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Abstract

Some initial value problems are considered which arise in the treatment of
a one-dimensional gas of point particles interacting with a ‘hard-core”
potential.

Two basic types of initial conditions are considered. For the first, one
particle is specified to be at the origin with a given velocity. The positions
in phase space of the remaining background of particles are represented by
continuous distribution functions. The second problem is a periodic analogue
of the first.

Exact equations for the delta-function part of the single particle distri-
bution functions are derived for the non-periodic case and approximate
equations for the periodic case. These take the form of differential operator
equations. The spectral and asymptotic properties of the operators associated
with the two cases are examined and compared. The behaviour of ihe
solutions is also considered.

1. Introduction

Because of its relative simplicity, the non-equilibrium behaviour of the above-
mentioned statistical mechanical system has been examined previously in some
detail. Jepsen [10] developed methods applicable to the calculation of various
ensemble averages.These methods depended crucially on the simple dynamics
associated with a system having a “hard-core” interaction and have been applied
to an infinite system with a background of particles in equilibrium at the initial
time. This special case has also been treated by Lebowitz and Percus [11] using a
distribution function formalism. They consider also the kinetic equation associated
145
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with the time evolution of the system.} Our work utilizes methods developed by
Anstis et al. [1] based on solving the hierarchy equations by factorization techniques.
We shall cover the more general problem where the background of particles may
be distributed inhomogeneously at the initial time (for both the periodic and
non-periodic cases). The use of methods involving the hierarchy equations to
derive governing time evolution equations lends itself more readily to comparison
with treatments of more general systems, The results are presented in a way
suggestive of generalization to other systems. The relationship between the
behaviour of the system which we consider and a system of hard-rods of non-zero
diameter a has been discussed by Anstis er al. [1].

2. The hierarchy equations

For any configuration associated with the initial ensemble, we label the particles
with an index je{..., —2, —1,0,1,...} increasing from left to right. We make the
convention that the particle specified to be at the origin at the initial time is labelled
by j = 0. This ordering is then preserved for all times.

Since we are dealing with a spatially infinite system, we may choose to employ
either the grand canonical ensemble in the infinite volume limit or the canonical
ensemble in the thermodynamic limit.

The relevant reduced distribution functions associated with either of the above
ensembles are defined below. Let z,(t) = (g;(¢),v:(t)) denote the position and
velocity of particle i at a time ¢>0. The n-particle distribution functions are defined

as
4o
fiEh 222 ) = ; jz fim @ 22520 0) 2.1
. ju#zj'.ﬂ.n.&;;;; Ja#F
with

Fim a2t 225 s 2% ) = “lim”(8(2 — 2;,(0)) ... 8(2" -2, ())y

where “lim”’ represents a suitable limit to infinite volume and where {(-) is the
appropriate ensemble average for a finite region V. (See Appendix A.) It follows
that f{®) is symmetric in the variables 2%, ...,z™

These functions satisfy a coupled hierarchy of equations very similar to the
BBGKY hierarchy. For the case of the grand canonical ensemble, these equations
may be derived using the methods of Anstis et al. [1]. The work of Bogoliubov [2]
may be generalized to derive identical equations for the case of the canonical
ensemble in the thermodynamic limit.

t Gervois and Pomeau [7] have examined aspects of the corresponding semi-infinite system.
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After considerable simplification, using the special properties of the interparticle
potential, these equations take the form:

2
(a—t+K;-"’)f}"’(zl; 25 o3 Zas t)

= li_’nol fdvn+1| Op1 =0y | X {f{FH(215 815 Vns1s 225 -o5 Zn3 1)
[:3

~f§m (215 875 Vna1s 225 -3 Zn 1)} (2.2)

where n = 1,2, ...; j is an integer; K}"’ is the n-particle Liouville operator which
includes only interactions between particle j and the unlabelled particles;
87 = 81— es5gn (v, —vy and (j) = j+sgn (v, 11 —v,) (see Anstis et al. [1]).

3. The non-periodic initial value problem
3.1. Derivation of governing equations
We set up an initial value problem as follows. ‘For j=0, set
(215 0) = 3(gy) 8(vy —0).

For j#0, let f{V(z,;0) be a regular function (in the “distribution” sense) with the
following properties. Define f%(g;; 0) = [+5dv, f{V(g1,v,; 0) and demand that
f+2dg, fi(g1; 0) = 1 and support f4< [0, o0) for j> 0, support f5< (—oo,0] for j<O.
We shall assume that

+a —®
Elf 381 0) (resp-j _F.Elf %(&1; 0))

is bounded and continuous on g, €[0,0) (resp. (—o0,0]). The ordering of the
particles in coordinate space is reflected in the constraint that

J degf(g; 0)> j degf@(g; 0) for >y

(see Appendix B). The requirements that there should be finite particle number,
energy and momentum in each finite region of coordinate space are also considered
in this Appendix. A further property will be required, namely that the average
density of particles be equal to a finite quantity p. The most natural way to express
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this condition is in terms of (C —1) summability (Hille [9]). The condition becomes

lim [ “4 rie)

im — =

.?—>+oo$ 0 gj=1 d &

and (3.1.1)

lim -——{ d; f4g) =
$++w-2?J g Z (g p-

The (C—1) summability condition is a natural choice to make (see the work of
Doplicher et al. [4] for a higher dimensional analogue) and will be useful for the
asymptotic analysis.

Our analysis shall depend crucially on a partial factorization property of the
reduced distribution functions at the initial time. Consider the n-particle distri-
bution function for j = 0. From (2.1) we have

<00
fE 255 2% 0 =fPE50) 5 i (2% 2 .. 2 0).
W T
(3.1.2)

Since the particle j = 0 acts as a wall at ¢ = 0, we choose initial conditions such
that there are no correlations between particles to the left of the origin and those
to the right of the origin at the initial time. The second factor in (3.1.2) may be
decomposed as

-1
(r7) Zmi; gme; s zMy—; ()
r+2i"~- (f,,.=-oozm;er-fj'”‘j"" j""'( R +0
1"+UI‘—=(23, o) Te (L2 )
Ir+ |'=‘)’ ja¢131u9&19

+©

x ] zm’s gme’y s zmy+ s Q)

(fm:"=1§n;'er+fj”“j”'2 j"w+'( 3 275 ey ; 0) (3.1.3)
1e{L,2 .yt
Ja#IB#p

(v represents disjoint union and |—| represents the cardinality of a set).

