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Abstract. Since its elaboration in 1983 by Weiss, Tabor and Carnevale, the
method to explicitly build the Béicklund transformation of a partial differential
equation (PDE) from singularity analysis only has been improved in several com-
plementary directions, and at the present time it succeeds for practically all PDEs in
1 4+ 1-dimensions. The current state of the art is presented, and the emphasis is put
on understanding the method. There are two important stages: first, the definition
(identified with a Darboux transformation) of a resummation variable to make the
Laurent series a finite one as requested by the definition of the word integrability;
second, the link (identified with a linearizing formula to be taken from the classifi-
cation of Painlevé and Gambier) between this resummation variable and the Lax
pair to be found.

1991 Mathematics Subject Classification. 35Q58.

1. Introduction: Bicklund transformation, Lax pair, Darboux transformation. This
paper is a short version, restricted to integrable partial differential equations
(PDEs), of a summer school course on the same subject also dealing with non-
integrable PDEs [7]. Many examples, not repeated here, can be found there.

Given a nonlinear PDE (boldface means multicomponent)

E(u, x) = 0, (1)

which has some good reasons to be integrable (see definition below), such as passing
the Painlevé test [6,20], the problem which we address is to find explicitly the
“macroscopic” quantities which materialize this integrability. More precisely, we
want to find the Biacklund transformation (BT) if it exists, since this is a generator of
exact solutions, and we want to do it by singularity analysis only.

We need to recall some basic definitions. For simplicity, but this is not a
restriction, let us give them for a PDE defined as a single scalar equation for one
dependent variable u and two independent variables (x, 7).

DEerINITION 1. (Refs. [1], [11] vol. III chap. XII, [19]) A Bdcklund transformation
(BT) between two given PDEs

Ei(u,x,t)=0, E,(U, X, T)=0 )
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is a pair of relations

Fiux,t, U X, T)=0, j=1,2 3)

with some transformation between (x, f) and (X, 7), in which F; depends on the
derivatives of u(x, ) and U(X, T), such that the elimination of u (resp. U) between
(F1, F») implies E>(U, X, T) = 0 (resp. E\(u, x, t) = 0). The BT is called the auto-BT
or the hetero-BT according as the two PDEs are the same or not.

ExAMPLE 1. The sine-Gordon equation (we identify sine-Gordon and sinh-
Gordon since an affine transformation on u does not change the integrability nor the
singularity structure)

sine-Gordon : E(u) = uy, + 2asinhu =0 4

admits the auto-BT
(u+ U), + 42 sinh - > U_o, (5)
(u—m[—iﬁsinh”;U:o, ©6)

in which A is an arbitrary complex constant, called the Bdcklund parameter.

The importance of the BT is such that it is often taken as a definition of integr-
ability.

DerinITION 2. A PDE in N independent variables is integrable if at least one of
the following properties holds.
1. It is linearizable.
2. For N > 1, it possesses an auto-BT which, if N =2, depends on an arbi-
trary complex constant, the Backlund parameter.
3. It possesses a hetero-BT to another integrable PDE.

DEerINITION 3. Given a PDE, a Lax pair is a system of two linear differential
operators

Lax pair: Li(U, 1), Lo(U, 1), (7

depending on a solution U of the PDE and, in the 1 + 1-dimensional case, on an
arbitrary constant A, called the spectral parameter, with the property that the van-
ishing of the commutator [L;, L,] is equivalent to the vanishing of the PDE
EU)=0.

A Lax pair can be represented in several equivalent ways, such as the Lax
representation, the zero-curvature representation, the projective Riccati representation,
the scalar representation, the Sato representation, etc. From the singularity point of
view, the Riccati representation is the most suitable, as will be seen.
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ExamPLE 2. The sine-Gordon equation (4) admits the zero-curvature repre-

sentation
vy _ U,/2 A
(a\.—L)(%) - L‘( 2 —Ux/Z)’ ®
0 U

equivalent to the Riccati representation, with y = ¥ /v,

ye=r+ Uy — 1%, (10)
a a
V= —ik_leU +§)»_le_Uy2. (11)

The working definition of the Darboux transformation (DT) given below is very
simplified (this is an involution) as compared to the one of Darboux [10], but it is
sufficient for our purpose.

