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Refined class number formulas and
Kolyvagin systems

Barry Mazur and Karl Rubin

ABSTRACT

We use the theory of Kolyvagin systems to prove (most of) a refined class number
formula conjectured by Darmon. We show that, for every odd prime p, each side of
Darmon’s conjectured formula (indexed by positive integers n) is ‘almost’ a p-adic
Kolyvagin system as n varies. Using the fact that the space of Kolyvagin systems is free
of rank one over Z,, we show that Darmon’s formula for arbitrary n follows from the
case n = 1, which in turn follows from classical formulas.

1. Introduction

In this paper we use the theory of Kolyvagin systems to prove (most of) a conjecture of Darmon
from [Dar95].

In [Gro88, Conjecture 4.1], inspired by work of the first author and Tate [MT87], and of
Hayes [Hay88|, Gross conjectured a ‘refined class number formula’ for abelian extensions K/k
of global fields. Attached to this extension (and some chosen auxiliary data) there is a generalized
Stickelberger element 0/, € Z[G], where G := Gal(K/k), with the property that, for every
complex-valued character x of G, x(0k/;) is essentially the L-value L(0, x) (modified by the
chosen auxiliary data). Gross’ conjectural formula is a congruence for 0 /;, modulo a certain
specified power of the augmentation ideal of Z[G], in terms of a regulator that Gross defined.

In a very special case, Darmon formulated an analogue of Gross’ conjecture involving first
derivatives of L-functions at s =0. Suppose F is a real quadratic field, and K, := F(u,,) is the
extension of F' generated by nth roots of unity, with n prime to the conductor of F'//Q. Darmon
defined a Stickelberger-type element ¢/, € K* ® Z|Gal(K,,/F)], interpolating the first derivatives
L'(0, xwr), where wp is the quadratic character attached to F/Q and x runs through even
Dirichlet characters of conductor n. Darmon conjectured that 6/, is congruent, modulo a specified
power of the augmentation ideal, to a regulator that he defined. See § 3 and Conjecture 3.8 below
for a precise statement.

Our main result is a proof of Darmon’s conjecture ‘away from the 2-part’. In other words,
we prove that the difference of the two sides of Darmon’s conjectured congruence is an element
of 2-power order.

The idea of our proof is a simple application of the results proven in [MR04a]. For every odd

prime p we show that although neither the left-hand side nor the right-hand side of Darmon’s
conjectured congruence (as n varies) is a ‘Kolyvagin system’ as defined in [MRO04a], each side
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is almost a Kolyvagin system; moreover, both sides fail to be Kolyvagin systems in precisely
the same way. That is, we show that the left-hand side and right-hand side form what we call
in this paper pre-Kolyvagin systems in the sense that they each satisfy the specific set of local
and global compatibility relations given in Definition 6.2 below. It seems that pre-Kolyvagin
systems are what tend to occur ‘in nature’, while Kolyvagin systems satisfy a cleaner set of
axioms. We show that the two concepts are equivalent, by constructing (see Proposition 6.5) a
natural transformation 7 that turns pre-Kolyvagin systems into Kolyvagin systems and has the
properties that:

— 7 does not change the term associated to n = 1; and

— 7T is an isomorphism from the Z,-module of pre-Kolyvagin systems to the Z,-module of
Kolyvagin systems.

Since it was proved in [MR04a] that (in this situation) the space of Kolyvagin systems is a free
Zp-module of rank one, it follows that if two pre-Kolyvagin systems agree when n =1, then
they agree for every n. In the case n =1, Darmon’s congruence follows from classical formulas
for L'(0, wp), so we deduce that (the p-part, for every odd prime p of) Darmon’s conjectured
congruence formula holds for all n.

Darmon’s conjecture begs for a generalization. A naive generalization, even just to the case
where F' is a real abelian extension of Q, is unsuccessful because the definition of Darmon’s
regulator does not extend to the case where [F': Q] > 2. In a forthcoming paper we will use the
ideas and conjectures of [Rub96] to show how both Gross’ and Darmon’s conjectures are special
cases of a much more general conjecture. In the current paper we treat only Darmon’s conjecture
because it can be presented and proved in a very concrete and explicit manner.

The paper is organized as follows. In §2 we describe our setting and notation, and in §3
we state Darmon’s conjecture and our main result (Theorem 3.9). In §4 we recall some work
of Hales [Hal85] on quotients of powers of augmentation ideals, that will enable us to translate
the definition of Kolyvagin system given in [MR04a] into a form that will be more useful for our
purposes here. In §5 we give the definition of a Kolyvagin system (for the Galois representation
Zp(1) ® wr). In §6 we define pre-Kolyvagin system, and give an isomorphism between the space
of pre-Kolyvagin systems and the space of Kolyvagin systems. In § 7 (respectively, §8) we show
that the ‘Stickelberger’ side (respectively, regulator side) of Darmon’s formula is a pre-Kolyvagin
system as n varies. Finally, in §9 we combine the results of the previous sections to prove
Theorem 3.9.

2. Setting and notation

Fix once and for all a real quadratic field F', and let f be the conductor of F/Q. Let w = wp be
the quadratic Dirichlet character associated to F//Q, and 7 the non-trivial element of Gal(F/Q).
If M is a Gal(F/Q)-module, we let M~ be the subgroup of elements of M on which 7 acts as —1.

Throughout this paper ¢ will always denote a prime number. Let N denote the set of
squarefree positive integers prime to f. If n € N let ny be the product of all primes dividing n
that split in F//Q, and r(n) € Z>( the number of prime divisors of n:

ny = H E,

Ln,w(£)=1
r(n) :=#{l:lny} =#{l: ¢|n and ¢ splits in F'}.

o7
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For every n € N let w,, be the Galois module of nth roots of unity in Q, define

[y, := Gal(F(p,)/F) =2 Gal(Q(pn)/Q) 2 (Z/nZ)*,
and let I, denote the augmentation ideal of Z[I',,], which is generated over Z by {y —1: v €T, }.
There is a natural isomorphism
Ln = 1,/1; (1)

defined by sending v € T';, to v — 1 (mod I2). If m|n then we can view I',, either as the quotient
Gal(F(pm)/F) of Ty, or as the subgroup Gal(F(un)/F (i m))- With the latter identification

we have
To=[[Te. L./L=EL/,
Ln Ln
where the product and the sum are taken over primes ¢ dividing n.

