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CODIMENSION 2 SYMMETRIC HOMOCLINIC
BIFURCATIONS AND APPLICATION TO
1:2 RESONANCE

CHENGZHI L1 AND CHRISTIANE ROUSSEAU

1. Introduction. In this paper we study a codimension 3 form of the 1:2
resonance. It was first noted by Armold [3] that the study of bifurcations of
symmetric vector fields under a rotation of order ¢ yields information about
Hopf bifurcation for a fixed point of a planar diffeomorphism F with eigenvalues
e2™P/4_ The map F? can be identified to arbitrarily high order with the flow map
of a symmetric vector field having a double-zero eigenvalue ([3], [4], [10], [23]).
The resonance of order 2 (also called 1:2 resonance) considered here is the case
of a pair of eigenvalues —1 with a Jordan block of order 2. The diffeomorphism
then has normal form around the origin given by [4]:

(L) F(,y) =(—x+y+0(x,y|"),—y +ax’ +bix’y
+arx’ + b2x4y +o+0(x,y").

In the non-degenerate case of codimension 2, we have aj, b; # 0. We study the
codimension 3 case a; # 0,b; = 0, b, # 0, for which we have the unfolding:

(1.2)  Fur,y) =(=x +y +0(|x,y "), pix + (2 — Dy +ax°>
+pax’y + boxty + -+ 0(|x,y ).

The square of this map Fﬁ is, up to higher-order terms, the flow map of a
symmetric system:
x=y

(1.3)
y=ex+ey+axr’ +axly+ bty +ex®+0(x,y|% a,b#0.

The purpose of this paper is to give the bifurcation diagram of (1.3) and
to prove that (1.3) is a universal unfolding of the same system at e = 0. The
techniques are quite standard:

Determination of the phase portrait of (1.3):

— study of singular points and Hopf bifurcations,

— transformation of the system into a near-Hamiltonian system, and determi-
nation of the limit cycles and homoclinic loops as zeros of elliptic integrals;
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Proof that (1.3) is a universal unfolding: this uses techniques similar to those
developed in [11] for the cusp of order 3.
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Figure 1. Birth of a limit cycle through a Hopf bifurcation and death in a heteroclinic connection.

Codimension 2 homoclinic bifurcations appear in system (1.3). Depending
on the sign of a, these are of two kinds. For a > 0 we have a heteroclinic
loop through two symmetric saddle points, and for a < 0 a pair of symmetric
homoclinic loops through the origin (we call this, a symmetric homoclinic loop,
and the corresponding bifurcation, a symmetric homoclinic loop bifurcation).
In both cases, because of the symmetry of the vector fields, a neighborhood
of the homoclinic (resp. heteroclinic) connection is studied by a Poincaré map
which has the same asymptotic expansion as for a single homoclinic loop ([11],
[21]). There is a major qualitative distinction between symmetric homoclinic and
heteroclinic loop bifurcations. The latter leads to the emergence or disappearance
of limit cycles (Figure 1) as for the usual homoclinic loop bifurcation. In the
former, limit cycles “pass through™ the loop, in the same way as zeros of a

function change sign (Figure 2).
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Figure 2. A symmetric homoclinic loop bifurcation of order 1.

Our analysis is very similar to the analysis of the cusp of order 3 for the 1:1
resonance. When a > 0 it is exactly the same, and we call this a symmetric
cusp of order 3 (partly because of its similarity to the case of order 3, partly
because of the topological shape of the vector field before unfolding). The cusp
of order n has been extensively studied in the literature ([5] and [6] for n = 2,
[11] for n = 3, [17] for n = 4, [15], [19], [22] for the general case). All results
transpose exactly for the symmetric cusp of order n: the bifurcation diagram is
the same, and we can also conclude that there is a maximum number of (n — 1)
limit cycles. In the case ¢ < 0 an analysis of higher codimensions remains to
be done.
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In Section 2 we discuss the normal form of a symmetric system with a double-
zero eigenvalue. In Section 3, we derive the bifurcation diagram of (1.3). In
Section 4 we discuss the universality of (1.3). We conclude with several remarks
on the application to 1:2 resonance.

Notation. For all bifurcation curves (or surfaces) in all figures:

— (H) denotes Hopf bifurcation, (H;), Hopf bifurcation of order 2, etc ...