The factors in this expression are distributed functions associated with the particles
confined to either g<0 or g>0 at the initial time by a hard wall at the origin.
These expressions are symmetrized distribution functions and consequently
describe the behaviour of a system of unlabelled particles. An uniabelled gas of
point particles with “hard-core” interaction in one dimension is precisely equivalent
to the corresponding ideal gas (see Jepsen [10] or Lebowitz and Percus [11]).
Consequently it is natural to restrict one’s attention to the case where the above
higher order symmetrized distribution functions for g<0 (resp. g>0) factorize
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as a product of single particle distribution functions 372, f{¥ (resp. £1%, fV)-1
For this case, we may deduce from (3.1.2) and (3.1.3) that

S 225 L 2 0) = V(2 0) x ﬁ( +Zw it 0)). (3.1.9)
i=2 \j=-00,j»0
This choice of course includes the case where the background of particles is in
equilibrium at the initial time. Transport coefficients are determined by the
correlation functions associated with this quasi-equilibrium choice of initial
conditions.
Consider now the factorization properties of the corresponding distribution
function for j#0. The function is clearly regular in the variable z!. In fact we
may write except for gt =g"=0({=2,3,...,n—1)

[ 225 L 275 0) = fv1(2Y; 225 L 2215 0)

< E 7 0+ 5em 36m-))

k=—c0,
+gM(2; 225 .5 25 0), (3.1.5)

where g{™ is regular in the variables 2! and z”. In fact (3.1.5) may be used for all
J provided we exclude the case g* = g = 0 (i#n).
We extend the definition of g{® to arbitrary times ¢ >0 by the following formula:
fornz>2,

i@ 225 g 2 ) = fin0( 22 L 2 )

X ( g [P(gn—ovmt,o™; 0)+8(g"~v™ 1) 8(0"—1)'))
k%0

k=-0c0,
+gmM(2t; 2% .5 275 1)
except for gt =g =o't (i#n). (3.1.6)

Now we confine our attention to pre-collision regions of the n-particle phase space
in which g{®) is defined. These are regions in which particle j has not suffered a
collision in its past history under n-particle motion. Denote these regions (excluding
points such that g*—vi(t—s) = gn—v"(t—s) = v's: 0<s<r) by R:. For such a

t Such states may be obtained from the equilibrium state of the corresponding semi-infinite
system by perturbation with an external potential.
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region, the operator ((9/0t) + K{™) appearing in (2.2) may be replaced by

ij
( kz-:l k og 1)

and the equations can be integrated from ¢ = 0 to a time >0 to obtain a solution
for any point in R}. Note that it is aiways possible to choose z,,z,, ..., z, so that
(215 87 Vn415 225 -5 Zn; 1) lies in R If we use also the fact that

(3+ Zoia) (5 Senvati00i 04 8ea—0,1)80,~2)) =0, (:17)

k=2 r=—oC r#0

it is possible to show that g{ (n>2) satisfy the same set of equations (2.2) as f{™,
if we consider only points in R,

Consider now the regularity of the function g}"’(zl; Zy; ...3 2,3 1) With respect
to the variables z; and z,, in R,,. The most general form that the function g{' can
take is as follows:

85™MN(zy5 25 -5 205 1) = gV 205 -5 25 1) B(gy— 0, 1) B(0, — 1)
+g;n) TeR(2)5 255 ooes Zps 1), (3.1.8)
where g{®)%, g{®)re¢ are regular in the variable z;. By substitution into the g{®

hierarchy and equating the coefficients of terms with a (g, — v, t) 6(v; —v") factor,
we obtain the following equations for g{®'? (n<2) in Rl;:

2 J ,
(Et+ ka 5. \) giMAV'; 25 .y 25 1)

k=2
= llmf dl)"+1‘l),,+1 vll(g:;’:‘)+l)o(v (l) t) Unt1s 225 +++5 Zps t)

— gV (V1) Oppn; Zg5 o Zs ). (3.1.9)

Using the uniqueness of solutions of (3.1.9) together with the initial condition
giM(v'; zp; ...; zy; 0) = Ofor n>2in RY, it follows that gf™(v'; z,; ...; 2,; 8) = 0
for all points in R (n>2). Consequently g{™(zy; 2,; -..; z,; ¢) is regular in z;
for all points in R, and a similar analysis shows that the same result holds with
respect to z,. In particular, we may conclude that g{®'(z;; g1, v,; t) is a regular
function for all e>0 and 120.

https://doi.org/10.1017/50334270000002010 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000002010

7] Aspect§ of the kinetic equations 151
This result may now be used in the analysis of the first hierarchy equation for
S§™ (with n = 1). Upon substitution of the factorized form for £, we obtain:

(F+oze) @i 0

= y(g1,0y; 1) {.f;l;)l(zl7 t)—f(l’(zl, t)}+B(g1, v; 1) U;+1(21’ t)_f;'n(zl; )
+1im 8(gy—v'1)
£-0

X (H(' —v) (v —vp)- [f (205 O ~F§(z15 1)]
+H(vy,~0") (0, =) [f {24(z15 ) —f Pz DD

+lim d02]02 0, {8$2(2y; &1, 023 1) —£P(215 875025 1}, (3.1.10)
e>0 J—o

where H() is the Heaviside step function, g7 = g, — £sgn (v'~v,) and we have set

(8 vy t) = f dvz(”1“”2) E f V(g —vy1,0,;5 0)
and 3.1.110)

Blewvi; 1) = f:wdvz(vz—vl) ol St 0)

k=—0,k

Our previous analysis shows that the last term in (3.1.10) is regular in g; and v,.
From this we conclude that the term exhibiting explicitly the delta-function may
be replaced by the jump condition:

lim f{V(@'t— & 05 1) = lim f{2,('2+ §, 045 ). 3.1.12)
£-0 £-0

The resulting equation is satisfied everywhere except the line gy = v't where f{V
has a simple discontinuity given by (3.1.12) (¢f. Anstis ez al. [1]).

In the following, we shall consider only the delta-function part of fj.
Consequently we make the decomposition

TPz 1) = F%0) 8(gy—011) (v — )+ ™8(zy5 1), (3.1.13)

where /{1 and f{V'r°€ are regular functions. Substituting (3.1.13) into (3.1.10)
gives us uncoupled equations for both f{1? and f{1're&. In particular for f{M?,
(3.1.10) yields:

jt 0@ =y L FHO—fPO}+BE'; - (IO}, (3.1.14)

https://doi.org/10.1017/50334270000002010 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000002010

152 J. W. Evans [8]

where
y(@'; 1) = y('t,v'; 1)

B'; 1) = B',v'; 1)

The initial conditions associated with the problem described are simply

and

Fi03(0) = 8;, (Kronecker delta). (3.1L135)

Consider a class of initial value problems (labelled by N) where the distribution
function for particle j is given by f{y(z;; 0) at ¢ = 0. If we take an arbitrary
convex linear combination of these initial conditions, it follows that the associated
single particle distribution functions will still satisfy (3.1.14). However, we will have
the more general initial conditions: f $13(0) >0 for all j and

S fwe)=1. (3.1.16)

j=—0

A conservative result is easily derived from (3.1.14) by summing over the index j.
It follows that:

T e =S fma0) =1 (.1.17)
Jj=—00 j=—c0

from (3.1.16) for all £>0, that is, there is always a probability of unity of finding
a particle on the trajectory g; = v't, given that there is a probability of unity of
finding a particle at g; = 0 with velocity +" at the initial time.