We will usually write the group operation in multiplicative groups such as F* with standard
multiplicative notation (for example, with identity element 1). However, when dealing with
‘mixed’ groups such as F* @ I” /I"*1 we will write the operation additively and use 0 for the
identity element.

Fix an embedding Q — C.

3. Statement of the conjecture

In this section we state our modified version of Darmon’s conjecture (mostly following [Dar95])
and our main result (Theorem 3.9).

2mi/n

If n e NV, let ¢, € p, be the inverse image of e under the chosen embedding Q — C, and

define the cyclotomic unit
an 1= 11 Y(Gup = 1)*rO) € F ()"
vE€Gal(Q(pnr)/Q(pn))
and the ‘first derivative 6-element’
0r,= > v(om) ®v € Fpn)* @ Z[T,).
IS N

Remark 3.1. The element 6/, is an ‘L-function derivative evaluator’ in the sense that, for every
even character x : I';, — C*, classical formulas (see, for example, [Sta80, §2]) give

(log |- [® x)(0;,) == > x(v)log [v(an)| = —2L},(0, wp),
vel'y,
where L, (s, wrx) is the Dirichlet L-function with Euler factors at primes dividing n removed,

and | - | is the absolute value corresponding to our chosen embedding Q — C.

Suppose n e N. Let X, be the group of divisors of F supported above noo, and let
En = Op[1/n]*, the group of n-units of F. We will write the action of Z[I',] on &, additively,
so in particular (1 —7)&, ={¢/e” :e € &, }.

Let A\g € X,, be the archimedean place of F' corresponding to our chosen embedding Q < C.
LEMMA 3.2. Suppose n € N, and let r =r(n).

(i) We have X, =X, , &, =&, ,and (1 —71)&,=(1—-71)&

n4? n - Ynyo n4 -

o8
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(ii) The group (1 — 7)&, is a free abelian group of rank r + 1, and is a subgroup of finite index
in &, .

(iii) The group X, is a free abelian group of rank r+ 1. If ny =[[._, ¢;, and ¢; = \;A], then
{Mo = A, A=A, ..., A\ — AL, } is a basis of X, .

Proof. The only part that is not clear is that (1 — 7)&, is torsion-free, i.e. =1 ¢ (1 — 7)&,. Let
d > 1 be a squarefree integer such that F' = Q(\/&) If 2™ = —x, then x/ﬂe Q, so x is not a
unit at the primes dividing d. Since n is prime to d, we cannot have x € &,,. O

DEFINITION 3.3. A standard Z-basis of X, is a basis of the form described in Lemma 3.2(iii).
Given a standard basis of X, , a Z-basis {eo, ..., e} of (1 —7)&, will be said to be oriented if

n
the (regulator) determinant of the logarithmic embedding

1-1& — X, @R, e Z log [e[x - A
Alny oo

with respect to the two bases is positive. Concretely, this regulator is the determinant of the
matrix whose entry in row ¢ and column j is log |€|y,.
Remark 3.4. Choosing a standard basis of X, is equivalent to ordering the prime divisors ¢; of
ny and choosing one prime of F' above each /;.

Any basis of (1 — 7)&, can be oriented either by reordering the basis, or inverting one of the
basis elements.
DEFINITION 3.5. Suppose n € N and A is a prime of F dividing n. . Define a homomorphism

[} P — L/I}
by
(2]} = [z, Fx(pa)/Fa] = 1 (mod I3)

where [z, F\(pn)/F)\] € Ty, is the local Artin symbol.

Note that if ordy(xz) =0, then [z, Fx(un)/Fa] belongs to the inertia group I'y C Ty, so
(2]} = [z]§ € I,/I? and [x]f\w = 0. In general, if d|n then

d
()% = (21 + (21 € 1a/13 & L/ 12y = In /T2
DEFINITION 3.6 (See [Dar95, p. 308]). Suppose n € N, and let r =r(n). Choose a standard
basis {A\g — AJ, ..., Ay — AL} of X7 and an oriented basis {ep, ..., €} of (1 —17)&,, and define
the regulator R, € &, ® I'/I"T! by

60 €1 “ .. 6’!’
60 n 61 n .o e E,r_ n

R |t ol ¢ (1= 7)n @ I/ 15
leo], [ea]k, - &},

This determinant, and the ones that follow below, are meant to be evaluated by expanding by
minors along the top row, i.e.

r

Ry =) (—1)¢; @ det(Ay;), (2)
j=0

99
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where Aj; is the 7 x r matrix (with entries in I,,/I2) obtained by removing the first row and jth
column of the matrix above.

Note that this definition of R, does not depend on the choice of Z-bases. The possible
ambiguity of £1 is removed by requiring that the basis of (1 — 7)&, be oriented.

Let h,, denote the ‘n-class number’ of F', i.e. the order of the ideal class group Pic(Or[1/n]).
For the rest of this section we write simply 7 instead of r(n) for the number of prime factors
of ny.

THEOREM 3.7 (Darmon [Dar95, Theorem 4.2]). For every n € N, we have
0, € F(pn)* @1,

For n € N, let 6/, denote the image of ¢, in F(u,)* ® I/I"*'. Let s be the number of
prime divisors of n/n. The following is a slightly modified (see Remark 3.11(i) below) version
of Darmon’s ‘leading term’ conjecture [Dar95, Conjecture 4.3].

CONJECTURE 3.8. For every n € N/, we have
0! = —2°h,R, in (F(pn)*/{£1}) @ I"/I" L.
The main theorem of this paper is the following.
THEOREM 3.9. For every n € N, we have
0, = —2°h,R, in F(p,)* @ I /I @ Z[1/2).
In other words, the p-part of Conjecture 3.8 holds for every odd prime p; in still other words,

0!+ 2°h, R, has 2-power order in F(p,)* ® I" /I"+1,
A key step in the proof of Theorem 3.9 is the following observation.

PrROPOSITION 3.10 (Darmon [Dar95, Theorem 4.5(1)]). Conjecture 3.8 holds if n =1.

Proof. When n =1 we have r =0, I},/I'*' =7, 6, =0, = a1 € OF, and Ry =¢/¢7, where ¢ is
a generator of OF/{£1} and |e¢/¢"| =|¢|> > 1 at our specified archimedean place. Dirichlet’s
analytic class number formula shows that

|
Y

—3log |o1| = L'(0,wr) = hp log |e| = 1hp log |e/e

1
2
where hp = hy is the class number of F. Hence oy = £(e/€”) "% in OF. O

Remarks 3.11.