— (HL) denotes the double homoclinic (or heteroclinic) loop bifurcation, (HL;)
the same bifurcation of codimension 2, etc ...

— (2C) (resp. (3C)) denotes double (resp. triple) limit cycle bifurcation.

— (2C¢x) (resp. (2Ciy)) denotes double external (resp. internal) limit cycle
bifurcation, in the case n = —1.

— (P) denotes pitchfork bifurcation.

— (DZ) denotes double-zero eigenvalue bifurcation.

2. Normal form of a symmetric system with a double-zero eigenvalue.
We consider a symmetric system around the origin, with linear part given by:

X=y

2.1
2.1 i=o.

Its normal form, first given by Takens [26], is:

(2.2)
y=ad +ax’ + -+ by + bty + o(Jx,y |6).

We consider a system for with a; # 0. Under the change of coordinates (inspired
from [22])

2.3) a|X4/4:al.\'4/4+ag,\‘6+a3.\'8/8+---.
and division by a symmetric positive function, system (2.2) becomes
X=y

(2.4)
V= arX? + X2y + Xty +yo(| X,y 15).

When ¢ # 0 the singularity at the origin has codimension 2. For the codimension
3 case, we have ¢; = 0,¢; # 0. Rescaling ¢; = —1,a; = £1 = 7, we start with
a normal form (setting X = x)

= vV

(2.5)
y =" —x'y +yo(|x,y ),

for which we study the unfolding
X=y

(2.6) . 2 3 4 5
y=€X+eEy e y+n —x'y +y0({.\‘.y ).
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For a codimension #n singularity with a; # 0, we would study the following
unfolding:

xX=y

2.7 5
y=€Xx+ey+exy+---+eux

2(n—2) x2(n—1)

y +nxd — y+y0(]x,y|2”_').

The normal form is simpler here than for the cusp of order n, since all terms
x>y have independent contributions.

3. Bifurcation diagram of system (2.6). The singular points of (2.6) are
given by (0, 0) and g+ = (&(—ne;)'/2,0), when ne; < 0. The origin is a node
or focus (resp. saddle) for ¢; < O (resp. €¢; > 0). The points g+ are nodes or
foci (resp. saddles) for ¢; > 0 (resp. €; < 0). At ¢; = 0 we have a pitchfork
bifurcation.

The system (2.6) has a Hopf bifurcation at the origin for ¢, = 0,¢; < O.
Hopf bifurcation is of order 1 (resp. 2) on €3 7 0 (resp. €3 = 0). We have one
attractive (resp. 2, one repulsive inside one attractive) limit cycle(s) inside the
region €; > 0 (e < 0,¢e3 > 0).

The points g+ undergo a Hopf bifurcation (only in the case n = —1) on

€ + €36 — e% + o(e%) =0.

Hopf bifurcation is of order 2 if €3 = 0. The second Lyapunov coefficient is
positive, and we have one (resp. two) limit cycles(s) in the region

€ + €36 — e% + o(e%) <0,

(resp. €2 + €3€] — e% + o(e%) > 0,€e3 > 0) (cf. [17] for a brief explanation of the
method of Lyapunov coefficients and [24] for a detailed one).

For €, = ¢; = 0, the origin has a codimension 2 bifurcation with a nilpotent
linear part. This bifurcation has been studied in the literature ([7], [13], [14],
[25]). The bifurcation diagrams for n = +1 are given in Figure 3.

To follow the growth of the limit cycles around the origin if n = 1, and

around g4 if n = —1, we make the change of coordinates
X =éu € = —nd*po

B y=8% € = 6%,
T =6t €3 = 6% 2,
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Figure 3. Bifurcation diagram of the codimension 2 system with nilpotent linear part.
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and we get the system:

3.2)
v = —nuou + nu3 +80\ v+ /LQMZV —utv)+ 0(64),

which we study as a perturbation of the Hamiltonian system:

(NN
)

am=1 by m = -1

)

Figure 4. The Hamiltonian systems (3.3).

/

=y

(3.3)

’ 3
V= —nlou +nu,

with Hamiltonian function (Figure 4):

34) H= 1’2/2 + nu()uz/2 —nu' /4.
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The system has the form:

X = 0H [dy +¢f (x,y) + 0(€)

(3-5) y = —0H [ox +€g(x,y) + 0(€).