DEerINITION 4. Given a PDE, a Darboux transformation is a transformation
between two solutions (u, U) of the PDE

DT: u=) DjLogt+U (12)
-

linking their difference to a finite number of linear differential operators, denoted Dy
(f like family), acting on the logarithm of functions ;.

In the definition (12), it is important to note that, despite the notation, each
function 7, is in fact the ratio of the “tau-function™ of u by that of U.

Lax pairs, Biacklund and Darboux transformations are not independent. In
order to exhibit their interrelation, one needs some additional information, namely
the link

Vf : DyLogt = Fr(y), (13)

which most often is the identity T = ¢, between the functions 7y and the function ¥
in the definition of a scalar Lax pair.

ExaMpLE 3. The (integrable) sine-Gordon equation (4) admits the Darboux
transformation

u=U-—2Logt, —Logn), (14)

in which (71, 72) is a solution (v, V) of the system (8)—(9).

Then its BT (5)—(6) is the result of the elimination [4] of 7;/1, between the DT
(14) and the Riccati form of the Lax pair (10)—(11), with the correspondence
1= ¥y, f=1,2. This elimination reduces to the substitution y = e @Y/ in the
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Riccati system (10)—(11), and this is one of the advantages of the Riccati repre-
sentation. Therefore the Bidcklund parameter and the spectral parameter are iden-
tical notions.

Thus, roughly speaking, the BT is equivalent to the couple (DT, Lax pair).

2. The ODE situation. For the six ordinary differential equations (ODE) (P1)—
(P6) which bear his name, Painlevé proved the Painlevé property (PP) by showing
[26,27] the existence of one (case of (P1)) or two ((P2)-(P6)) function(s) t = 1y, 12,
called tau-functions, linked to the general solution u by logarithmic derivatives

(P1l): u=D; Logr, (15)

Pn), n=2,...,6: u="D,(Logt, — Logmn), (16)

where the operators D, are linear: these operators are given by
Dy = -8, D, =Dy = +d,, D3 =%e "0, (17)
Ds = +xe " (2a) %3y, D = £x(x — 1)e ™ (2a) /%3, (18)
These functions 1, 7, satisfy third order nonlinear ODEs and they have the same
kind of singularities as solutions of /inear ODEs, namely they have no movable sin-
gularities at all; they are entire functions for (P1)—(P5), and their only singularities
for (P6) are the three fixed critical points (oo, 0, 1).
The important point is that the linear operator D contains the full information.

In some sense, the tau-function t realizes a (global) resummation of the (local)
Laurent series

+0o
u= Z ui(x — x0)’ 7, (19)
J=0

with p = —1 for (P1), p = —2 for the others.

ODE:s cannot possess an auto-BT, since the number of independent arbitrary
coefficients in a solution cannot exceed the order of the ODE. Nevertheless, some of
the features above can be transposed to the PDE situation.

3. A degeneracy: linearizable equations. The Burgers equation in its potential
form,

bV, + Vi/a + Vyx + G(l) =0, (20)

under the transformation of Forsyth [15, p. 106]

v=alogt, t=1, 21

is linearized into the heat equation
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b% + w,wc + G(I)Kﬁ =0. (22)

This can be considered as a degenerate Darboux transformation (12), in which U is
identically zero and  satisfies a single linear equation, not a pair of linear equa-
tions, and so this fits the general scheme.

4. The local information: Laurent series. Let (1) be a PDE which passes the
Painlevé test. One considers (which does not mean that one computes) all the
Laurent series that can (maybe after suitable perturbations not described here)
represent the general solution,

+00 =
u=>Y wx", —peN, E=) Ex* —qeN". (23)
=0

Jj=0 J

The expansion variable x is for instance x = ¢(x, ) — ¢o, in which @(x, f) — ¢y = 0 is
the singular manifold [31].

DEFINITION 5. One calls the singular part operator of the family f'= (uy, p) the
linear differential operator D which has the property that

u — D Log(e(x, 1) — ¢o) (24)
is regular when ¢ — .

The only piece of information which one retains from the Laurent series is its
singular part operator D. Examples of D have been given in (15)—(16) and (21).

