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Abstract

Explicit solutions are rarely available for water wave scattering problems. An analytical
procedure is presented here to solve the boundary value problem associated with wave
scattering by a complete vertical porous barrier with two gaps in it. The original
problem is decomposed into four problems involving vertical solid barriers. The
decomposed problems are solved analytically by using a weakly singular integral
equation. Explicit expressions are obtained for the scattering amplitudes and numerical
results are presented. The results obtained can be used as a benchmark for other wave
scattering problems involving complex geometrical structures.
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1. Introduction

Thin vertical barriers have been widely used as breakwaters in ocean engineering
practices in order to create tranquil zones. The boundary value problems that are
associated with linearized deep water wave scattering by thin vertical barriers have
been of interest to many researchers due to the mathematical difficulty involved in
their analytical or semi-analytical methods of solution. The first nontrivial closed form
solution was obtained by Havelock [4]. Then Dean [3] solved the scattering problem
involving a submerged barrier by complex function theory. With the use of Havelock’s
formula, Ursell [16] handled the scattering problem of a surface-piercing finite-length
barrier. Porter [13] solved the problem of a complete vertical barrier with a gap of
finite length by a complex variable technique. More general problems with many
finite barriers and finite gaps in the barriers were handled by Lewin [6], Mei [12] and
Porter [14] with the help of complex function theory. Various mathematical procedures
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that had been devised in the theory of linear water waves were well catalogued by
Mandal and Chakrabarti [11].

Chakrabarti et al. [1] reconsidered the scattering problem of a barrier with a single
gap and solved it analytically by the aid of a weakly singular integral equation. The
scattering problem involving a complete vertical barrier with many gaps of finite length
can be routinely worked out by making use of the bounded solution of a logarithmic
singular integral equation over multiple intervals of finite length [7]. Manam and
Kaligatla [8] extended the method to the study of scattering of membrane-coupled
gravity waves by a vertical solid barrier with a single gap.

Vertical porous barriers are known for effective dissipating characteristics. They
are used, in practice, mainly due to their advantage in reducing wave loads. Ever since
Chwang [2] derived a boundary condition on a thin vertical porous barrier based on
the Darcy law, there has been a quest for the development of a mathematical method to
analytically treat the problem of deep water wave scattering by vertical porous barriers.
The boundary condition was later modified by Yu and Chwang [17] so as to include
the inertial effects of the porous barrier.

Recently, Manam and Sivanesan [9] devised a decomposition method to solve the
scattering problem that involves thin vertical partial porous barriers. The solution
method is motivated by the work of Porter and Evans [15]. It establishes a connection
between the solution potentials that describe wave scattering by a complementary
arrangement of partial vertical solid barriers. Moreover, by introducing a modified
integral relation between the wave potentials pertaining to scattering problems
involving vertical barriers of either a solid or a porous type with a certain configuration,
Manam and Sivanesan [10] explicitly solved the scattering problem involving porous
barriers.

The purpose of this paper is two-fold. First, the weakly singular integral equation
method of solution to the scattering problem involving a vertical solid barrier with two
gaps of finite length in it is demonstrated. Second, we intend to work out the explicit
method of solution for the scattering problem that involves a vertical porous barrier
with two gaps of finite length. This is done by decomposing the problem into two
problems that are solved explicitly by the aid of a weakly singular integral equation.
In Section 2, the scattering problem involving a solid or a porous barrier with two
gaps in it is formulated based on the linearized theory of water waves. The integral
connection between the solid and the porous wave potentials, decomposition of the
original problem and the explicit solutions for the decomposed problems are given in
Section 3. Numerical results for the scattering quantities and concluding remarks are
provided in Sections 4 and 5, respectively.

2. Formulation of the scattering problem

A Cartesian coordinate system (x,y) with the y-axis increasing vertically
downwards is used as a reference frame in an inviscid and incompressible fluid under
gravity, where y = 0 is the position of the mean free surface. The barrier occupies the
positionx =0, ye B=(0,00)\ G as shown in Figure 1, where G = (a;,b;) U (a2, by).
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FiGure 1. Schematic diagram.

