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Abstract

This paper is concerned with a predator—prey system with hunting cooperation and prey-taxis under homogeneous
Neumann boundary conditions. We establish the existence of globally bounded solutions in two dimensions. In
three or higher dimensions, the global boundedness of solutions is obtained for the small prey-tactic coefficient. By
using hunting cooperation and prey species diffusion as bifurcation parameters, we conduct linear stability analysis
and find that both hunting cooperation and prey species diffusion can drive the instability to induce Hopf, Turing
and Turing—Hopf bifurcations in appropriate parameter regimes. It is also found that prey-taxis is a factor stabilizing
the positive constant steady state. We use numerical simulations to illustrate various spatiotemporal patterns arising
from the abovementioned bifurcations including spatially homogeneous and inhomogeneous time-periodic patterns,
stationary spatial patterns and chaotic fluctuations.

1. Introduction

Prey-taxis, the movement of predators toward regions of higher prey density, plays important roles
in biological control such as regulating prey (pest) population to avoid incipient outbreaks of prey or
forming large-scale aggregation for survival (cf. [13, 32, 44]). This mechanism was first applied to the
predator—prey systems by Kareiva and Odell [26] to interpret the heterogeneous aggregative patterns
observed in a field experiment for one predator and one prey involving area-restricted search strategies.
The Kareiva—Odell prey-taxis model generally reads as

u,=d Au—xV-wVv)+ G, w)u —0u, xe, t>0,

vi=d,Av+ F(v)v — G(v, u)u, xeQ, t>0, (1.1)
Z—Z:g—::O, x€ 08,

where u(x, ) and v(x, f) denote predator and prey density at position x €  and time ¢, respectively,
and 2 C R"(n > 1) is a bounded domain with smooth boundary. The function G(v, u) is the functional
response that describes the predator’s consumption rate of prey, and F(v) represents the per capita prey
growth rate in the absence of predators. d; and d, are diffusion rates of the predator and the prey, respec-
tively. The parameters 8 and 6 represent the conversion rate of captured prey into predator and the
predator mortality rate, respectively. All parameters are positive unless otherwise stated.

The functional response function G(u, v) is a crucial factor shaping various dynamical behaviors
in predator—prey systems [53]. Over the past century, different functional responses have been identi-
fied based on various biological applications, including Holling type [16—18], Hassell-Varley type [15],
Beddington—DeAngelis type [4, 10], ratio-dependent type [3] and Crowley—Martin type [9], among
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others [53]. The prey growth function F(v) typically takes the form of a logistic type
Fv)y=0(1—v/K) 1.2)

with the prey intrinsic growth rate o and the environmental carrying capacity K for the prey. Apart from
the logistic type, F(v) could be bistable (or Allee effect) type [55] or fear effect type [56], and so on. In
the sequel, we shall assume F(v) is of logistic type (1.2) unless otherwise stated.

This paper will be concerned with the functional response function employing the hunting coop-
eration strategy, which has attracted extensive attention recently. Cooperative hunting is a prominent
behaviour among large social carnivores, which enhances their ability to capture prey in their natu-
ral habitats [34, 58]. This behaviour enables predators to subdue large prey and improve their hunting
success. For instance, hyenas and wolves usually hunt alone when pursuing small-size prey such as
gazelles and sheep. In contrast, they prefer to hunt in packs when hunting large-size prey such as
zebras and deer [27, 33, 46]. This communal hunting phenomenon, leading to increased foraging effi-
ciency, has been observed in higher predator densities of terrestrial carnivores, including lions [45],
wolves [46] and African wild dogs [8]. To model this phenomenon of hunting cooperation, several func-
tional responses that increase with respect to the predator density, also known as hunting cooperation
functional responses, have been proposed, including

A+ au)v, (Type 1 [51)),
ce(A + au)v
Gv,u) =1 1+ che(h + au)v’ (Type IL5.7D), (1.3)
ce(A + au)h?

Tk chet o’ (pelll[S3D,
where A > 0 represents the predation rate on prey and o > 0 characterizes the level of predator cooper-
ation during hunting, / represents the handling time per prey item, e, is the encounter rate per predator
per prey unit time, and c is a fraction of a prey item killed per predator per encounter. When o = 0, the
Type I, II and IIT hunting cooperation response functions reduce to the well-known Holling I, IT and III
functional response functions, respectively.

Among other things, this paper is focused on the Type I hunting cooperation:

Gv,u) =\ + au)v (1.4)

which was first proposed in [52] and the corresponding temporal system (namely system (1.1) with (1.4)
and d; = d, = x = 0) was numerically studied in [52]. It was found that hunting cooperation can benefit
predator populations by increasing attack rates, and large values of o can induce Hopf bifurcations.

The system (1.1) with y =0 is referred to as the diffusive predator—prey system. It was shown that
(1.1) with (1.4) will not have Turing instability without hunting cooperation (i.e. @ = 0) (cf. [6, 60]),
while it will do with hunting cooperation (i.e. @ > 0) only if the predator spreads slower than the prey
(i.e.d, > d,) (cf. [6, 47, 60]). Later, the Hopf bifurcation was investigated in [29] by the centre manifold
and the normal form theory. If the Neumann boundary condition was replaced by the homogeneous
Dirichlet boundary condition u|;q = v|;o = 0 and n < 6, the stationary solution of the system (1.1) with
(1.4) was studied in [40] showing that sufficiently large « leads to the extinction of the predator species.
For more related works on the predator—prey models with hunting cooperation, we refer readers to [14,
20, 28, 50, 54] for Allee effects in prey, [35] for fear effects in prey, [12] for group defense in prey, [48]
for three-species food chain, [11, 31, 41, 51, 54] for hunting cooperation functional response functions
other than Type I, and references therein.

Though a considerable body of literature has studied the dynamics of predator—prey systems with
hunting cooperation in the absence of prey-taxis (i.e. x = 0) as mentioned above, only a few results are
available to the predator—prey systems with prey-taxis and hunting cooperation (cf. [38, 42, 43, 62]).
When the hunting cooperation functional response function G(u, v) is Type II as given in (1.3), the exis-
tence of non-constant positive steady states of prey-taxis system (1.1) was obtained by the bifurcation
theory in one dimension in [37] where it was also shown that small prey-tactic sensitivity x > 0 can
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induce the Turing instability. Recently the work [62] established the existence of globally bounded clas-
sical solutions of (1.1) with Type II hunting cooperation in any dimension, and showed that negative
prey-tactic sensitivity x < O (i.e. repulsive prey-taxis) can induce the Turing instability. When the hunt-
ing cooperation functional response function G(u, v) is uniformly bounded for all u, v > 0, the global
boundedness of solutions was established [42, 43] where the global stability of constant positive steady
states and existence/nonexistence of non-constant positive solutions were further obtained if G(u, v)
is Type II. We remak the assumption in [42, 43] rules out the Type I hunting cooperation functional
response function (1.4) since it is obviously not uniformly bounded for u, v > 0.

It is seen from the abovementioned existing results that the prey-taxis system (1.1) with Type I hunting
cooperation functional response function G(u, v) has not been studied, which is the most difficult case to
study from a mathematical point of view among three types given in (1.3) since G(u, v) is not uniformly
bounded for u, v > 0 if it is of Type I. When G(u, v) is uniformly bounded for all u, v > 0 like Type II
or Type III, the regularity of the Neumann heat semigroup (cf. [36]) can be directly applied to establish
global boundedness of solutions, while Type I forfeits this advantage. Apart from this, it is also unclear
whether the Type I hunting cooperation may induce the spatiotemporal patterns. This paper will address
these questions and we therefore consider the following prey-taxis system (1.1) with Type I hunting
cooperation

uy=dAu—xV-@Vv)+ul[BA+aoaw)yv—=0], xe, t>0,

v,:dzAv—l-ov(l—1)—(X+au)uv, xeQ, t>0,

e 0 (1.5)
= =0, x€ o,

u(x, 0) = up(x), v(x,0) =v,(x), xeq,

where the parameters d,, d,, B, A, «,0,0,K > 0 and x > 0 have the same biological interpretations as
mentioned above. To reduce the number of parameters, we introduce the following rescalings

- d ~ d ~ LK (%
dl:_ls d2:_2’ X:L, 6223 Kzﬂ_’ &za_’
% % BA 0 0 A2
and
- AU oL
U=—, v=——, =0t
0 (%

Substituting the above rescalings into (1.5) and dropping the tildes for brevity, we obtain the following
rescaled system

uy=diAu—xV-wvv)+ (1 +aou)uv—u, xe, t>0,

‘;i,Zd;‘,Av-’_gv (1—%)—(1+o¢u) uv, xeQ, t>0, (1.6)
v = z)_u = O, X e 89,
u(x, 0) = up(x), v(x, 0) = vo(x), xeq,

where the parameters d,, d,, o, K, o are positive and x > 0. Throughout the paper, we shall often use
the following notations

fw,v):= 1 +aow)uv—u and gu,v):= ov (1 — %) — (1 4+ au) uv (1.7)

for brevity.
The main analytical result of this paper is the following.

