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Abstract. Given X a complex Banach space, L a complex nilpotent finite
dimensional Lie algebra, and ρ : L → L(X), a representation of L in X such that
ρ(l ) ∈ K(X) for all l ∈ L, the Taylor, the Słodkowski, the Fredholm, the split and the
Fredholm split joint spectra of the representation ρ are computed.
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1. Introduction. Many of the well known joint spectra defined for commuting
tuples of operators were extended to solvable Lie algebras of operators or, more
generally, to representations of solvable Lie algebras in Banach spaces. For example,
among such joint spectra, it is important to recall the Taylor, the Słodkowski, the
Fredholm, the split and the Fredholm split joint spectra; see [2], [4], [5], [7], [8], [9],
[10], [11], [12], [13] and [14].

In the work [3] nilpotent Lie algebras of linear transformations defined in finite
dimensional Banach spaces were considered and the Słodkowski joint spectra, in
particular the Taylor joint spectrum, of such an algebra were computed. In [1] this
characterization was extended to representations of nilpotent Lie algebras by compact
operators defined in Banach spaces, although only for the Taylor joint spectrum.

In this article representations of nilpotent Lie algebras by compact operators
defined in a finite or infinite dimensional Banach space are considered and all the
above mentioned joint spectra of such a representation are computed. These results
extend the characterizations of [1] and [3].

The paper is organized as follows. In Section 2 some definitions and results needed
for the present work are recalled, and in Section 3 the main characterizations are
proved.

2. Joint spectra of representations of Lie algebras. In this section the definitions
and the main properties of the Taylor, the Słodkowski, the Fredholm, the split and the
Fredholm split joint spectra are reviewed; for a complete exposition see [2], [4], [5], [9],
[11] and [12].

From now on X denotes a complex Banach space, L(X) the algebra of all bounded
operators an X , K(X) the compact operators an X , and L(X, Y ) the algebra of bounded

This research was supported by UBACYT. The author is a researcher of CONICET.

https://doi.org/10.1017/S0017089504001831 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089504001831


356 ENRICO BOASSO

linear maps from X to Y , where Y is another Banach space. If X and Y are two Banach
spaces and T ∈ L(X, Y ), then the range and the null space of T are denoted by R(T)
and N(T) respectively. In addition, if L is a complex solvable finite dimensional Lie
algebra, then ρ : L → L(X) denotes a representation of L in X .

If X , L and ρ are as above, it is possible to consider the Koszul complex of the
representation ρ; that is (X ⊗ ∧L, d(ρ)), where ∧L denotes the exterior algebra of L
and dp(ρ) : X ⊗ ∧pL → X ⊗ ∧p−1L is the map defined by

dp(ρ)(x ⊗ 〈l1 ∧ . . . ∧ lp〉)

=
p∑

k=1

(−1)k+1ρ(lk)(x) ⊗ 〈l1 ∧ . . . ∧ l̂k ∧ . . . ∧ lp〉+
∑

1≤i<j≤p

(−1)i+j−1x

⊗ 〈[li, lj] ∧ l1 ∧ . . . ∧ l̂i ∧ . . . ∧ l̂j ∧ . . . ∧ lp〉,
where ˆ means deletion. If dim L = n, then for p such that p ≤ 0 or p ≥ n + 1, dp(ρ) = 0.

In addition, if f is a character of L, i.e. f ∈ L∗ and f (L2) = 0, where
L2 = {[x, y] : x, y ∈ L} and [·, ·] denotes the Lie bracket of L, then it is possible to
consider the representation of L in X given by ρ − f ≡ ρ − f · I , where I is the identity
map of X . If H∗(X ⊗ ∧L, d(ρ − f )) denotes the homology of the Koszul complex of
the representation ρ − f , then it is possible to introduce the sets

σp(ρ) = { f ∈ L∗ : f (L2) = 0, Hp(X ⊗ ∧L, d(ρ − f )) �= 0},
and

σp,e(ρ) = { f ∈ L∗ : f (L2) = 0, dim Hp(X ⊗ ∧L, d(ρ − f )) = ∞}.
Next follow the definitions of the Taylor, the Słodkowski, and the Fredholm joint

spectra; see [2], [4], [5], [8], [9], [10], [11], [12], [13] and [14].