(i) In Darmon’s formulation [Dar95, Conjecture 4.3], the regulator R,, was defined with respect
to a basis of £, /{£1} instead of (1 — 7)&,, and there was an extra factor of 2 on the right-
hand side. This agrees with Conjecture 3.8 if and only if [£, : £(1 — 7)&,] =2, i.e. if and
only if —1 & Ng/g&hn.

(ii) The ambiguity of +1 in Conjecture 3.8 is necessary. Namely, even when n =1, we may
only have 0 = hy Ry in O} /{=£1}. Since oy is always positive (it is a norm from a CM field
to F'), the proof of Proposition 3.10 shows that 5’1 # —h1 Ry in F* when hp is odd and O}
has a unit of norm —1. Note that in this case 9~/1 and —hy Ry differ (multiplicatively) by an
element of order 2 in F*, so the discrepancy disappears when we tensor with Z[1/2].

60
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4. Augmentation quotients

DEFINITION 4.1. Suppose n € N, and let r = r(n). Let Z»*V C I" /I"*! be the (cyclic) subgroup
generated by monomials [, (y¢ —1) with 7, € I'. Let 794 C 17 /I7*! be the subgroup gener-
ated by monomials [[;_,(7; — 1) where each ~; € 'y, for some ¢; dividing n, and {¢1, ..., ¢} #
{€:4ny} (i.e. either one of the ¢; divides n/n4, or £; = ¢; for some i # j). If n = dids then there
is a natural identification Z;*V =Z7VZ eV C I}/ It+1 and if n = ¢ is prime then Z* = I, /17
and Z9'd = 0.

If d|n, let
7q: Z[Ty) = Z[Tg) — Z[T'y]
denote the composition of the natural maps. We also write 7y for the induced map on I¥/I¥+1
for k> 0.
The following proposition is based on work of Hales [Hal85].

PROPOSITION 4.2. Suppose n € N, and r = r(n). Then:
(i) I/I;H = Iiev & 94,
(ii) if d|ny and d > 1, then m,/q(Z2°™) =0 and m,,4(I} /1) € I9;
(ili) ZpeY ={v eI} /I; 1w, 0(v) =0 for every ¢ dividing ny };
(iv) the map ®g,, 'y — I,V defined by @, Ve Hflm (v¢ — 1) is an isomorphism.

Proof. Let A,, be the polynomial ring Z[Y} : £|n] with one variable Yy for each prime ¢ dividing n.
Fix a generator oy of I'y for every ¢ dividing n, and define a map A, — Z[[';,] by sending
Yy +— o¢ — 1. By Corollary 2 of [Hal85], this map induces an isomorphism from the homogeneous
degree-r part of A, /(J, + J.) to IT/I"T1 where J, is the ideal of A,, generated by {(¢ —1)Y;:
lIn}, and J] is the ideal generated by certain other explicit homogeneous relations (see [Hal85,
Lemma 2]). The only fact we need about these ‘extra’ relations is:

if f € J),, then every monomial that occurs in f is divisible by the square of some Yy.  (3)

Note that Z"*" is the image in I” /I"*! of the subgroup of A, /(J, + J!) generated by Y,,, where
Y, = Hflmr Y;. Similarly, Z9'¢ is the image of the subgroup generated by all other monomials
of degree r. By (3), Y, does not occur in any of the relations in J},, and assertion (i) follows.

Assertion (ii) is clear, since , 4 kills those monomials that include (y — 1) with v € I’y for £
dividing d, and leaves the other monomials unchanged.

Fix ve I},/I; 7 If v e Z2* and f|n,, then m,(v) =0 by (ii). Conversely, suppose that
T e(v) = 0 for every £ dividing ny. Choose f € A, to be homogeneous of degree r representing v,
and suppose f has the minimum number of monomials among all representatives of v. We will
show that Y,|f, and hence v € Z)°V.

Fix a prime ¢ dividing n. The map m, , : Z[['n] = Z[I';, /o] — Z[I';] corresponds to the map
Ay — Ay defined by setting Yy = 0. Since m, ,(v) = 0, substituting Y, = 0 in f gives a relation in
Jn + J),, ie. f =Yy g+ h where g is homogeneous of degree r — 1, h € J,, + J},, and Yy does not
occur in h. But then Y} - g represents v, so the minimality assumption on f implies that A = 0.
Therefore Yy|f for every ¢ dividing n, so Y,|f and v € Z?*V. This proves (iii).

Let g:=gcd({¢ —1:4|ny}). Then gY,, € J,. It follows from (3) that the monomial Y,, only
occurs in elements of .J,, + J;, with coefficients divisible by g. Therefore Z**¥ is cyclic of order g,
and so is ®,, ['y. Clearly the map ®y,, v — I3V of (iv) is surjective, so it must be an
isomorphism. O
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If vell /It let (v)2® denote the projection of v to ZJ % under the splitting of
Proposition 4.2(i). We will use the following lemma without explicit reference in some of our
computations in §§6 and 8. Its proof is left as an exercise.

LEMMA 4.3. Suppose djn, v € Z¥, and w € DD+ Then
new new new

{vw);™ = (oma(w));™ = v{ma(w))g

5. Kolyvagin systems

Fix an odd prime p. To prove Theorem 3.9 we need to introduce Kolyvagin systems, as defined
in [MRO04a]. (See in particular [MR04a, § 6.1], and also [MRO4b], for the case of Kolyvagin systems
associated to even Dirichlet characters that we use here.)

Let F* denote the p-adic completion of F*. Similarly, for every rational prime ¢ let
Fr:=F®Qq, Op:=Op @ Zy, and define F,* and O} to be their p-adic completions. We define
the ‘finite subgroup’ F ¢ to be the ‘unit part’ of F*,

ngf = @; C FZX.