Theorem 1.1. Let Q CR" (n>2) be a bounded domain with smooth boundary, and let (uy,v,) €
[W'(R)]* with some g >n and uy(x), vo(x) > 0(%£ 0). Then there exists x, € (0, +00] such that for
all x € (0, x.), the system (1.6) admits a unique classical solution (u,v) € [CO(Q x [0, 00)) N C>(Q x
(0, 00)))? satisfying u, v > 0 for all t > 0. Moreover, there exists a constant C > 0 independent of t such
that

lu(-, Dl ooy + 1V, Doy < C - forall t > 0.
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In particular, x, =400 ifn=2.

Before ending this section, we outline the main difficulties and proof strategies.

1.1 Sketch of proof strategies

Without prey-taxis (i.e. x = 0), problem (1.6) can be regarded as a special one considered in [38]. Then
the global boundedness of solutions to (1.6) with x =0 in any dimension (n > 1) is a consequence of
[38, Theorem 3.1] (see also [19]) based on the L”-duality method. Without hunting cooperation (i.e.
o = 0), the global boundedness of solutions to (1.6) has been established in [23, 61]. Now with o > 0,
the source term contains a cubic polynomial au?v and many arguments and estimates in [23, 61] for
the quadratic polynomial are no longer applicable. Hence, new technical ingredients are needed to deal
with the higher-order nonlinearity. Below we briefly describe our strategies used to obtain the global
boundedness of solutions for » =2 and n > 3.

(i) n=2. In this case, by fully exploiting the model structural feature, we use cancellation ideas to
handle the troubling prey-taxis term while simultaneously controlling the cubic nonlinear source
term au’v (see the proof of Lemma 3.1), and finally obtain the crucial uniform-in-time bound of
lu]| 2y With sophisticated coupling estimates by establishing a Grownwall type inequality for the
linear combination of following four terms (see (3.19) and (3.27))

d , d |Vy|? d/ d/
— |, —= , — | ulnu, — [ uv.
dr Jq dt Jo v dt Jq dt Jq

Then we further perform L’ estimates to obtain the uniform-in-time bound of ||u||;»«q, for p > 2,
which yields the global boundedness of solutions by the boundedness criterion in Lemma 2.6 and
the extension criterion in Lemma 2.1. We stress that here we obtain the L*-estimates directly with
the sophisticated coupling estimates by fully exploiting the advantage of cubic decay term —au?v.
This is different from the estimates in the existing literature for the prey-taxis model without hunting
cooperation such as [23, 61] where the L*-estimate of u is established based on the estimate of
[lulnu||;r and || Vv]||2 which are first obtained separately.

(ii) n > 3. In this case, we first establish a uniform-in-time bound of the weighted L”-norm fQ wov)
(p > 1) by constructing an appropriate weight function ¢(v) (see Lemma 4.1 and Lemma 4.2), and
then obtain a bound of ||u||;»q) under a smallness condition on x > 0.

The rest of the paper is organized as follows. In Sect. 2, we establish the local existence of solutions
to the system (1.6) and derive some preliminary results. We prove Theorem 1.1 for n =2 in Sect. 3 and
for n >3 in Sect. 4. Finally, in Sect. 5, we conduct linear stability analysis to show that both Turing
bifurcations and Turing—Hopf bifurcations may arise from the system (1.6), and use numerical simula-
tions to demonstrate that (1.6) may generate various complex spatiotemporal patterns such as spatially
homogeneous time-periodic patterns, stationary patterns, spatiotemporal periodic patterns and chaos.

2. Local existence and preliminaries

In this section, we establish the local existence of solutions to the system (1.6) and provide some pre-
liminary results. Hereafter, we use C and C; (i=1,2, 3, - - -) to denote generic positive constants that
may vary from line to line in the context. We begin with the local existence of solutions.

Lemma 2.1. Suppose that the assumptions in Theorem 1.1 hold. Then there exists Ty € (0, 400] such
that the system (1.6) has a unique classical solution

(U, v) € [COR2 X (0, Ta)) N C*(Q2 X (0, Ty’
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satisfying
u>0 and 0<v<M,:= max {||v0||Lm(Q), K} forall (x,1) € Q x (0, Thax)- 2.1)

Moreover,
either Ty, =400 or litl;lTsup (||u(-, Do + IV, t)||Lao(Q)) = +400. (2.2)

Proof. Denote w = (u, v). Then the system (1.6) can be written as

o, =V -(Alw)Vo) + P(w), xe,t>0,
b =0, xe€aQ,

w(x, 0) = (uo(x), vo(x)) , xeQ,

where A(w) = |:d1 _Xui| and ®(w) = ({;(u, v)) with f(u,v) and g(u,v) given by (1.7). The upper

0 d, (u,v)

triangular matrix A(w) is positively definite. Hence, the system (1.6) is normally parabolic. Then the
local existence and uniqueness of classical solutions follow from Amann’s theorem [1, Theorem 7.3
and Corollary 9.3] and the blow-up criteria (2.2) follows from [2, Theorem 15.5]. Moreover, u, v > 0 for
(x, 1) € Q2 x (0, Tp,,x) can be established by the strong maximum principle along with u, vy > 0( £ 0).
These arguments are standard and we refer readers to [57, Lemma 2.6] and [24, Lemma 2.1] for details.
Finally, an application of [23, Lemma 2.2] proves v < M, for (x, ) € Q X (0, Tpax)- ]

The following result can be easily obtained.

Lemma 2.2. Suppose that the assumptions in Theorem 1.1 hold and (u, v) is the solution of the system
(1.6). Then

2
K—(14J;6) |9|} Jor all t € (0, Tryu)- (2.3)

Proof. Adding the first two equations of (1.6), integrating the resulting equation by parts and using
Young’s inequality (1 + o)v < %vz + %:)2 we have

d K( +0)
E/g(u+v):o/gv(1—%)—/S;uf—/g(u—}—v)—i—%Kﬂ for all € (0, Tyay),

which alongside u, v > 0 implies

lu(-, Dl < M, := max {”Mo +vollzi@»

2
K(14+o) |52|}.
o

The proof is completed. O

f (# +v) < max { lutg + voll 1)
Q

We shall recall some inequalities that will be used later.

Lemma 2.3 ([22, Lemma 2.3]). Let o, 8,T >0, 7 €(0,T), and suppose that ¢:[0,T) — [0, 00) is
absolutely continuous satisfying

')+ " (1) <)1) + h(r), >0,
where o > 0 is a constant, (1), h(t) > 0 with (1), h(t) € L. ([0, T)) and

loc

sup f[ o(s)ds <a, sup f[ h(s)ds < B.

te[r.T) J1—7 te[r.T) J1—7

Then for any t > t,, we have

Bt < b (1) 0 4 / h(T)ek g 2.4)

fo
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and
24\ 7 ’
sup ¢(t) <o (—) + 2B, sup @' (s)ds < (1 + ) sup {p(1)} + B, (2.5)
1€(0.7) 140 telr.7) Ji—1 1€(0,7)
where
A=1 Te(l +a)Fee™, B=r1 T pTHre™ + 28 + ¢(0)e”. (2.6)

Lemma 2.4 ([59, Lemma 3.3]). Suppose that H € C'((0, 00),R) and O(s) := [} % for s > 0. Then
forall ¢ € CZ(Q)fulﬁllmg 3"’ =0o0n 0%, it holds that

H'(p) / w> 2
Vo 2 D’® .
m”||_<+J) Hm ()|

Lemma 2.5 ([30, Lemma 4.2]). Assume that 2 is a bounded domain, and let w € C*(Q) satisfy 3= w
on 9K2. Then we have

|Vw|? 5
<2k|Vw|",

where k = k(2) is an upper bound of the curvatures of 9S2.
Now we establish a boundedness criterion.