For small €, we consider the “Poincaré return map” P on a section X, transver-
sal to closed level curves of H (including possibly homoclinic or heteroclinic
loops), and parametrized by values of H. As for the homoclinic loop bifurca-
tion, depending on the position of the separatrices, it may happen that the return
map going forward does not exist, and that one must consider the return map
going backwards. Details for the special case appearing here will be given in
Proposition 3.6. It is known that

(3.6) P(h)y—h = e/ gdx — fdy + o(e).
H=h

In order for a limit cycle (homoclinic or heteroclinic loop) to merge from a
closed level curve H = h (homoclinic or heteroclinic loop) at € = 0, it is
necessary that

3.7) Mh) = / 2dx — fdy = 0.
H=h

For sufficiency, we need some non-degeneracy condition, for example M’(h) # 0,
in which case we can apply the implicit function theorem to obtain a unique
limit cycle for small e. With a more degenerate condition as M (h) = M'(h) =
0,M"(h) # 0, a double limit cycle follows from the Malgrange-Weierstrass
preparation theorem [16] or [20]. Similar conditions exist for a homoclinic loop
[21].

Study of the zeros of M. In our system M is the function:
(3.8) Mh) = / (v + ,uzuzv —u*v) du.
H=h
This function is a linear combination of the /;(h), where
(3.9 Iih) = / u?'v du.
H=h

As for the cusp of order n, we can remark that all /; are linear combinations of
Iy and [, the coefficients of which are polynomials in 4. This goes through the
induction formula given in the following proposition:

ProposiTION 3.1.

(3.10)  Qn+ 3, = 4nppl,—| — 4hnQn —3),_», for n 2 2.
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In particular:

@11y L, = —4h7]10/7+8p()1|/7.

Proof. This derivation is quite standard (see for example [11] or [22]). It is
understood here that all integrals are taken on the curve H = h.

3.12) I, = /uz"vdu = /(u2" — o 2yvdu + ol

= / " v dv + ol

—n(2n —3)/3 / V34 du + ol

Il

—n(2n —3)/3 / i (—npou® + 20 + nqu /2)du + pol,, -

—(2n = 3)1,/6 + 2npol, 1 /3 — 2hn2n — 3,2 /3.

Il

ProrosiTiON 3.2. i) Iy and 1, satisfy the Picard-Fuchs equations:

lo = 4h1}/3 — npol 3,

(3.13) / ) ,
Iy = 4hpoly /15 + (—dnud + 120)11 /15,

ii) If we define P = I, /Iy, then P satisfies a Ricatti equation:

(3.14)  4h(4h — nud)P' = —5nuoP? + 8hP + dnudP — 4uoh.

Proof. The proof can be found in [10]. It is similar to the derivation of a
Ricatti equation in the case of a cusp [11].

We will consider P(h) as trajectory of the vector field:

I = —4h(u§ — 4nh)

(3.15 ., 5 )
P = —5uoP* + 8nhP — 4Anuoh + 4p,P.

The vector field is sketched in Figure S for the case n = —1. (The case n = 1
is obtained through # +— —#.)

The curve H = h contains:

i) for n = 1 and po > 0: a closed component around the origin for h €
(0,1/4). The values h = 0 and h = 1/4 correspond to the origin and the
heteroclinic loop.

i) forp = —1 and po > 0O:

— two closed components, one around each of the points (£1,0) for # €
(—1/4,0). The value h = —1/4 corresponds to the two points (+1,0), while
h = 0 corresponds to symmetric homoclinic loop.
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Figure 5. Phase portrait of the system (3.15).

— a closed component surrounding the three singular points for # > 0.
iti) for n = —1 and gy = 0: a closed component around the origin for 4 > 0.

PropoSITION 3.3. For n = —1 and py = 1:
i) The graph of P(h) for h € [—1/4,01, is the unstable separatrix of saddle
point (——1/4, 1). It joins (—1/4, 1) to the node (0, 4/5).

(3.16) i) P(=1/4)=1, P©0)=4/5.

(3.17) iii) P([—1/4,0] C [4/5,1].

(3.18) iv) P'<0 for he[—1/4,0),P'(—1/4)= —1/2,P'(0) = —oo.
(3.19) vy P(h)y>1/2 for h > 0.

vi) P'(h) has a unique zero for h = h* > 0, is negative for h < h* and
positive for h > h*.
vii) P(h) — +00 when h — +oo.