DEFINITION 1. Let X be a complex Banach space, L a complex solvable finite
dimensional Lie algebra, and ρ : L → L(X) a representation of L in X . Then, the
Taylor joint spectrum of ρ is the set

σ (ρ) = ∪n
p=0σp(ρ) = { f ∈ L∗ : f (L2) = 0, H∗(X ⊗ ∧L, d(ρ − f )) �= 0}.

In addition, the k-th δ-Słodkowski joint spectrum of ρ is the set

σδ,k(ρ) = ∪k
p=0σp(ρ),

and the k-th π -Słodkowski joint spectrum of ρ is the set

σπ,k(ρ) = ∪n
p=n−kσp(ρ) ∪ { f ∈ L∗ : f (L2) = 0, R(dn−k(ρ − f )) is not closed},

for k = 0, . . . , n = dim L.
Observe that σδ,n(ρ) = σπ,n(ρ) = σ (ρ).
On the other hand, the Fredholm or essential Taylor joint spectrum of ρ is the set

σe(ρ) = ∪n
p=0σp,e(ρ).

In addition, the k-th Fredholm or essential δ-Słodkowski joint spectra of ρ is the set

σδ,k,e(ρ) = ∪k
p=0σp,e(ρ),
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and the k-th Fredholm or essential π -Słodkowski joint spectrum of ρ is the set

σπ,k,e(ρ) = ∪n
p=n−kσp,e(ρ) ∪ { f ∈ L∗ : f (L2) = 0, R(dn−k(ρ − δ)) is not closed},

for k = 0, . . . , n.
Observe that σe(ρ) = σδ,n,e(ρ) = σπ,n,e(ρ).

In order to state the definition of the split and Fredholm split joint spectra, some
preliminary facts are needed.

A finite complex of Banach spaces and bounded linear operators (X, d) is a
sequence

0 → Xn
dn−→ Xn−1 → . . . → X1

d1−→ X0 → 0,

where n ∈ �, Xp are Banach spaces, and the maps dp ∈ L(Xp, Xp−1) are such that
dp−1 ◦ dp = 0, for p = 1, . . . , n.

Next, given a fixed integer p, 0 ≤ p ≤ n, the complex (X, d) is called split (resp.
Fredholm split) in degree p, if there are continous linear operators

Xp+1
hp←− Xp

hp−1←−−− Xp−1,

such that dp+1hp + hp−1dp = Ip (resp. dp+1hp + hp−1dp = Ip − kp, for some kp ∈ K(Xp)),
where Ip denotes the identity map of Xp, p = 0, . . . , n; see [7, 2].

In addition, if L, X and ρ are as above, and if p is such that 0 ≤ p ≤ n, then it is
possible to introduce the sets

spp(ρ) = { f ∈ L∗ : f (L2) = 0, (X ⊗ ∧L, d(ρ − f )) is not split in degree p}
and

spp,e(ρ) = { f ∈ L∗ : f (L2) = 0, (X ⊗ ∧L, d(ρ − f )) is not Fredholm split

in degree p}.
Next follow the definitions of the split and the Fredholm split joint spectra; see

[4], [7] and [12].

DEFINITION 2. Let X be a complex Banach space, L a complex solvable finite
dimensional Lie algebra, and ρ : L → L(X) a representation of L in X . Then, the split
spectrum of ρ is the set

sp(ρ) = ∪n
p=0spp(ρ).

In addition, the k-th δ-split joint spectrum of ρ is the set

spδ,k(ρ) = ∪k
p=0spp(ρ),

and the k-th π -split joint spectrum of ρ is the set

spπ,k(ρ) = ∪n
p=n−kspp(ρ),

for k = 0, . . . , n = dim L.
Observe that spδ,n(ρ) = spπ,n(ρ) = sp(ρ).
On the other hand, the Fredholm or essential split spectrum of ρ is the set

spe(ρ) = ∪n
p=0spp,e(ρ).
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In addition, the k-th Fredholm or essential δ-split joint spectrum of ρ is the set

spδ,k,e(ρ) = ∪k
p=0spp,e(ρ),

and the k-th Fredholm or essential π -split joint spectrum of ρ is the set

spπ,k,e(ρ) = ∪n
p=n−kspp,e(ρ),

for k = 0, . . . , n.
Observe that spδ,n,e(ρ) = spπ,n,e(ρ) = spe(ρ).

