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On a result of Moonen on the moduli space of

principally polarised abelian varieties

Andrei Yafaev

Abstract

This note extends a result of Moonen on the Zariski closure of some sets of special points
in the moduli space of principally polarised abelian varieties of dimension g to the case of
any Shimura variety, by a completely different method.

1. Introduction

In [Moo98], Moonen proves the following result.

Theorem 1.1 (Moonen). Let g � 1 be an integer and let Ag be the moduli space of principally
polarised abelian varieties of dimension g. Let Σ be a set of special points in Ag(Q) such that there
exists a prime p with the property that every s in Σ has good ordinary reduction at a place lying
over p of which s is the canonical lift. Then all irreducible components of the Zariski closure of Σ
are of Hodge type.

This theorem is a special case of the André–Oort conjecture on subvarieties of Shimura varieties.
For relevant terminology, statement and history, we refer to the introduction of [Edi01] and references
contained therein. Among recent results on this conjecture, one can mention the articles [EY03]
and [Yaf02].

Moonen’s proof relies on the Serre–Tate theorem that states that the formal completion of Ag

at an ordinary point is a formal torus. Such a result is presently unavailable in the case of an
arbitrary Shimura variety, therefore Moonen’s methods can not be used in the general situation of
the André–Oort conjecture.

Our aim in this paper is to find an analog of Moonen’s condition in the case of an arbi-
trary Shimura variety and to prove the corresponding statement using a method which involves
only the geometry of Shimura varieties in characteristic zero. The statement of our main theorem is
the following.

Theorem 1.2. Let (G,X) be a Shimura datum and let K be a compact open subgroup of G(Af).
Let Σ be a set of special elements of X. Let V be a faithful representation of G. Via this representa-
tion, we view G as a closed subgroup of GLnQ. For each s in Σ we let MT(s) be its Mumford–Tate
group. We suppose that there is a prime p such that, for any s in Σ, the torus MT(s)Qp has a
subtorus Ms isomorphic to GmQp

such that the weights in the representation VQp of Ms are bounded

uniformly in s and, for every nontrivial quotient T of MT(s), the image of Ms in TQp is nontrivial.
Furthermore, we assume that the Zariski closure in GLnZp of each Ms is isomorphic to GmZp

.

Then for any g in G(Af) the irreducible components of the Zariski closure of the image of Σ×{g}
in ShK(G,X) are of Hodge type.
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In the first section we prove that our theorem does indeed imply Moonen’s result. More precisely,
we will prove that the Mumford–Tate group of a CM abelian variety A, canonical at some place of
characteristic p, satisfies the conditions of our statement.

The method used to prove Theorem 1.2 is that used in [EY03]. The possibility of doing this
was suggested in the introduction to [EY03]. We let Z be an irreducible component of the Zariski
closure of the image of Σ× {g}. Suppose that G is semisimple of adjoint type and that Z is Hodge
generic. Using the Galois action on special points, we prove that Z is contained in its image by a
Hecke correspondence Tm with some element m in G(Qp) satisfying a number of conditions.

In [EY03] we have characterised subvarieties of Hodge type by their property of being contained
in their image by a suitable Hecke correspondence. Unfortunately, we can not apply this charac-
terisation directly to the present case because in this characterisation the prime p was subject to
a number of conditions. However, in the third section of this paper we refine this characterisation,
making it applicable in our case.

2. Ordinary reduction of abelian varieties of CM type

We show that Theorem 1.2 implies Theorem 1.1.
Let A be an abelian variety over Q, of CM-type. Let p be a prime number. We choose embeddings

of Q into C and Qp. We call v the place of Q above p thus obtained. We put V := H1(A(C), Z).
The Hodge structure on V is given by a morphism h : S → GL(VR). We let T ⊂ GL(VQ) be
the Mumford–Tate group of h. We view hC as a morphism from GmC × GmC to TC, and let µ
be the restriction of hC to the first of the two factors. Then µ has weights 1 and 0 on VC, each
occurring with multiplicity g := dim(A). Let E ⊂ C be the reflex field, i.e. the field of definition
of µ. Then E ⊂ Q because T is a torus.

Proposition 2.1. The abelian variety A is ordinary at v if and only if E is split at v, i.e. if and
only if E is contained in Qp. Assume now that A is ordinary at v. Then A is canonical at v if
and only if the morphism µ : GmQp

→ GL(VQp) extends to a morphism µ : GmZp
→ GL(VZp).