3.2. The initial value problem with specialized initial conditions
Initial conditions shall be assumed here to take the form

S§(z,5 0) = 8(gy) 8(v, — ")
and for j#0 3.2.1)
S§(zy; 0) = f§7(g1) h(vy).

The f§V satisfy all conditions previously asserted together with the constraints

—a0

+o +
dv h(v) =1 and Y  [fi(g) =p (constant). (3.2.2)
Ke=-wc0,k#0
This is the case for the quasi-equilibrium initial conditions (see Anstis et al. [1]).
The equations (3.1.14) can be solved by Fourier transform techniques (see [1]).

However, the methods developed below will exhibit more clearly the structure of
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the equations. Using (3.2.2), we find

v
A5 D) =y) =y = [ =)o)

and
+®
B, =B)Y=B=p L’ dv(v—v") h(v).

Equations (3.1.14) may be written abstractly as

g;f‘l"’(t) = C-fWI(r) (3.2.3)

where £ js regarded as a column vector in the sequence space ! (see Taylor [13])
with components {13, and C is a linear operator on ! In the usual matrix repre-
sentation C = (C;;), we have

Cij = BSj_1;+78j41,— (¥ +B) 8;;

The ! norm is defined as ||f|, = 3¥2 | f;|. In fact C: il >.* and is a bounded,

non-compact, linear operator (¢f. Taylor [13]).

We shall next determine the spectrum of C. Let o( ) denote the spectrum of an
operator. Then o) = Po()w Co{ ) w Ro() where Po(), Co() and Ro() denote
the point, continuous and residual spectra (respectively). Define a bounded linear
operator €% on ¢! by

C=C'—(a+p)I 3.24)
where | is the identity on 1. Because of the obvious relations
Po(C) = Po(C%)—(y+p), Co(C)=Co(C)—(y+p)
and

Ro(C) = Ra(C%)—(y+h),

it will suffice to determine the spectrum of C°,
Firstly we prove that Po(C° is empty. The eigenvalue equation in component
form for C° becomes

M; =Y+ By forallj, fed (f£0). (3.2.5)

Define the (continuous) function

4o
(0 = X exp(i0jf),
j=—
where 7(8) is not identically zero by Parseval’s formula. Transforming (3.2.5)
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gives A = yexp(+ 0)+ Bexp (— if) for 8 such that 5(6)#0. This is a contradiction
since y>0, >0 and A is independent of 8. So Po(C®) is empty.

To determine the other components of o(C?%), we shall work with C%, the Banach
space adjoint of C° Now C% is a bounded linear operator on the dual space «*
of « («* is the space of bounded sequences). In the usual matrix representation
CY = (CY)), we have

Cl=v814+B8 4 (3.2.6)

To proceed further an alternative characterization of the spectrum is used. For
a bounded linear operator on a sequence space ¢, define the compression spectrum

to be
I'G) = {AeC: ZAI—-G)# ¢} (£ = range)

and the approximate point spectrum as
II(G) = {Ae C: for all >0, there exists x e with || x| =1

such that
|Ax — Gx|| < &}.

Then Pe<ll, Co = II1\(I'UPo) and Ro = I'\ Po (see Halmos [8]). We shall need
also the following results:

a(C% = o(CY), Po(C”) = I'(CY 3.2.7)
First we shall prove that Co(C% is contained in the ellipse
E={eC: A= yexp(if)+Bexp(—i6): 0€[0,2n)}.

The result is derived easily from the corresponding analysis for the Hilbert spaca
22! (Appendix C) and using the norm inequality || -, <||-], together with the
definition of Co(). This leads to the simplified characterization of o(C?) = o(C?).
From above

o(C%) = {Co(CY) < E} w {Po(CY) = T(C?) = Ro(CO)}.

To complete the analysis, we shall determine Po(C?). Let x* €+ be an eigenvector
of C¥ corresponding to the eigenvalue A€ C. The jth component of the eigenvalue
equation becomes Ax} = yx},, +Px}_, where x}#0 for all . We transform this
equation to one in a generalized function space Q' (for a suitable class of test
functions Q). Define

+ o
70 = X exp(if)x}eQ’. (3.2.8)
j=—o0
For example in the space of tempered distributions, the above series converges to
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a generalized function if and only if x} = O(|j|¥) for some N as |j|->c0 (see
Lighthill [12]). Furthermore, x*# 0 in «® implies that 0 in Q’. Transforming
(3.2.8) results in the equation (in Q")

(A—yexp(—i)—Bexp(+i6))n(6) = 0.

Choosing A€ E, it follows that this equation has no non-zero solutions neQ’
(a contradiction). Therefore Po(C*)< E. Suppose

A= yexp(—if*)+Bexp(+i0*), 0*c(0,2n) (soAcE).
A corresponding «® eigenvector is given in component form by
x} = (1/2m)exp(—16*j) (j an integer.)
Consequently Po{C%) = E and finally we conclude that
o(C) = Ro(C) ={AeC: A = (y+B)(cos §—1)+(y—PB) isin §: 6€[0,2m)}.
(3.2.9)

3.3. Properties of the governing equation for general initial conditions

Returning to the general case, we rewrite (3.1.14) in the form of an ! equation:

ditf(m(t) = C(1)-fV4(1), (3.3.1)

where in the matrix representation C(r) = (C;;(r)) we have

Cif(t) = BW', 1) 8513+ y(V's 1) 51— (¥(V', 1)+ B(', 1)) 5.

(Again these equations could be solved by Fourier transform methods.) The
matrices C(¢) satisfy the commutation relations

[C(),C(N]_ =C@#)-C)—-C(t')-C(t) =0 forall £,¢'>0.