Lemma 2.6. Suppose that the assumptions in Theorem 1.1 hold and (u, v) is the solution of the system
(1.6). If there exists p > = (n > 2) such that

sup |uC, e <K 2.7)

1€(0.Tmax)

for a positive constant K, there exists a positive constant K, independent of t such that
lu(-, Dlloy <Kz for all t € (0, Thay).
Proof. Assume that (2.7) holds for some p > 3 (n > 2). Then there exists a constant C; > 0 such that

swlwhmu <C,.

L2(Q
1€(0,Timax) @

Since 4 > %, one can use a standard argument based on the smooth property of the Neumann heat
semigroup (cf. [36]) to find two constants r; > 3n and C, > 0 such that

sup [|Vv(, Ol < Cs. 2.8)

1€(0,Tmax)

Given t € (0, Tpux), We let 1, := (¢ — 1),.. By Duhamel’s principle, u can be represented as

u(-, 1) = e 0%y (1) — x [ eI L u(-, )Vv(-, 8)] ds + / e 1IN E (-, 8), v(-, 8))ds

fo fo

=1, +5L+1; forallte (0, Ty 2.9)

By (2.3), the maximum principle and the smooth property of the Neumann heat semigroup again, for
all 7 € (0, Thax), We can find two positive constants C; and C, such that

dira ',0 =5} < o0 P’y ift< 1,
|wm®_“eu(ﬂh@Jmmm < 2.10)

le®®u(-, t — Dl < Csllu-,t = Dy < Gy, ift> 1.

Letr, ;= 2. Then r, > n due to i = i + * < 1.By (2.8) and Holder’s inequality, for all 7 € (0, Tyna),
we have

sup  |u(, OV, D@ < sup  uls, D@ I Ve, Dl @ < Ki G,

1€(0,Tmax) 1€(0,Tmax)
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which alongside the smooth property of the Neumann heat semigroup gives two positive constants Cs
and Cg such that

Il < Cs / (1= 9775 ) 9T liads = Co 211

fo
for all t € (0, T,.x), Wwhere we have used the fact %+ i <1, and A, > 0 denotes the first nonzero
eigenvalue of —A in 2 under the homogeneous Neumann boundary condition.
It follows from (1.7), (2.1), (2.7), Young’s inequality and Holder’s inequality that there exist two
constants C;, Cg > 0 such that

/ -, 1), v, ) ¥ < C7/ (u% + 1) <y forall 1€ (0, Tpy). (2.12)
Q Q

Let f(t) = ﬁ fﬂf(u(-,t), v(-, 1)) for all t € (0, T,,.). Notice that % > 1 for n>2. Then (2.12) and
Holder’s inequality imply
- 1 C
ol = 1] / (W, D, v D F +1) < |—98| +1 forallze (0, Thw)- (2.13)
Q
Using (2.12), (2.13), t — t, <1, and the L”-L? estimates of the Neumann heat semigroup, we can find
two positive constants Cy and C), satisfying

t
e = [ 1427
T
ff ||edl(t7S)A(f("S) —J_C(S))”me)ds‘i‘/ ||edl(t7S)Af(S)||L°C(Q)dS
to fo
t _ 13 C
scg/ (14 (1 — $)" He M9 f(., 5) —f(S)llL%(Q)dS+/ (ﬁ+ 1) ds
to fo
<C, forallre (0, Tpy). (2.14)

The combination of (2.9), (2.10), (2.11) and (2.14) yields that
Sup ||M(, t)”Loo(Q) < Cll fOr all te (O, Tmax)

1€(0,Tmax)

with a constant C; > 0. The proof is completed. O

3. Proof of Theorem 1.1 for n =2

This section is devoted to proving Theorem 1.1 for n =2. To this end, we construct an appropriate
functional in the form of a linear combination of the four terms

d [Vy|? df d/ ) d
— , — fulnu, — | u, — [ w
dt Jo v dt Jq dt J, dt Jq

to derive some a priori estimates including the time-independent boundedness of ||u||;2«q). This idea
was first used in [59] for a chemotaxis-fluid model, and then developed for predator—prey models with
prey-taxis [23, 25].

3.1 L*-estimate via sophisticated coupling estimates

Lemma 3.1 Suppose that the assumptions in Theorem 1.1 hold with n =2 and (u, v) is the solution of
the system (1.6). Then for t € (0, Tya), we have

J
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and

t+1 ’DZV‘Z |VV|4 |VM|2 , , ,
. + 3 + » + | Vul"+u’|Vv|" ) (-, 8)ds < C(t + 1) 3.2)
t Q

forall t € (0, Ty, — T), where D*v denotes the Hessian matrix of v.

Proof. We split the proof into several steps.
Step 1. An inequality for 4 [, ‘v:' For all £ € (0, T,ny), it holds that

/le|2 |Vv|2 /VV'VV,
2dr B v

|Vv|2 Av
v,— | —v
Q V

ZE ;
1 [Vv|? |Av|2 |Vv|2 Av
=d, 3 s Av — ,V) — —g(u,v). (3.3)
Q

We have from (1.7) and (2.1) that

Vv|? Vv|? Vv|?

| V| V)< = /' vI (ov—au?y <—/| V! —i/.uZIVVI2 (3.4)
Q

2M,
for all ¢ € (0, Tmax). For the term 1,, we claim that there exists a positive constant C; such that
3A D*v|? V|t Vv|?
Py Al +C]/ VL forall £ € (0, T, (3.5)
4 J, Y V3 o Vv
where A, = m Then the combination of (3.3)-(3.5) indicates that
/ |Vv|2 |Vv|2 3A1 |D*v|? n [Vv|*
2dt v V3
o |Vv|2 Av
< —— | V)P + — —g(u, v) forall t € (0, Tha)- 3.6)
2M,

Using (2.1) and Young’s inequality, we obtain

(1+o >/|Vv|2_4/|wr* (4 4+ ¢ / _4/|Vvl“ (.7
l Q

for all 7 € (0, Tyx), Where C, := 20l (Lo 4 Cl) . By (1.7), we have

Ay

Av _ % o )
_/QTg(u,v)_—/QAv(a (1—E)—(1+au)u)_—E/Q|vV| I <1, (3.8)

where I5 := fﬂ (1 + 2cu) Vu - Vv. Substituting (3.7) and (3.8) into (3.6), we have

/lVi/l2 |VV|2 Al/ |D2V|2 [Vv|* -C o / 2V — 1 3.9)
2dt w )= oy, )T T '

for all ¢ € (0, Tyax)-
We next prove (3.5) by similar arguments to that of [23, 3.2 and Lemma 3.3] (see also the proof of
[25, 3.2 and Lemma 3.3]). For completeness, we sketch the proof here. Applying [23, Equs. (3.19) and

(3.27)] with F(v) = v therein, we have
d, 1 9|Vv)?

4= -

2 Jio v av

—dzfv|D2 Inv|> forall £ € (0, Tynay) (3.10)
Q
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and

|D2V|2 2 2 2
<2 ((2 V27 + 1) VD Inv]? forall £ € (0, Tpy). 3.11)
Q Vv Q

Using Lemma2.4 with H(v) = v yields
|Vl
v?

