > 0, for any n € N, the minimal number of e-dense subsets of strings of lengths
n of the set of all polynomial sequences on G/I" is bounded by a polynomial which
is only dependent on € and G/TI', where G/ T is an s-step nilmanifold. With the help
of this proposition, we finish the construction and thus show that statement (2) implies
statement (1). To show statement (3) implies statement (2), we study a t.d.s. with the
small boundary property which was introduced by Lindenstrauss when studying mean
dimension. Proposition 2.10 plays a key role for the proof, which states that for a t.d.s.
(X, T) with polynomial mean complexity and a subset U with small boundary, each x € X
is associated with a point in the shift space such that the complexity of the closure of the
associated points is less than or equal to that of (X, 7). The result of Lindenstrauss and
Weiss guarantees that if (X, T') has zero entropy, then the product of X with any irrational
rotation on the circle has the small boundary property. By using Proposition 2.10 and some
simple argument, we finish the proof that statement (3) implies statement (2), and hence
the proof of Theorem 1.1.

While Theorem 1.1 does not provide a proof of the logarithmic Sarnak conjecture
directly, it does indicate that a t.d.s. with polynomial mean complexity is important for
the proof of the conjecture. So, it will be useful to understand the structure of a subshift
with polynomial mean complexity. We remark that we do not know if the polynomial
mean complexity for a subshift can be replaced by the polynomial block-complexity in
Theorem 1.1, which is extensively studied in the literature.

Forat.d.s. (X, T) withametricd, ¢ > 0,anda p € M(X, T), we let

Sn(d, T’ IO’ 6)

m
= min {m € N : there exists x1, x2, . . ., X S.L. p( U Bgn(x,-, e)) >1— e}.

i=1
Itis clear that S, (d, T, p,€) < S,(d, T, X, €) forany p € M(X, T) and € > 0. We say

a p € M(X, T) has sub-linear mean measure complexity if for any € > 0,

d, T
lim infM _

n——+o00 n

0. (1.4)

We say (X, T') has sub-linear mean measure complexity if equation (1.4) holds for any
p € M(X, T). We emphasize that the sub-linear mean measure complexity is an invariant
in the measure-theoretic category. One can refer to [11, Proposition 2.2] for details.

By using the fact that the two-term logarithmic Chowla conjecture holds [21], that is,

. ZN: wn -+ h)pn +ha)

N—oo In N n
n=l1

0 (1.5)
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forany 0 < h1 < hy € N, and by using the method of the proof of Theorem 1.1 in [11], we
have the following theorem.

THEOREM 1.2. The logarithmic Sarnak conjecture holds for any t.d.s. with sub-linear
mean measure complexity. Consequently, the conjecture holds for any t.d.s. with sub-linear
mean complexity.

We remark that, at this moment, we are not able to show that the logarithmic Sarnak
conjecture holds for any t.d.s. with linear mean (measure) complexity. We also remark that
if for any k € N the 2k-term logarithmic Chowla conjecture holds, that is,

. um+hp)um +ho) ... w(n+ hoy)
1 =0 1.6
N1—r>noo In N Z n (1.6)
for any non-negative integer 0 < h; <hy <---<ho; with an odd number j €
{1,2,...,2k} such that h; < hj1, then the logarithmic Sarnak conjecture holds for

any t.d.s. with sub-polynomial (leading term c¢n) mean measure complexity by using
the method of Theorem 1.2. Thus, by Theorem 1.1, we know that the logarithmic Sarnak
conjecture holds if the logarithmic Chowla conjecture holds. In fact, the two conjectures
are equivalent [21].

As an application of Theorem 1.2, one has the following result.

THEOREM 1.3. Let C be a non-empty compact subset of [0, 1] with packing dimension
< 1. Then

Hl—lgoo lliln_l)sup En<N 516118 |En<mgu(n + h)e(ha)| =0, (1.7)

where e(t) := e*™! for any t € R.

We remark that in [18, Theorem 1.13], McNamara proved that equation (1.7) holds for
a non-empty compact subset C of [0, 1] with upper box dimension < 1. So Theorem 1.3
strengthens the result in [18].

We say a t.d.s. (X, T) has sub-polynomial mean measure complexity if for any 7 > 0
and p €e M(X, T),

T
llm lnf Srl(d’ ) p’ 6)

n——+oo nt

=0

for any € > 0. In [11], Huang, Wang, and Ye showed that the Sarnak conjecture holds for
any t.d.s. with sub-polynomial mean measure complexity. As an application of the above
result in [11], one has the following result.

THEOREM 1.4. Let C be a non-empty compact subset of [0, 1] with packing dimension
= 0. Then,

lim limsup E,<y sup |Ep<gu(n + h)e(ha)| = 0. (1.8)
H—+00 N 5100 aeC

The paper is organized as follows. In §2, we prove Theorem 1.1. In §3, we prove
Theorem 1.3. In Appendixes A and B, we prove Theorems 1.2 and 1.4.
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2. Proof of Theorem 1.1
In this section, we prove Theorem 1.1. As we said in the introduction, it remains to prove
(2) = (1) which is done in §2.1, and (3) = (2) which is carried out in §2.2.

2.1. Proof of statement (2) implies statement (1) in Theorem 1.1. We have explained in
the introduction that the starting point of the proof is Tao’s result which gives an equivalent
statement of the logarithmic Sarnak conjecture. We will first introduce the result, then
derive some result concerning the complexity of polynomial sequences, and finally give
the proof. Let us begin with basic notions related to nilmanifolds.

Let G be a group. For g, h € G, we write [g, h] = ghg™'h~! for the commutator of
g and h, and we write [A, B] for the subgroup spanned by {[a, b] : a € A, b € B}. The
commutator subgroups G ;, j > 1, are defined inductively by setting G| = Gand G| =
[Gj, G]. Let s > 1 be an integer. We say that G is s-step nilpotent if G4 is the trivial
subgroup.

Recall that an s-step nilmanifold is a manifold of the form G/ I', where G is a connected,
simply connected s-step nilpotent Lie group, and I' is a cocompact discrete subgroup
of G. Tao shows that the logarithmic Sarnak conjecture is equivalent to the following
conjecture [22].

Conjecture 2.1. For any s € N, an s-step nilmanifold G/TI', a Lip-continuous function
F:G/T — C,and xg € G/ T, one has
log

lim limsupE, =, sup [Ep<gu(n + h)F(ghx0)| =0.
H=>+00 Nst00  — geG

Let G/ T" be an m-dimensional nilmanifold (that is, G is a connected, simply connected
s-step nilpotent Lie group with unit element e and I" is a cocompact discrete subgroup of G)
andlet G = G; D - - - D Gy D Gy41 = {e} be the lower central series filtration. We will
make use of the Lie algebra g over R of G together with the exponential mapexp : g — G.
Since G is a connected, simply connected s-step nilpotent Lie group, the exponential map
is a diffeomorphism [1, 18]. A basis X = {X1, ..., X} for the Lie algebra g over R is
called a Mal’cev basis for G/ T if the following four conditions are satisfied.

() For each j=0,...,m—1, the subspace n; := Span(X;(y,..., X;;) is a Lie
algebra ideal in g, and hence H; := exp 7; is a normal Lie subgroup of G.

(2) Forevery0 <i <s,thereis/;_y suchthat G; = H;, |. Thus,0=lp <1 <--- <
ls_1 <m—1.

(3) Each g € G can be written uniquely as exp(t; X1) exp(f2X2) . . . exp(#,, X)) for
some t; € R.