The two-dimensional fluid motion is considered to be time harmonic and
irrotational, and is described by the velocity potential ®;(x,y, f) = Re[¢:(x,y) e 7],
where w is the angular frequency and i = V=1. Then, for wave scattering by an
incident wave ¢°(—x,y) = e KK from the positive x-axis, the spatial potential
$1(x, y) satisfies the following set of equations:

Gr+d1,,=0 inxeR, y>0, .1
K¢1(x,0) + ¢1,(x,00=0 onx#0, 2.2)

where K = w/g with g being the acceleration due to gravity,
| Véi(x,y) =0 asy— oo, (2.3)

| VA1 (x,y) |~ O3 asr= AJx2+(y—1)2 =0, (2.4)

where (0, ) can be any of the barrier edges (0, a;), (0, by), (0,ay) and (0, b,) in the
fluid. Now consider the equations

$1,(0%,y) = —iKT($1(0*,y) = $1(07,y)), y€B,

$1(0",y) = 1(07,y), yeG, (2.5)

where I' = y(s + if)/[Kd(s* + f?)] is the nondimensional porous effect parameter (see
the paper by Yu and Chwang [17]), in which v is the porosity constant, d is the plate
thickness, s is the resistance force coefficient and f is the inertial force coefficient,

. #°(-x,y) + R, ¢°(x,y) asx — oo,

$10xy) {T,, #°(=x,y) as x — —co.

Due to the barrier symmetry, the scattering problem may also be considered by
allowing incident waves from the negative x-axis. Then the resulting velocity potential
D, (x,y,1) = Re[hr(x, y)e''] and the potential ®@;(x,y,?) differ by a phase difference.
Now the spatial potential ¢, (x, y) satisfies (2.1)—(2.5), the boundary condition

$2.(0%,y) = —iKT(¢2(07,y) — $2(07,y)), y€B
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and the radiation condition

¢O(_~x7 )’) + Rp ¢O(x, y) as x — —o09,
T, ¢°(=x,y) as x — oo,

$a(x,y) ~ {

It will be seen later that any of these scattering problems can be solved by utilizing
two of them together.

The continuity of normal velocity across x = 0 ensures that the upper half-plane
problems for the potentials (?5 i(x,¥), j = 1,2, can be reduced to quarter-plane problems
by writing (see the book by Lamb [5, p. 517])

¢O(_xs y) + ¢0(.X, y) + (]5?()(?,})), (_l)jx < 07

3103 = {—¢5<—x,y>, (~lyx>0, =12

Then, in the account of the boundary value problems for ¢;(x,), j = 1,2, the porous
wave potential functions ¢§.’ (x,y) defined on the domain (—1)/*!x > 0 for j = 1,2 satisfy
equations (2.1)—(2.4) along with the boundary conditions
¢ (0,y) +2iTK[#7(0,y) + ¢°0, )] =0, yeB,
$7(0,5) +¢°0,) =0, yeG

and

¢h(x,y) > (R, — DP’(x,y) as (—1)x > o,

Also, the transmitted complex wave amplitude is now givenby 7, = 1 — R,,.
Denoting the reflection and transmission amplitudes as R and 7, respectively, in the

scattering problem that involves a complete vertical solid barrier with two finite gaps

in it, the associated quarter-plane problems for solid wave potentials ¢§(x, y) in the

domain (—1)/*'x > 0 for j = 1,2 satisfy equations (2.1)—(2.4) along with the following
boundary conditions with 7 =1 — R:

¢;(0,y)=0, yeB,
#30.y) +¢°0.y) =0, yeG
and
(Pj(x,y) - (R- 1)¢0(X,y) as (=1)/x - oo.