It is clear that σδ,k(ρ) ⊆ spδ,k(ρ), σπ,k(ρ) ⊆ spπ,k(ρ), σ (ρ) ⊆ sp(ρ), and σδ,k,e(ρ) ⊆
spδ,k,e(ρ), σπ,k,e(ρ) ⊆ spπ,k,e(ρ), σe(ρ) ⊆ spe(ρ). Moreover, if X is a Hilbert space, then
the inclusions above are equalities.

All the joint spectra considered above are defined for representations of complex
solvable finite dimensional Lie algebras in complex Banach spaces and have the main
spectral properties. That is, they are compact nonempty subsets of characters of the
Lie algebra L and they have the projection property for ideals; i.e. if L is such a Lie
algebra, I is an ideal of L, σ∗ is one of the joint spectra above, and π : L∗ → I∗ denotes
the restriction map from L∗ to I∗, then

π (σ∗(L)) = σ∗(I).

For a complete exposition see the works [2], [4], [5], [9], [11] and [12].
In the following section representations of nilpotent Lie algebras by compact

operators in finite or infinite dimensional Banach spaces will be considered and all the
above mentioned joint spectra of such a representation will be computed. However, to
this end, first it is necessary to recall a result from [4].

If L, X , and ρ : L → L(X) are as above, then it is possible to consider the re-
presentation

Lρ : L → L(L(X)), l → Lρ(l ),

where Lρ(l ) denotes the left multiplication operator associated to ρ(l ), l ∈ L. In
addition, since Lρ(l )(K(X)) ⊆ K(X), it is possible to consider the representation

L̃ρ : L → L(C(X)),

where C(X) = L(X)/K(X), and L̃ρ(l ) is the quotient operator defined in C(X)
associated to Lρ(l ), l ∈ L.

Similarly, if Lop is the Lie algebra which, as a vector space coincides with L but
whose Lie bracket is the opposite one, then it is possible to consider the representation

Rρ : Lop → L(L(X)), l → Rρ(l ),

where Rρ(l ) denotes the right multiplication operator associated to ρ(l ), l ∈ Lop.
Furthermore, since Rρ(l )(K(X)) ⊆ K(X), it is possible to consider the representation

R̃ρ : Lop → L(C(X)),

where R̃ρ(l ) is the quotient operator defined in C(X) associated to Rρ(l ), l ∈ Lop.
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Now, if L is a nilpotent Lie algebra, then according to [4; 8] and [12; 0.5.8]
(i) spδ,k,e(ρ) = σδ,k(L̃ρ),

(ii) spπ,k,e(ρ) = σδ,k(R̃ρ),
(iii) spe(ρ) = σ (L̃ρ) = σ (R̃ρ).

3. The main results. In this section, given a representation of a complex nilpotent
finite dimensional Lie algebra by compact operators in a finite or infinite complex
Banach space, the Taylor, the Słodkowski, the Fredholm, the split, and the Fredholm
split joint spectra of such a representation are characterized. Since the example which
follows Theorem 5 in [3] shows that for a solvable non-nilpotent Lie algebra of compact
operators the characterization fails, only nilpotent Lie algebras are considered. In the
first place the infinite dimensional case is studied.

In the following theorem the Taylor and the Słodkowski joint spectra are described.

THEOREM 1. Let X be an infinite dimensional complex Banach space, L a complex
nilpotent finite dimensional Lie algebra, and ρ : L → L(X) a representation of L in X
such that ρ(l ) ∈ K(X) for each l ∈ L. Then, the sets σ (ρ), σδ,k(ρ) ∪ {0}, and σπ,k(ρ) ∪ {0}
coincide with the set

{0} ∪ { f ∈ L∗ : f (L2) = 0, such that there is x ∈ X, x �= 0, with the

property: ρ(l )(x) = f (l )x, ∀ l ∈ L},
for k = 0, . . . , n = dim L,

Proof. First of all recall that, according to [1; 3.8], [1; 3.9] and [9; 2.6],

σ (ρ) = {0} ∪ { f ∈ L∗ : f (L2) = 0, such that there is x ∈ X, x �= 0,

with the property ρ(l )(x) = f (l )x, ∀ l ∈ L}.
Now, since L is a nilpotent Lie algebra, according to the above equality and