5. The global assumption: resummation. The full Laurent series is of no help, for
this is not global information. Since this is the only piece of information directly
available, let us represent, and this is the idea of Weiss, Tabor and Carnevale (WTC)
[31,30], an unknown exact solution u as the sum of a singular part, built from the
finite principal part of the Laurent series (i.e. the finite number of terms with nega-
tive powers), and of a regular part made up of one term denoted by U. This
assumption is identical to that of a Darboux transformation (12), in which nothing
would be specified about U.

This method is widely known as the singular manifold method or truncation
method because it selects the beginning of the Laurent series and discards (‘““trun-
cates”) the remaining infinite part.

Since its introduction by WTC [31], it has been improved in many directions
[22,12,17,24,8,28,25], and we present below the current status of the method.

For PDEs, the analogue of (15)—(16), with an additional rhs U, is now the
Darboux transformation (12), and the scalar(s) i to which the scalar(s) t are linked
by (13) are assumed to satisfy a linear system, the Lax pair.

More precisely, the (infinite) Laurent series (23) in the variable ¢ — ¢ is resum-
med as the sum of two terms

u =DLogt + regular part. (295)
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The first term is a finite Laurent series in 7, in which D is the singular part operator
defined in Section 4, and T is any variable fulfilling the requirement that t~! be linear
in (¢ — @9)~", so as to capture all the singularities of « when ¢ — ¢, without altering
the structure of singularities. The second term, temporarily called “regular part” for
this reason, is yet unspecified. The sum of these two terms is therefore a finite
Laurent series and the variable 7 is a resummation variable which has made the for-
mer infinite series in ¢ — ¢ a finite one. One then requires the identification of this
resummation (25) with the definition of a Darboux transformation (12). This
involves two features. The first feature is to uncover a link (13) between 7 and a
scalar component ¥ of a Lax pair. The second feature is to prove that the left over
“regular part” is indeed a second solution to the PDE under study.

ExaMmPLE 4. For the KdV and modified KdV equations, the assumptions are
respectively

u=U+d Logr, (26)
u=U+ (0, Logt — 9, Logm), 27

in which nothing is assumed about U.

To make the assumption a constructive one, the needed additional input is as
follows.

1. The order of the Lax pair and its definition containing coefficients to be found.

2. A link between the set of functions ty and the component(s) y; of the Lax
pair. This link will not be guessed arbitrarily but obtained from the classifications of
ODEs performed by the Painlevé school (Painlevé, Gambier, Chazy, Bureau, Cos-
grove, ...).

6. The possible links between 7 and ¢v. When the number of independent variables
is two, one can eliminate 9, between the two PDEs defining the unknown BT, and
thus obtain an ODE, e.g. (5). This nonlinear ODE, with coefficients depending on U
and, in the 1 4+ 1-dimensional case, on an arbitrary constant A, has the property [25]
of being linearizable, since it results from the Lax pair, a linear system, and the
Darboux transformation by an elimination process [4].

This very strong property restricts the admissible choices (13) to a finite number
of possibilities, summarized in Table 1.

This provides much information. If the scattering order is at most three, the
unknown so called x-part of the BT is either a Riccati equation (for shortness, the
symbol " means here 9,)

Table 1. This gives the nonlinear ODEs of first degree and first or second order that have the Painleve
property and are linearizable. Their name is in the last column. For the order of the nonlinear ODE given
in column 2, column 3 indicates the number of homographically inequivalent ODEs with the PP, column
1 the order of the associated linear equation.

Linear order Nonlinear order with PP with PP and linearizable
2 1 1 Riccati
3 2 50 Gambier nos. 5 and 25
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V' = ay? + ary + ay, (Riccati) (28)

or a fifth Gambier equation [16]
V' 430+ + v+ =0, (GS) (29)

or a twenty-fifth Gambier equation.

Y —3Y?)4Y)+3YY )2+ Y3 /4 — (Y + Yz)i— RY —Q =0. (G25)

The coefficients in the equations above are arbitrary functions of (x, f), and these
equations are to be considered modulo the group of homographic transformations.
The classes (G5) and (G2Y5), inequivalent under the homographic group, are
equivalent under the birational group, with the explicit transformation between
G5(y; g, r) and G25(Y; Q, R) given by

_ Q SN A S (S i
Y= oo—r TV Py g (30)
o Q_// 5Q/2 _ Q 5/ Q_/// 7Q/Q// 5Q/3
r= R+Q 4Q2,q— > 2+2Q 407 +4Q3' (31)
The linearizing transformations are
. . a7 —1 4 1 / /
(Riccat]) y=-a) —=—a v V' —(ar +(ay/ @)Y + aparyy = 0, (32)
‘[/ w/ g /
(G5) y=T =" VY +ay =0, (33)

T T2+ 2-(Q/0:-R "y

V30, (0 @ 0%\, (R O QR _
V=37 - (kGG -(3+5-S =0

(G25) (34)

The formulae above define the a priori link between t and .
These two and only two possibilities for a third order Lax pair were redis-
covered in 1980 in the context of scattering theory by Caudrey [2] and Kaup [18].