It may then be shown that

e .
lf dt C(t),f dt C(t)] =0 for arbitrary o, 8,y,8 2 0
a y -
(see Dunford and Schwartz [5]). Using this result, together with the Baker—

Campbell-Hausdorff theorem, it follows that the solution of (3.3.1) may be
expressed as

f0¥(r) = exp ([tl ﬁdz'co')] -z) £02(0). (3.3.2)
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The behaviour of f{%(¢) in time is determined by the spectrum of the operator
(1/2) f dt’ €(") which from (3.2) is given by

0(;1- ﬂdt’ e ')) - Ra(tl f ;dt’C(t’))
- {)«eC: A= {ti ﬂdt'(y(v’, )+ B, t'))} (cos §—1)

+ {tl J:dt’(y(v', ) —B@’, t’)); isin 0: 6€[0, 27r)}. (3.3.3)

We shall consider the asymptotic behaviour of the spectrum for 7—oc0. Make
the special choice of initial conditions f{!(z,; 0) = &(gy) 8(v;~v") and for j#0,
S$(zy; 0) = f%(g;) h(vy). Then f must satisfy the constraints described in (3.1)
and [+®dv, h(vy) = 1. In this case

v +
r0,0= [ dn-ogho) 5 i@ =0)

and

800 = [Tt ho) S S0 -0 (3.34)

In this expression B(v', t) may be written in the form

g0 = [ “we(2)so, (33.9)

where G(x) = xh(x+0v")e L}(—oco, +0) (Lebesgue integrable functions) and
SO =Tk o ino S 2°(p) is bounded and continuous on (0, o).

Define a class of functions G(7) € W(0,0)< LY(0,0) by the requirement that
[EerMG(r)dr+#0 for all real A In particular G,(7) = H(l—7)e W(0,0). The
asymptotic analysis of S(v", ¢) shall be achieved using a Tauberian theorem stated
by E. Hille (and N, Wiener) [9). If G,(y)e W(0,0), G(») e L(0,c0) and f(y) is
bounded and continuous and if

L[ty +e
iim - [*°6,(2) roray = a [ G004y
t-ot Jo t 0
then
. 1 [+ y +w©
lim = G(—) f(»dy= af G(y)dy.
tnol Jo t 0
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The theorem may be proved by noting that the dilations about the origin of any
G, € W(0,o) are dense in LY(0,0). Making the choice of functions indicated, it
follows from (3.1.1) that lim,,,B(',7) = B(v). A similar analysis shows that
lim, y(¢, 1) = 9(v'). Consequently B(v',t) and y(v',t) are (C—1) summable to
B(v) and y(v') (resp.). Hence, as t—oo, the set o((1/¢) f4 dt' C(¢')) approaches
o(C) as in (3.2.9).

4, The periodic initial value problem
4.1. Derivation of the governing equations

We set up the initial value problem as follows. Set f§!(z,; 0) = 8(gy) 8(v, —v")
and for je{l,2,...,P—1}, let f;.l’(zl; 0) be a regular function with the following
properties. Define

+
SYg1; 0) = f dv, f{(g1, 015 0).
—00

Then we require support f5(gy; 0)= [0, L] for je{l,2,...,P—1}. We shall assume
that

P-1
2 fi(&; 0)
i=1

is continuous and hence bounded on [0,L]. There is a normalization condition
fEdgfi(g;0)=1; je{l,2,...,P—1}. A periodicity condition is imposed on the
reduced distribution functions of the form:

}:’;z...jm(gl’ V15 82,V25 -5 &mo Vs 0)
=f§:'5r)xpj,+x1>...1,,.+xl>(gl+"L’Ul; gt rLl,vy; ...; gt xLl,v,; 0) 4.1.1)

for all integers m, x; m> 1. In particular (4.1.1) defines f{V for je{0,1,...,P—1}.
The ordering of particles again imposes the constraint proved in Appendix A.
In this section we shall make use of the periodized distribution functions defined
b,

g fi(; 205 o5 2 )= T 125 205 .05 2 1) (4.1.2)

#=jimod P)

Here j should now be regarded as an index modulo P. As in (3.1), a partial factor-
ization result for the initial conditions is of crucial importance for the following
analysis. Since the particles in different cells [«L,(x+1)L], « an integer, do not
interact with each other at the initial time, it is natural to impose a factorization
condition (¢f. (3.1.3)). For any set of non-equal integers {}i,p, ---,jn}, make the
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decomposition

+
{1,2,...m}= U TI,uly
K=~—00
where I, = {n,*,n)%, ...,n,*} and jpu€{xP+1,kP+2,...,kP+(P—1)} and n'el
implies j,.=0 (mod P). The factorization condition then takes the form:

f}:'},)...jm(zﬁ Zp5 o5 Zpy3 0)

= H f,‘,,,w duyeZrgss o5 Zny e 0) n f,m(z,,,O) (4.1.3)

K=—00

(we have set f‘@=1). If we make the natural restriction to states where the sym-
metrized distribution functions for each cell (xL, («+1) L) factorize as a product
of sums XP1/4(-; 0) at the initial time, then the following holds: suppose #,
of theg, (i =1,2,...,n) lie in (xL, («+1) L), then

3 +o 2 P_j;
T2y 295 oo 23 0) = f0(z,30)  IT ("HP l+l)

F=—onz0\icl P

< H (370G 0+ F 8D 80i—1)

4.1.4)

excluding points such that g, =g, =mL for some «, B, m. The numerical factor
appears as a result of normalization. The above result is of course true for the
special case where the particles in each cell («L, («+ 1) L) are in equilibrium at the
initial time. Then (4.1.4) may be rewritten as

S5z 25 o5 25 0) = (25 295 .5 25 0) C(82, 835 > &3 P)

% (ZS0G 0+ F ea-rD)sea—)) @19

K==—00
where
1 if g, = mL for some integer m,
P—m+1 . .
———— if g, e(kL, (k+1) L) for some integer k and so
C(82: 83 ---:8n3 P) = P gac(kL, (k+ 1)) g

are m-1 other g;; i=2,3,...,n—1 again
excluding points g, =gz =mL for some
&, Ba m.
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Let us now define another hierarchy of functions g{» (n>2) by
@ 205 -5 25 1)

(0125 295 .05 Zpgs 1)

(Zf D(gamnt,00; 0+ 5 8(g, 01— 1L)8(o, —v))

K=—c0
+8™(2y; 295 -5 255 1) (4.1.6)

excluding points g,—v't = gz—v't =mL for some «,f,m. The functions gm
satisfy the same set of hierarchy equations as f* ™ in pre-collision regions of phase
space and excluding the same points mentioned above. From these equations,
we may show g{™ are regular with respect to z, in appropriate regions. At the
initial time, the coefficient of the delta-function part of g{® with respect to z; has
the order of magnitude (if 67, denotes the Kronecker delta mod P)