If £ = A7 splits in F', define the ‘transverse subgroup’ F vir C F ;. to be the (closed) subgroup
generated by (¢,1) and (1, £), where we identify F,* with F}* x F; =2 Q; x Q. Then we have
a canonical splitting FEX = szf X Fftr, and since p is odd,

(Fex)_ = (Féff)_ X (Fgﬁr)_' (4)
DEFINITION 5.1. If £ 5 p splits in F, define the finite-singular isomorphism
C(F)T = () @ I/
by
() = (6, 1) @ ([ox, Fa(po)/F] = 1) + (1, 0) @ ([2xr, Far (1) / Far] = 1)
= (6,71 @ ([xx, Fa(pe) /] - 1),

where x = (z), 7)) € F/\X X F)\XT :@Z X @KX with x\» :33;1 eZX, and |-, Fx(pe)/Fy] is the
local Artin symbol. (Concretely, note that if u € Z; then [u, F\(p)/F)] is the automorphism in
I'y that sends (; to Cg‘_l.) Then ¢£S is a well-defined isomorphism (both the domain and range
are free of rank one over Z,/(¢ — 1)Z,), independent of the choice of A versus A7.

DEFINITION 5.2. Let N, :={n e N :ptn}. A Kolyvagin system k (for the Galois representation
Zp(1) ® wp) is a collection

{kin € (F)" @I Y :n e N,}

satisfying the following properties for every rational prime /. Let (k,); denote the image of x,

in (F))~ @Zrev.
(i) If £4n, then (kn)e € (F)5)™ @ IV

(1) If £ny., then (rn)e = (6 ® 1) (Knse)e-
(iii) If £|n/ny, then Ky, = Ky, g

Let KS(F') denote the Zy-module of Kolyvagin systems for Z,(1) ® wp.
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Remark 5.3. Let N.f :={n €N, :all f|n split in F/Q}. In [MRO4a], a Kolyvagin system was
deﬁnf)d to be a collection of classes {k, € (FKX)_ ® (L) :n € NS}, and ¢f took values
in (FZ,(tr
Ty by 1)1 EQ, which will be more convenient for our purposes here. Also, a Kolyvagin system
{kn:ne€ ./\/'I;Ir } as in [MRO04a] extends uniquely to {ky : n € N},} simply by setting r,, =k, for
neN, — N

)~ ®@I'y. We use Proposition 4.2(iv) to replace ®y,,I'c by Z;*" and (1) to replace

The following theorem is the key to our proof of Theorem 3.9.

THEOREM 5.4. Suppose k, k' € KS(F). If k1 = k!, then k,, = kl, for every n € N.

Proof. We follow [MRO04a, §6.1], with R=2Z,, p=wp, T =7Zy(1) ® wr, and with the Selmer
structure denoted F in [MRO04a]. By [MR04a, Lemma 6.1.5 and Proposition 6.1.6], the hypotheses
needed to apply the results [MRO04a, §5.2] all hold, and the core rank of T" is one.

By [MR04a, Theorem 5.2.10(ii)], KS(F) is a free Z,-module of rank one. Therefore (switching
k and k' if necessary) there is an a € Z,, such that k' =ak, i.e. k], =ak, for every neN,.
If k is identically zero, then so is k' and we are done. If k is not identically zero, then (since the
ideal class group of F is finite) [MR04a, Theorem 5.2.12(v)] shows that 1 # 0. Since £} = k1 in
the torsion-free Z,-module (F*)~ (in fact property (i) above shows that ; € (Of @Zy)~), we
must have a = 1. O

6. Pre-Kolyvagin systems

Keep the fixed odd prime p. The right-hand and left-hand sides of Conjecture 3.8 are
‘almost’ Kolyvagin systems. If they were Kolyvagin systems, then since they agree when n =1
(Proposition 3.10), they would agree for all n by Theorem 5.4, and Theorem 3.9 would be proved.

In this section we define what we call ‘pre-Kolyvagin systems’, and show that a pre-Kolyvagin
system can be transformed into a Kolyvagin system. Using Theorem 5.4, we deduce (Corollary 6.6
below) that if two pre-Kolyvagin systems agree when n = 1, then they agree for every n. In §§7
and 8, respectively, we will show that the left-hand and right-hand sides of Conjecture 3.8 are
pre-Kolyvagin systems. Then Theorem 3.9 will follow from Corollary 6.6 and Proposition 3.10.

If € (F*)~ @ I}, /I;*, let x4 denote the image of x in (F))~ @ I',/I;+!, and if £ € N, splits
in F/Q, let x5 € (sz), @ I /I and @y, € (thr)* ® I"/I"T! denote the projections of
induced by the splitting (4). Let (2)2°V € (F*)~ ® Z*¥ denote the projection of 2 induced by
the splitting of Proposition 4.2(i), and similarly for (x¢)n®" and (zg¢)n™.

n n

DEFINITION 6.1. If n € N and d = [[}_, ¢ divides ny, let M, 4 = (m;;) be the ¢ x ¢ matrix with
entries in I,,/I2,

Wn/d(Frei - 1) leZ]a
mij = e .
mp; (Fry, — 1) ifi#j.
We let Mg := Mgq, where 71 (Fr, — 1) is understood to be zero, so that all diagonal entries of
M, are zero. Define

Dp.g:=det(M,q) € IL /I, Dy:=det(My) € I C IL /1L

By convention we let D, 1 = D1 = 1. Note that D,, ;4 and Dy are independent of the ordering of
the prime factors of d.
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DEFINITION 6.2. A pre-Kolyvagin system k (for Z,(1) ® wr) is a collection
{fn € (F)” @ I/ in € Ny}

where r = r(n), satisfying the following properties for every rational prime /.

(i) If £4n, then (k) € (Feff)_ ®Ir /It

(ii) If £[ny, then (1 ® mp ) kin = Ky e T e(1 — Fre).
(iii) If £roy, then ((kn)eu)n®™ = (&F © D)({(Kn/e)e)a})-
(iv) If €|ny, then 35, ((Kna)et)y)q Pa=0.

(v) If £in/n, then (K, )2V = (k n/g>27‘g
Let PKS(F') denote the Z,-module of pre-Kolyvagin systems for Z,(1) ® wp.
DEFINITION 6.3. If k = {k, : n € N}, } is a pre-Kolyvagin system, define & = {<,, : n € N},} by

Fin =Y kn/aDn.
dln.

LEMMA 6.4. Suppose n € N, and d|n.