7. The route from the PDE to the Backlund transformation. Again, the full details
of this algorithm are given in [7], with complements (on nonlinear superposition
formulae) in [21].

Zeroth step. Find the singular part operator D.

First step. Assume a Darboux transformation defined as

u=U+D(Logrt; —Logmn), E(u)=0, (35)

with u a solution of the PDE under consideration, U an unspecified field, 7, the
“entire” function (or more precisely ratio of entire functions) attached to each
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family f. For one-family PDEs, one denotes t; = 7, 7o = 1, so that the DT assump-
tion (35) becomes

u=U+DLogrt, E(u)=0. (36)

Second step. Choose the order two, then three, then ..., for the unknown Lax
pair, and define one or two (as many as the number of families) scalars ¥ from the
component(s) of its wave vector (e.g. the scalar wave vector if the PDE has one
family and the pair is defined in scalar form). Such Lax pairs and scalars are for
instance, in the scalar representation,

S
Lll/le/fxx'FEw:Oa 37)
Cx
Loy =Y+ Cys = 5" ¥ =0, (38)
2[L1, L] =X =S+ Cyx + CS, +2C.S =0, (39)
or

Llw = wxxx - al/fx - b%” = 07 (40)

LZW = Wt - wax - d"ﬁv - e’l)[/ = Ov (41)

(L1, L] = Xo + X198, + X292 = 0. (42)

Third step. Select (in a finite list) a link F

Vf: DLogt = F(yy), (43)

the same for each family f, between the functions 7, and the scalars v/ defined from
the Lax pair. The most frequent choice (Riccati, (G5), see Section 6) is

Vf . ‘Lf/' = I/f/ (44)

Fourth step. Enforce the condition E(u) = 0 modulo the pair of linear equations
for v [23]. This is the “truncation” properly said, that is to say : with the assump-
tions (35) for a DT, (43) for a link between 7, and v, (37)-(38) or (40)—(41) or other
for the Lax pair in 1, express E(u) as a polynomial in the derivatives of ¥, which is
irreducible modulo the Lax pair. For the above pairs and a one-family PDE, this
amounts to eliminating any derivative of i of order in (x, 7) higher than or equal to
(2,0) or (0, 1) (second order case) or to (3, 0) or (0, 1) (third order), thus resulting in
a polynomial of one variable /¢ (second order) or two variables ./, Yy /¥
(third order)

—q
E(u) = ZEJ(S’ C, U)(Y/ )’ T (one-family PDE, second order), (45)

=0
Ew) =YY Eiila,b, e, d, e, )Y@ /¥) W/ D)
k>0 />0
(one-family PDE, third order). (46)
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This generates the set of determining equations

Vj  EiS, C, U) =0 (one-family PDE, second order) 47)
Vk VI Epia,b,c, d e U)=0 (one-family PDE, third order) (48)

for the unknown coefficients (S, C) or (a, b, ¢,d, e) as functions of U, and one
establishes the constraint(s) on U by eliminating (S, C) or (a, b, ¢, d, e).

If the only constraint on U is to satisfy some PDE, one is on the way to an auto-
BT if the PDE for U is the same as the PDE for u, or to an hetero-BT between the
two PDEs.

The second, third and fourth steps must be repeated until a success occurs. The
process is successful if and only if all the following conditions are met:

1. U comes out with one constraint exactly, namely: to be a solution of some
PDE,

2. (if an auto-BT is desired) the PDE satisfied by U is identical to (1),

3. the vanishing of the commutator [L;, L,] is equivalent to the vanishing of
the PDE satisfied by U,

4. in the 1 + 1-dimensional case only and if the PDE satisfied by U is identical
to (1), the coefficients depend on an arbitrary constant A, the spectral or Backlund
parameter.