(4) T consists precisely of those elements which, when written in the above form, have
allty; € Z.

Note that such a basis exists [1, 8, 16]. Now we fix a Mal’cev basis X = {X, ..., X}
of G/T'. Define ¥ : G — R™ such thatif g = exp(11Xy) .. . exp(t,, X;m) € G, then

v(g) =, ... tm) €R™.
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Moreover, let | (g)| = maxi<i<m |t;|. The following metrics on G and G/I" are intro-
duced in [8].

Definition 2.2. We define d : G x G — R to be the largest metric such that d(x, y) <
[ (x y_1)| for all x, y € G. More explicitly, we have

n
d(x,y) =inf § >~ min{jy (-1, D] W Gax DI X0, X € Gixo = x, %0 = ¥ 1.

i=1
This descends to a metric on G/ I' by setting
d(xT,yI) :=infld(x’, y) : x', ¥y € G; x' =x (mod I'); y' = y (mod I')}.

It turns out that this is indeed a metric on G/ I" (see [8]). Since d is right-invariant (that is,
d(x,y) =d(xg, yg) forall x, y, g € G), we also have

d(xT', yI') = inf d(x, yy).
yell

The following lemma appears in [3, Lemmas 7.5 and 7.6].

LEMMA 2.3. Let G be a connected, simply connected s-step nilpotent Lie group. Then
there exist real polynomials P; : R> — R, P, : R — R, and P3 : R? — R with positive
coefficients such that for x, y, g, h € G:

(1) d(gx, gy) = Py (@l [v (), [v (0D (x, y);

2) WM < Pa(m)|y(2)]"C, where ng is a positive constant determined by G;

3) gl = Py (@l [¥ ().

Let G be a connected, simply connected s-step nilpotent Lie group with unit element e
and G = Gog = Gy, Gj+1 = [G, G;] be the lower central series filtration of G. It is clear

that {e} = Gy4+1 = Gy42 = - - - . By a polynomial sequence adapted to the lower central
series filtration, we meanamap g : Z — G such that 9y, . . ., 95,8 € G; foralli > 0 and
hi,...,h; € Z, where

nf(n) = f(n + hHfn)™!

for any map f: Z — G and n, h € Z. Let Poly(G) be the collection of all polynomial
sequences of G adapted to the lower central series filtration. It is well known that a
polynomial sequence g : Z — G adapted to the lower central series filtration has unique
Taylor coefficients g; € G foreach 0 < j < s such that
n n n
g(n) = g(g(’)gl(l) - gs(“),
where () = 1 (see for example [9, Lemma B.9] and [10, p. 240, Theorem 8]). In this case,
we say that g; € G; fori =0, 1, ..., s is the coefficients of g.
Using Lemma 2.3(2) and (3), it is not hard to verify by induction that there exists a real
polynomial Q : R**t2 — R with positive coefficients such that

[V (gm)| = Qn, [¥ (o)l - - -, [¥(gs)) 2.1

forn e Z;.
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We note that for g, h € G, g: Z — G defined by g(n) = g"h for each n e N is a

polynomial sequence adapted to the lower central series filtration since
n n
g(n) =g"h = h(o)(h—lgh)(l),

For a non-empty subset K of G, we say g € Poly(G) a polynomial sequence with
coefficients in K, if gi € G;NK fori =0,1,...,s, where {gi}fzo are the coefficients
of g. Green, Tao, and Ziegler proved the following lemma (see [9, Lemma C.1] and [10,
p- 243, Proposition 12]).

LEMMA 2.4. Let G be a connected, simply connected s-step nilpotent Lie group and I" be
a cocompact discrete subgroup of G. Then there exists a compact subset K of G such that
any polynomial sequence g € Poly(G) can be factorized as g = g'y, where g € Poly(G)
is a polynomial sequence with coefficients in K and y € Poly(G) is a polynomial sequence
with coefficients in T'.

Let X be a separable metric space with metric  and Y be a non-empty subset of X%.
For any € > 0, we let s,(Y, €) be the minimal number such that there exist x; € ¥, 1 <
i <s,(Y,e€) satisfying that for any y € Y, there exists 1 <i < s,(Y, €) with d(x;(k),
y(k)) < € for all 0 < k <n — 1. Roughly speaking, s,(Y, €) is the minimal number of
points which are e-dense in Y[0,n — 1] = {(yo, - - ., Yu—1) : ¥y = (Vi)iez € Y}.

Let G be a connected, simply connected s-step nilpotent Lie group and G/ T be an s-step
nilmanifold. For K C G, let Poly(K) be the collection of all polynomial sequences adapted
to the lower central series filtration with coefficients in K. The map n : Poly(G) —
{G/ T} is defined by

w(g)(n) =gm)I’" foralln € Z.
Put Poly(G/T") = m(Poly(G)). We have the following.

PROPOSITION 2.5. Let G/ T" be an s-step nilmanifold. Then there exists k € N depending
on G/ T such that for each € > 0, we find C(€) > 0 depending on G/ T and k satisfying
sp(Poly(G/T), €) < C(e)nkfor alln € N,

To prove Proposition 2.5, we need the following lemma.

LEMMA 2.6. Let G be a connected, simply connected s-step nilpotent Lie group and K be
a non-empty compact subset of G. Then there is a real polynomial P : R — R depending
on G and K such that

d(g(n), g(n)) < P(n) max{d(gi, &) : 0 <i <s} foralln €N,

n n n n n n
Sor any polynomials g(n) = g(EO)gl(l) o gs(‘f) and g(n) = §§0) §1(1) e §S(S) adapted to
the lower central series filtration with coefficients go, g1, - - - » s> 80> 81> - - - » 85 € K.

Proof. Let Py, P>, P3 be the real polynomials appearing in Lemma 2.3 and Q be the real
polynomial appearing in equation (2.1). Since K is compact, w = max{|y(g)| : g € K} is
a positive real number. Put é(n) =Qm,w,w,...,w) and ﬁz(n) = w"6 Py(n), where
ng is the constant appearing in Lemma 2.3(2).
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n n n n n n
Let g(n) = g(g())gl(l) e gs(S) and g(n) = §(§0) §1(1) - §S(Y) be two polynomials
adapted to the lower central series filtration with coefficients g, . . . , g5, 20, - - - » 85 € K.

A simple computation yields

i N e ) e~ VN (YN P e e )

d(g(n), (n)) go -8 & -8 8 -8 8i+1 -8
i=0
s—1 n n n n n
5000 00,
i=0
s—1

= P -g,-(i?)n, w @D, wenaE?, )

=0
-, ~ (D) ()
<> POm), P((7), Pa(()d (3 g)
i=0
s—1 n n
< ﬁ(n) d(gi(i)’ gi(i)) (2.2)

forall n € N, where P(n) = Z:;é P (O(n), 52((};)), 52((7))) is a polynomial of 7.
Now we are going to show that there is a real polynomial Ps: R — R such that
d(g", g") < P4(n)d(g, g) forall g, g € K. In fact, it follows from the fact

n—1

d(g g)<2d(gl n— l’~l+1 n—i— 1)_Zd( ~l+1

i=0
n—1 )

< Z Py D)1 v @)1 1v(@)Dd (g, g)
i=0
n—1 N

<Y Pi(Pa(i), w, w)d(Z, &)
i=0

< P4(n)d (g, 8)

2.3)

for all n € N, where P4(n) = Z;:é Pl(f’} (i), w, w) is a real polynomial of n. Summing
up, we obtain

s—1 n n
- 22) ~ N .
d(g(n), gn)) =< P(”)Zd(gi(l)’gi(l))

CH s N

< Pm) ) Pu((})d (@i, &)
i=0

< P(n) max{d(g;, g) : 0 <i < s}

for all n € N, where P(n) = ﬁ(n) Z P4(( )) is a real polynomial of n. Then P (n) is
the real polynomial as required. This ends the proof of Lemma 2.6. O
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Now we are ready to prove Proposition 2.5.