Sfof(”—z’(zz; 233 e} Zp—1; 0) (j§1f§l)(zn§ 0)) min (O(1), O(ne)) 4.1.7)

where ("2 js the symmetrized distribution function and & = 1/P is small in the
high density regime. It is not difficult to show that in the regions under consider-
ation, the functions g,‘”’ at arbitrary times are bounded by exponential growth
from their initial values. Banach space techniques may be employed here to
provide a rigorous analysis of the linear differential operator (hierarchy)
equations. In particular these considerations may be applied to analyse
3;2)(21; 81,0 t). i

This result is used in the analysis of the first hierarchy equation for /' ;"’ (n=1).
Upon substitution of the factorized form for £{, we obtain

0
(at+vla )fj (zl’ t)
= yP(gr, 015 1) {f§1.)1(z1§ t)— -;1’(21; D} +BP (g1 045 1)
x{f(z1; )~FP(zy; 1)} +lim +§ S(gg—v't—xL)
£-0 k=—o0

X (H(' = v) (v~ ) [f 4213 ) ~S§P(zy5 1))

+H(v,— ") (0, = 0") [f{y(z15 =P (z; 1)])
+li_)n(;‘ [ dvy|vy—v, |- {86)(21; 87,025 )= 8P(2; g1, 005 1)), (4.1.8)
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with je{0, 1, ..., P—1} interpreted modulo P. The functions H() and g have been
defined in (3.1), and in (4.1.8) we have set

(7} P-1 _
YP(g0ty; 1) = f doy(0,=0) 2 S (&1= 021,055 0)
B )

and

+00 P-1 _
BP(gy,v4; 1) = j doy(og=0) 3. 18,131,055 ). (4.19)
N =

Our previous analysis shows that the last term in (4.1.8) is regular in g;. From
this we conclude that the term exhibiting explicitly the delta-function may be
replaced by the jump conditions:

lim fO@'t+kL—§,vy; 1) = imf D (' 1+ kL + €, 0y; 1) (4.1.10)
£-0 £-0

for all integral «. The resulting equation is satisfied everywhere except on the lines
g1 = «L+v't where f{V has a simple discontinuity given by (4.1.10).
For g, e[v't,v't+ L), make the decomposition

iP5 1) =f0(1) 8(gy — 1 1) 8(vy = ')+ B (zy 5 1), (4.1.11)

where f{1)% and /{1 r& are regular functions. The function f{!' is determined outside
this interval by periodic extension. Henceforth we shall restrict our attention to
the high density regime and the range of time for which the delta-function part of
&;® with respect to z, makes a negligible contribution to (4.1.8) (t<t,,|In¢l;
tay = (Bm)t p~1). For £ we obtain

d ; , - - , -
-‘;tf}””(t)zyp(v ) (RN ~F PO+ BEQ, 1) { () - fP()}  (4.1.12)
where j is interpreted modulo P and where
yE@, 1) =yP@ t,v'; 1) and BEQ',t) = BP@'t,V; 1),

Define the Kronecker delta function (modulo P) to be 8F, =1 if j=k (mod P)
and 8f, = 0 if j#k (mod P). The initial conditions associated with the problem
described above are simply f{1%(0) = 8F,. However, the more general conditions
VA 11%0)>0 and

P-1 _
= /10 =1
k=0

may be associated with a physical initial value problem where (4.1.12) are again
the appropriate evolution equations (¢f. (3.1.16)).
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A conservation result is derived from (4.1.12) by summing over the index j. It
follows that

P-1 _ P-1 _
S = X f¥0)=1 forallt>0.
k=0 k=0

Again this result may be interpreted physically (¢f. 3.1) and is in fact exact.

4.2. The initial value problem with specialized initial conditions

The initial conditions are specified by analogy with (3.2).

D 0= % g+ xL) 8(o,—v)
and for j#0 (mod P),
f}l)(zﬁ 0) =f‘;’:(g1) h(vy)

where /{1’ satisfies all conditions previously asserted together with the constraints
h () as in (3.2.1) and (3.2.2) and

Pl P-1
Y fi(zy; 0)=——=p (constant).
k=1 L

An example of such a situation is where the particles in the cell [0,L] are in
equilibrium at the initial time. In this case

o) = (52 ) exp (~mpod),

where B = 1/kT is the statistical temperature and

(L—g)P 17 gl } L1
EP-1—) G-/ -’

where g,€(0,L) and je{l,2,...,P—1}. Equation (4.2.1) follows from a simple
generalization of the calculation of the partition function for a Tonks gas (cf.
Thompson [14]). The delta-function part of the distribution functions, f}”",
satisfy the equations:

4.2.1)

S = {

£ S0y ) O~ PO+ B SO —FP0), 42.2)

where y = y(v') and B = B(v') have been defined in (3.2). The initial conditions
are again f{V%0) = 8F,. (These may be generalized.) Equation (4.2.2) will be
F
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solved using methods of spectral theory; however, first we describe briefly a
Fourier-“type” transform method of solution (¢f. Anstis et al. [1] for the non-
periodic case). Define a set of functions

2wk,
D) = exp( J ) 4.2.3)
The functions ®,(j) satisfy the orthogonality conditions

P
k§=‘,od)k(j) @,(j’) = P8F;. 4.2.4)
Next define
P-1 .
() = T Qp(N)SI1).
j=0

Then (4.2.2) may be transformed to

=y (ex (55) = 1) +80) (exp (- 255) 1) ) @29

which has the solution

ik 2wik
NOL exp{ (v )(exp( )—1)z+ ﬁ(v)(exp(—ip-)—l) }nk(O). (4.2.6)
The /' $3(¢) may be obtained by applying the inverse transform:
i 1P=
S0 =5 X Oul(j) mit).
k=0
To implement the methods of spectral theory, write (4.2.2) in matrix form
‘%f‘l"‘(t): CP.fs(y), 4.2.7)

where 1% is a P-dimensional vector with components f{% and CF = (Cf) is a
P x P matrix, where

= B8 i +y8f i~ (v +B) 8f 4.2.8)

All indices are interpreted modulo P and may be taken to lie in the set
{0,1, ..., P—1}. Define the P x P matrix C"F by

CP =CP—(y+p)l 4.29)
where | is the P x P identity mairix (¢f. (3.2.4)). Then
o(CF) = o(CF)—(y+h)
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(and of course, o() = Po() here). Thus to find o(CP) it will suffice to determine
o(C°P). The spectrum of C’P may be calculated by applying the above-mentioned
Fourier-“type” transformation to the eigenvalue equation. This in effect
diagonalizes C"P. More directly, the spectrum of C°P may be evaluated by writing
C°P as a sum of two commuting cyclic matrices C'P = BP+yF where B = (BF;
and BF; = BSF, ; and yP = (yF)), where yI; = y8F,, .. Since the eigenvalues of y¥
and B¥ are non-degenerate, a set of simultaneous eigenvectors can be constructed
for these matrices (see Ziock [15]). In fact we may choose these to be the complete

orthonormal set {e”: n=10,1,2,..., P—1} where

S erini
e? = P-texp (Lfi"]—>

The corresponding eigenvalues are given by

An = yexp(—%%)+ﬁexp(+2—:;l£), n=0,1,..,P—1.