(i) Iff|d, then 7y, ¢(Dna) = 7pja(Fre — 1)Dryease-

(ii) If £4d, then 7, ,¢(Dp.a) = Dpsa-
(ili) 7g(Dn,a) =Dg €IV,
Proof. Suppose ¢|d. The column of 7, /,(M, q4) corresponding to £ consists of all zeros except

for m,4(Fry — 1) on the diagonal. The first assertion follows from this, and (ii) and (iii) follow
directly from the definition. a

PROPOSITION 6.5. The map K +— & of Definition 6.3 is a Z,-module isomorphism PKS(F) =
KS(F') between free Z,-modules of rank one.

Proof. The Z,-linearity is clear. The injectivity is clear as well, since it follows easily by induction
that if K, = 0 for all n, then k,, =0 for all n.

We next show that if k is a pre-Kolyvagin system, then & is a Kolyvagin system. In other
words, we need to show for every n € N, that:

( ) ( )— Inew.

(b) 1f€+n then (Rp)e € (F ()T @IV,

(C) if €|TL+, then ("{n)ﬁ tr — (qb ® 1)((/{n/€)é);
(d) if £lny, then (Ky)es = 0;

(e) if £n/ny, then Ky = &y,

Fix n € N}, and suppose that £|n,. Then

Q@m0 (Fn) = Y (1@ 7s0)(KngaPna) + > (18 nye) (K /dDna)

diny 0fd dny bld
> Fngae) Tnge(Pnae) + (1@ T (ae)) (K fa) T (D)
d|(n/0)
64

https://doi.org/10.1112/50010437X1000494X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1000494X

REFINED CLASS NUMBER FORMULAS AND KOLYVAGIN SYSTEMS

Fix a divisor d of ny /¢. By Lemma 6.4(i),

Kn)(de) Tn/e(Dn,ae) = Koy Tnyaey(Fre — 1)Dy g g-
Also, (1 ® 7,(a))(Knyda) = Knj(dey Tnj(de)(1 — Fre) by Definition 6.2(ii), so by Lemma 6.4(ii)
(1® 7n/ae)) (Bnya)Tne(Pn,a) = Finyaey Tnjae) (1 — Fre) Dy o
Thus (1 ® 7,/¢)(Fn) = 0 for every £ dividing n. Since (F*)~ is a free Zy-module, it follows from
Proposition 4.2(iii) that &, € (F*)~ ® Z°V. This is property (a) above.
By property (a), and using the fact that 74(D;, q) € Z;V, we have
fin = (Fn)p " = Z <’£n/d>2%7 Td(Dn,a)-

din4

If ¢4 n, then Definition 6.2(i) of a pre-Kolyvagin system shows that <(/€n’d)g>27‘2l’ € (sz)* RLYY

for every d, so (Kn); € (F;;)~ ® Z2V. This is property (b).
Now suppose £|n. For property (c), using Definition 6.2(i) we have

(En)etr = Y (Bpj@)esPna= > (Knja)esDna-

dln d|(n4+/€)

Projecting into Z**V, and using property (a), Definition 6.2(ii), and Lemma 6.4(ii), we have

(Fn)ete = ((Rn)ege)n ™ = Z <(’fn/d)€,tan,d>geW
d|(n+/0)
= Z (65 @ 1) ((Kny(ae))e) Tnje(Dna))n™
d|(n+/0)
= Z (67 © 1)((Kn(ae)e) Prjea)ns™
d|(n+/£)
= ((6F © 1)(Rnye)n™ = (05 ® D)((Rnje)nit) = (6F © 1)(Rny).
This is property (c). For property (d), using property (a), Lemma 6.4(iii), and Definition 6.2(iv)

we have

(Fn)et = ((Fa)e)n™ = Y ((Fnsaet)ndy (ma(Pua))i™ = Y ((Knja)es)njiDa=0.

d|ny ding

Finally, suppose that ¢|n/n. Using Definition 6.2(v) and property (a) above,

Fn = (Rn)p " = Z <(/‘0n/d)>2%9d = Z <('€n/(dz))>rﬁ?v(vd@pd = <Fﬂn/£>g?€v = ’%n/éﬁ
dln4 dl(n/€)+
This completes the proof that & is a Kolyvagin system.

Since KS(F') is a free Zy,-module of rank one [MR04a, Theorem 5.2.10(ii)], to complete the
proof it remains only to show that the map PKS(F) — KS(F) is surjective. If K € KS(F'), then
(since D,,; = 1) we can define inductively a collection & := {x,, € (F*)~ ® I/ /I"*" :n € N, } such
that > djn. Kn/d D,,.q = Ry, for every n. It is straightforward to check that k is a pre-Kolyvagin

system; since we will not make use of this, we omit the proof. By Definition 6.3 the image of &
in KS(F) is k. O

COROLLARY 6.6. Suppose k, k' € PKS(F). If k1 = K, then k,, = k], for every n € N,.
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Proof. Let & and R’ be the images of k and k', respectively, under the map of Definition 6.3.
Then & and &' are Kolyvagin systems, and &1 = k1 = k| = K. Therefore & = &K’ by Theorem 5.4,
so by the injectivity assertion of Proposition 6.5 we have k = k’, i.e. k,, = k], for every n € N,,. O

We will use the following definition and lemma to replace property (iv) in the definition of
a pre-Kolyvagin system by an equivalent property that will be easier to verify. See Remark 6.9
below.

DEFINITION 6.7. If n € N, let &(n) denote the set of permutations of the primes dividing n,
and let &1(n) C &(n) be the subset
S1(n) := {0 € &(n) : the primes not fixed by o form a single o-orbit}.
If 0 € &(n) let do := ], 5(¢)e £> the product of the primes not fixed by o, and define
)= H 7q(Fro(g) —
qlds
LEMMA 6.8. Suppose that A is an abelian group, ¢ is a prime that splits in F/Q, and
Tn, € AQ LNV for every n € N,. Then the following are equivalent:
(i) for every m divisible by ¢, Zd|n+ Ty/q Da = 0;

(ii) for every n divisible by £,z = =) ;e (n) 8ign(0) Ty q,1(0).

o(0)#t
Proof. We show first that property (ii) implies property (i) (which is the implication we use
later in this paper). Let &'(d) C &(d) denote the derangements, i.e. the permutations with no
fixed points. Then we can evaluate the determinant Dy = det(My) as follows. Let mg o be the
(q, ¢')-entry in M. Then