Proof of Proposition 2.5. By Lemma 2.4, there exists a compact subset K of G such that
any polynomial sequence g adapted to the lower central series filtration can be factorized
as g = g'y, where g’ is a polynomial sequence adapted to the lower central series filtration
with coefficients in K and y is a polynomial sequence with coefficients in I". Since K is
compact, by Lemma 2.6, there is a real polynomial P : R — R such that

d(g(j), () < P(j) max{d(g;,g) : 0 <i <s} foralljeN, (2.4)

and any polynomials g, g € Poly(G) with coefficients g, . . ., g, 20, ..., 8s € K. It is
not hard to see that there exists kg € N and C > 1 such that

P(n) < Cn* foralln e N. (2.5)

Since K is compact, for € > 0, we let N.(K) be the smallest number of open balls of
ratio € needed to cover K. The upper Minkowski dimension or box dimension (see [17]) is
defined by

. — log Ne(K)
lim sup ———.
€0 log €
This dimension of K is not larger than the usual dimension of G since K is a subset of G.
Hence, there exists a positive constant L such that

1 )dim(G)+1

min{e, 1} 26)

Ne(K) SL(

Set

20 dim(G)+1y s+1
k=ko(s + 1)(dim(G)+1) and C(e) = <L<—> > fore > 0.
min{e, 1}

We are going to show that
s2(G/ T, €) < C(e)n*

for n € N and € > 0. To do this, let ¥ be the projection from Poly(K) to Poly(G/T")
defined by 7 (g)(n) = g(n)I" for all n € Z. By Lemma 2.4, 7 is surjective and

d(g(j), 8()) = d(m(g)(j), ®(@)(j)) forall j € Z.
Hence,
sp(Poly(G/T'), €) < s,(Poly(K),e) foralln e N and € > 0. 2.7
For t > 0, we let E; be a finite subset of K such that

fE. < N.(K) and K C | J B(s. 7).
gEEL

For0 <i <y, we let E?) be a subset of K N G; such that

tED < N.(K) and KNG;c | Blg.20). (28
gEEL
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Put P; to be the collection of all polynomial sequences g adapted to the lower central series
filtration with coefficients g; € E?), i=0,1,...,s. Thenforn e Nand ¢ > 0,

k dim(G)+1\ s+!
£ (2.8),(2.6) 2Cnko L
#P, ek = ]_[ti E e = |L e — Clenk. (2.9

Now we fix n € N and € > 0. By equation (2.8), for any polynomial sequence

g € Poly(K) with coefficients go, ..., gs € K, we have that g; € K N G;. Thus, there
cte 5 : : = (0) (5)
exists g € Pe/zcnko with coefficients gg € EG/ZanO, ..., 8 €FE ¢/2Cnk , such that

28) € .
d(gi, 8) < m forall0 <i <.

Therefore,
_ _ €
d(g(0). 8(0)) = d(g0. 80) < ~ 1 <€

and for 1 < j <n — 1, one has

e ) _ ] Q5 €
dg(j),g(j)) < P(j)max{d(g;,g):0=<i<s} < CjOXmSE.

Hence,

@ (2.9) L
sp(Poly(G/T),€) < s,(Poly(K),¢€) < ﬁpg/zcnko < C(e)n".

Since the above inequality holds for all n € N and € > 0, we end the proof of
Proposition 2.5. O

With the above preparations, now we are in the position to prove Theorem 1.1.

Proof of (2) = (1) in Theorem 1.1. Assume that Theorem 1.1(2) holds, that is, the
logarithmic Sarnak conjecture holds for any t.d.s. with polynomial mean complexity. In
what follows, we aim to show that the logarithmic Sarnak conjecture holds.

Assume the contrary that this is not the case, then by Tao’s result [22], the
Conjecture 2.1 does not hold. This means that there exist an s € N, an s-step nilmanifold
G/ T, a Lip-continuous function F : G/I" — C, and an x9 € G/ I such that

lim sup lim sup E”<N sup |[Ep<pu(n + h)F(ghxo)| > 0. (2.10)
H—+00 N—+00 geG

Itis clear that || F'|| oo := maxyxeg,r |F(x)| > 0. Without loss of generality, we assume that
| Flloo = 1. (2.11)

Now we add an extra point p to the compact metric space G/I". We then extend the
metric d on G/ T to the space G/I" U {p} by lettlng d(p,x)=1forall x e G/T. So,
(G/ I' U {p}, d) is also a compact metric space. Let F: (G/T U {p})Z — C be defined
by F(z) F(z(0)) if z(0) € G/ T and 0 if z(0) = p. It is clear that F is a continuous
function and

1Flloo = 1 (2.12)

by equation (2.11).
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In what follows, we will find a point y € (G/T" U { pHZ such that

lim sup |E Sy w(n) F(a™y)| > 0, 2.13)

N—o0

and the td.ss. (Xy, o) has polynomial mean complexity, where o : (G/T"U (pH? —
(G/T U {pHZ is the left shift and Xy ={o"y :n € Z} is a o-invariant compact subset
of (G/T U{phHZ. Clearly, this is a contradiction to our assumption and thus proves that
statement (2) implies statement (1) in Theorem 1.1.

We divide the remaining proof into two steps.

Step 1. The construction of the point y. First, we note that

o= L fe((§):)

for z € C. Thus, by equation (2.10), there is 8 € {0, %{, %, %} such that

lim sup lim sup ELOEN max {sup Re(e(B)Ep<pp(n + h)F(ghxo)), 0} > 0.
H—+400 N->+4o00o geG

Thus, we can find T € (0, 1) with

E:

[H e N : lim sup B¢, max[sup Re(e(B)Ep<p i(n + h)F(g"x0)), o} > r}
N—+o00 - geG

is an infinite set. Moreover, putting ¢ = t2/200 and by induction, we can find strictly
increasing sequences {H;}:°, of E and {N;}?°, of natural numbers such that for eachi € N,
one has

o o
THE (2.14)

and there exist g,; € G for 1 <n < N; satisfying

H; <oN/ <

IELOSg v, max{Re(e(B)En<p, (n + h)F (g} :x0)),0} > T. (2.15)

Fori € N, let M; = Y (1/n) and

S; = {n € [1, NINZ: Re(e(B)Ep<p,1u(n + h)F(g! x0)) > %} (2.16)

Then by equations (2.12) and (2.15), we have

1 T
P > M. (2.17)

nes;
Notice that limy — 400 (D, <yo (1/n)/3_,<n(1/n)) = 0. So, when i € N is large enough,
we have

lemrt 1 T T
E - > —M; - — > —-M; —20M; > —M;.