(3.20) viii) P"(h) <O for h € [—1/4,0).
3.21) ix) P"(h)y>0 for h>0and P'(h) < 0.
(3.22) x) P(h) ~kh'* withk >0, for h — +oo.

xi) There exists a unique h > h* such that

(3.23) P"(h)y=0, P"h)y>0 forO<h<h, P"hy<O forh>h.

Proof. The proofs for all these properties are essentially the same as for the
similar function P in the case of a cusp [11]. We detail the cases which are not
similar.

V) PIP:I/2 =3/4>0.
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vi) and vii) See proof in [7].
viii) We can check that P"(—1/4) < 0. Suppose now that P"(h) = 0 and
P"(h) < 0 for h < h < 0. Since:

(3.24)  2h(1 +4h)P" = P'(5P — 12h — 4) + (4P — 2),

(3.25)  2h(1 +4h)P" = P'(5P' — 8) + P"(5P — 28h — 6),

then, at point &, (3.25) gives P”(h) < 0, which is a contradiction.
ix) This follows from (3.24).
x) The argument here is similar to the argument in [7].

C 4
(326) I, = 4/ W2 — ”3 +2h du,
0

where ¢ is the unique positive root of > — u*/2 +2h = 0, for h sufficiently
large. When h — +00, ¢ ~ h'/*. We let u = ¢z in (3.26):

1 b) 1
- C 1=z 22— : 1=
327 = / 2 ¥ dz ~ 2 / 2/ dz,
0 2 2 Jo 2

for h sufficiently large. Accordingly, P = I, /Iy ~ k¢ ~ kh'/?, with

L2 4,
1 —z%dz
(3.28) k= fi{———— ~ 0.274.

V= d

xi) From ix) and x) there exists a positive 4 such that P"(h) = 0. Let h
be the first such h. Necessarily P”(h) < 0. So, by (3.25),P'(h) < 8/5. We
consider first the case P"(h) < 0. Suppose now that P"(h;) = 0, with h; >
h.P'(hy) < P'(h) < 8/5. From (3.19) and (3.24) we know that zeros of P’(h)
occur with P”(h) > 0. Therefore P’(h;) > 0. This gives P"(h;) < 0, which is a
contradiction. In the case P”(h) = 0, we have P'(h) = 8/5. From this we get

PYh)y=---=PWh)=-..=0.
This is in contradiction to the fact that P is analytic but non-polynomial in the
neighborhood of A. (P is not polynomial since P'(0) = —00.)

These properties are summarized in Figure 5. The case n = 1 is ob-
tained through a change of coordinates # +— —h,P — 1 — P (since P(0) =
1/5,P(1/4) = 0).

PROPOSITION 3.4. For 1 = —1 and py = 0,P = kv/h for h > 0, where k is
given in (3.28).

Proof. This follows from (3.14) and an argument as in Proposition 3.3 when
h — +o0.
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PropositionN 3.5. For n = —1 and po <0:
i) The graph of P(h) for h > 0 is the stable separatrix of the saddle point
(0, 0).

(329) i) P'<O0 for h>0.

(3.30) iii)) P"<0 for h>0.

(331) iv) P(h)~Kh'? withK >0, for h— +00
with k given in (3.28).

Proof. This is the same as for Proposition 3.3.

(HL)

(O

S

o o D

¢ (HL>)

(2Cex) (2Cin)

8 €

s

Figure 6. The symmetric homoclinic loop bifurcation diagram of order 2. We have represented only
the limit cycles and not the separatrices.

ProposITiON 3.6. The bifurcation diagram for the symmetric homoclinic loop
bifurcation of order 2 is given in Figure 6.
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Figure 7. Return map in the neighborhood of the double homoclinic loop.