Dy= Z sign(o H Mg o(q) = Z sign(o)II(o), (5)
ceG(d) qld ceG’(d)
where the second equality holds since the diagonal entries of My vanish.
Fix an n divisible by ¢, and let
Z ZpjaDa, S2= Z Zp/d Da.
dlng 0td dlng 0|d
Using property (ii) we have
> Y sign(0){(@ng(aan))en i, o) Da. (6)

dny c€G1(n/d)
oUd o(0)#£L

Fix a divisor 0 of ny that is divisible by £. We will show that the coefficient of z,,/5 in S1 in (6)

s —Ds, which exactly cancels the coefficient of z,,/5 in S2. Using (5), the coefficient of z,,/;
in S7 in (6) is

-y ¥ <sign(U)H(U) > sign(n)H(n)>

d|(6/8) 0€6 1(n/d) neSG’(d)
do=5/d

=— Z Z Z sign(on)I(on).
d|(6/8) o€61(n/d) nec&’(d)

o=0
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For every p € &'(8) there is a unique triple (d, o, n) such that
d|§/t,0 € Si1(n/d),dy =6/d,n € &' (d) and p=on.

To see this, simply write p as a product of disjoint cycles, let o be the cycle containing ¢, and
let d=6/d, and n=0""'p. Thus the coefficient of z,,/5 in Sy in (6) is (using (5) again)

— ) sign(p)(p) = —Ds.
pEG(9)
Therefore Zd\w Tp/q Da = S1 + S2 =0, so property (i) holds.

Although we will not need it, here is a simple argument to show that property (i) implies
property (ii). Suppose that X :={z,, € AQZMV :n € N,} satisfies property (i). If ¢|n, then
(since Dp =1) we can use property (i) recursively to express z, as a linear combination of x4
with £1d. Thus X is uniquely determined by the subset X' :={z, € AQZ *V :n e N,, £{n}.
Clearly X' determines a unique collection Y := {y, € A ® IV : n € N, } satisfying property (ii),
with y, =z, if £{n. We showed above that property (ii) implies property (i), so Y satisfies
property (i). Since (i) and X’ uniquely determine both X and Y, we must have X =Y, and so
X satisfies property (ii). O
Remark 6.9. We will apply Lemma 6.8 as follows. Let A := (ﬁ’fxf)*, and let z, := ((Kn)ef)n".
Then Lemma 6.8 says that we can replace property (iv) of Definition 6.2 of a pre-Kolyvagin
system by the equivalent statement:

(iv)" if £|ny, then

(Bn)es)n™ ==Y sign(o){((knsa, o) (o).
ceG1(n)
o(£)#L

7. The cyclotomic unit pre-Kolyvagin system

Fix an odd prime p. If n € N/, let s(n) be the number of prime factors of n/n.. In this section
we will show that the collection {275("@’ :n € N,} is a pre-Kolyvagin system. Recall that

NS i={n e N :all £|n split in F/Q}.
PROPOSITION 7.1 (Darmon). If n € N, then
> 00 [ mnga(Fre = 1) =205, in (F*)” @ I}V
dns 0d

where, for n € N}f, B, € (FX)~ @ I is the Kolyvagin derivative class denoted k(n) in [Dar95,
§ 6], or Ky, In [MR04b, Appendix].

Proof. This is [Dar95, Proposition 9.4].! (Note that x(n) in [Dar95, §6] and &, in [MRO4b,
Appendix] are defined to lie in (F*)~ ® (Z/ged(¢ — 1: £|n)Z), after fixing generators of every
I'y. Without fixing such choices, the elements defined in [Dar95, MRO04b] live naturally in
(FX)~ @ Iev.) O

THEOREM 7.2. The collection {27°("@! :n € N,} is a pre-Kolyvagin system.

! There is a typo in [Dar95, Proposition 9.4]. The last two T”s should be T'Q, as in [Dar95, Lemma 8.1].

67

https://doi.org/10.1112/50010437X1000494X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1000494X

B. MAzur AND K. RUBIN

Proof. We need to check the five properties of Definition 6.2. For nGNJ, let 3, be as in
Proposition 7.1.

Since 3y, € (F )T @IV for every n, it follows easily by induction from Proposition 7.1 that
0! e (F*)~ @ I/I'+!, where r is the number of prime factors of n . This is (i) of Definition 6.2.

Suppose ¢|ny. A standard property of cyclotomic units shows that
N _ Frj!
F(pin) [ F (g ) O = On 0/ fy -

It follows from the definition of ¢/, that

(L@ m0)(0) = Y () @ Tse(V) = Y YNF(n)/F () On) @7

v€lR Vern/é
F‘I‘71
= D> W/l )@= ) ©7 Tpp(l — Fre)
’Yern/l 'Yern/é

= 9;/5 T e(1 — Frg).
Since ¢|n4 we have s(n) = s(n/¢), so this verifies property (ii) of Definition 6.2.
Projecting each of the summands in Proposition 7.1 into (F*)~ ® Z™Y, one sees that all
terms with d > 1 vanish, yielding

(@G = (B )™ = .

Properties (iii), (iv), and (v) of Definition 6.2 follow from the corresponding properties of the
Bn, - See [MRO4a, Proposition A.2] or [Rub00, Theorem 4.5.4] for property (iii), and [MR04a,
Theorem A.4] or [MRO04b, Proposition A.2] for property (iv)’ of Remark 6.9. Property (v) is
immediate, since (3,,, depends only on n. O

8. The regulator pre-Kolyvagin system

In this section we study relations among the regulator elements R,,, to show that the collection
{hnRy,, :n € N,} is a pre-Kolyvagin system.

LEMMA 8.1. Suppose n € N, l|ny, and {Xg — A], ..., A\ — AL} is a standard basis of X, with
M AL =L, Then {Xo— AJ,..., A\r—1 — Al_;} is a standard basis of X,y and we can choose
an oriented basis {ep, ..., €} of (1 —7)&, such that {ey,..., €1} is an oriented basis of
(1 =7)&n
With any such bases, ordy, (€,) = —hy,/¢/hy and
[er]ﬁfe = h}:ié Tnye(1—Fry) € In/z/Ig/g.