n 2 2 4
neSi\[1,N?] n<N?®
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Hence, we can select Slf C Si \ [1, N7 ] with each gap not less than 2 H; and
1 'L'M,'
Y- - (2.18)
n 8H;
nes;
for i € N large enough.
Define y : Z — G/TI" U {p} such that
y(n+h):=ghxg forneS, h=12.. H,ieN

and y(m) = pform € Z\ U2, Upesin +1,n+2,...,n+ H;}.
Clearly, y is well defined since N;4+1 > N; + H; by equation (2.14). Then one has by
equations (2.16) and (2.18) that

2
Re<e(/3) ) ,11 D nn +h>F(a"+”y)) > M

nes, = h<H; 16
for i € N large enough. This implies

> % > u+mF@""y)

neS;  h=H;

.[2
M 2.19
> % (2.19)

for i € N large enough. Moreover, for i € N large enough,

DIED RN AR 3 sl i

nesS]  h<H; neS, h<H; n+h
(2.12) 1 1 H;
YY) < T s
nes! h=<Hj noonth nes; h=H; n(n + Hi)
-y _ B 3 Hi
- n(N? + H;) — nN?
nes! ! nes! !
@.14) 1
< o - < —=M;.
- Z n— 32"
nes;

Combining this inequality with equation (2.19), one has

pmF@"y) | _ pn+mF@©"y)| M
> T'_‘ZZ ‘z (2.20)

n+h 32

N7 <n<N;+H; nes! h=<Hi
for i € N large enough. Thus,
‘L 3 u(n)f(a”y)‘
I h<N; n

1

>
=M

M;
n<N? or

N;<n=<N;+H;

pmF@"y)| 1 () F(a"y)
Y oeemlg p o el

N[-U <n<N;+H;
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20 22 |Flleo 1 IFles 1
20 2% 1 IFle 1
- 32 M; Z n M; Z n

Ni<n<N;+H; nSNl.“
122 H ©.14) 72 .14) 72
> ————-20 > ——30 > —
32 N; 32 100
for i € N large enough. This deduces that
I ~ 7’
limsup |E Sy u(m)F(o"y)| > — > 0.
N—oo - 100

Therefore, y is the point as required.
Step 2. (Xy, o) has polynomial mean complexity. Recall that X, = {o"y :n € Z}isa
compact o-invariant subset of (G/I" U {pH%. The metric on (G/ T U {p})Z is defined by
d(x(n), x'(n))
N —
D(x,x") = Z e (2.21)
nez
for x = (x(n))nez, ¥’ = (X'(n))nez € (G/T U {p)Z. By Proposition 2.5, we can find
k > 1 such that
B sp(Poly(G/T), €)
im

n——+00 nk

=0 foralle > 0. (2.22)

Now we are going to show that

S D, 9X s
Jim inf 22229 X5, €

lim inf s =0 foralle > 0.

Forn € Z, and —n < g < n, let X, ; be the collection of all points z € (G/I" U {phHZ
with
. p if —n<j<ugq,
D=y .
gHI ifg<j=n,
where g is some polynomial sequence of G adapted to the lower central series filtration;
and let X j,"q be the collection of all points z € (G/T" U { phH% with

. gHI' if —n<j<gq,
z(j) = . .
p ifg <j<n,
where g is some polynomial sequence of G adapted to the lower central series filtration.
Fori € N, put t; = [H; /2], where [u] is the integer part of the real number u. Then,
X, C U Xy, g U U X;, Uloly: —H; < j < H;). (2.23)
—1i=q=t; —li=q=li
In fact, since Hj11 > N; + Hj forall j € N, one has
o'yve |J XU U X5 ,Uloly:—H <j<H) forallneZ (224)
—li=q=t; —li=q=t;

by the construction of y. It is not hard to see that Xy, 4, X7 ,
(G/T U {phZ foreach —1; < ¢ < t; andi € N by Lemma 2.4. Hence, the set in right part

are all compact subsets of
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of equation (2.23) is also a compact subset of (G/T" U { pHZ. Now equation (2.23) follows
from equation (2.24).
Now we fix € > 0. We have the following claim.

CLAIM. Fori € N large enough, one has:

(D) Spy2(D, o, Xy 4, €) < 5,,(Poly(G/ 1), €/2) forall g € [—t;, ;] N Z;
2 Sy(D, 0, X7 p € =5, (Poly(G/T"), €/2) forall g € [—t;, ;] N Z.

Proof of the Claim. We prove part (1) first. For i € N and —#; < ¢q <t;, we let m; 4 :
Poly(G/TI') — X, 4, be defined by

} p if —ti<j<gq,
g () = { ’

z(j) otherwise,

forz € Poly(G/T').Fori € Nlarge enough, if z, 7 € Poly(G/I') withd(z(j), Z(j)) < €/2
forall —t; < j <t,thenforq € [—1;, ;] N Z,

[ti/2]-1

_ 1
Dy (mig(2). 11 g@) = ——= > D(o'z,0'D)
/2] =
(2__1) 1 LG D). T+ D)
- Z 2lnl+2
I=0 neZ
[ti/2]-1 ~ ~
1 dzn+1),z(n +1)) dzin+1,z(n +1))
< — > + >
[ti/z] 2ln|+2 2ln|+2
=0 [n|<[t /2] In|>[t /2]
[t;/2]-1 .
1 € diam(G/T)
- € aam®&/ N _ o 225
=T/ ZZ(; <2+ i ) <e€ (2.25)

where we use the fact#; — +o00 asi — +o00 in the last inequality. Notice that the map 7;
is surjective foralli € Nand —#; < g < ¢;. By equation (2.25), fori € N large enough, one
has

Si21(D, 0, Xy g, €) < 5y <P01y(G/ I, %) forallg € [—1;, ;] N Z.

By the similar arguments, one has part (2). This ends the proof of the Claim. O

Hence, by the above Claim and equation (2.23), one has

]
Sti/21(D, 0, Xy, €) < QHi + 1)+ Y (Sii/21(D. 0, Xip g, €) + Sy y21(D, 0, X 0 €)
‘1—71‘1

< QH;+ 1)+t + s, (Poly(G/ r), %)

for i € N large enough. Combining this with equation (2.22),
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S D, s X )y . . S . D, s X s
lim inf Sn(P> 9> Xy, €) < lim inf 11;/21(D, 0, Xy, €)
e b (/2]
. (2H; + 1) + (2 + Dsy, (Poly(G/T), €/2)
< lim inf
i [1; /2151

=0,

where we used the assumption #; = [H;/2]. This implies that (X, o) has polynomial
mean complexity, since the above inequality is true for all € > 0. This ends the proof of
Step 2. O

Remark 2.7. In the proof above, we use dynamics on infinite products. Precisely, we show
that if the logarithmic Sarnak’s conjecture does not hold, one can find a point in an infinite
product space (G/ T U {p})Z for which the logarithmic averages are almost equal to the
short uniform averages of the corresponding space G/I". We remark that the idea behind
the construction is similar to that in [4] where the authors also use dynamics on infinite
products. They show that what they call the strong MOMO property is equivalent to
Sarnak’s conjecture (see Corollary 9).

2.2. Proof of statement (3) implies statement (2) in Theorem 1.1. To get the proof, we
first discuss a t.d.s. with the so-called small boundary property, then we obtain a key
proposition for the proof, and finally we give the proof. We start with the notion of small
boundary property.
For a t.d.s. (X, T), a subset E of X is called T-small (or simply small when there is no
diffusion) if
N-1

1
li —E 1£(T"x) =0
N—1>TooN o e(T7x)
n=|

uniformly for x € X. It is not hard to show that a closed subset E of X is small if and only
if v(E) =0forall ve M(X, T). For a subset U of X, we say U has a small boundary if
aU 1is small. We say (X, T) has a small boundary property if for any x € X and any open
neighborhood V of x, there exists an open neighborhood W of x such that W C V and W
has a small boundary. The following lemma indicates that when X has the small boundary
property, then the logarithmic Sarnak conjecture can be verified through easier conditions.