Proof. We consider a “return map” in the neighborhood of the symmet-
ric homoclinic loop. For this we consider sections X, %,,%3; as in Figure 7.
Parametrization on the Z; is given by h, which is zero on the loop and increas-
ing in the direction of the arrows. The return map inside one of the loops is
given by H, = G| oF,. When the loops are destroyed, the map H, is not always
defined. The map H; ! = F{! o G[! is then defined. In both cases looking for
limit cycles is the same as looking for points 4 such that Fy(h) = G7'(h). Sim-
ilarly, outside the symmetric homoclinic loop, half of the return map is given
by H, = G, o F,. We have G,(h) = G(—h) and F,(h) = F{(—h). Because of
the symmetry the return map outside the double loop is given by Hj. Since
H, is monotonic, H; has a fixed point if and only if /#, has a fixed point. So
we can speak of a “Poincaré map” given by H| for h = 0 and H, for h > 0.
This map has exactly the same form as in the case of a simple homoclinic loop
[21]. A fixed point of the map with & > 0 (resp. & < 0) corresponds to a large
limit cycle around the three singular points (resp. a pair of small limit cycles).
Around h = 0, M (h) has the asymptotic expansion:

(3.32)  M(h) = co +cih In|h| + coh + o(h).

The symmetric homoclinic loop bifurcation of order 2 occurs for ¢y = ¢; = 0.
We then have ¢; < 0. For ¢y < 0,c; < O (resp. ¢; > 0) we always have
a negative (resp. positive) zero (Inja| < O for small |A|). In that region two
positive (resp. negative) zeros occur for |¢g| < |¢|| < |c2|, and disappear when
lco| and |c;| grow.

THEOREM 3.7. The bifurcation diagram of the system (3.2) with § sufficiently
small and py = 1 is given by Figure 8 (resp. Figure 9) in the case n = —1
(resp. p =1).
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(HL)

o,

\ (2Cim)

(H)

Figure 8. Bifurcation diagram of (3.2) in the p-plane (i, = 1, = —1). The picture is only qualitative.

Proof. This follows from the bifurcation diagram of the zeros of M (k). We

give details for the case n = —1. The case n = 1 is simpler.
1) Bifurcation diagram of the zeros of M (h). The function M (h) in (3.8) is
given by:
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Figure 9. Bifurcation diagram of (3.2) in the p.-plane (o =1, = 1). The picture is only qualitative.

Instead, we study the zeros of:
(3.34)  M(h) = M(h)/lo = (u1 — 4h/T) + (u2 — 8/T)P.

Zeros of M(h) will be interpreted by intersection points of P(h) with the line
M (h) = 0. From this geometric interpretation and the concavity (convexity) of
the function P(h) on [—1/4,0] (in the region h > 0, P’ < 0), it follows directly,
using Figure 5, that (see Figure 10 and at the same time the bifurcation diagram
in the (u1, 1y) variables in Figure 8):

i) There is a maximum number of two (resp. three) internal (resp. external)
limit cycles, i.e., that contain only one of the points (+1,0) (resp. the three
singular points) (Figure 10a and 10b).

ii) In the case of two internal limit cycles, we necessarily have an external
limit cycle at the same time (Figure 10a).

iii) In the case of two external limit cycles, we have either one internal limit
cycle or none at all (Figure 10c and 10d).

In the case of three external limit cycles, we have no internal limit cycle
(Figure 10b).
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iv) Hopf bifurcation (resp. symmetric homoclinic loop bifurcation) of order
2 is given by a line tangent to P(h) at the point (—1/4, 1) (resp. (0, 4/5)). In the
former (latter) the line has slope —1 /2 (is vertical), which gives p, = 0 (Figure
10e) (resp. po = 8/7).

v) Similarly a point of Hopf bifurcation simultaneous to a symmetric homo-
clinic loop bifurcation is given by a line M (k) = 0 passing through the points
(—1/4,1) and (0,4/5), i.e., with slope —4/5. This yields u, = 3/7 (Figure 10f).
There is a limit cycle surrounding the symmetric homoclinic loop.

vi) We have a point in the bifurcation diagram with a double external limit
cycle, together with a Hopf bifurcation (Figure 10g).

vii) The curve of double internal limit cycles is a convex curve joining Hopf
bifurcation of order 2 to symmetric homoclinic loop bifurcation of order 2. In
fact, the lines M(h) = O have the form py = pu,Q +R, with Q = —1/P, and
R =4/7(2+ h/P). It is easy to check that —R is a convex function of Q. The
curve of double internal limit cycles is the Legendre transform of —R. It is
therefore the convex envelope of the lines M (h) = O (see the argument in [11]).

viii) The curve of double external limit cycles starts at the double homoclinic
bifurcation of order 2 and crosses the Hopf bifurcation line (see iv). Between
these two points the curve is convex, since P”(h) > 0 in that region (see Propo-
sition 3.3 above).

viii) There is a point with a triple limit cycle (Figure 10h).

ix) When the slope of the line M (k) = O passes through zero from negative
to positive, this corresponds to p; going from —oo to +00.