/ VID*In w2 for all £ € (0, Tynay). (3.12)
Q

To proceed, we recall the trace inequality [39, Remark 52.9]: for any ¢ > 0, there exists a constant C(g) >
0 such that

IWllzee < ellVwlipg + CE)wllpze forwe WI’Z(Q)- (3.13)

Denote ¢y(v) = % Then for all ¢ € (0, T,,.x), it follows from Young’s inequality that

VooV = <

V V2 4y3 v v3

N

This alongside Lemma 2.5, (3.13) with e =,/ =L~

10d’

D>-Vv |[Vv|Vv\" D] |D|-|VvP  |Vv[* 5 [/IDW] |Vt
< + + <3 + .

and the fact that (a + b)* <2(a> + b*) fora,b € R
gives

d [ 1 AV _ 2/ 2c|VvI?
2 Joo v v _2 b
= ks || o1 250y

2
< kd; (e Vool 2@ + C@)llgo) 2@ ]

< s [262 V0o 220y + 2CEP 060 2]

D2 2 V 4 V 2
5Kd2|:22 /(I V|+IVI)+2C()2/I VI}
4 Jo v V3 Q Vv
[ AL |
S + C, for all ¢ € (0, Tyan), (3.14)
4 % V3

where C, > 0 is a constant. Now the combination of (3.10)-(3.12) and (3.14) indicates

A, d, D> |V V)2
L=<|—- + + C, for all £ € (0, Ty,
4 32+422+2]J)a v v o Vv

which gives (3.5) by recalling A; =
obtained.

Step 2. Cancellation of the nonlinear term f o (I +20u)Vu - Vv. We now deal with the nonlinear term
Is = fn (1 + 2cu) Vu - Vv appearing in (3.9). For all ¢ € (0, T,,.x), using (1.6) and integration by parts,

we have
|Vul?
— ulnu— —d, + x Vu-Vv+ (1 + Inu)f(u,v), (3.15)
o U

uw= /|Vu| +X/uVu VV—I—/uf(u V), (3.16)
2d[ Q Q Q

i/uv:—(dd—dz)/ Vu-Vv+X/u|Vv|2+/vf(u,v)+/ug(u,v). 3.17)
dt Q Q Q Q Q

https://doi.org/10.1017/50956792525000026 Published online by Cambridge University Press

Therefore, the claim (3.5) is proved, and hence (3.9) is

dy
32+v2)2 42"



https://doi.org/10.1017/S0956792525000026

10 W. Tao and Z.-A. Wang

Let A, := %*‘“ + 5. Then xA;+ xu—2(d; +dy) = £(1 +2au), which alongside (3.15)-(3.17)
gives

d u |Vu|? 5
£ u(A2 lnu+—+2v) +dA, +d, | |Vul

=LIS+2)(/u|Vv|2+/u(f(u,v)+2g(u,v))+A2/(l—l—lnu)f(u,v)—l—Z/vf(u,v) (3.18)
Q Q Q Q

2a

=1l

for all ¢ € (0, Tyox)- If we multiply (3.18) by 27“ and add the result to (3.9), then the nonlinear term /5 can
be canceled.
Step 3. A Gronwall-type inequality. Define the function

1[IV 2
(1) = -/' 2 u(Azlnu—FE—i—Zv) for all £ € (0, Tay). (3.19)
2 ) v X Ja 2

Then for all 7 € (0, T}, ), the combination of (3.9) and (3.18) multiplied by 27" indicates that

, A, |D*>v? Vvt 20 |Vul? X
Y@ +y@®+ — + +— | diA; +d | |Vul
2 Jq v v3 X Q U Q

) o ) , 2« u
<G +4a | ulVv|"— — | u’|Vv|"+ — u(Azlnu+—+2v)+16 . (3.20)
Q 2M, Jq X Q 2

=1 =13

We next estimate the term /,. Indeed, Young’s inequality and (2.1) yield

o
4 V|2 < —u* 4+ 16M, Vv|?
a/ﬂul v|_/ﬂ<4M0u+ 00l>|V|
A vt 16M,
SL/u2|vV|2+16Mooz/ L WP oM
4M0 Q Q 64M()a V3 A]

A [ IV 256M3q?
SL/MZWVVJF_‘/' L PO o forall 1€ (0. T,
a, J., 1), » A,

which implies

n<-* f v |2+A1/|VV|4+256M3“2|9| forall 1€ (0, T, (321)
_ u v — or a > £ max /- .
7= 4MO Q 4 Q V3 Al

It remains to estimate the term z. Using (1.7), (2.1), (2.3), Young’s inequality and the fact that —sIn s <
i and In s < s for s > 0, we have

/ u(f(u,v) +2gu,v)) = / u [—(1 +auw)uy —u+20v (1 - 1)]
Q Q K
<20 MM, — / (1 +au)u*v  for all £ € (0, Tpuy)-
Q
For the term I, included in I, it holds that
Iﬁ < 20MOM1 —/ (1 +Otu)u2v
Q
+A2/ (1+Inuw) (14 au) uv—Azf (1 +lnu)u+2M0/ (1 + ou) uv
Q Q Q

A
<20M\M, — / [u—A,(1 4+ 1Inu) —2M,] (1 + aw)uv + —2|Q| for all £ € (0, Tyar)- (3.22)
e

Q
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Moreover, for all ¢ € (0, Ty ), using (2.1), (2.3) and the fact that s> > s In s for s > 0, we obtain

/u(Azlnu+3+2v)g /u(A2u+3+2MO)5(A2+1)fu2+2M0M1. (3.23)

Using (2.3), the Gagliardo—Nirenberg inequality and Young’s inequality, for all ¢ € (0, T,,,,), we can find
two positive constants C; and C, such that

2a 1 1 2 da
— A+ 1) / uw <Gy (”vu”Zz(Q)”u”Z](Q) + ||M||L'<sz>> = — / |Vul’ + Cy. (3.24)
X Q 2x Jo
The combination of (3.22)-(3.24) shows that
da , 2o
I; < Cs+ 2y IVu|— — | [u—A,(1 +1Inu) —2My] (1 +au)uv forall € (0, Tpa), (3.25)
X Ja X Ja

where Cs := C, + 27"‘ [2(1 + 0)MoM; + 22|Q|]. Define the function
o(s) = —(s —A,(1 +Ins) — 2M,) for all s> 0.
Then ¢'(s) = 22 — 1 and hence
0(8) < p(Ay)) =2My + Ay In Ay < 2M, + Ay In Ay| =:Cs.

Therefore, by (2.1), (2.3), (3.25) and the same argument as in deriving (3.24), we know that there exists
a constant C; > 0 such that

d,o , 2«
Iy <Cs+ — |Vul”+ —Cs | (1 +auw)uv
2x Jo X Q

do , 2a )
§C5+_ |VM| +_C(, M()M]“‘QM() u
2x Ja X Q
d]Ol 2
<C;+— [ |Vu|® forall ze (0, Thuy). (3.26)
X Ja
Substituting (3.21) and (3.26) into (3.20) yields

) A, |D*>v)*>  |Vy]* 2d, A |Vu|2 dla 2y 5
YO +y0)+— + + IV "+ W’ Vvl
4 Jq v V3 X 4M0

5,2

¥ Q|+ C, forall 7€ (0, Tyy). (3.27)

1

<G+

Finally, an application of Gronwall’s inequality along with the facts u, v> Oand u In u > —% yields (3.1).
Furthermore, the integration of (3.27) with respect to ¢ over [t, t + 7] gives (3.2). O]

3.2 The uniform-in-time estimate of ||u(-,t)|| @) for p =2

Lemma 3.2. Suppose that the assumptions in Theorem 1.1 hold with n =2, and (u, v) is the solution of
the system (1.6). Then for any p > 2, there exists a constant C(p) > 0 independent of t such that

luC, Dl < Cp)  forall t € (0, Tha)- (3.28)

Proof. Using the first equation of (1.6) and integration by parts, for all ¢ € (0, T},,,), we obtain
/u” /u” "(diAu— xV - uVv) + f(u,v))
p dr

=—d{p- 1)/ W Vul* + x(p — 1)/ u"_]Vu-Vv—i—/ W' f(u,v). (3.29)
Q Q Q
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For all t € (0, Tu), it follows from Young’s inequality that

dp-1 2(p—1
)((p—l)/up*levaL/‘up*z|Vu|2+M/‘MWW2
Q 4 Q d Q

di(p—1 -1
= A2Vt + L2 [ vt (330)
1 Q

For the last term in the right-hand side of the above inequality, we use Holder’s inequality
N IV ey < 116 1|2 1V VI 20> the Gagliardo—Nirenberg inequality and Young’s inequality to
find a constant C; > 0 such that