LEMMA 2.8. Let (X, T) be a t.d.s. with small the boundary property. Then the logarithmic
Sarnak conjecture holds for (X, T) if and only if for any subset U of X with a small
boundary, one has

i EvEy1u(T"0)u(n) = 0 (2.26)

forall x € X.

Proof. First, we assume that equation (2.26) holds for any subset U of X with small
boundary and x € X. For a given f € C(X) and fixed § > 0, let

€e=¢€(8) = sup [ f(x) — fFDI.

x,yeX.d(x,y)<$
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Let P ={P1, P>, ..., P} be a partition of X with diameter smaller than § and each
element of P has a small boundary. For 1 <i <k, we fix points x; € P; and define
fx) = f(x)if x € P Then, f(x) = Y*_, f(x))1p (x) and by equation (2.26),

. 1 =
Glim Sy (T oum) =0

forall x € X. Since || f — flloo < €, we have

log

lim sup |E, % £ (T"x) ()|
N—+00 -
. log  7,4n . log =
< lim sup [y F(T"x) ()| + lim sup B 1| f = Flloo - 1)
N—+o00 - N——+00 -
<e€

for all x € X. By taking § — 0 and then ¢ — 0, one has

. It
Jlim B, Sy f (T () = 0

for all x € X. This implies the logarithmic Sarnak conjecture holds for (X, T) since f is
arbitrary.

Conversely, we assume that the logarithmic Sarnak conjecture holds for (X, T). Let U
be a subset of X with small boundary. Fix § > 0. By a result of Shub and Weiss (see [20,
p- 537]), we can find € > 0 such that for N large enough,

| S

N
1
v D 1pu.o(T"x) <

n=1

forall x € X, where B(dU,¢€) ={y € X : d(y, dU) < €}. Moreover, for N large enough,

N
I 1 1gu,e)(T"x)
EnOSgNlB(aU,G)(Tnx) = — Z #

My = n
N-L o (2.27)
1 (SN(x)+Zs,(x) 1 )
My N e
<3$

for all x € X, where we simply write My = Zf:’:l (1/n)and S;(x) = Zf;:l 1g0u.e)(T"x)
for j e N.

Using Urysohn’s lemma, there exists a continuous function #: X — R with 0 <h <1
such that h(x) =1 for x € U\ B(3U, €) and h(x) =0 for x € X \ (U U B(@U, ¢)).
Since the logarithmic Sarnak conjecture holds for (X, T'), one has

. 1
Nl—1>r-rs-loo EnogNh(T”x)u(n) =0

for all x € X. Combining this equality with equation (2.27), we obtain
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lim sup [E, %y 1y (T"x) ()|
N—+o00 -

. 1
< lim sup |IEn°;g N

N—+o0 N—+o0

R(T"x)(n)| + lim sup B8\ |h(T"x) — 1y (T"x)]

n<N
< lim sup ELOENIB(BU,S)(THJC) <3$
N—+oo -

for all x € X. By taking § — 0, we have
. 1
Glim E, £y 1u(T"x)un) =0
for all x € X. This ends the proof of Lemma 2.8. O

The next lemma concerns the coding of a subset with small boundary.

LEMMA 2.9. Let (X, T) be at.d.s. and U be a subset of X with small boundary. For x € X,
we associate an % € {0, 1Y% such that (n) = 1 if T"x € U and % (n) = 0 otherwise. Then
for§ > 0, there exist € > 0 and Ns € N such that for all N > Ns and any x1, xo € X with
dy(x1, x2) < €, one has

{0 <n <N —1:X1(n) #x2(n)} <25N.
Proof. We fix an § € (0, +00) and a non-empty subset U of X with small boundary. By

a result of Shub and Weiss (see [20, p. 537]), there exist N5 € N and €g € (0, +00) such
that

N-1
1
sup — E 13(3[],60)(7"")6) <4, (2.28)
xexN=N; N =5

where B(OU,e)) ={z€ X :d(z,7) <¢yforallz € dU} if aU is not empty and
BU, €¢p) = W if aU is empty.

We notice that U \ B(AU, e)) N X \U =@ and (X \ U) \ B(AU, €9) N U = @. Thus,
we can find € € (0, §%) such that when x, y € X withd(x, y) < Je, ifx € U\ B(AU, €)
(respectively x € (X \ U) \ B(dU, €p)), then y € U (respectively y € X \ U). We are
to show that € is the constant as required. We fix N > Ns and x[,x; € X with
c?N(xl, X2) < €. Set

C={0<n<N-—1:T"x € BOU, &)).
By equation (2.28), C < §N. Put
A={0<n<N—-1:d(T"x1, T"x2) < J/e}.
One has A > (1 — \/€)N and X (n) = x»(n) foralln € A\ C. Therefore,
#H0<n <N —1:X5(n)=%m)>1A-4C> (1 —-e—-8N.
Since § > 4/, one has
#Ho<n <N —1:X1(n) # x2(n)} <25N.
This ends the proof of Lemma 2.9. O
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Recall that the metric on {0, 1} is defined by

dix,y) =) k) — vl (2.29)

2lnl+2
nez

for x = (x(n)nez, y = Y(m))nez € {0, I}Z. We have the following lemma which is key
for the proof of statement (3) implies statement (2) in Theorem 1.1.

Now we show a key proposition for the proof of statement (3) implies statement (2) in
Theorem 1.1.

PROPOSITION 2.10. Let (X, T) be at.d.s. and U be a subset of X with small boundary. For
x € X, we associate an € {0, 1}% such that £(n) = 1if T"x € U and 0 if T"x € X \ U.
Then for each § > 0, we can find € := €(5) > Osuchthat Sy(d, o, )A(, 8) < Sy, T, X,e€)
for N € N large enough, where X = (% :x € X}ando : {0, 1}Z — {0, 1}7 is the left shift.

Proof. We fix a$§ > 0 and a non-empty subset U of X with small boundary. We are to find
€ € (0, +00) such that Sy(d, o, X,8) < Sy(d, T, X, €) for N large enough. To do this,
we choose L € N and 8’ > 0 such that

2
48'L + o <9 (2.30)

By Lemma 2.9,_there exists € := €(8’) > 0 such that for N € N large enough and
x1, xo € X with dy(x1, x2) < €, one has

#Ho<n <N —1:X1(n) #%{n)) <28N. (2.31)
Fix x1, xo € X with 3N(x1,x2) < € and put

Cn={0<n<N-1:X1n+1) #X(n+1)forsome —L+1<I[<L-—1}
By equation (2.31), we have for N € N large enough,
#Cy < 48'LN.

Notice that d (0" X1, 0"x2) < 1 forn € Cy. One has

- 1
dy (X1, X2) = ﬁ( Z d(o"x1,0"x) + Z d(Unfl,Jnfz))

neCy nel0,N—1\Cy

229 1 2
SE{PIEE I )

neCy nel0,N—11\Cy

1 2
= ﬁ(ﬁCN + Z_L(N — ﬁCN))

230) 2
< 48'L + 2_L < 4.