Consequently

o(CP) = Po(CP) = {,\ec: A=@+ph) (cos (2%”)— 1)+(y—ﬁ) fsin (2—},")

n= O,I,...,P—-]}.

(4.2.10)

4.3. Properties of the governing equation for general initial conditions

The general equations (4.1.2) could be solved using the Fourier-“type” trans-
formation methods developed in (4.2). We develop instead spectral theoretic
methods for comparison with (3.3). In matrix form, (4.1.12) become

%f‘”"(t):CP(I)-f“”(t), (4.3.1)

where the P x P matrix

CP(1) = (CL@))
and

CH®) = B, 1) 8, 1+ y(0', 1) 8, . — (¥(v', )+ B(v', 1)) 8F,;- CF(2)
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satisfy the commutation relations [CF(¢),CP(")]_ =0 for all £,¢'>0. Conse-
quently, the solution of (4.3.1) may be written as (¢f. (3.3.2)):

fad(ry~exp ( tl

.':dt’ CP( ')] t) fsQ). 4.3.2)

The behaviour of f{1%(¢) in time is determined by the spectrum of the operator
(1/1) f dt’ CP(¢") which, by comparison with (4.2), is given by

e
ot e
st o speon| o)
N
ne{O,l,Z,...,P—-l}}. 43.3)

Since we are working in a finite dimensional space, we may give a more expiicit
representation of the evolution operator exp(fidt’CF(¢")). It is clear from a
decomposition of [} dt’ CF(¢') into a sum of cyclic matrices that this operator has
the same eigenvectors as CF. These may be chosen as the complete orthonormal
set {e": n=20,1,...,P—1} previously defined. The corresponding eigenvalues are:

() = [dt GEW, Y+ BP0, t))(cos(zP )—1)

o

fdt (P, t)—BEW, t))zsm(T) ne{0,1,...,P—-1} (4.3.4)

The projection operator corresponding to the nth eigenspace is given by
E, = (¢})(e})? where H is the Hermitian transpose. The (r,s) component of
E, is given by

(0= o (=2)

Since all eigenvalues are non-degenerate, the following spectral representation

4.3.5)
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applies (Dunford and Schwartz [14])

exp ( L’dt'CP(z')) - :z: exp (J(:dt’)\n(t')) E,. (4.3.6)

Consequently

fu)a(t)NPEl le —exp( [dt')\n(t')) exp (M) f‘”"(O) 4.3.7)
k=0

n=0

To consider the asymptotic behaviour of the spectrum (4.3.3) as t—co, make
the special choice of initial conditions

fD; 0 = S 8(gy+rL) 8o~ )

K=—00

and for j0 (mod P) let f{1(z,; 0) satisfy the constraints specified in (4.1) together
with the condition that /{)(z,; 0) = f%(g;)-4(vy), A() as in (3.2.1) and (3.2.2). In
this case

v P-1 _
yE@', 1) = f_wa’v2(v’ —vy) h(vy)" k2=]1 [ —v) 1)

and
w P-1 _
BEW', 1) = L, dvy(vy— ") h(vz) - ’Elf W@ —v) ). (4.3.8)

As t—>o00, ¥ P-1 f4((v' —v,) 1) becomes highly oscillatory as a function of v,. This
suggests that the asymptotic behaviour of yF(v',¢) and BF(v', t) may be determined
by a suitable generalization of the Riemann-Lebesque lemma. Define

Fo(x) = :gf'z(x), F(x) = /%) p
and finally

F —vy; 1) = f :dw F(' —w)1).

Since p = (P—1)/L and the f4 are normalized, we may show that #(L«/t; 1) =0
for all integers «, hence & (w, ) is periodic in w of period L/t. We must examine
expressions of the form [Qdvd(v)f5(v'—v)t), where ¢(v), (d/dv)$(v)—>0 as
|v] >0 “sufficiently fast”. Now

f:dv W) AW —v)t)=p J:dv () + f:dv% PO F W —v; 1)
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and
1 (L
| F (@' -v; t)|<; [ dw|F(w)|.
Jo
Consequently
(‘oo =, ] {1\
dvp() o' —v))=p | dvp()+O0l-) ast—>oo0.

Jv v \t /

Therefore

BE(W,t) = B(v)+ 0(%) as t— oo,
A similar analysis shows that
! r 1
yE@', 1) = y(v )+0(t_) as t—> o0,

Here B(v') and y(v') are the same quantities as defined in (3.2). Consequently
BE(W',t) and yF(v',t) are (C—1) summable to B(v’) and y(v) (resp.). Hence, as
t—> oo, the set ((1/¢) [t dt’ CF(t")) approaches o(CP) as in (4.2.10).

5. Summary

In Sections 3 and 4, we have set up the non-periodic and periodic problems so
that in each case the average background particle density is the same (p). This
has resulted in an interesting relationship between the spectra of the operators
C(#) and CP(¢) associated with the time evolution of f¢ and {9 (resp.). This
relationship is particularly clear in the cases where we have chosen specialized
initial conditions (so the spectra are independent of time). In the non-periodic
case, the (residue) spectrum is an ellipse in the complex plane. For the periodic
case, the (point) spectrum consists of P points situated on this ellipse. In both
cases A = 0 is a point of the spectrum (representing the existence of an equilibrium
state). All other points of the spectrum have negative real part (representing a
decay to equilibrium).

Let us now consider the “thermodynamic limit™ of the periodic case in the sense
that we let L—>oo, P—>o0 so that p =(P—1)/L is constant. As P increases, the
number of eigenvalues (of CF) increases. However, they remain on the ellipse
(which is invariant since p is constant) and as P—> o, they coalesce to form the
whole ellipse. If we take the high density limit P—oc0, L = constant (so p->0),
the number of eigenvalues (of CF) on the ellipse again increases in proportion
to P. However, since the size of the ellipse also increases in proportion to P, they
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do not coalesce. It it also valuable to note qualitatively that the nature of the time
evolution is insensitive to the particular choice of inhomogeneous initial conditions.
Indeed the asymptotic form of the evolution equations depends only on the mean
background density p rather than on the details of the initial distribution of
background particles.