Definition 1, σ (ρ) = {0} ∪ σπ,0(ρ). However, since σπ,0(ρ) ∪ {0} ⊆ σπ,k(ρ) ∪ {0} ⊆ σ (ρ),
0 ≤ k ≤ n,

σ (ρ) = σπ,k ∪ {0} = σπ,0(ρ) ∪ {0}.
On the other hand, if the adjoint representation of ρ is considered, i.e. the

representation ρ∗ : Lop → L(X ′), ρ∗(l ) = (ρ(l ))∗, where X ′ denotes the dual space of
X then, since Lop is a nilpotent Lie algebra, according to [12; 0.5.8] and [12; 2.11.4],

{0} ∪ σδ,k(ρ) = {0} ∪ σπ,k(ρ∗) = {0} ∪ σπ,0(ρ∗) = σ (ρ∗) = σ (ρ).

�
In the following theorem the Fredholm joint spectra are computed.

THEOREM 2. Let X be an infinite dimensional complex Banach space, L a complex
nilpotent finite dimensional Lie algebra, and ρ : L → L(X) a representation of L in X
such that ρ(l ) ∈ K(X) for each l ∈ L. Then

σe(ρ) = σδ,k,e(ρ) = σπ,k,e(ρ) = {0},
for k = 0, . . . , n = dim L.
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Proof. The proof is based on an induction argument on the dimension of the
algebra. If dim L = 1, then consider l ∈ L such that 〈l〉= L. Now, since ρ(l ) is a
compact operator, σe(ρ(l )) = {0}. However, since dim L = 1, according to Definition
1, σe(ρ) = {0}. Now, since σδ,k,e(ρ) and σπ,k,e(ρ) are nonempty subsets of σe(ρ),

σe(ρ) = σδ,k,e(ρ) = σπ,k,e(ρ) = {0},

0 ≤ k ≤ 1 = dim L.
Now suppose that for every nilpotent Lie algebra of dimension less than n and for

every representation of the algebra by compact operators in an infinite dimensional
Banach space X we have

σe(ρ) = σδ,k,e(ρ) = σπ,k,e(ρ) = {0}.

Next, if L is a nilpotent Lie algebra of dimension n then, according to [6; 5.1],
there is a Jordan-Hölder sequence of ideals (Li)0≤i≤n such that

(i) L0 = 0, and Ln = L,
(ii) Li ⊆ Li+1, 0 ≤ i ≤ n − 1,

(iii) [Li, Lj] ⊆ Li−1, for i < j.
It is easy to prove that L2 ⊆ Ln−2. Then, it is possible to consider the ideals I1 = Ln−1

and I2 = Ln−2 ⊕ 〈x〉, where x ∈ L is such that Ln−1 ⊕ 〈x〉= L.
On the other hand, if the representations ρ1 = ρ | I1 : I1 → L(X) and ρ2 =

ρ | I2 : I2 → L(X) are considered, then, by the assumption under consideration,

σe(ρ1) = σδ,k,e(ρ1) = σπ,k,e(ρ1) = {0},

and

σe(ρ2) = σδ,k,e(ρ2) = σπ,k,e(ρ2) = {0}.

However, according to the projection property of the Fredholm joint spectra,
[4; 3.2] and [4; 3.5],

σe(ρ) = σδ,k,e(ρ) = σπ,k,e(ρ) = {0},

for k = 0, . . . , n = dim L.
�

In the following theorem the split and the Fredholm split joint spectra are
computed.

THEOREM 3. Let X be an infinite dimensional complex Banach space, L a complex
nilpotent finite dimensional Lie algebra, and ρ : L → L(X) a representation of L in
X such that ρ(l ) ∈ K(X) for each l ∈ L. Then, σ (ρ) = sp(ρ), σδ,k(ρ) = spδ,k(ρ) and
σπ,k(ρ) = spπ,k(ρ), where k = 0, . . . , n = dim L.