At this stage, one has obtained the DT and the Lax pair.

Fifth step. Obtain the two equations for the BT by eliminating 1/, [4] between the
DT and the Lax pair.

8. The privilege of second-order Lax pairs. The general second-order scalar Lax
pair reads, in the case of two independent variables (x, ¢),

Ly =Y —dyy —ay =0, (49)
Ly =y, — by —cp =0, (50)
[L1, Lo] = Xo + X0y, (51
Xo=—a;+ab+2ab, + ¢y —cd =0, (52)

X1 =—d + (by+2c—bd), =0. (53)

For the inverse scattering method to apply, the coefficients (d, a) of the x-part (49)
are also required to depend linearly on the field U of the PDE.

The Lax pair (49)—(50) is identical to a linearized version of the Riccati system
satisfied by the most general expansion variable Y [22,28] which realizes the resum-
mation explained in Section 5, that is by [5]

Y''=B(x"'+4) (B£0), (54)
S
Xe= 1452 (55)
1
Xi = =C+ Cux =5 (CS + Co’ (56)

and the correspondence is
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Y=B"'-——, B+#0, 57
" # (57)

d=24, a=A,— A2 —8/2, b=—C, c:Cx/2+AC+/A,dx. (58)

In particular, when the coefficient d is zero or when, by a linear change

w|—>ef (dhdxe/ 21#, it can be set to zero without altering the linearity of @ on U, the cor-
respondence is as given in [22]; that is

14
x=—, B=1, A=0, 59
v (59)
d=0, a=—-S8/2, b=—C, ¢=Cy/2, (60)

and the v in (59) satisfies (37)—(38).

Therefore second order Lax pairs are privileged in the singularity approach, in
the sense that their coefficients can be identified with the elementary homographic
invariants S, C of the invariant Painlevé analysis and, if appropriate, 4, B. Con-
versely, and this has historically been the reason for some errors (which we shared!),
at the stage of searching for the BT (as opposed to the stage of performing the
Painlevé test), these homographic invariants S, C are useless when the Lax order is
higher than two and they should not be considered.

As explained in Section 7, given a Lax pair, one should define from it either one
or two scalars /. Consider the second order Lax pair defined by the gradient of Y.
Then, for one-family PDEs, this unique scalar v is defined by (57). For two-family
PDEs, the two scalars v, are defined by

Vi
Y=—, 61
V2 61
which leads to the zero-curvature representation of the Lax pair
—-A—B'B./2 B!
(ax—L)<%>=o, L:( </ ) (62)
v B(Ay — A>—S/2) A+ B7'B.)2
Vi
@-mn( ') =0 (©)
1
_( AC+ C./2—B7'B,/2 —CB™! )
~ \B(CS+ Cyxy)/2+ A, + CA2 + CA) —AC—C/2+B'BJ2)’

The reason why the Riccati form is the most suitable characterization of the Lax
pair is that it allows two linearizations [24,28]; namely (57) and (61), depending on
whether the PDE has one family or two opposite families.

9. Second order truncations. For (P1) on one side, (P2)—(P6) on the other side,
one must distinguish two types of PDEs: the one-family ones, and the two-family
ones. Table 2 summarizes the characteristics of the truncation in each case.
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Table 2. Compared characteristics of the one-family and the two-family truncations for second order
scattering problems.

Type of PDE One-family Two-family
> DLog Logt Logt — Logm,
link () =Y n=y,n=1y
powers in u X to x° Y’ to YP
truncation variable X = rl Y-l = ?

X 2
link with ¢ = (p— WO)‘P;I/Z Yyl = B(X—l + A4)

10. Higher order Lax pairs and truncations. Two nice features of the second order
case are now meaningless and must not be used or considered.

1. The truncation in x or Y to access the BT (this would mix Lax orders).

2. The singular manifold equation F(S, C) = 0 (for the same reason).

Given the order n of the unknown Lax pair, one then has to expand E(u) as a
polynomial in n — 1 variables, typically v./y, ¥v/¥, ..., irreducible modulo the
satisfaction of the Lax pair by ¢, and to require its identical vanishing.