In the case n = 1, the bifurcation is much simpler, and identical to the
bifurcation diagram obtained in [11] (Figure 9).

2) Bifurcation diagram of (3.2). Limit cycles are given as zeros of

(3.35) V(h) = eM(h)+0(e),e =65

For € # 0 (our system has no limit cycle for ¢ = 0), it is sufficient to consider
zeros of V(h) = V(h)/e. If we have M (hy) = 0 and M'(hg) # 0, which gives

V(ho) le=o = 0,  V'(hg)|e=0 # 0

then, by implicit function theorem, we have a unique limit cycle for the sys-
tem. Accordingly, simple zeros of M (k) correspond to hyperbolic limit cycles.
Similarly, if we have the conditions M(hg) = M’(hy) = M*~D(hg) = 0 and
M (hy) # 0, for hy € [—1/4,0)U (0, +00), then by the Malgrange—Weierstrass
preparation theorem [20]:

(3.36)  V(h) = Q(h— ho,e)H (h,€)

in the neighborhood of Ay, where Q is a monic polynomial in (h — hg) of degree
k satisfying

Q(h — hy,0) = (h — ho)",
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and H is invertible around hy. We then have at most &k limit cycles. Here we
have the special cases k = 2,3. When k = 2,M(h) = M’(h) = O,M"(h) # 0
gives

(3.37)  py — 4h/7 + (uy —8/T)P =0,
—4/7+ (uy —8/T)P' = 0, (uz — 8/T)P" # 0.

The second equation gives & = h(u,), and replacing in the first gives p; =
w1(u2). So the surface of double limit cycles satisfies €; = €(€y, €3). Similarly,
when k& = 3, the curve of triple limit cycles has equation €3 = e3(€;), and
€2 = €(e1,€3). The limit cycles are hyperbolic everywhere except on these
curve and surface.

Around h = 0 we use the theory of Roussarie (see Proposition 3.6 and [21]).

4. Bifurcation diagram of (2.6).
4.1 Bifurcation diagram of (2.6) in the case n = —1.

(DZ) (DZ)

(2Cex)

Figure 11. Intersection of the bifurcation diagram of (2.6) (n = —1) with a half-sphere around the
origin, in the half-space €, = 0.
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THEOREM 4.1. The bifurcation diagram of (2.6) is given in Figure 11. The
bifurcation diagram is a cone through the origin. Therefore a good way to
represent it is to intersect it with a sphere around the origin. Since there is little
interesting behaviour on the half sphere € < 0, we show only what happens on
the half-sphere €, 2 0, which we identify with a closed ball, having boundary
€, = 0 (Figure 11).

Proof. The bifurcation diagram consists of:

i) The plane €; = 0, which is the locus of pitchfork bifurcation.

ii) A cone on the bifurcation diagram of (3.2) in the region €; > 0.

iii) The Hopf bifurcation surface €; = 0,¢; < 0 for the origin.

iv) The line ¢; = €3 = 0,€¢; < 0 of Hopf bifurcation of order 2.

v) The double limit cycle surface in the half-space €; < 0.

vi) The bifurcation diagram for the double-zero eigenvalue in the neighbor-
hood of the line €; = €, = 0, €3 # 0 (Figure 3). Branching from these bifurcation
diagrams (one for €3 > 0, one for €3 < 0), are two Hopf bifurcation surfaces
(one supercritical, one subcritical), two symmetric homoclinic loop bifurcation
surfaces (one stable, one unstable), and two double external limit cycle surfaces
(one stable, one unstable). These come from the bifurcation diagram of (3.2)
(Figure 8), except for a double external limit cycle surface. The only possibil-
ity is that this surface originates from the double limit cycle surface of Hopf
bifurcation of order 2 in the plane ¢; < 0. The point with a triple limit cycle
in Figure 11 can be explained in the following way: near (DZ) the two smallest
limit cycles coalesce on (2Ce). The two largest limit cycles coalesce at the
other end of the same (2Cey) curve, since they arise from Hopf bifurcation in
the region €¢; < 0.