Proof. Everything except the final sentence is clear. Comparing the determinants of the
logarithmic embeddings

En/é _ én -
(1 =7)n e —— Xn/@’ 1-7&, —— X,
with respect to our given bases, we see that

det(ﬁn) = log |€r|)\r det(&n/f)
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because log |€;|x, = 0 for 0 < < r. Since our bases are oriented, both determinants are positive.
Hence
ler|n, = gmord(e) 5 1
so ordy, (e,) < 0.
The exact sequence

ordy,.

(1—7)E —2r 7, 2, Pic(Op[¢/n]) —> Pic(Op[1/n]) — 0
shows that
[Z - ordy, (€7)Z] = hy o/ I,
so ordy, (€) = —hy/¢/hn as claimed. Since F'(p,,/0)/F is unramified at A,
er 3/ = (B €)) — 1 = ordy, (e) (Fre — 1) = —hyy /I (Fr — 1)
in L/ 17 - O

PROPOSITION 8.2. Suppose n € N, {|n., and r =r(n). Then
(1 & Wn/g)(han) = hn/ZRn/Z Fn/g(l — Frg) eF*® I,Z/I;frl.

Proof. To compute R, fix bases for X, and &, as in Lemma 8.1. By definition

€0 €1 e €r
R = [60]21 [el]t\Ll [ET]S\L1
o]y, lealy, - [er]X

and then (1 ® m,/,)(R,) is the determinant of the matrix obtained by applying 7,/ to rows
2 through r+ 1 of this matrix. For i <r, ¢ is a unit at A., so the local Artin symbol

[€i, F'(4n) A,/ F),] lies in the inertia group I'y. Hence 7, /¢([e:]} ) = [ei];fg =0 for i <r, and so
€0 S € €r
[60];{5 . [er_l];‘{e [er]ﬁfg
(1@ ) (Bn) =] : :
(0 KARPRIN Y |
0 - 0 [GT]T;ZZ
The upper left  x r determinant is the one used to define R, ,, so
(18 ) () = Rl = 2 R0~ )
by Lemma 8.1. O

Fix an odd prime p as in §§5 and 6, and keep the rest of the notation of those sections as
well.

LEMMA 8.3. If n € N,, £ is a prime not dividing n, and r =r(n), then
(Rn)e € (F)p)~ @ I/I,.

Proof. Since £1n, if e € &, then ¢ € (O))™ = ()~ C (F))~. Now the lemma is clear, since
Ro€& @ I1/IT+1, 0
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PROPOSITION 8.4. Suppose n € N, and {|n;.. Then
(P (Bn)re)n™ = (88 © 1) (P je( R ) e)a5%).
Proof. Note that (¢ff ® D) ({Pyje( Ry pe)e >27£) (ngtr) ® I Y is well-defined, since Lemma 8.3

shows that (R,,¢). € (Fexf) I;/El/lr
As in the proof of Proposition 8.2, fix a basis {\g — Aj, ..., A\r — AL} of X7 with £ = X\ AT,

and an oriented basis {¢, ..., €} of (1 —7)&, as in Lemma 8.1. Then
(eﬂ)é,tr tot (er—l)Z,tr (er)ﬁ,tr 1 s 1 (f, E_l)
EOn Eln PN Ern EOn 61” [N 6"’n
< | E 9B, N (0 N A
el laly, - [e:]7, leoly, [alX, - leh,

since (e,)p0 = (£, 071 () and (¢;)p4r =1 for i <r. (Recall that when we evaluate these
determinants using (2), the multiplicative notation in (Fz )tr changes to additive notation in
the tensor product (F )tr ® IZ/ITJrl so the 1’s in the top row become 0’s, and (£, £~1)°rdr-(er)
becomes ordy, (&) - (¢,¢71).) We have ordy, (e,) = — hpye/hn by Lemma 8.1. For i <r we have
ordy, (€;) =0, so [e]} = [ei]f\T € I;/I? and

oe((e)) = (. ) @ [al}, € (B ) ® L/1].

Thus
Fl(e)) - o ((er1)0)
<Rn>g,tr=—hﬁf(—nf“(—l)’"‘l [eo;hl el
o]y, - le—1l}
6E((c)e) - 5 ((er—1)e)
hose | ooy + leolh, e a2 feril,
 hn : : :
oV el o LoV el

(we have the (—1)" because we moved column 7 + 1 to column 1, and the (—1)"~! because we
moved row r + 1 to row 2). When we expand the last determinant (including expanding the
sums [el]z]/ Ly [ei]ﬁj), each term that includes one of the [ei]gj lies in I? (since the top row also

contributes one element of I;). Thus all such terms project to zero in Z*V, and so

<(R”)€,tr>gew _ hn/ﬁ <d t<A)>new

hy,
where
¢ ((e0)e) -+ dF((er-1)e)
P IS e
[60]7;1{1 e l]z/el
But then det(A) = (¢f ® 1)((Ry,/¢)¢), so the proposition follows. O
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Suppose n,n’ € N, n|n/, and r = r(n). Define
€0 €1 N €
/ / /
[eoly, [elx, - [edR,

S’mn’ = S g,: & Igl/_[;;j_l,

! i

[eol,  [e1)3, [er]3,
using any standard basis of X, and oriented basis of (1 — 7)&,. In particular S,, , = R,,.
PROPOSITION 8.5. Suppose n € N and £{n.
(i) If ¢ is inert in F'/Q, then hpe(Rue)n = hyp(Rp)nev.
(ii) If ¢ splits in F//Q and v € I,,, then
St 005 = (R2T(0) = 3 g 00 o (Fry — 1)

primes g|n4
. - new
in&; QLY.

Proof. Let r be the number of prime divisors of n, so X, and (1 — 7)&, are free Z-modules of
rank r 4+ 1. Choose a standard basis of X, and an oriented basis of (1 — 7)&,. For 1 <i<r=

r(n), let
a; = ([eol,. 1]}, - [e]R), bi = (leols,s [l o3,
Then
60 .« .. 67.
a; + by
Syt = _ = ) det(Ap) (7)
: TC{1,..,r}

ar + by

where Ap is the matrix whose top row is (e, . . ., €-) and whose (i + 1)th row for 1 <i<ris b;

if i € T and qa; if i ¢ T. Note that det(Ay) = R, and that the entries of each b; are in I,/I7.