2 2
xp—1 ; xp—=1
-l f o < P70 s i
d, Q d,

< XZ(pd—._ 1)C1 <||Vu% 2o 1% Nl 200y + llua’ ||iz(s2>> VY g
=< d](l; )”VU 2@ + 4d1(Zz— D (Xz(lzh— I)C] ”ugllLZ(m”V‘}”iHm)z
n xz(z;— Cullull o I VY174 g
< 20D 19 o+ PP it 9
4 XZ(’;— )c1||u||m) IVl + 1)
%nw 172 + Callttll ey I VY15 o) + Cs /Q (@ +1) 63D

for all ¢ € (0, Ty.), Where

Peo—bx* , xp-1

2
x@p—=1
4d> Cit d, G

1

C,:=
2 d,

C, and C;:=

For the last term in the right-hand side of (3.29), we have from (1.7), (3.1) and Young’s inequality that

/u"flf(u,v)ffu”fl (14 aun) MVSMO/ (up+otup“)§M0 <|Q|+(a+1)/up“)
Q Q Q Q

for all ¢t € (0, T,ox)- Let ¢(2) := 11}||u(-, t)llfﬂ(g) for all t € (0, T,.)- Then Holder’s inequality implies

pt1

ptl
il 1\ 7 1\~ 1
p(0)7 = (;) el @) < (];) 1907 ), g, forall £ € (0, Tg). (3.32)
For all ¢ € (0, T,..), the combination of (3.29)-(3.32) implies that

o 2di(p—1)
GRR I OX: : = VU g, < Callull e IV s, + Callull}h o, + Cs + MolQl, (3.33)
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ptl
where C, := C; + (o + DM, + (})) ’ |§2|ﬂl. Again applying the Gagliardo—Nirenberg inequality and
Young’s inequality, and using (3.1), one can find two positive constants Cs and Cs such that

Zwl) 2p+1) £+: v w ,;11 zwl)
Callullfhgy = Calsfl hon < (nw I T A T )
2(p-1)
<G (nw sty + )
_d-D )
——||Vu ||L2(Q) + C; forallte (0, Thay), (3.34)
P’
where
1 dip—1\"" 1 o
c = L(2_dle=D cCrc=-(L) c+c.
p\p—1 p p \d
Substituting (3.34) into (3.33), for all ¢ € (0, T},..x), We arrive at
et dip—-1)
¢,(t) + ¢(t) P p ”Vu ”L’(Q) <PC2¢(t)||VV||L4(Q) + C? +MO|Q| + C7 (335)

Let T = min {1, %} < 1. Then it follows from (2.1) and (3.2) that there exists a constant Cy > 0 such
that

+T . 1+t |Vv|4 5 s 1+t |Vv|4
G, IVVIlaq =PCa Y =pG:M; = Gt +1)=2G (3.36)
t t Q t Q

forall r € (0, Ty — 7).
We are now in a position to prove (3.28). We shall discuss two cases: T, < 2 and Tay > 2. If Tox < 2,
then 7 < 1, and (2.4) implies

$(1) < BO) TN 4 (€, 1 M| + Cr) / Frelt iy (337)

for all 7 € (0, Tyux)- By an argument similar to that used to derive (3.36), we have

/pcvuw Sty o ds ef(;pcznw( D4, ds Tmax oGy [Vu(-s)[14,  ds

e < e < el L4Q)

S C9(Tmax + 1) S 3C9
This alongside (3.37) gives

2
¢(1) <3h(0)Co + 3(C5 + My |2 + C7) / Codt < 3h(0)Co + 6(C5 + Mo|2| + C7)Co,

which proves (3.28) in the case of Ty, < 2. If T > 2, then 7 = 1. By (2.5) and (2.6), we get

I L 124\
sup (1) = sup —lu(:, Dllpq < - 41 +2B, (3.38)

1€(0,Tmax) 1€(0,Tmax) P p »
where A = (1 + 2Cy) 7 ¢ and
B=(Cy + M| + C) 7" 4+ 2(Cy + My |2 + Cr)e** + Il)”uo( Mipee™
are independent of T,,.. Therefore, (3.38) yields (3.28) in the case of T, >2. The proof is
completed. O

3.2.1 Proof of Theorem 1.1 for n=2.

Lemma 3.2 gives ||ull4q < C. Then Theorem 1.1 with n =2 follows from (2.2) and Lemma 2.6
immediately. O

https://doi.org/10.1017/50956792525000026 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792525000026

14 W. Tao and Z.-A. Wang

4. Proof of Theorem 1.1 forn >3

This section is devoted to proving Theorem 1.1 for n > 3 by the weighted L-estimates (p > 1). For M,
given by (2.1) and p > 1, we define the following positive constants

. dp(p— 1) 1 ,

VT @+ &) +2dd,; T 24, p(p+ a ) wh
_ 2didip— 1) oz ~
YT @+ ) +2did, T M,

We then construct the following function to be used later.

Lemma 4.1. Let p> 1, I'), I, I's, x, be given by (4.1) and x € (0, x,). Then for all s € [0, M,], the

function
@(s) := "% [cos (x T)] " 4.2)

satisfies
I < ¢(s) < p(Mp) < +0o0, 4.3)
O0<yI'l < % =x [I) + s tan (xTos)] < x [Ty + Dol tan (x ToMy) ] =ik, , < 00, “4.4)

(X = Dels) = (e +d)e )] _
2d\(p — Dg(s)

>
;fﬂ”(S) —x9'(s) = 0. 4.5

Proof. Clearly, (4.1) and x € (0, x,) imply
0< xTys < xI'uM, < % for all s € [0, M,].

Hence (4.1) and (4.2) indicate that ¢(s) increases in s € [0, M,] and (4.3) holds. By a simple calculation,
we have

@'(s)

T =X [F] + F2F3 tan (X Fzs)] forall s € [O, M()],

(s

and then (4.4) is obvious. We next prove (4.5). By tedious calculations, we arrive at
d 2
2d,(p — Dy(s) (;2¢”(S) - X(D'(S)) — [ = De(s) — (di + dr)¢'(s))]

1 2
=_ (_go(s) ) {Bi cos® (xT'zs) + Tals x sin (x Ts) [2B, cos (xTas) + BsTax sin (xTas)1}

p \cos (xTs)
(4.6)

where

By := I} x* [p(d} + &) + 2ddy] — 2didaT3T5(p — D x* + (p = Dpx [(p — Dx — 2T 1],

B,:= T x [p(d} +d3) + 2d,d,] — dop(p — D,

B;:=T; [p(d]2 +d5)+ 2d1d2] —2d,d,(p—1).
Clearly, it follows from (4.1) that B, = B; =0 and

di(p— 1% [d, (p* — 4d3T3) + 2dyp|
Bi=(p—1y> — 1) — pd,Ty — 2d,d,T2T5 | = - =0.

=@ )X [P(P ) —pdT', 1223] W&+ &) +2dvds

This along with (4.3), (4.6) and p > 1 proves (4.5). The proof is completed. O
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Now we are in a position to use the above auxiliary function as a weight function to derive the uniform
bound of [lu(:, 1)||p for all t € (0, Tp)-

Lemma 4.2. Suppose that the assumptions in Theorem 1.1 hold and (u, v) is the solution of the system
(1.6). Letp > 1, I\, I',, T's, x, be given by (4.1), x € (0, x,) and k, , be given by (4.4). Then there exists
a constant C(p) > 0 independent of t such that

luC, Dl = Cp)  forall t € (0, Tha)-
Proof. Let ¢(s) be defined by (4.2) for s € [0, My]. Then (2.1) and (4.3) show that
1 <p(x, 1) <M, forall(x,?)e Q2 x (0, T 4.7)
With integration by parts, one has

1 1
Laf o= / W o) (dy At — XV - (V) +f (i 1)) + / W' () (dAv + g, 1)

—2 2 d2 1z ’ 2
= —di(p— 1)/ u”"e()|Vul —[ (—w (V)—Xfp(v)> u’|Vv|
Q e \P

+ / [x( = De(v) = (d +d)g' )] W™ Vuu- Vv

o'v)
po(v)