For any nontrivial quotient T ′ of T the image of µ(GmQp
) in T ′

Qp
is nontrivial.

Proof. The chosen embeddings of Q into C and Qp give an isomorphism of Zp-modules between VZp

and the Tate module Tp(AQp
). We choose a finite extension F of E such that A has a model over

F with good reduction over the ring of integers OFv of Fv. Then A is ordinary at v if and only if
VQp splits as a direct sum into two subspaces of dimension g on which the inertia subgroup IFv of
Gal(Qp/Fv) acts through the characters χ0 and χ1, with χ the p-adic cyclotomic character.

The theory of complex multiplication (see [ST68, Theorem 11 and Corollary 2] or [Ser68, II.2.8])
implies that the action of Iv is given, via local class field theory, by the map

O∗
Fv

NFv/Ev−−−−−→ E∗
v

µ−→ T (Ev)
NEv/Qp−−−−−→ T (Qp).

If E is split at v, i.e. if Ev = Qp, then indeed VQp splits as desired for the action of IFv , because it
does so for the action via µ, and hence A is ordinary.

Now suppose that Ev is of degree at least two over Qp. Then we claim that the Zariski closure
of the image of O∗

Fv
in T (Qp) has dimension at least two: this results from the fact that any two

distinct embeddings τ and τ ′ of E into Q induce distinct conjugates µτ and µτ ′ in the group of
cocharacters of T . It follows that A is not ordinary at v.

Now we assume that A is ordinary at v. By definition, A is canonical at v if and only if VZp

splits as a direct sum into two submodules of rank g, on which IFv acts through the characters χ0

and χ1. This splitting condition is equivalent to µ extending over Zp.
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The last statement of Proposition 2.1 follows from the fact that T is the smallest algebraic
subgroup of GL(VQ) such that TQp contains the image of µ(GmQp

).

3. Irreducibility and density

In this section we adapt some results of [EY03, §§ 5 and 6] in order to apply them to our situation.

Theorem 3.1. Let (G,X) be a Shimura datum with G semi-simple of adjoint type. Let K be a neat
open compact subgroup of G(Af) which is the product of compact open subgroups Kl of G(Ql),
and let X+ be a connected component of X. Let S be the image of X+ × {1} in ShK(G,X); then
S = Γ\X+ where Γ := G(Q)+ ∩ K (with G(Q)+ being the stabiliser of X+ in G(Q)). Let Z be an
irreducible Hodge generic subvariety of S containing a smooth special point.

Let p be a prime. There is a compact open subgroup K ′ of K (K ′ is again a product of compact
open subgroups K ′

l of G(Ql)) such that there is a component Z ′ of the preimage of Z in S′ :=
Γ′\X+ (with Γ′ := K ′ ∩ G(Q)+) with the property that for any q in (G(Qp) ×

∏
l �=p K ′

l) ∩ G(Q)+

(the intersection is being taken in G(Af)) the image TqZ
′ of Z ′ by the Hecke correspondence Tq is

irreducible.

Proof. We refer to the beginning of the proof of [EY03, Theorem 5.1] for the definition of the Hecke
correspondence Tq. We proceed as in the proof of that theorem.

Let ξ be a faithful representation of G on a Q-vector space V . Then ξ gives a polarisable variation
of Hodge structures on the constant sheaf VX . Since Γ is neat, the sheaf VX+ descends to S. Choose
a Γ-invariant lattice VZ in V . This gives a polarisable variation of Z-Hodge structure VZ(ξ) over S
and, by restriction, over the smooth locus Zsm of Z. Let s be a Hodge generic point of the smooth
locus Zsm and x a point of X+ lying over s. The choice of x gives an isomorphism of the fibre VZ(ξ)s
with VZ, the Mumford–Tate group of the Hodge structure VZ(ξ)s is ξ(G). The image of π1(Zsm, s) in
GL(VZ) is Zariski dense in ξ(G) by a theorem of André (see [And92, Theorem 1.4]). The same is true
for ξ(Γ). By Nori’s theorem (see [EY03, Theorem 5.2] for the statement we use), the closures Γ and
of the image Π of π1(Zsm, s) in GLn(Ẑ) are open in the closure of G(Z). It follows that there is an
integer M such that, for any integer m prime to M , Π and Γ have the same image in GL(VZ/mVZ).
If p does not divide M , then we can just take K ′ = K and apply [EY03, Theorem 5.1]. We now
suppose that p divides this integer M . �

Lemma 3.2. Let K ′
p be the closure of Π in GLn(Zp). The group K ′

p is an open compact subgroup
of G(Qp).