Suppose first that £ is inert in F//Q, so (nf)+ =n,. Then (det(A7))n®Y =0 if T is non-empty
(since Z»*V has no ‘¢ component’), so (7) shows that

(Snmeh™ = (det(4g))5™ = (Ra)p™.

n

Further, since £ is inert in F//Q we have X, = X, (1 = 7)€y = (1 — 7)&,, and hy,y = hy,. Thus
St = Rpe, and so

hn€<Rn€>I(1§% - hn<Sn,n€>new - hn <Rn>new'

This is assertion (i).
Now suppose that ¢ splits in F'/Q. Since the entries of each b; are in Iy, if #(T') > 2 we have
(det(Ar)v)ho" = 0. Thus (7) gives

(Snne v)ng" = (det(Ag)o)pg™ + D (det(Apy)o)ne™. (8)
i=1
By definition of R,,
(det(Ag)v)ng” = (Rnv)ng” = (Bn)p™me(v). (9)
To compute det(Ag;), let ¢ = A7, and assume that our oriented basis of (1 —7)&, was
chosen so that {ep,...,€-—1} is an oriented basis of (1 —7)&,/, with respect to the standard
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basis of X,,/, obtained by removing \; — A7 from {A\; —AT,..., A\, = AT} For 1<j<r—1, ¢
is a unit at A, so [ej]f\i =0. Thus

€0 co €r—1 €r
[60]31 e [67’_1]21 [67‘]31 €0 ctt €r—1
: : : leoly, oo [er—a]d
det(Agn) = | ; ==y M e
=] o o =Y . oy
: : : leoy, -+ [erlX,
o]}, -+ ler—a]}, [e]X,

= (_1)T+isn/q,n [fr]f\i
(where the second determinant has no \; row). Further, an argument identical to that of

Lemma 8.1 shows that

h,
[Er]f\i = (_1)T+Z+1T/q m(Frg —1) € Ig/Ig.
n

Therefore

hy,
det(A{Z}) = _Tfsn/q’” TI'Z(FI'q —1).

Multiplying (8) by h,, and using (9) gives

" (Spnev)ng = hn(Rn)n" m(v) — Z P g (Snjgnvme(Frg — 1))55"

alny
Since Sy, /4. € In /I, we have
<Sn/q,nv7ré(Frq - 1)>?L(ZW = <Sn/q,n Wn(v»gew TI'g(FI“q - 1)'
This completes the proof of the proposition. O

If n €N, recall (Definition 6.7) that G(n) denotes the set of permutations of the primes
dividing n4, &1(n) C &(n) is the subset

S1(n) :={o € &(n) : the primes not fixed by o form a single o-orbit},
and if 0 € &(n) then do := ][, 42, ¢ and II(0) := ][ 14, Tg(Fro(g) —1).

THEOREM 8.6. Ifn €N, and {|n, then

(An(B)es)p™ ==Y sign(0)(h/a, (Ruja,)eynds, (o).
€S 1(n)
o(0)£¢

Proof. As usual, fix a basis {A\g—Aj,..., A\ — AL} of X with £=\\], and an oriented
basis {ep,..., €} of (1—7)&, as in Lemma 8.1, so that {ep,...,€e—1} is an oriented basis
of (1 —7)&,/¢- Then

(€0)et (er—1)es  (er)et
(Rn)z,f _ [60]?\1 [Er—:l]&ll [er] i\ll
[eo]. [er—1]X,  [en]X,
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For each i, we have [¢;]} = [ei]f\bfg + [ei]f\r. If i <r, then ¢; is a unit at A, so [e,}i{e = 0. Thus
(€0)es -+ (er)eg (Eo)ﬁ,f e (Gr—l)ﬁ,f (Er)ﬁ,f
N N
wl, - [l 0 0 el

The map € [e]§ =, F),(p¢)/Fy,] — 1 is an isomorphism from ()~ =(0F) to (I/I?) ®

N

Zy, and is zero on (F, )~ because £ is a norm in the extension Fy, (p¢)/Fy, = Q¢(pe)/Qp. Hence
the first determinant in the equation above is zero, because the top and bottom rows are linearly

dependent. Also, if i < r then ¢; is a unit at A, so (&) = (€;)¢ and

(€0)e -+ (er—1)e
(Bp)et = [60:]/\1 - [67«—;1],\1 [67’];7{5 = (Sn/en)e [ET]T;ZZ.
leolX, , -+ le—ld,

By Lemma 8.1, [ET]ZZZ = —(hnse/hn) T 0(Fre — 1). Thus

ha((Bn)eg)n”™ = —hnse{(Snyen)e Tne(Fre — 1))p. (10)
We can now ‘simplify’ (10) by inductively expanding the right-hand side using Proposition 8.5.

Specifically, expand (S}, /¢y, T /¢(Fry — 1))3°" using Proposition 8.5(ii). Then expand each of the
resulting (Sy, /(¢g),n/¢ Tn)(qe) (Frq — 1))26/“;’ using Proposition 8.5(ii) again. Continue until no terms

S, remain. The resulting sum consists of one term
m/qm

k
(_1)k<h”/(Q1---qk)(R”/((h---Qk))lm’;v(vql-”qk) H 7 (Fro., —1)

i=1
for each sequence q1 =¥, qa, . .., g of distinct primes dividing n4 (with ggiq = ¢). Identifying
this sequence with the k-cycle o := (¢, q2, . . ., qx) € &1(n) gives the formula of the theorem, since
sign(o) = (—1)*1. O

THEOREM 8.7. The collection {h, R, :n € N} is a pre-Kolyvagin system.

Proof. We need to check the five properties of Definition 6.2. Property (i) is Lemma 8.3, (ii) is
Proposition 8.2, (iii) is Proposition 8.4, (iv) is Theorem 8.6 along with Remark 6.9, and (v)
is Proposition 8.5(i). O

9. Proof of Theorem 3.9

Proof of Theorem 3.9. Fix an odd prime p. By Theorems 7.2 and 8.7, we have pre-Kolyvagin
systems

(270, :neN,}, {—hnRn:neN,}.
By Proposition 3.10, 65 = —hy Ry in O} /{#1}. Hence, by Corollary 6.6,
275§, = —h,R, in (F*)” @ I @ Z, for every n € N,,. (11)

If p|n € NV, then Proposition 4.2(iv) shows that (p — 1)Z2*" = 0. Therefore (F*)~ @ IV @ Z, =
0 and (11) holds vacuously in this case. Since (11) holds for every n € A/ and every odd prime p,
this completes the proof of Theorem 3.9. O
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