In the next section, analytical solutions to the problems for the porous wave
potentials ¢§7 (x,y),j=1,2, are determined by the decomposition method. The
decomposed problems are of finding solid wave potentials qﬁj‘.(x, y), j = 1,2, and similar
such auxiliary wave potentials.
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3. Method of solution

The boundary value problem for ¢f (x,y) that is described in the previous section is
decomposed into two relatively easy, solvable problems by making use of an integral
connection (see the paper by Manam and Sivanesan [10]) as given by

X 2
#) +IKT [ (1000 + 013+ Y o1 )| a

m=1

= ¢i(x,y) +¢j(x, y), -Dx>0, j=1,2. (3.1)

In equation (3.1), ¢§(x, y) is the solid wave potential described earlier and the auxiliary
wave potential ¢ ;(x, y) satisfies (2.1)—(2.3). It may be verified that the integral term
satisfies (2.1)—(2.3), because the partial derivatives satisfy ¢’IJ 0,y) = ¢’2’x(0, y), for
y > 0 (see the paper by Manam and Sivanesan [9, Appendix]). The other boundary
conditions that are satisfied by ; are

¥i(0,y)=0, yegG, (3.2)
¥ 0,y)=0, yeB (3.3)

and
Yi(x,y) ~ Ri$°(x,y) + Rig"(—x,y) as (-1)*'x > 00, j=1,2. (3.4)

Here Ri, k = 1,2, are unknown constants. The condition (3.3) is due to the fact that
#70,y) = ¢50,y), y € BI[9, Appendix].

Also, by adding the relations in (3.1) after rewriting them in the same domain x > 0,
the porous wave potentials gbf (x,y), j = 1,2, are explicitly obtained as

¢70x, ) = 956, 3) + ¥ (x, ] = T[8°(x,3) = ¢°(=x, )]

2 x
—iKT )" f [6/(D™ 1)) + (DM ldr, (<1 x>0, j=1.2.
=1 JO0

At this stage, the involved scattering wave amplitudes Ri, Jk=1,2, and R of
the decomposed problems are related to R, by (see the paper by Manam and
Sivanesan [10])

(1+D)R,=R+Rj, TR,=-R), (3.5)
(1+D)R,=R+R3, TR,=-R}. (3.6)

Hence, the scattering wave amplitudes involved in the original problem as well as the
auxiliary decomposed problems are determined from the equations (3.5)—(3.6), once
the reflection amplitude R of an incident wave by the solid barrier is known.
Therefore, the original problem for the porous wave potentials is completely
determined if one finds the decomposed wave potentials ¢§ and ;. In what follows,
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a solution method is provided first to solve a typical boundary value problem for

x(x,¥), x > 0, that satisfies (2.1)—~(2.4), (3.2)—-(3.3) and the radiating condition

X(%) = 71 °(x,y) + 12 ¢°(—x,y)  as x — oo,

3.7

where 11,7, are constants. From this, one can determine the decomposed potentials
Yi(x,y), j=1,2. A similar procedure will be utilized to determine the solid wave

potentials ¢;(x, y),j=1,2.

The most general form of the potential y(x, y) that satisfies the equations (2.1)—(2.3)

and (3.7) is

X, ) =11 ¢°(x,y) + 12 °(—x,y) + fo A& cos (£y) — K sin (Ep)]e ™ dg, x> 0.

Applying the boundary conditions (3.2) and (3.3), we obtain a pair of integral

equations
fo EA@)[€ cos (¢y) — K sin (¢y)]dE = iK(qi —12)e™,  y € B,

j; A€ cos (¢y) — Ksin(y)]dE = —(m +m)e™,  yeG.

They are rewritten in a different form as
d * . . —Ky
(5 - K)f EAE)sin (£y) dE = iK(m —m)e™,  yeB,
0

d 0 '
(d_ - K)f A@) sin () dé = - +m)e ™, yeG.
y 0

By solving the above ordinary differential equations,
i(n1 — 1) sinh (K), y€(0,a1),
00 K i —K
f EAE) sin (&y) de = {P1e7 = 5(m —m)e™™,  y € (br.ar),
0 .

1 _
—5(771 —m)e ™, y € (b, o),

oo 0,1 + %(771 +m)e ™, ye(ar,b),
[ a@sinen e - ;
0 0™ + Tl n)e ™,y e (a, by),
where Py, Q) and Q; are arbitrary constants. Now, by defining

) = fo A@)sinéy)dé fory € G,

and by the inverse Fourier sine transform, we obtain from (3.8)

2 00
A© == fo P(y)sin (€3) dy,
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where
i(n) — m2) sinh (Ky), y€(0,a1),
i _
Piefy - 5(771 -m)e X, ye (b, a),
Py =4 _;
5 (m - m)e X, y € (by, ),
g, y€ea.