In particular, the sets σ (ρ), σδ,k(ρ) ∪ {0}, σπ,k(ρ) ∪ {0}, sp(ρ), spδ,k(ρ) ∪ {0} and
spπ,k(ρ) ∪ {0} coincide with the set

{0} ∪ { f ∈ L∗ : f (L2) = 0, such that there is x ∈ X, x �= 0,

with the property ρ(l )(x) = f (l )x, ∀ l ∈ L}.
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In addition,

spe(ρ) = spδ,k,e(ρ) = spπ,k,e(ρ) = {0},

where k = 0, . . . , n = dim L.
In particular, all the Fredholm and Fredholm split joint spectra coincide with the

set {0}.
Proof. First of all, since ρ(L) ⊆ K(X), L̃ρ = 0 and R̃ρ = 0. Thus, since L is a nilpotent

Lie algebra, according to [4; 8] and [12; 0.5.8], we have
(i) spδ,k,e(ρ) = σδ,k(L̃ρ) = {0},

(ii) spπ,k,e(ρ) = σδ,k(R̃ρ) = {0},
(iii) spe(ρ) = σ (L̃ρ) = σ (R̃ρ) = {0}.

Next, in order to prove the first assertion of the Theorem, observe that, according
to [7; 2.7],

(i) sp(ρ) = σ (ρ) ∪ C, spe(ρ) = σe(ρ) ∪ C̃,
(ii) spδ,k(ρ) = σδ,k(ρ) ∪Ak, spδ,k,e(ρ) = σδ,k,e(ρ) ∪ Ãk,

(iii) spπ,k(ρ) = σπ,k(ρ) ∪ Bk, spπ,k,e(ρ) = σπ,k,e(ρ) ∪ B̃k, where k = 0, . . . , n and
(iv) Ak = { f ∈ L∗ : f (L2) = 0, f /∈ σδ,k(ρ), and there is p, p = 1, . . . , k + 1, such

that N(dp(ρ − f )) is not complemented in X ⊗ ∧pL},
(v) Ãk = {f ∈ L∗ : f (L2) = 0, f /∈ σδ,k,e(ρ), and there is p, p = 1, . . . , k + 1, such

that N(dp(ρ − f )) is not complemented in X ⊗ ∧pL},
(vi) Bk = {f ∈ L∗ : f (L2) = 0, f /∈ σπ,k(ρ), and there is p, p = n, . . . , n − k, such

thatR(dp(ρ − f )) is not complemented in X ⊗ ∧p−1L},
(vii) B̃k = {f ∈ L∗ : f (L2) = 0, f /∈ σπ,k,e(ρ), and there is p, p = n, . . . , n −

k, such thatR(dp(ρ − f )) is not complemented in X ⊗ ∧p−1L},
(viii) C = An = Bn, C̃ = Ãn = B̃n.

In addition, Ak ⊆ Ãk, and Bk ⊆ B̃k, for k = 0, . . . , n.
However, since σδ,k,e(ρ) ∩ Ãk = ∅ and σπ,k,e(ρ) ∩ B̃k = ∅, according to Theorem

2 and to the second part of the Theorem, which have already been proved, Ãk = ∅
and B̃k = ∅. In particular, Ak = ∅ and Bk = ∅, which proves the first assertion of the
Theorem.

�
Next, representations of nilpotent Lie algebras in finite dimensional Banach spaces

are considered. Observe that in this case the spectra to be studied are the Taylor and
the Słodkowski joint spectra.

THEOREM 4. Let X be a complex finite dimensional Banach space, L a complex
nilpotent finite dimensional Lie algebra, and ρ : L → L(X) a representation of L in X.
Then

σ (ρ) = σδ,k(ρ) = σπ,k(ρ) = { f ∈ L∗ : f (L2) = 0, such that there is x ∈ X,

x �= 0, with the property ρ(l )x = f (l )x, ∀ l ∈ L}.

Proof. Since L is a nilpotent Lie algebra, according to [3; 4] and [9; 2.6],

σ (ρ) = { f ∈ L∗ : f (L2) = 0, such that there is x ∈ X, x �= 0, with the

property ρ(l )x = f (l )x,∀ l ∈ L}.
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Therefore, since L is a nilpotent Lie algebra, σ (ρ) = σπ,0(ρ). Finally, in order
to finish the proof, it is possible to use an argument similar to that developed in
Theorem 1. �
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