Therefore, Sy (d, o, )A(, 8) < Sn(d, T, X,e)for N € Nlarge enough and € is the constant
as required. This ends the proof of Proposition 2.10. O

For a t.d.s. (X, T), Lindenstrauss and Weiss [15] introduced the notion of mean dimen-
sion, denoted by mdim(X, T). It is well known that for a t.d.s. (X, T), if hp(T) < 00 or
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the topological dimension of X is finite, then mdim(X, 7") = 0 (see [15, Definition 2.6 and
Theorem 4.2]).
Now we are ready to finish the proof of Theorem 1.1.

Proof of Theorem 1.1: (3) = (2). Assume that Theorem 1.1(3) holds. Now we are going
to show that Theorem 1.1(2) holds. Assume the contrary that Theorem 1.1(2) does not hold,
then there exists a t.d.s. (X, T) with polynomial mean complexity such that the logarithmic
Sarnak conjecture does not hold for (X, T).

Let (Y, S) be an irrational rotation on the circle. Then (X x Y, T x S) has polynomial
mean complexity as well as zero mean dimension and admits a non-periodic minimal factor
(Y, S). Hence, (X x Y, T x §) has small boundary property by [14, Theorem 6.2]. Since
the logarithmic Sarnak conjecture does not hold for (X, T), neither does (X x Y, T x S).
By Lemma 2.8, there is a subset U of X x Y with small boundary and w € X x Y such
that

lim sup ]ELOENIU((T X S)”w)p,(n) > 0.
N——+00 -
Combining this with Proposition 2.10, the {0, 1}-symbolic system ({Z : z € X x Y}, o) has
polynomial mean complexity and
lim sup EL(EN Fo(a"w)u(n) > 0,
N—+o00 -
where Fy(Z) = z(0) for z € X x Y, which contradicts the assumption that Theorem 1.1(3)

holds. This ends the proof of (3)==(2) in Theorem 1.1, and hence the proof of
Theorem 1.1. O

3. Proof of Theorem 1.3

In this section, we will prove Theorem 1.3. First, we recall the definition of packing
dimension. Let X be a metric space endowed with a metric d and E be a subset of X.
We say that a collection of balls {U,},en C X is a §-packing of E if the diameter of the
balls is not larger than 4, they are pairwise disjoint, and their centers belong to E. For
o € R, the a-dimensional pre-packing measure of E is given by

P(E, &) = lim sup { Z diam(Un)“},
neN

where the supremum is taken over all §-packings of E. The «-dimensional packing measure
of E is defined by

p(E, @) :inf{ ZP(Ei,oz)},
ieN

where the infimum is taken over all covers {E;};cn of E. Finally, we define the packing
dimension of E by

DimpE = sup{a : p(E, @) = +oo} = inf{a : p(E, o) = 0}.
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Forx € [0, 1]Jandr > 0O,let B(x,r) = {y € [0, 1], |x — y| < r}. To prove Theorem 1.3,
we need several lemmas. We begin with the following lemma (see [5]).

LEMMA 3.1. Let u be a Borel probability measure on [0, 1]. Then,
Dim*p = inf{DimpE : E C [0, 1] with n(E€) = 0},
where Dim*iu = ess sup lim sup,_, 5(log n(B(x, r))/log r).
We also need the following lemma [17, Theorem 2.1].

LEMMA 3.2. Let B = {B(x;, ri)}icT be a family of open balls in [0, 1]. Then there exists a
finite or countable subfamily B' = {B(x;, r;)}ieT of pairwise disjoint balls in BB such that

U B C U B(x;, 5r;).

BeB iel’

Let T be the unit circle on the complex plane C. Recall that e(r) = e>™* for any
t e R. We will prove the following lemma by using Lemmas 3.1 and 3.2. Define
a metric d on [0, 1] x T such that d((x1, z1), (x2, 22)) = max{|x; — x2|, |z1 — z2|} for
(x1,21), (x2,22) € [0, 1] x T.

LEMMA 3.3. Let C be a compact subset of [0, 1] with DimpC < t for some given T > Q.
Then the td.s. T : C x T — C x T defined by T(x, e(y)) = (x, e(y +x)) satisfies for
any p € M(C x T, T) and any € > 0,

S d9 Ts ’
lim inf 2100

n—-+00 nt

Proof. Fix a constant 7p with DimpC < 19 < t. For a given p € M(C x T, T), let m be
the projection of p onto the first coordinate. Fix € € (0, 1). To prove Lemma 3.3, it suffices
to demonstrate
. . Sn (d7 T’ p’ E)
lim inf —— =

n—+00 nt

0.

First we note that m(C) = 1. Using Lemma 3.1, one has Dim*m < 7( and there exist a
subset C of C and a constant re € (0, 1) such that:
@))] Cis compact and m(g) >1—c¢€;
(2) m(B(x,r)) >r%for0<r <rcandx € C.

For any given integer n > €/10r¢, set B, = {B(x, €/10n)}, .#. By Lemma 3.2, there
exist pairwise disjoint balls ), = { B(x;, €/10n)};cz, in B such that

5 C U B(X,', 26_7’1)

: 7
ieZ,

Since €/10n < r,, one deduces that

€ €\ ~
B — — for all .
m( (x, 10”)) > (1011) orallx e C
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Therefore, Z, is finite since elements in B3], are pairwise disjoint. Precisely,

1 T
ﬁIns(ﬂ>.
€
€j . . 4
E.=3{xi, el — cie€Zyand j €40, 1, ..., — ¢,
4 €

where [47 /€] is the integer part of 47 /€. Then, for n > €/10r, it is not hard to verify that

Bj,,((x,ye(%)),e) D B(xi, %) X {e(t) : < %}

fori e Z,and j € {0, 1, ..., [4m /€]}. This implies that for n > €/10r¢, one has

p( U B,;ﬂ(%é)) > p(ign B(xi, %) x T) =m(ign B(xi» ;—n»

y€EEe

Now we put

ci
L€
4

>m(C) > 1—¢,

and
47 10n\™ 47
Snd, T,p,e) <Ec <I, x — < | — X —.
€ € €
By the fact 79 < 7, one has
S d9 Ts B
lim inf M =0
n—+00 nt

This ends the proof of Lemma 3.3. O

Now let p = (0, 0) be the origin of C. For a sequence y € (T U {pHZ, let

Gen(y) = {u € M((TU{ph*. o) : Y. Sony > pfor Ny — M; — +oo},

! ! M;<n<Nj

where o : (TU{phH%Z — (TU{phH? is the left shift. Put X, = {o"y :n € Z}. Then
(Xy,0) is a subsystem of ((T U {p})Z, o). It is not hard to see that for u € Gen(y),
1(Xy) =1, and thus we can identify Gen(y) with M(X, ). We have

LEMMA 3.4. Let C be a non-empty compact subset of [0, 1] and y € (T U {p})?. Assume
that the pair (y, C) meets the following property.

Property (x)—there exist {m; < ny <my <na ...} CZ {6}k>1 C C, and {pi}k>1 C
[0, 1] such that:
(D) limj 00 nj —m; = +00;
2 y()=pforjeZ\Uienlmi, ni);
B) ymi+j)=-e(p;i+ jO;) foralli > 1and0 < j < n; —m;.

Then, any element in Gen(y) supports on the compact subset

C = {(ze(i0))icz € TZ : 0 € C, z € T} U {p}~.
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Proof. Assume that (y, C) meets Property () and set
Z ={ze(TU{ph%:z(~=1) = p,z(0) € T).