The bifurcation diagram must be given in a full neighborhood of the origin
which is constructed as a union of three cones following a technique in [22]:

—a cone C) constructed around the €;-axis on an arbitrary compact in (u1, f2)-
space;

— a cone C; around the €;-axis constructed on an arbitrary compact in p;-
space, multiplied by a small neighborhood of 0 in pg-space.

— a cone C3 around the e3-axis constructed on a small neighborhood of O in
(10, p11)-space.

For the cone C,, we note that the bifurcation diagram of (3.2) is only valid
for (u1, o) in a compact region. Therefore (using (3.1)) it gives the bifurcation
diagram of (2.6) in a cone around the €;-axis built on a compact domain. But
the compact can be taken arbitrarily large. This gives the cone C;.

To construct the cones C, and C3 we study the system in the plane ¢; = 0 (see
Proposition 4.2 thereafter). In this plane we find structurally stable behaviour
outside a neighborhood of the origin, except on €; = 0, and on the double limit
cycle curve. In this neighborhood, the origin is a singular point of codimension
1 or 2, for which the unfolding is well known. The crucial step is introduced
in [11]: following this example, we scale u; = %1 to obtain C,. The system at
(o = 0 has a unique limit cycle (resp. zero or two limit cycles, with a double
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limit cycle between the two regions) for p; = 1 (resp. u; = —1) and p, in
an arbitrary compact. This remains so for y¢ in a small neighborhood of zero.
Using (3.1) we get a conic neighborhood of the e;-axis.

Similarly, for the cone C3 we scale y, = +2. The system at pg = p; = 0
has a unique limit cycle (resp. no limit cycle) for p, = 2 (resp. u» = —2). This
remains so for (ug, ¢;) in a small neighborhood of zero. By (3.1) we get Cs.

The universality of the unfolding for pitchfork bifurcation ensures us that
small perturbations do not create limit cycles around the singular points g.

It remains to show how to extend the results obtained by rescaling, i.e., only
valid in a domain in (x,y)-space depending on § to a fixed domain in (x,y)-
space. The technique used here is exactly the same as in [12] (focus case),
and we only give the main lines. We have to show that all limit cycles can be
studied by means of the rescaling, i.e., the limit cycles shrink to zero when the
parameters approach the origin as in (3.1). For this purpose we introduce the
maps

#5: R* = R?, (x,y) — (6.x,52_y),

@D Us: R — R e = (€1, €2, €3) 1— (6710, 6* 11, 6% 2).

For A (resp. K) compact neighborhood of 0 € R?* in parameter-space (resp.
0 € R? in phase-space) we consider As = 15(A), and K5 = ¢s(K). We look
for compact neighborhoods A° of 0 € R and K°of 0 € R?, such that for all
6 € (0, 1] and for all € € Ay, the orbits of X, passing through points of dK° have
for positive time a point in common with 0Kg. K° will be limited by a level
curve H = h of the Hamiltonian function H in (3.4). The idea is the following.
For sufficiently small A we have a return map defined on 0K and sending m to
m = rm with 0 <r <1 (r depends on m). Instead of working with small § we
replace 6 by év, with § € (0,1] and 0 < v < vy. The return map on 0Ky, is
given by

(4.2) 1/6vlH (m) — H(m)] = / —144»*2dt+O(u|)+0(u3)+0(v).
H=h

If A and vy are sufficiently small, this quantity is negative. We choose A° =

¢uy(A) and K° = 1, (K). Let § € (0,1],e € A7, and m € 0K°. Then for any

& € (6, 1], the X -orbit of my = ¢g(m) will cut [0,m] in a point mg = rymg

with rg < 1, i.e., 8" < &. As [6, 1] is compact, the X.-orbit of m will finally

have to cut oK.

ProposITION 4.2. For €; = 0, the bifurcation diagram consists of the line
€2 = 0. From it branches a double limit cycle curve. This completes the proof
that the bifurcation diagram of (2.6) is given in Figure 12.

Proof. We use equation (3.2) with gy = 0. As in Theorem 3.7 we first study
the zeros of M (h). The double-zero occurs at M (h) = M'(h) = 0, i.e.,

43) = —4h/T py=8Vh/Tk, h>0.
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(DZ)

(P)

(DZ)

Figure 12. Intersection of the bifurcation diagram of (2.6) with a half-sphere in €, = 0 form = 1.

This gives:
@4)  pi/p = —16/(TkY), >0, p <0,

where & is precisely the value found in (3.28).