+ / W p(v) <f(u,v)~|- ug(u, v)) for all 1 € (0, Tiy). -5
Q

=10

Using Young’s inequality, for all ¢ € (0, T, ), we obtain

dp=1) [ ., L [ [ = Dew) = @ +d)g'on]
L= W02 [ o+ [ At IV (49)

For the term I, it follows from (1.7) and (4.4) that

Lo= /Q o) {(1 +ou)uv —u+ ;(;((‘;))u [av (1 - %) —(1+auw uv]}

k, ., r
< / W o) |:(1 + ou) uv + Ty - 201 (1 4+ o) uzv:|
Q p p

» xI'y ok,,
= | oy |—-U+4+ou) | —u—-1)+—— for all 7 € (0, Tyax)- (4.10)
Q p p

=1

For the term 1,;, (2.1) and (4.7) imply that

P ok
/ L <19 (ir) o (MM, [(1 +air> + —} —C,
{”<XPT1} X 1 X 1 p

k, ;M k, .M
[ nth [ Tt [,
{uz X” } p {uz X" } p Q

T T

and

which along with (4.10) indicates that
O—kX’pM()
Iy <Ci+——— [ o(v) forallte (0, ) “4.11)
p Q
The combination of (4.5), (4.8), (4.9) and (4.11) yields

li/upw(v)‘f'l/Mp(P(V)‘i‘M/MPJWMV(P(V)SQ—FQ/ uwo(v) 4.12)
pdt Jq P Ja 2 Q Q
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forall ¢ € (0, Ty.), Where C, := H”kpﬂ For the last term in the right-hand side of the above inequality,
it follows from (4.7) and the Gagliardo—Nirenberg inequality that there exists a constant Cgy > 0 such
that

G / we (v)sczgo(Mo)||u’2’||iz(msczgo(Mo)ch(nw 12 (m||u9||j§(§;+||u’2’||jz(m>, (4.13)
Q i P

where
P _
2

0= _eml)

—|— =

IS

1
2

Since 0 < 26 < 2, by Young’s inequality, (2.3) and (4.7), we obtain from (4.13) that
C: [ 10 () = Copi)Ca 4, + 17 (19 1)
< Cop(My)Coy My +17 (51|ViE [, +6, ™7 +1)
< &2—” / VUt Po(v) + C
p Q

_ _d1<p4‘ D / W2 Vule) + Cs, (4.14)
Q

where

di(p—1) -1
= d Cy:= CoMy)Ceoy (M, + 1) 1),
& 2Crp(Mo)Con My + 1) an 3 20(My)Coy (M, + 1) (51 + )

Substituting (4.14) into (4.12), one has

1d 1 di(p—1
——/u”gz)(v)—i-—/‘u"(p(v)—i—L/u”_2|Vu|2<p(v)§C1+C3.
pdt Jq P Ja 4 Q

Solving the above inequality, using (4.7), uy(x) € W"(Q2) (recall ¢ > n) and the Sobolev embedding
Wh(Q) — L[7(£2), we can find two positive constants C, and Cs satisfying

I, Dl < f wo(v) = max {gMo) ol PC: + €} = Co (Il +1) < Cs

for all t € (0, Tpn.x)- This completes the proof. ]

4.2.1 Proof of Theorem 1.1 for n > 3.

By taking p = 2n in (2.7) with Lemma 4.2, the result of Theorem 1.1 for n > 3 follows from Lemma 2.6
and (2.2). O

5. Linear stability analysis and spatiotemporal patterns

Spatiotemporal patterns are important to understand the population distribution of biological systems.
Predator—prey systems with prey-taxis can produce spatial patterns, as observed in experiments [26].
For the corresponding temporal predator—prey system of (1.1) with (1.2), hunting cooperation (1.4) can
induce the Hopf bifurcations [49, 52, 60]. By incorporating diffusions for both predator and prey species,
the system has Turing instability only if there is hunting cooperation and the prey species spreads faster
than the predator species (d, > d,). Moreover, the prey-taxis system (1.5) has no Turing patterns without
hunting cooperation (i.e., @ = 0) [23]. We expect that prey-taxis will stabilize the system (1.5), similar
to that observed in [37] and [62]. This section is devoted to investigating the effects of the interaction
of prey-taxis and hunting cooperation (1.4) on the spatiotemporal distribution of population dynamics
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described by (1.6). We conduct linear stability analysis and perform numerical simulations to illustrate
possible spatiotemporal patterns.
Without spatial structures, (1.6) becomes the following ordinary differential system

{u,=(1+om) uv —u, (5.1)

v,:av(l — %) — (1 4+ au) uv,
which has a trivial equilibrium E, = (0, 0), a prey-only equilibrium E, = (0, K), and possible positive
equilibria E, = (u,, v,) solving
1
T+ au,

Vi

<1 and (1+au*)u*:0(1—%), (5.2)

where u, is the positive root of the equation
o’ +2Kau* + K(1 —ao)u+o(1 —K)=0.

The number of positive equilibria and the linear stability of equilibria of the system (5.1) are well studied
in [49, 60]. We reorganize these results below. Define the positive constant
2Tao

K. =
24+ 9a0 +2(1 +3a0o)4/1 + 3a0

€(0,1], (5.3)

and the sets
So=1(0,1] x (0, 11U (1, 00) x (0, K,,),
S1=1(0,00) x (1,00) U (1, 00) x {1},
S, =(1,00) x (K,, 1).

Then the number of positive equilibria of the system (5.1), denoted by N, is
No=i if (wo,K)eS;, i=0,1,2.

To be precise, if (o, K) € S,, then we denote the two positive equilibria by

(U4, vie) and (U, v2,) With O < v, < vy, < 1.

It is easy to show that E, = (0, 0) is a saddle, E, = (0, K) is linearly stable for 0 < K < 1 and linearly
unstable for K > 1 (see also [49, Theorem 2.1]). The following results on the linear stability of positive
equilibria hold.

Lemma 5.1 ([49, Theorem 2.2]). Let K, be given by (5.3) and

~ 1—-30++o2>+60+1 - (K.+0)K.+30)
K, = <1, o, = =
2 oK?
(K +o0)

Ofl(l()=m ifK>1-o0.

)

(a) If (ao,K) €S, then the unique positive equilibrium (u,, v,) is linearly stable for 0 < a < &,(K) and
linearly unstable for o > a,(K), and the Hopf bifurcation arise from (u,,v,) at a = a,(K).
(b) If (ao,K) €S,, then (uy,, vy.) is linearly unstable, and for (u,,, vi.), we have the following results:
(i) when o > %, (Vis» U1,) is linearly stable for a < a,(K) and linearly unstable for a > @,(K), and
the Hopf bifurcation arise from (u., v.) at o« = a,(K);
(ii) when0 <o < % and K* < K < 1, (vy,, uy,) is linearly stable for a < a,(K) and linearly unstable
for a >, (K), and the Hopfbifﬁrcation arise from (u,, v,) at o = a,(K);
(iii) when 0 <o < % and K, < K <K* <1, (v, uy,) is linearly unstable.
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5.1 Linear stability of (1.6)

Let Q C R" (n > 1) be a bounded domain with smooth boundary. We now consider the stability of the
constant steady states E; = (0, K) and E, = (u,, v,) in the presence of spatial structure. The linearized
system of (1.6) at a constant steady state £, = (i, v;) is

D, =AAD + T, x€, t>0,

v-V)® =0, x€d,t>0, 5.4

®(x,0) = (ug — u,, vo — vy)”, x€,

where T represents the transpose,

_ U — U _ dl — XU
q)_(v—vx)’ A_(O d, )’
and J is the corresponding Jacobian matrix of (5.1)
[ 2auv,+v,—1 uy(1 4+ auy) (N
J= ( —v,(1 +2au,) o (1 —2) —ul —}—(xus)) - < ) ) (5-3)
By the method of separation of variables, the linear system (5.4) has solutions in the form of
O(x, )= (U, V) &Y (),
k=0
where 1, (x) is the eigenfunction of the Neumann eigenvalue problems
—AY () = (), xeQ,
W9 — () xed
BV b 9

with the wave number k, the coefficients U, and V, are given by (U, V)7 = fQ D (x, 0)(x), and p is
the temporal eigenvalue satisfying

PY(x) = =k A (x) + T ().