Proof. Since, by Nori, the closure of Π is open in the closure of G(Z) in GLn(Ẑ), it suffices to prove
that the closure of G(Z) is open in G(Qp). Let ρ : G̃ → G be the simply connected covering of G.
Let Γ̃ be an arithmetic subgroup of G̃ such that ρΓ̃ is contained in G(Z). By strong approximation,
the closure of the image of Γ̃ in G̃(Qp) is open. The lemma then follows from the fact that the map ρ
from G̃(Qp) to G(Qp) is open.

We now return to the proof of the theorem. Let K ′ be the open compact subgroup of G(Af), the
product of compact open subgroups of G(Qp) which is Kl at the place l �= p and K ′

p at the place p.
Let Γ′ be the intersection of G(Q)+ with K ′. Let S′ := Γ′\X+. Let Z̃ be the preimage of Zsm in S′.
The covering Z̃ −→ Zsm corresponds to the Π-set Γ/Γ′. Let γi be elements of Γ such that

Γ =
∐

i

ΠγiΓ′.

The set of irreducible components of Z̃ corresponds to the set of γi and the fundamental group of the
irreducible component Zi corresponding to γi is Πi := Γ′ ∩ γiΠγ−1

i . We let Z ′ be the component Z1
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corresponding to γi = 1. The group Π′ := Π1 is Π ∩ Γ′ = Π and it has the property that for any
k > 0 the images of Π′ and Γ′ in GLn(Z/pkZ) coincide.

Now let q be in (G(Qp)×
∏

l �=p K ′
l)∩G(Q)+ and let mp be an integer sufficiently large such that

ker(Γ′ −→ GL(VZ/pmpZ)) ⊂ q−1Γ′q.

The Π′-set that corresponds to the covering that gives TqZ
′ is Γ′/(Γ′ ∩ q−1Γ′q). Since the images

in GL(VZ/pmpZ) of Γ′ and Π′ are the same, the group Π′ acts transitively on this Π′-set.
The irreducibility follows. This concludes the proof of Theorem 3.1. �

Proposition 3.3. Let K be an open compact subgroup of G(Af) which is a product of com-
pact open subgroups Kl of G(Ql) and let Γ be G(Q)+ ∩ K. Let p be a prime. Let q be an element
of G(Q)+ such that the image of q in G(Qp) satisfies the condition that, for every simple
factor Gj of G, the projection of q to Gj(Qp) is not contained in a compact subgroup and all
of its images in G(Ql) for l �= p are in Kl. Then all Tq + Tq−1 orbits are dense in S := Γ\X+.

Proof. We proceed as in the proof of [EY03, Theorem 6.1]. We can (and do) assume that G is
simple. It suffices to prove that the group Γq generated by Γ and q contains Γ with an infinite index.
We can not apply [EY03, Proposition 6.2] directly because there is the condition that p has to be
large enough. Suppose that the index is finite. Then some qn with n > 0 belongs to Γ, and hence
to K. Therefore the closure in G(Qp) of the subgroup generated by q is compact. This contradicts
the assumption made on q.

4. Proof of the main result, Theorem 1.2

Let G, X, K, Σ, V , p and the Ms be as in the statement of Theorem 1.2. For each s in Σ we choose
one of the two isomorphisms from GmQp

to Ms and we call it αs. Let Z be a component of the
Zariski closure of Σ × {1}. To prove Theorem 1.2, it is enough to prove that Z is of Hodge type.
Indeed, Z is of Hodge type if and only if an irreducible component of its image by some Hecke
correspondence is of Hodge type. We suppose that the compact open subgroup K is neat and is a
product of open compact subgroups Kl of G(Ql).

Lemma 4.1. We can assume that Z is Hodge generic, that G is semisimple of adjoint type and that
the tori Ms lie in one Kp-conjugacy class as s ranges through Σ.

Proof. Using [EY03, Proposition 2.1], we replace G with the generic Mumford–Tate group on Z;
hence Z is now Hodge generic.