It is clear that X, \ |UJ,cz 0"Z C C. To prove the lemma, it is enough to show that
u(g) =1 for all u € Gen(y). Since Gen(y) = M(X,, o), it is enough to show that
w(Z) =0 for all u € Gen(y).

Now we fix a u € Gen(y). Then there exist M} < Nj, My < Na, ... such that
lim;_, oo N; — M; = +00 and

1
lim ——— Sony = L.
i—»+oo Ni — M; MVE;N‘ o=

Since Z is an open subset of (T U {p})%, we have

. 1
wE) sliminl 53 2 (@)
M; <n<N;
.. MM <n<N;:0"yeZ)
= lim inf
i—>+00 N; — M;
.. HMi <n<N;:yn—1)=p,yn) €T}
= lim inf
i—>+00 N; — M;
e N: M; i < N;j
— lim ing P SN Mi < mj = Nib
i— 400 N; — M;

where the last equality follows from Property (x)(1). This ends the proof of Lemma 3.4.
O

The next lemma follows easily from the previous ones.

LEMMA 3.5. Assume that C is a non-empty compact subset of [0, 1] with DimpC < t
andy € (TU {p})Z. If (v, C) meets Property (x) as in Lemma 3.4, then the t.d.s. (Xy, o)
satisfies

S d’ T’ b
fim jnf L2 O _

n——+00 nt

0
foralle > 0and p € M(X,,0).

Proof. Fix a pair (y, C) which meets Property () as in Lemma 3.4. Then all measures in
Gen(y) support on a compact set,

C = {(ze(i0))icz € T : 0 € C, z € T} U {p}~.

It is clear that C is a o-invariant compact subset of (T U {pHZ, that is, (5, o)isat.d.s.
Notice that (C, o) is a factor of (C x T U {p}, T), where T : C x TU{p} = C x TU
{p}with T(p) = pand T (x, e(y)) = (x, e(y + x)) for (x, e(y)) € C x T. The lemma is
immediately from Lemma 3.3. O
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The final lemma we need is the following one.
LEMMA 3.6. If there exist a non-empty compact subset C of [0, 1] and B € R such that

lim sup lim sup IEn<N max {Re( sup e(B)Ep<pp(n + h)e(ha)), 0} > 0, 3.1
H—>+00 N—>+00 aeC

then there is y € (T U {p)Z such that (y, C) meets Property (x) as in Lemma 3.4 and
lim sup |En<Np,(n)F(a"y)| > 0, (3.2)

N—o00
where F - (TU{pHZ% — C is the continuous function defined by I?(z) =z(0)ifz(0) eT
and 0 if z(0) = p.

Proof. By the assumption in equation (3.1) and the similar arguments as in the proof
of Theorem 1.1 (2) = (1), we can find 7 € (0, 1), strictly increasing sequences

{H-},GN, {N;}ieny of natural numbers, series {ai,j}j'\il CR,i=1,2,3...,and B €
{O, 1 4 4} such that for each i € N, one has
72
o o
H; <oN; < 10H1+1 where o = 200 (3.3)
and
1
E,: v, max{Re(e(B)En<p, 1(n + h)e(hay ), 0} > . (3.4)
Fori e N, let M; = 2,11\];1(1/”) and
T
Si = {n € [1, Ni] : Re(e(B)Ep<m; p(n + h)e(han,i)) > 5}. (3.5)
Then by equation (3.4), one has
1
o im (3.6)
n 2
nes;
Notice that imy — 400 (3, <yo (1/1)/3_, < n(1/n)) = 0. We have
1 @. 6) 1: B3 T
Z n —Z—>— ,‘—ZO‘M,'_1>ZM,'
neS;\[1,N7] n<N{

for i € N large enough. Then we can choose S C S; \ [1, N/ such that each gap in S/ is
not less than 2H; and

Z - L (3.7)
nES’
for i € N large enough. Define y : Z — T U {p} such that
y(j) =e((j —man;) ifjeln+1,n+ H] forsomei>1 and ne€S],

and y(j) = p for other j, where p is the zero of C. It is not hard to see that y is well defined
and meets Property (x).
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Now we are going to show that equation (3.2) holds. Combining equations (3.5) with
(3.7), one has

T (~n+h 2
Re(e(,B) >3 pn +h):(a y)) - % x Hyx Y. % - ;—6Ml~ (3.8)
nes;

nes; h<H;

for i € N large enough. Then,
pn+h)F(o"y) pin+ h)Fo"thy)
PIPIE LA )

nes, h<H; nes; h=<Hi nth
1 1 H;
T Y- DT
nes; h<H; " nth neS, h<H; n(n + Hj)
H; (3 1 33) 12
< < o - < —M;
- 2 nN? — 'n T 32 '
nes; nes;

for i € N large enough. Combining this inequality with equation (3.8), one has

3 u(n)ﬁa”y)‘ _ ‘ 303 M(n+h)F(0"+hy)’
n

N{ <n<N;+H; neS; h<H; nth
un + h)y(n + h) 2M;
> R —
= re(ep) Y Y M =
neS; h=Hi
‘L'ZM,'
>
- 32
for i € N large enough. Thus,
i ~ pMF@E"y)| 1 P F(o"y)
B iy hmF@" )| = |— Y - — Y |
=N i n Mi n
nSNi+Hi N;<n<N;+H; or
anlf’
72 H; 33) 72
>——-20—— > — >
32 N; 100
for i € N large enough. Therefore, y is the point as required. This ends the proof of
Lemma 3.6. O

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Assume that Theorem 1.3 is not valid. Then there exists a
non-empty compact subset C of [0, 1] with DimpC < 1 such that

lim sup lim sup IELOEN sup |[Ep<gu(n + h)e(ha)| > 0.
H—+00 N—>+o00 - weC
Thus, we can find 8 € {0, %, %, %} such that

lim sup lim sup IELOEN max{ sup Re(e(B)Ep<gu(n + h)e(ha)), 0 > 0.
H—+00 N—>+o00 - aeC
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By Lemma 3.6, there is y € (T U {pH% such that (y, C) meets Property (x) as in
Lemma 3.4 and
lim sup |IEn<Nu(n)F(a”y)| >0, 3.9
N—o00
where F : X y — R is a continuous function defined by F (z) = z(0) if z(0) € T and O if
z(0) = p. Then, by Lemma 3.5 and the assumption DimpC < 1, the t.d.s. (Xy, o) satisfies
S d7 bl 9
lim inf M =0 foranye >0 and pe M(X,,o).

n——+o0o n

By Theorem 1.2,
Jlim En<NM(n)F(G"y) =0.

This conflicts with equation (3.9) and the theorem follows. We end the proof of
Theorem 1.3. O
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A. Appendix. Proof of Theorem 1.2
In this appendix, we prove Theorem 1.2 following the arguments of the proof of [11,
Theorem 1.1°].