Using the above equation and the fact that the sequence {1/}, forms an orthonormal basis of LX),

we know that the two eigenvalues of the matrix M, := —k*A + 7 are the roots of the equation
P>+ Pip+ Qi =0, (5.6)
where
Poi=(d+ )k — B, Qui= didok® — Bk + 5, (5.7)
and
Bii=J+Js, Bri=diJi+dyJ+ xuds, Bzi= JJy—Js (5.8)
The two roots of (5.6), denoted by p., are given by
pr = @, A, = P} —4Q,. (5.9)

Lemma 5.2. Let E; = (u,, v,) be a constant steady state of the system (1.6). Then the following stability
results hold for E; = (uy, vy).

(i) E; is linearly stable if and only if min {P;, Q;} > 0, and E; is linearly unstable if and only if
K2>0
min {P;, O} <O.
K2>0
(ii) Turing instability arises if and only if
B <0, B,>0, B3>0 and minQ, <O.
k>0
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Proof. The first conclusion is obvious. Moreover, Turing instability arises if E; = (u,, v,) is linearly
stable in the ODE system (5.1), while it is unstable in the PDE system (1.6). Therefore, Turing instability
occurs if and only if

Po=—p1>0, Q=p:>0 and min{P, O} <0.
k*>0

Given (5.7), d;,d, > 0 and k* > 0, the second conclusion of Lemma 5.2 follows immediately and the
proof is completed. U

AtE, =(0,K),J,=K—-1,J,=0,J; =—K <0, J, = —0 <0, which imply
Bi=K—-—1-o0, By=—dio+dr)(K—1), B3=—0(K—1).

This indicates 8, < 0 if B; > 0. Therefore, Lemma 5.2(ii) implies that Turing instability can never arise
from E, = (0, K). We next investigate whether Turing instability can arise from the positive constant
steady state E, = (u,, v,). Let E; = E,. Then (5.5) implies

[ auy, ‘L’—: _ l—v*o(l—”—*)

Clearly, (5.2) implies J; = v, — 2 < —1. Hence (5.8) implies
lim B,= lim (d\J,+dyJ, + xu.J;) =—0o0.
X—>+oo

X—>+oo

This alongside Lemma 5.2(ii) indicates that Turing instability cannot arise from E, = (u,,v,) for
sufficiently large x > 0.

5.2 Spatiotemporal patterns

In this subsection, we present a specific example to illustrate the above analysis. For definiteness, we let

c=K=d,=1,d,>0, a>0, x >0. (5.10)
Then the system (1.6) with (5.10) admits a unique positive constant steady state E, = (u,,Vv,) =
(%, ﬁ) if and only if ¢ > 1. Hence, we assume « > 1 below. We have

Py=(dy+ DK — B, Qv =dok* — Bok* + Bs, (5.11)

where

2
2 1 —(WJa—1)d 20 — 3 /o + 1 2 (o —1
13121__’ _,32: (\/_ )2+( \/— )X’ ﬁ3=M>O. (5.12)
NG Jao o o
Therefore, steady-state bifurcations occur if
B.>0, ¢o <2/372> <0 and @ < 0 for some wave number k. (5.13)
2

where

9o(s) = dos® — fos + fs. 52 0. (5.14)

Lemma 5.3. Let d, >0, a > 1, x >0, (5.12) hold, and the function ¢y(s) be given by (5.14). Then
B> 0and ¢, (%) <0 ifand only if
d, > d (o, ), (5.15)

where

D, /D*—4D,D
—L ¥ TR (5.16)

d; = —
Hex) D, 2D,
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with
D,=— (Jo — 1)2a2<0,
Dy =20 (Va—1)[(2« =3Ja +1) x +a (4/a —3)] >0, (5.17)
Dy=— [a+(2a—3ﬁ+1)x]2 <0.

Moreover, it holds that

8 Ed 8 *
£d+(a,x)<0, ad+(a,x)>0, (5.18)
and for any x >0, we have
}Yig}di(ot, X) =—+00, agglm dy(a, x)=38. (5.19)

Proof. Letd, >0, @ > 1 and x > 0. First, (5.12) implies that 8, > 0 is equivalent to
a+ Qa —3Ja+ 1)y

d =:d’ 0. 5.20
2> a(ﬁ - ax > ( )
Moreover, we have from (5.12), (5.14) and (5.17) that
B2 @.(dy) . 2
%o (2_d2 = dwd,  ¢@)=Didi+Did + D (521

It holds that D} —4D,Dy=32(\/a — 1)3 (2ya —1) o’ (Vo —Dx +a) >0, which along with
D,, Dy < 0 and D, > 0 implies that ¢,(d,) has two positive roots

d (o, x):= _ﬂ_,_—VD%_“DZDO d(a, x):= _ﬂ_—"D%_ALDzDO, (5.22)
- 2D, 2D, o 2D, 2D,
Clearly, 0 < d*(a, x) < d’(a, x). We next show that
O<d'(a,x) < d:’X <d;(a, x). (5.23)

Indeed, (5.17) and (5.22) imply
D _o+Qa—3Ja+ Dy N 20 (Va —1) [2e =3J/a+1) x +a (4/a —3)]
2D, al(y/a—1) -2 (ﬁ — 1)2 a?
_a+Qa—3a+ Dy —[(2a =3Ja+1) x + o (4 —3)]
a(ya—1)

D /
—2D2 (d:wx + j) = 8D2 <0< D% - 4D2D0.

2

This along with (5.17) indicates d;, < d’(a, x). Moreover, it follows from (5.17) and (5.22) that

oy

— 4,

hence

D 2
(D} —4D>D,) — [202 (d:,x + ﬁ)} =32 (Va —1)’ 2V — 1) & (Vo — Dy +a) — (8D,)
2
=32 (Va—1) e’ [2a —3v/a+1) x +a]
>0,
which proves d* (a, x) < d; . Therefore, (5.23) holds. Then the combination of (5.20)-(5.23) proves
that B, > 0 and ¢, (2’%) < 0 if and only if (5.15) holds. We next prove (5.18). Since D, < 0, we have

D3—4D; Dy
D3

di (o, x)= -y % . Elementary calculations (omitted for brevity) show that

2D,
D D?> —4D,D D D?> —4D,D,

i “L)>o, i 21 RM0) 0 and i 1) <o, i T o >0,

da \ D, da D3 ax \ D, dx D3
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(a) (b)

0.8 . . . . 40 | . .
. —Re(,) | —d,=d’ (a,1)
o6l e Im(.) | 3B5F 1 2+ 1
. “,“ p+ | — O(=4
f | T ol
0.4 | -—-d,=8
o5r | ) )
02l 11V (Turing) Il (Turing-Hopf)
. I
(k;.0) o 20f |
0 ..... I
15f .
(4.d,)
0.2t ! 1
10 | ——
N SRR
I ] I
0.4 5t | I(stable) Il (Hopf)
I
-0.6 : : : : 0o—l— : :
0 0.1 0.2 0.3 0.4 0.5 0 2 4 6 8 10
k? o

Figure 1. (a) Plots of Re(p,) and Im(p,) in terms of k>0 at (a,d))=(4,d}), where
(d}, k)~ (11.2272,0.2110) is given by (5.24) and (5.25). (b) Turing-Hopf bifurcation diagram in the
a-d, plane, where the state-steady bifurcation curve d, = d’; (a, 1) given by (5.16) and the Hopf bifur-
cation curve o =4 divide the region {(a,d,): « > 1,d, > 0} into four parts: I (stable), Il (Hopf), 11l
(Turing—Hopf) and 1V (Turing). Other parameters are given by (5.10) with x = 1.

which along with D? — 4D,D, > 0 proves (5.18). Finally, we have

. D, . D} —4D,D,
Iim — =-38, Iim | —————— | =64,

a—>+00 D2 a—>—+00 D%

and it is elementary to show that lirrll d’ (a, x) = —+00. Therefore (5.19) is obtained and the proof is

completed. O

Clearly, (5.11) implies that Hopf bifurcations may occur if o >4 and will never occur if o €
(1,4). Lemma 5.3 alongside (5.13) indicates that steady-state bifurcations may occur if d, > d (e, x).
Moreover, steady-state bifurcations never occur if 0 < d, < d’ (e, x). Indeed, the proof of Lemma 5.3

shows that B, < 0if 0 < d, < d”  and ¢, (%) > 0if d’, < d, < d' (a, x), this alongside ds, B > 0 and
(5.11) indicates that O, > 0 for all k if 0 < d, < d7} (@, x ), which means that a steady-state bifurcation is
impossible. In particular, a Turing—Hopf bifurcation occurs (cf. [21, Definition 2.1 and Remark 2.2]) if

(o, dy) = (4,d}), where

3
d = dj(4,x):5+TX+ 6(x +4)>d:=5+26. (5.24)

The stability of E, can be fully classified in the «-d, plane, as the following.