The main new feature is that the link 7 = 1/ is no longer the only possible one. As
seen in Section 6, there exists one more possibility at third order. Thanks to this unu-
sual link, the BT of the Kaup-Kupershmidt (KK) equation could finally be obtained
from [25], and this was a new result, to the credit of singularity analysis. The well
known duality (this is an hetero-BT) between the Sawada-Kotera equation and the
KK one reduces, at the ODE level, to the birational transformation between (G5)
and (G25). There are two such ODE levels at which this birational transformation
takes place: the one of the x-part of the BT of each PDE, relevant to this paper, and
the one of the fourth order ODEs arising as reductions of the PDEs. In this second
level, each fourth order ODE is equivalent [13] to a two-degree of freedom Hénon-
Heiles Hamiltonian system, with the feature that the separating variables of the
Hamiltonian system in the SK case are obvious (¢; + ¢2 and ¢g; — ¢», just like the
link T = ¢ is obvious), while in the KK case they are not at all obvious [29], but «
posteriori easily recoverable from the SK case by the birational transformation.

Note that the two-family PDEs create no problem [14].

11. Selected examples. Table 3 gathers the main features of the truncation for
various integrable PDEs, with either one or two families of movable singularities,
and with either a second order or a third order Lax pair.

Table 3. Selected examples. For each PDE, the successive lines indicate the singular part(s), the link
between 7 and ¥, the assumption for a Lax pair which leads to the BT, the basis variables for defining the
determining equations, the reference where the correct truncation was performed for the first time.

PDE Kdv KK p-mKdV, SG Tzitzéica

u—-U #Logt d, Logt Logt — Logn 9.9, Logt
(¥) =y = G25(y) Y*‘:z—?:% =y

Lax scalar, () scalars () matrix, (Y1, ¥2) matrixs (Y, ¥, ¥)
Ref. [31] 25] 28] 9]
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We do not know of any unsuccessful truncation of a 1 4+ 1-dimensional PDE.

ACKNOWLEDGEMENTS. RC thanks the organizers for their financial support.
MM acknowledges the financial support extended within the framework of the
IUAP Contract No. P4/08 funded by the Belgian government and the support of
CEA. RC and MM acknowledge the financial support of the Tournesol grant No.
T99/040.

REFERENCES

1. A. V. Bécklund, Om ytor med konstant negativ krokning, Lunds Universitets Ars-
skrift Avd. 219 (1883), 1-48.

2. P. J. Caudrey, The inverse problem for the third order equation uyy, + g(x)uy+
r(x)u = —icu, Phys. Lett. A79 (1980) 264-268.

3. J. Chazy, Sur les équations différentielles du troisieme ordre et d’ordre supérieur dont
I'intégrale générale a ses points critiques fixes, These (Paris, 1910); Acta Math. 34 (1911), 317-
385.

4. H. H. Chen, General derivation of Béicklund transformations from inverse scattering
problems, Phys. Rev. Lett. 33 (1974), 925-928.

5. R. Conte, Invariant Painlevé analysis of partial differential equations, Phys. Lett. A
140 (1989), 383-390.

6. R. Conte, The Painlevé approach to nonlinear ordinary differential equations, in The
Painlevé property, one century later, ed. R. Conte, CRM series in mathematical physics
(Springer-Verlag, 1999), 77-180. Solv-int/9710020.

7. R. Conte, Exact solutions of nonlinear partial differential equations by singularity
analysis, in Direct and inverse methods in nonlinear evolution equations, ed. A. Greco (Springer-
Verlag, 2001).

8. R. Conte and M. Musette, Beyond the two—singular manifold method, in Nonlinear
physics: theory and experiment, eds. E. Alfinito, M. Boiti, L. Martina and F. Pempinelli
(World Scientific, Singapore, 1996), 67-74.

9. R. Conte, M. Musette and A. M. Grundland, Bicklund transformation of partial
differential equations obtained from the Painlevé-Gambier classification, II. Tzitzéica equa-
tion, J. Math. Phys. 40 (1999), 2092-2106.

10. G. Darboux, Sur une proposition relative aux équations linéaires, C. R. Acad. Sci.
Paris 94 (1882), 1456-1459.

11. G. Darboux, Lecons sur la théorie générale des surfaces et les applications géomé-
triques du calcul infinitésimal, Vol. I1I (Gauthier-Villars, Paris, 1894). Reprinted, Théorie gén-
érale des surfaces (Chelsea, New York, 1972). Reprinted (Gabay, Paris, 1993).