The other bifurcation is the equivalent of Hopf bifurcation and occurs at
M (0) = 0, which gives p; = 0. For the values p; # 0, and p3/py # —16/(7k?),
the zeros are simple.

We must give the bifurcation diagram in a full neighborhood of the origin
inside the plane ¢, = 0. As in Theorem 4.1, we build this neighborhood as
a union of two conic neighborhoods around the €,- and e3-axes. For the cone
around the ¢;-axis we scale u; = +1. Outside the double-zero curve the be-
haviour is structurally stable. Therefore, for p; in an arbitrary compact space,
the behaviour remains the same for p sufficiently small. This gives a conic
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neighborhood of the €;-axis. The double-zero curve yields a double limit cycle
as in Theorem 3.7.

To obtain a small conic neighborhood of the e3-axis we take p; = 0, and
scale pu; = £2. Then

M(h) = —4h/7 + (u2 — 8/7)P.

M(h) = 0 is a line through the origin with positive slope if u, = +2, and

negative slope if u, = —2. Therefore it has a unique (resp. no intersection) with
P(h) = kv/h. Accordingly the system has a unique (resp. no) limit cycle for
o = 42 (resp. pp = —2). For (uo, p;) sufficiently small we therefore have a

unique (resp. no) limit cycle surrounding the bifurcation diagram of the double-
zero eigenvalue (Figure 3).

We can show that the double limit cycle surface in e-space is transversal to
€; = 0. For €; = 0, its equation is given by (4.4), i.e.,

F =¢—16/(Tk*)ey + 0(e2) = 0

(since €; = +6*). The universality of the double limit cycle bifurcation gives
rise to a function G(ey, €3,€3) such that the system has a double limit cycle
precisely when G = 0. Since G coincides with F on €; = 0 and dF /be; # 0
then G = 0 is equivalent to €, = €;(€y, €3).

4.2. Bifurcation diagram of (2.6) in the case n = 1.

THeEOREM 4.3. The bifurcation diagram of (2.6) for n = 1 is a cone. The
intersection of the bifurcation diagram with a half-sphere in €| = 0 is given by
Figure 12. The bifurcation diagram is the same as for the cusp of order 3.

Proof. The proof is similar to Theorem 4.1, but much simpler, since all inter-
esting behavior occurs in the half-plane €¢; = 0. The bifurcation diagram is the
same as in [11], with homoclinic loop replaced by heteroclinic loop. In this case
there is no problem to extend the results obtained in a domain in (x, y)-space
depending on ¢ to a fixed domain in (x,y)-space, since the limit cycles must
always lie in the region limited by the separatrices of the saddle points. This
region is included in the rescaled domain.

5. Application to the 1:2 resonance of codimension 3. Studying bifurca-
tions of symmetric vector fields under a rotation of order g yields information
about Hopf bifurcation for a fixed point of a diffeomorphism F in the plane,
with eigenvalues e2™?/9: to arbitrary high order, the map F? can be identified
with the flow map of a symmetric vector field having a double-zero eigenvalue,
([3], [4], [10], [23], [25]). The fixed point of the diffeomorphism (which cannot
disappear during the bifurcation process) is sent to the origin. To each periodic
point of order g correspond g equilibrium points of the vector field, while there
is a periodic solution for each invariant closed curve. Resonance of order 2 (also
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called 1:2 resonance) which is the one considered here, occurs when we have a
pair of eigenvalues equal to —1, with a Jordan block of order 2. The bifurcation
diagram of system (2.6) yields information on the bifurcation diagram for:

(5.1)  F(x,y)=(—x+y,ex +(e2 — Dy £ x* + e3x?y —x%y +yo(] x,y ]5)).

The interpretation is conventional. Two kinds of bifurcations cause difficulties.
The coalescence of two invariant closed curves, which is a very simple process
for vector fields, can be a very complex process for diffeomorphisms when the
diffeomorphism has a rational rotation number along invariant closed curves ([8]
and [9]). The homoclinic bifurcations are also a long and complex process, since
the stable and unstable manifolds of fixed points can have transversal intersec-
tions (Figure 13). We may therefore conclude that the bifurcation diagram of
vector field (2.6) yields large-scale bifurcation diagram for the diffeomorphism.

a)m =1 b)m=—1

Figure 13. Transversal intersection of stable and unstable manifolds.
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