Lemma 5.4. Let (5.10) hold with o > 1 and d;, be given by (5.24). Then the system (1.6) has a unique
Ja-1

3

(i) The ODE system (5.1) undergoes a Hopf bifurcation at E, = (i, %) when oo = 4.

positive constant steady state E, = ( , \/L&). Moreover, the following conclusions hold.
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0.5

u(x,0)
< 107 \\“
1 V(Xl)

: \\\\\\\\\\\\\\\\\ \\\\\\\\\\i

*MWWW\WWWWWWWW\

t

20m

Figure 2. Numerical simulation of spatially homogeneous time-periodic patterns generated by the sys-
tem (1.6) in the interval Q = (0, 207) with (5.10), x =1 and o = d, = 5. The initial value (uy, vy) is set
as a small random perturbation of (u,,v,) = (0.0.2472, 0.4472).

(a) a=3 (b) a=6 (c) a =30
P~O.
1 * Re(ﬂ+) 1 * Re(/)+) S * Re(,0+)
o Im(p,) s, o Im(p) ® o Im(p,)
\
P-o.
05} ® 05 ! 05 ®
\ Y \
? \ |
| | |
-0.5 -0.5 -0.5
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
m m m

Figure 3. Plots of Re(p,) and Im(p, ) fork = 5t withm =0, 1,2, - - - under the parameter setting (5.10)
with x =1, d, =20 and different values of a: (a) « =3; (b) a =6, (c) a = 30.

(ii) The system (1.6) undergoes a Turing—Hopf bifurcation at E, = (}‘, %) when (o, d,) = (4,d}). At
(a,dy) = (4,d}), M, has the eigenvalues

=+ if ke =0,
p =B 00 PR = i 629
Re(p.) <0, ifk> # o, k;.

Proof. Let k> =0in (5.6). Then p. = +4/0y = £/B; = :I: . The first conclusion is obtained. We next
prove (ii). When («, d,) = (4, d*) we have from the proof of Lemma 5.3 that Q, > 0, where “=" holds

if and only if k* = 2’3;2 = W =k If K =Kk, then P, =(d, + Dk* =(d; + D)k} >0 and Qk =0,
which implies p_ = —P; = — S0 W <0and p, =0.If K #0,k;, then P, Q; > 0, and hence
Re(p.) < 0. O
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Figure 4. Numerical simulations generated by the system (1.6) in the interval Q2 = (0, 20m) with (5.10),
x =1, d» =20, and different values of o shown in the columns: (a) « =3; (b) « =6; (c¢) @ =30.
The initial data (uy, v,) are set as a small random perturbation of the positive constant steady state

(s v) = (L, 0.

For clarity, we shall first discuss a special case y = 1 and then turn to the general case xy > 0.

Remark 5.1. Fig. I gives an illustration for Lemma 5.4 with x = 1. Since (5.9) implies Re(p_) <
Re(p, ), we only show the real and imaginary parts of p, in Fig. 1(a). Moreover, in the a-d, plane,
the Hopf bifurcation curve o =4 and the steady state bifurcation curve d, = d’ (a, 1) given by Lemma
5.3 divide the region {(«, d>): a > 1, d, > 0} into four parts: I (stable), Il (Hopf), Il (Turing—Hopf) and
1V (Turing).

For numerical simulations, we let

Q=(0,L) with L=20m.
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40

35|

30

Figure 5. Turing—Hopf bifurcation diagram within the region {(«, d,): a > 1, d, > 0} in the a-d, plane
for the system (1.6) with (5.10) and x € {0, 1,5, 10}. When («, d,) is above the steady state bifurcation
curve dy = d(a, x), which given by (5.16) is higher as x > 0 is larger, the Turing instability (resp.
Hopf-Turing instability) will occur if («, d,) is left (resp. right) to the vertical Hopf bifurcation line
o =4

We begin with the subcritical case d, < 8, for which the steady-state bifurcation will never occur
(see Figure 1(b) where the horizontal asymptote d, = 8 is below the steady state bifurcation curve
d, = d’; (a, 1)). Without loss of generality, we take d, = 5. Then for « € (0, 4), (, 5) belongs to the sta-
ble region I. In this case, (u., v,) is linearly stable and no patterns will arise. For the Hopf region II, we
take @ = d, = 5, and then the system (1.6) can generate spatially homogeneous time-periodic patterns,
as shown in Figure 2. We next consider the supercritical case d, > 8. Without loss of generality, we take
d, =20 and o = 3, 6, 30. This gives
(a,dr))=3,20) €1V, (a,dy)=(6,200e1ll, (o,d,)=(30,20)elll

For these three values of («, d,), the eigenvalues p, of M; with k= % = ;"—0, m=0,1,2,---, are
shown in Figure 3, and the corresponding numerical simulations are shown in Figure 4. Clearly, for
(o, dy) = (3, 20) in the Turing instability region IV, Figure 3(a) shows that the eigenvalues of M, with
m=0,1,2,3 are a pair of complex conjugate numbers with negative real parts, and all other eigen-
values of M, with m=4,5,6,--- are real, and p, changes from negative to positive at m = 5. This
indicates that there is a steady-state bifurcation but no Hopf bifurcation. The numerical simulations
in Figure 4(a) show that non-constant stationary patterns arise, which is aligned with our analysis. For
(o, d) in the Turing—Hopf instability region III, the system (1.6) is unstable under temporal perturbation
due to Hopf bifurcation and complex eigenvalues of M, have positive real parts (see Figure 3(b) and
Figure 3(c) at m = 0), and the system (1.6) also undergoes Turing instability with real parts of an eigen-
value changing from negative to positive for some k # 0 (see Figure 3(b) with m = 6 and Figure 3(c)
with m =7 for instance). The interaction of Hopf and state-steady bifurcations will result in various
complex patterns in the Turing—Hopf instability region III. For («, d,) = (6, 20) € III, spatiotemporal
periodic patterns are observed, as shown in Figure 4(b). However, if we keep the diffusion rate d, =20
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and increase the strength of hunting cooperation to « = 30, then chaotic oscillatory patterns appear as
shown in Figure 4(c).

The above analysis is performed for x = 1. We next consider x > 0 and explain how prey-taxis stabi-
lizes the positive constant steady state. Clearly, (5.18) and (5.19) indicate that & (e, x) strictly increases
with respect to x € [0, +00), with two asymptotes: @ = 1 and d, = 8 in the «-d, plane. Figure 5 gives an
illustration for x =0, 1, 5, 10, where the solid blue curve d, = d’ («, 1) and the red vertical line « =4
have been shown in Figure 1(b). The vertical coordinate of the intersection of d, = d7 (a, x) and « =4
is d;; given by (5.24). The steady state bifurcation curve d («, ) strictly increases in x € [0, +-00) for
o > 1 (see (5.18)), while the area of stable region increases with respect to x € [0, +00), see Figure 5
for x € {0, 1,5, 10} for instance. This indicates that prey-taxis plays a role in stabilizing the positive
constant steady states.

As demonstrated above, the system (1.6) with xy >0 and & > 0 may generate various spatiotemporal
patterns, including spatially homogeneous time-periodic patterns, non-constant stationary patterns, spa-
tially inhomogeneous time-periodic patterns and chaos. The former two types of patterns are also found
in [6, 47, 60], where the latter two types of patterns result from the interaction of Hopf and state-steady
bifurcations in the Turing—Hopf region. Moreover, we find that prey-taxis plays a stabilizing role in
terms of pattern formation, which is similar to the case that the hunting cooperation functional response
function adopts the Type II form [37, 62].
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