For the non-periodic case, we may determine the nature of the asymptotic
approach to equilibrium of the delta-function part of the distribution functions.
We shall make use of the solutions for f{1%(t) obtained from the Fourier analysis.
For the initial condition f{V'%(0) = §,, these assume the form

£y = 5 f " dBexp (1B~ (sin 6) t—j6) exp (v +B) (cos B—1)1).  (5.1)

The asymptotic analysis of this expression as #— o is suited to Laplace’s method
(see Carrier et al. [3]). We obtain as t—c0,

FP3() ~ o fj:dﬁexp(i[(ﬂ——y)t—j] B)exp (— 4y +B) 6°1)

L B-—yPt, B-»;_ _? )

1
(2w)*[(y+ﬁ)t]*exp(_2(ﬁ+y)+(/3+y) 2y +P)¢

& (m)iexp(—oa/tm,)). 5.2)
This modified exponential decay is associated with a time scale O(t,,y) as expected.
As mentioned above, this type of decay gives an accurate description of the
behaviour of the periodic system for sufficiently small times.
Usually correlation functions associated with the delta-function part of the
distribution functions are derived from expressions of the form

J‘+wdv, C(v')f§1”(t) (5.3)

for suitable functions C(v'). Note that f iD9(¢r) depends implicitly on v’ through
the dependence of y and B on v’. The nature of (5.3) as a function of time will
depend on the nature of 8—y and B+ as functions of v’. From the definitions
of these functions

B@)—y() = —pv’
and 5.9

B +y(v) > f ::dvl v—v*|h(v) >0,
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where
vh ©
f dv h(v) = f dv h(v).
—o vh

It follows from (5.2) that the major contribution to jIZdv’' C(v") f{V¥(¢) for large
t comes from the neighbourhood of v’ = 0. This corresponds to the degenerate
case where the elliptical spectrum of C lies along the negative real axis. If we
suppose that C(v")~ Cv'® as v’ -0, then as >0

[ corrpro~o((£)*)

mf
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Appendix A

In this appendix, we give a meaning to expressions of the form

“lim” {8(z2 - z;,(¢)) ... 8(z" — z; ())Dp

for both canonical and grand canonical ensemble averages. A difficulty arises
because we wish to work ultimately with a system occupying an infinite region
of coordinate space. For such a system we cannot define a complete distribution
function (containing all the information about the system). However, we would
still like to think of the reduced distribution functions as related in some sense
to a complete distribution function. Such a relationship guarantees that the reduced
distribution functions satisfy certain consistency relations. Consequently we shall
introduce certain complete distribution functions associated with finite regions
of coordinate space and regard the infinite system as being described by a suitable
infinite volume limit of these.
First we develop this programme via the canonical ensemble. Let

FYNV|2 315 2_pga15 -5 285 1)
be a complete normalized (M + N+ 1)-particle distribution function in the canonical

ensemble associated with a system of M+ N+ 1 particles confined to a region V of
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coordinate space. The particles are labelled with an index je{— M, - M+1,...,N}
and are ordered from left to right with j increasing (see previous discussion).
Here z; denotes the position in phase space of particle j (at a time ¢). In terms of
this furction, the above average is given by

82t =2, (2)) ... 8(z"—z; (Dp

N +©
= ( I1 f dgif dvi) 8(zt—z;) 8(z%~2z;,) ... 8(z"—z;)
f=—MJV —0
X PNV |z_pr5 2_pg415 -5 Zys 1),
where we have chosen M and N sufficiently large that
{jlaj29 a]n}g{—M, —M+ 1, ,N}

In this case “lim” is taken to be a suitable thermodynamic limit. For the non-
periodic case, we may choose ¥ = [— Mp, Np] and then let M, N> co with p fixed.
For the periodic case, we may choose

[ (=z) ¥ (1-5)

and again let M, N— oo with p fixed.

Next consider the corresponding analysis for the grand canonical ensemble.
For x€R let [«] denote the largest integer not greater than «. The proportion of
systems of the grand canonical ensemble which are represented by a point

(Z—[lel, Z_INfoJ+1s -5 Z -—[N/2]+N—1)

in the N-particle phase space at a time ¢ is determined by

Fé‘fc.e.(V|Z-[N/21; ceo3 Zo[NfgeN—15 1)

Again the particles are labelled with an index

B}

and are ordered from left to right with j increasing (see previous discussion).
Again z; denotes the position of particle j (at a time ¢). These functions are
normalized by the condition

® (—[1\’/2]+N—1

+o0
I1 _Ldg" f_md”i) F ﬁc.e.(VI Z_iN/2)5 ++ 3 ZNlgj+N-1> =1

N=0\ i=—[N/2)

(with a suitable interpretation for the N = 0 term). In terms of these functions, the
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above average is given by

(2 =z, (1)) ... 8(z"—z; (1))

0 —[N/2]+(N—1)
0
N=N*

f I f-w dv)S(zl— ) (Z2—2z;)... 8(z"~z )

1=—[N/2}

X F, é‘fc.e.( VIzowims - Z-wviepen—1s 1)

where N * is the minimum value of N such that

Gidoni |~ (2] = [E] 1 =[] 49-1).

We should point out that the inclusion or omission of any particular N-particle
phase space component of the grand canonical ensemble is of no consequence
when we consider the ¥ —co limit. Secondly, the inclusion of a 1/N! weight in
the sum above does not appear here (see also Anstis ez al. [1]). We may think of
this as a result of the fact that FY . pertain to an ordered system of particles
thus restricting their support to a fraction 1/N! of total coordinate space, that is,
the 1/N! weighting is implicit in the definition. Finally, we remark that in this
case “lim” is simply taken as an infinite volume limit. More explicitly, if
V=[-L' +L’], we require L' >+ c0.