Let (X, T') be a t.d.s. with a metric d and sub-linear mean measure complexity. To prove
that the logarithmic Sarnak conjecture holds for (X, T), it is sufficient to show

: p(n) f(T"x)
lim sup ‘
i—>+400 Zn 1(1/ n) ; n

forany € € (0, 1) and f € C(X) with max,cx |f(z)| < 1,x € X and {N; < N» < N3 <
-} € N such that the sequence IEnoig N; 8Tnx weakly* converges to a Borel probability

<Te (A1)

measure p.
To this aim, we will find L € N, {x1,x0,...,x,} C X and j, € {1,2,...,m} for
n=1,2,3,...such that that for large i,
L—1
T" 1 1 0 f(Tx;
‘ u(n)f( X _ Z < pn+ 0 f( x,n>>' s a2
M; M; n
n=1 n=1 =0
and
N, L—1 )
1 un+8) f(Txj,)
'M 2 (Z > - < 2e. (A.3)

£=0
It is clear that equation (A.l) follows by equations (A.2) and (A.3). Equations (A.2)

and (A.3) will be proved in Lemmas A.l and A.2) respectively, where we write M; =
YN (1/n) fori € N.
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To prove the two lemmas, we first choose €; > 0 such that € < €2 and
If() — f(@)] <€ whend(y, z) < \/er. (A4)

Since ]Elnoi N,v(ST"X weakly* converges to p, it is not hard to verify p € M(X, T). So, the
measure complexity of (X, d, T, p) is sub-linear by the assumption of the theorem, and
thus there exists L > 0 such that

m=S8d,T,p,e1) <eL. (A.5)
This means that there exist x1, x2, . . ., X, € X such that
m
,0( U BEL(xi’ 61)) >1l—€>1-— 2.
i=1

PutU = U;'n=1 BEL(x,-, €1)and E = {n € N: T"x € U}. Then U is open and so

N.
1 1 1 = 8y (U
liminf — ) —=1iminf—§:Tx—()Zp(U)>1—61. (A.6)
i—+00 i n i—+00 i n
neEN[1,N;]
For n € E, we choose j, € {1,2,...,m} such that T"x € BEL (xj,, €1). Hence, for

n € E, we have d (T"x, Xj,) < €1, thatis,

L—1
1
7 d(TK(T”x), Tl(xjn)) < €,
=0
and so we have
#{e[0, L —1]:d(TT"x), T x;,) > \Je1) < Ly/e1 < Le. (A7)

Thus, forn € E,
1 L—1
T 2T R) = (T ;)]
£=0

(e#{€ € [0, L —11: d(T“(T"x), T'x},) < e} (A.8)

n~|~

+2#{e [0, L — 1]: d(T(T"x), T'x;,) > J/e1))
< 3¢,
by using the inequality in equation A.4, equation (A.7), and the assumption max,ey | f (x)|
<1

For each n ¢ E, we simply set j, = 1.
We first establish Lemma A.1.

LEMMA A.l. For all sufficiently large i,

wmf(T"x) 1 wn 15 pn +E>f<T‘fx \
'M 1 —n — ﬁl Z Z ZO ] < Se.
n= n=1 L=
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Proof. As maxycy |f(x)] < 1, itis not hard to see that

N; N, L-1
, 1 o« T" 1 1 +0) f (T
lim sup ’— Z w - — Z — pn )/ ( *) =0. (A9)
imtoo | Mi " M5 LS "
By equation (A.6), once i is large enough,
1 1 2
— Z —>1—-€e2>1—e. (A.10)
' neEN[LN;] n
Now,
RN} 3 u(n+€)f(T””x) RS 3 L OF )
1 L i L n
n=1""¢=0 n=1 " ¢=0
Ny L-1
_ L L TET) = f(T))
- M; L n
n=1 =0
L-1 Con ¢
1 1 Lf(T5(T X)) — f(T"x,)l
sh Y 1y
nell,N;] \E =0
L— Lon ¢
1 |f(T™(T X)) — f(T"x;,)|
X Z
' neEN] lN]
2 1 3e 1 )
< M Z - + —l Z ” (by equation (A.8))
nell,N;\E neEN[1,N;]
2 1
— — + 3e.
< M Z n + 3¢
nell,N;\E
Combining this inequality with equation (A.10), when i is large enough,
‘L - Ly pat OF ) L - 1y o+ 0 (T)
Mol " Mi = L= n (A.11)
< Se.

So the lemma follows by equations (A.9) and (A.11). This ends the proof of Lemma A.1.
O

Now we proceed to show Lemma A.2.

LEMMA A.2. For all sufficiently large i,

L—1

al u(n + 0 f(T';,)

n

< 2e€.

' 1

i

S~ =

n=1 L

Il
=}
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Proof. By Cauchy’s inequality,

N; —
1 1 wn +0) f(Ttx;,) |?
LSy e,
n=1 =0
N W 2
<— > —|= ) n+0f(T'x,)
i n|L
n=1 £=0
1l <41 &1 & 2
= -2 Z p(n+0) f(Tx;)
n=1 j=1 =0
L—1 L-—1
2L i 3 FATx)F(Tex)) Z pn+ )pun + 6)
— L2 4 M; n '
j=1£,=0 £,=0 n=1

Note that M; =~ log N;. Since the two-term logarithmic Chowla conjecture holds [21], we
have

=0

lim Z um+L)um + L)

i—o0 M; n
n=1

for any 0 </¢; # ¢, <L —1. Combining this equality with the fact that max,cy |f (x)|
< 1, one has that for sufficiently large i,

‘L i 1 w0t P
i n=1 L =0 n
P ST FT)] om 1+ Opn + )|
<oty g 3 3 VT 5 lete )
j=1 =0 j=1 n=1
om Ly g
E JE— — J—
= 2 .
L 1=0 Mi i
n m
= € _—
L
AS
(<) €.
This ends the proof of Lemma A.2. O

B. Appendix. Proof of Theorem 1.4

In this appendix, we prove Theorem 1.4. As in the proof of Theorem 1.3, we let p be the
zero of C. For a sequence y € (T U {phH%, we put Xy = {o"y : n € Z}, where o is the left
shift. To this aim, we give a lemma first.

LEMMA B.1. [f there exist a non-empty compact subset C of [0, 1] and B € R such that

lim sup lim sup E, <y max { sup Re(e(B)En<p(n + h)e(ha)), 0} ~0, (Bl
H—>+00 N—+00 aeC
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then there is y € (T U {pHZ such that (v, C) meets Property () in Lemma 3.4 and

lim sup |E,<yu(n)F(a"y)| > 0, (B.2)
N—o0
where F X, — C is a continuous function defined by F(z) =2z(0) if z(0) € T and O if
z(0) = p.
Proof. 1t follows by a similar arguments of the proof of Lemma 3.4. O

Now we are going to prove Theorem 1.4.

Proof of Theorem 1.4. Assume the contrary that Theorem 1.4 does not hold. Then there
exists a non-empty compact subset C of [0, 1] such that DimpC = 0 and

lim sup lim sup E, <y sup |Ep<gu(n + h)e(ha)| > 0.
H—+00 N—>+o00 aeC

Thus, there is B € {0, §, %, 3} with

lim sup lim sup E, <y max i sup Re(e(B)En<mu(n + h)e(ha)), 0} > 0.
H—+400 N—+o00 aeC

By Lemma B.1, thereis y € (T U {p)H% such that (y, C) meets Property (x) in Lemma 3.4
and

lim sup |Ey<y p(n) F(a"y)| > 0, (B.3)

N—o0

where F : X y — Riis a continuous function defined by F (z) = z(0) if z(0) € T and O if
z(0) = p. By Lemma 3.5, the t.d.s. (X, o) satisfies

hm lrlf Sl‘l(d’ g, 10’ 6)

n——+00 nt

=0 foranye>0,7>0 and pe M(X,,0),

since DimpC = 0. Using the result of [11], one has

lim sup |E,<yu(n)F(c"y)| = 0.

N—o0

This conflicts with equation (B.3) and the theorem follows. This ends the proof of
Theorem 1.4. O
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