12. P. G. Estévez, P. R. Gordoa, L. Martinez Alonso, and E. Medina Reus, Modified
singular manifold expansion: application to the Boussinesq and Mikhailov-Shabat systems, J.
Phys. A 26 (1993), 1915-1925.

13. A. P. Fordy, The Hénon-Heiles system revisited, Phys. D 52 (1991), 204-210.

14. A. P. Fordy and A. Pickering, Generalising Painlevé truncation: expansion in Riccati
pseudopotentials, in Symmetries and integrability of difference equations, eds. Peter A. Clark-
son and Frank W. Nijhoff, London Mathematical Society Lecture Note Series No. 255
(Cambridge University Press, 1999), 287-298.

15. A. R. Forsyth, Theory of differential equations. Part IV (Vol. VI) Partial differential
equations (Cambridge University Press, 1906). Reprinted (Dover, New York, 1959).

16. B. Gambier, Sur les équations différentielles du second ordre et du premier degré
dont l'intégrale générale est a points critiques fixes, These (Paris, 1909); Acta Math. 33 (1910),
1-55.

17. T. 1. Garagash, On a modification of the Painlevé test for the BLP equation, in
Nonlinear evolution equations and dynamical systems, eds. V. G. Makhankov, 1. V. Puzynin
and O. K. Pashaev (World Scientific, Singapore, 1993), 130-133.

18. D. J. Kaup, On the inverse scattering problem for cubic eigenvalue problems of the
class Yy + 60%, + 6RY = A, Stud. Appl. Math. 62 (1980), 189-216.

https://doi.org/10.1017/S0017089501000027 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089501000027

BACKLUND TRANSFORMATIONS 21

19. V. B. Matveev and M. A. Salle, Darboux transformations and solitons (Springer-Ver-
lag, 1991).

20. M. Musette, Painlevé analysis for nonlinear partial differential equations, in The
Painlevé property, one century later, ed. R. Conte, CRM series in mathematical physics
(Springer-Verlag, 1999), 517-572.

21. M. Musette, Nonlinear superposition formulae of integrable partial differential
equations by the singular manifold method, in Direct and inverse methods in nonlinear evolu-
tion equations, ed. A. Greco (Springer-Verlag, 2001).

22. M. Musette and R. Conte, Algorithmic method for deriving Lax pairs from the
invariant Painlevé analysis of nonlinear partial differential equations, J. Math. Phys. 32
(1991), 1450-1457.

23. M. Musette and R. Conte, Solitary waves and Lax pairs from polynomial expansions
of nonlinear differential equations, in Nonlinear evolution equations and dynamical systems,
eds. M. Boiti, L. Martina and F. Pempinelli (World Scientific, Singapore, 1992), 161-170.

24. M. Musette and R. Conte, The two—singular manifold method, I. Modified KdV and
sine-Gordon equations, J. Phys. A 27 (1994) 3895-3913.

25. M. Musette and R. Conte, Biacklund transformation of partial differential equations
obtained from the Painlevé-Gambier classification, I. Kaup-Kupershmidt equation, J. Math.
Phys. 39 (1998), 5617-5630.

26. P. Painleve, Sur les équations différentielles du second ordre et d’ordre supérieur dont
I'intégrale générale est uniforme, Acta Math. 25 (1902), 1-85.

27. P. Painleve, Sur les équations différentielles du second ordre & points critiques fixes,
C. R. Acad. Sci. Paris 143 (1906), 1111-1117.

28. A. Pickering, The singular manifold method revisited, J. Math. Phys. 37 (1996),
1894-1927.

29. V. Ravoson, L. Gavrilov, and R. Caboz, Separability and Lax pairs for Hénon-
Heiles system, J. Math. Phys. 34 (1993), 2385-2393.

30. J. Weiss, The Painlevé property for partial differential equations. II: Béacklund
transformation, Lax pairs, and the Schwarzian derivative, J. Math. Phys. 24 (1983), 1405—
1413.

31. J. Weiss, M. Tabor and G. Carnevale, The Painlevé property for partial differential
equations, J. Math. Phys. 24 (1983), 522-526.

https://doi.org/10.1017/S0017089501000027 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089501000027