Appendix B
(i) Ordering of particles in coordinate space

We shall prove that the inequality

+w + oo
[Caersei0> [Caeerian sorizi
- -
holds as a consequence of the ordering of the particles. To prove this inequality,
we shall need a result concerning the single particle distribution function. Firstly,
a finite system V of N particles is considered. For such a system

Sz 1) = ! l)'(ll':[2 fyxndzi) DIN 31A RPN CHIE IV )

Jejs.. IN#iy
Ja#iga#f

B (Nl ! (,Ii andzi) Sy s 2n5 1)
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However,

f}g:.__m(zl; Zy; oo 2N L) =f}ﬁ,’.n.__jm(zm; Zpes -3 Zpys 1)

where p: (1,2,3,...,N)—>(1,2,3,...,N) is a permutation of these N elements.
Consequently f{1)(z,; ) is also given by the expression:

N
P 0= 11 fV Rdzif{%?..j...N(zl;zz; v 25 o3 ZN5 1)
X

i=1,i#]

Therefore
f deg(f3(8; —1i8; 0}
N (N
= El VXRdzt(gjl—g,-z)fl’g_ﬂjzm,-b_N(zl; o3 Zigs eee3 25 ey ZN5 1)

=0 ifgf1<gjs‘

The result for an infinite system follows by taking the thermodynamic limit.

(ii) Constraints on particle number, momentum and energy

For our choice of initial conditions f{!(z; 0) to represent a physical system, we
must demand that (i) associated with any finite region of coordinate space there is
a finite particle number, momentum and energy. Furthermore, we shall require
that (ii) for regions of a given size, there is a uniform bound on each of these
quantities. To see the nature of the constraint that these conditions impose on
the distribution functions, consider first the case where we have the factorization
property f{V(z; 0) = f %(g) h(v) for j#0. For normalization, we choose that

f o) = 1.

-0
In order that each particle have finite (kinetic) energy, we require that
o
f dv t? h(v) < 0.
—0

Using this constraint together with the normalization condition we note that

f j:dvl o (o) < f :dvh(v)+ L _ Ph)<e
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so [*®dvvh(v) <co. This is necessary for each particle to have finite momentum.
For (i), it is sufficient that

+
J.=§l_mf§(<s')

be locally integrable. For (ii), we could divide the real line up into intervals of
equal length and demand that there be a uniform bound on the particle numbers
associated with these intervals. A necessary condition for (ii) is that

1 .?d 4 .
7| % % o
and

(1]
1 1@
— d 5
7] %, wa (&)
be bounded. Furthermore, if we require that there should exist an average particle
density for the infinite system, then the limits of these expressions as . —c0
should exist, that is

> fie) and 3 fi(g)
j=—1 j=1

should be (C— 1) summable. However, (C—1) summability is not sufficient for (ii).
If we want the asymptotic analysis of (3.3) to be valid, then we require that

+0oo

/3

j=—c0

be bounded and strongly measurable. In particular, the choice that on (0, c0) and
(—00,0) separately that 3}  f% be bounded and continuous guarantees all the
above properties. If we do not have the factorization property, then the various
quantities must be examined separately. In order that the particle number be
well behaved, we must impose constraints on

+@ +a0
z dvf{P(g,v; 0)
j=—00 J—0
analogous to the above. The behaviour of the (kinetic) energy is determined by the
quantity

4@

> " v*fV(g,v; 0)

j=—0w J —0

and separate constraints must be imposed on this quantity to guarantee (i) and (ii)
and the existence of a mean energy density. That (i) and (ii) are valid for the
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momentum is a consequence of the corresponding properties for particle number
and energy.

Finally, we mention that there should be sufficient conditions on f ;.1’ to guarantee
that y(v'; t) and B(v'; 1) are suitably well behaved for fixed v" as a function of ¢
In particular we must be able to integrate the governing equations to obtain a
solution.

Appendix C
Spectral analysis of C° in 2

A sequence space analysis (¢f. 3.2) may be employed noting that 2 is a reflexive
space (and in fact a Hilbert space). This enables us to make more specific statements
about the spectrum from the general theory. However, here we shall develop
alternative methods. Let L2(0,27) be the (Hilbert) space of Lebesgue square
integrable functions on [0, 27r]. This space is congruent to 2, that is, there exists an
isometric isomorphism J: (2> L*0, 27). If y €2, then it may be represented by a
function Y =Jy in L*0,27) and a bounded linear operator G on 2 is represented
by G =JGJ! on L¥*0,27). Using the isometric and isomorphic properties of J,
it is easy to show that o(G) = o(G), or more specifically that Po(G) = Po(G),
Ca(G) = Co(G) and Ra(G) = Ro(G).

Next let us determine the operator C° on L%(0,27) corresponding to the matrix
operator C° on 2. To do this, we note that J may be realized in the following way.
For any ye?, Y =JyeL¥0,2n) is given by

+00
Y(m) = X exp(if)y; ne€l0,2n]
Jj=—00
Let y = C%x, then in component form this equation becomes

Yi= 'yxj_1+ﬁx,v+1.
Apply the transform

+00
X exp(im)
j=—c0

to this equation, giving

4o +®
% exp(ijm)y; = (yexp(im)+Bexp(—in) X exp(im)x;, 7€[0,2n]
j=—00

Jj=—00
Writing Y =Jy and X = Jx, this equation becomes

Y(n) = (yexp(in)+Bexp(— i) X(7), n€l[0,2n].
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We conclude that C? is given by the normal, multiplicative operator

C® = yexp(in)+Bexp(—in), n€[0,27].

Such operators are called factor transforms and a sufficient condition that they
represent bounded linear operators on L*0, 27) is that they be essentially bounded
and measurable (as a function of %) on [0, 27] (¢f. Hille [9] for the L%(—c0, +c0)
case). Thus C? above satisfies the required condition.

Consider the behaviour of the operator A— C. Suppose

A¢E={deC: X =yexp(if)+Pexp(—ib): 8]0, 2m)}.

Then A— C? is continuous, bounded (in modulus) and bounded away from zero
for n€[0,27]). Consequently, A—C° is invertible and therefore A¢o(C?. So
a(C% < E. From the general theory of normal operators (see Dunford and Schwartz
[14]), Ro(C") = @. Thus it remains to determine Pa(C®) and Co(CY).

Suppose AcE and (A—C° X(y) = 0 in L%[0,27]. Since A—C? is a continuous
function of n and equal to zero at only one point of (0, 27), it follows that X(n) =0
is the only L%0,27) solution of the above equation. Consequently Po(C) = .

Again choose A€ E, that is, A = yexp (in*)+Bexp(— in*), where n*€(0,2n),
and let Y(n) € L¥0,27) be continuous and non-zero at y = n*. Suppose

Y(n) = {A—(yexp (in)+Bexp (= i)} X(n),
where n €(0, 27). Then

X(p) = Y()/{A—(yexp (i) + Bexp (— in))} ¢ L0, 27).
Consequently A— C9 is not invertible, so A €6(C?°). In conclusion

Pa(C® = Pg(C® = & = Ro(C% = Po(CY
and
Co(C® = E = Ca(C).
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