We now prove that we can replace Σ by a Zariski dense subset such that the tori Ms lie in
one Kp-conjugacy class. By [DG70, exposé XI, Corollaire 4.2], the functors Hom(GmQp

, GQp) and
Hom(GmQp

,GLnQp) are representable by smooth Qp-schemes and the natural map from
Hom(GmQp

, GQp) to Hom(GmQp
,GLnQp) is a closed immersion. Furthermore, by [DG70, exposé XI,

Corollaire 5.1], for any x in Hom(GmQp
, GQp), the morphism from GQp to Hom(GmQp

, GQp) which
sends g to gxg−1 is smooth. Hence the Kp-orbits in Hom(GmQp

, GQp) are open for the p-adic
topology.

By the assumptions in Theorem 1.2, the αs actually lie in Hom(GmZp
,GLnZp). As the weights

given by the αs are uniformly bounded, all αs lie in a compact subset of Hom(GmZp
,GLnZp), hence

of Hom(GmQp
, GQp), and hence in only finitely many Kp-orbits. For at least one of those orbits, the

image in Z of the corresponding set of s is Zariski dense. We replace Σ by that set of s.
It remains to see that we can replace G with the adjoint group Gad. Let Kad be a compact open

subgroup of Gad(Af) which is a product of compact open subgoups Kad
l of Gad(Ql), such that Kad
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contains the image of K; this gives a finite morphism

ShK(G,X) −→ ShKad(Gad,Xad).

Let Σad be the image of Σ by this morphism and Zad the image of Z. Then Z is of Hodge type
if and only if Zad is of Hodge type and the image of Σad is Zariski dense in Zad (see [EY03,
Proposition 2.2]). The tori Ms lie in one Kp-orbit, and hence their images in Gad

Qp
lie in one Kad

p -
orbit. We replace G with Gad and ShK(G,X) with ShKad(Gad,Xad). After possibly having replaced
K with a subgroup of finite index, we can assume K to be neat.

We let X+ be a connected component of X and we let S be the image of X+×{1} in ShK(G,X).
We can assume (by a suitable choice of X+) that Z is contained in S. We replace K with the group K ′

and Z with Z ′ as in Theorem 3.1. We choose a number field F such that S has a canonical model
over F and such that Z is defined over F (as an irreducible closed subscheme).

For s in Σ, we let Ls be the compositum (in C) of the splitting field of the torus MT(s) and the
field F . The orbit of the image of s in Z under Gal(Q/Ls) then consists of the images in Z of
the (s, g) with g in the image of the reciprocity map rs : (Af ⊗ Ls)∗ → MT(s)(Af).

Lemma 4.2. There is an element m in G(Qp) such that the image of m in every Gj(Qp) (as usual,
Gj stands for the simple factors of G) is not contained in a compact subgroup and such that, for
every s in Σ, there is an element k in K such that kmk−1 is contained in Ms(Qp)∩ rs((Qp ⊗Ls)∗).

Proof. We proceed as in [EY03, § 7.3]. Since Ms is isomorphic to GmQp
, any element of Ms(Qp)

not contained in the maximal compact subgroup of Ms(Qp) will have an image in each Gi(Qp)
which is not contained in a compact subgroup. By [Yaf02, Proposition 2.5], the index of Ms(Qp) ∩
rs((Qp ⊗ Ls)∗) in Ms(Qp) divides a positive integer e independent of s. Let s0 be in Σ, and let m
be an element of Ms0(Qp) which is not in the maximal compact subgroup of Ms0(Qp) and which is
in the image of the eth power map on Ms0(Qp). If s is in Σ and k is an element of Kp such that
Ms = kMs0k

−1, then kmk−1 is in Ms(Qp) ∩ rs((Qp ⊗ Ls)∗).

Let m be as in Lemma 4.2 and let s be in the image of Σ in Z. There is an element σ in Gal(Q/F )
such that σ(s) is in Tms. As Σ is Zariski dense in Z and as both Z and TmZ are defined over F ,
Z is contained in TmZ.

The connected components of the correspondence that Tm induces on S are the Tmi , induced
by mi in G(Q)+ acting on X+, such that

G(Q)+ ∩ KmK =
∐

i

Γm−1
i Γ.

Let q be one of the mi such that Z ⊂ TqZ. Since q−1 is in KmK, and m is in G(Qp), the image of q in
G(Ql) is in Kl for all l �= p. By Theorem 3.1, TqZ is irreducible, and hence Z = TqZ. Now Tq−1Z =
Tq−1TqZ ⊃ Z. Since, again by Theorem 3.1, Tq−1Z is irreducible, we get Z = Tq−1Z = TqZ. It follows
that Z contains Tq + Tq−1 orbits which are all dense by Proposition 3.3, and hence Z = S.
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