Then, by substituting A(¢) into equation (3.9), the unknown function g(u) satisfies
the weakly singular integral equation

jlrfg(u)log du =f(y), yeGqG, (3.10)
where
_[FO)+ 1P, ye(ar,by),
JO) = {f(y) + xR,y e (az,by)
with

2 i “ +u
SO =—=(m —nz)f sinh (Ku) log yru
n 0 y—

i _ +u
+ 2—(771 - 1) e K”log’y—‘du
4 (b1,a2)U(b,00) y-
P
-t K”l g‘— du+—(n1+n2)e Ky yeagG.
T by

The general solution of the integral equation (3.10) can be obtained as (see the paper
by Manam [7])

Ao+ Aju? 2 Si1(Oef (1)

Sw @ Je w-n) M MEC

gu) =

where
W) = {—{(u2 —a)(b? — uP) a5 — u)(b3 — uM?, ue (a1, by),
P e - a)(u? = bW — a3)(b; — w2, ue(ax,by)

and the arbitrary constants Ag and A; can be obtained from the relations

f ()d—Af ud+Afu3d
o SRS T g siw)

3 u’ u
Lu g(u)duonfGSl(u)du+A0LSI(M)du

and
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In order to compute the integrals fG ug(u)du and fG u?g(u) du, we use the integral
equation (3.10). In the process, certain integrals are evaluated by the contour
integration procedure. By multiplying the functions (S;(y))™! and y*(S;(y))™' with
the integral equation (3.10) and integrating over G,

by by
S{Z((u)) du = 1(a1)f g(u) du + Il(bz) g(u) du’ (31 1)
ERAC b b
T ) s T e | gydut Bb) | glu)du, (3.12)
where
= X+u| du _ 2 x+u| du
I](X)—fGlog —ulsiw Izm‘fa” i P

Then the integrals fa lj' g(u)du and fa IZZ g(u) du are obtained from (3.11) and (3.12) as

b _wh) [ fuw) nly(b>) 2 fw)
Ll gw)du = A GSl(u)du_ A Gu Sl(u)d

and

b _ rwhla)  fw) nly(ay) f(u)
faz Ol A 7% Rl arormn

respectively, where A = I (a;)12(b2) — 11(b2)1>(ay).
Similarly, by multiplying (3.10) with the function

0% - a)(* - dd)

0?2 = bHO? = b3)

172

I(y) =

’

A bl bZ
f ug(u) du = f f(u)T(u)du——[Dl(al) f g(u)du + D (by) f g(u)du],
G G 4 a a

where D(x) = (I3(x) — mx)/A with

L(x) = f T log |24 du
G X—Uu

_ Jrx—a) + B(a), x€ (a1, b)),
(x — b)) + I3(by), y € (az,by).

Again, by multiplying (3.10) with the function y?7'(y) and by integrating over G,

b

b
f wWgu)du = -3Dy(a)) | g(u)du —3Ds(by) f g(u) du
G a

ap

—3Cfug(u)du+3fu2f(u)T(u)du,
G G
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where C = (b% + b% - a% - a%)/Z and D»(x) = {I4(x) — (7/3)x> — nCx}/n with

L4(x) =fu2T(u) log xru du
G X—U
_{ﬂaf—aﬁ+C@—mﬂ+kwo,xewbh%

AR = b)) + Cx— b)) + I3(b2), ¥ € (a2, b2).

Finally, the integrals

) Fu) u? f (u)
l}@wnm—nﬂfWﬂ“Wd“+h Gswmd”+L3LAxW)dm

2
f”33(”)‘1”:3f(”2—C)f(u)T(u)du+3C1f J(u) du+3C2fuf(u) du,
¢ G GSI(M) G Sl(u)

where

Ly = I(a1)D(by) — I,(by)Dy(a1), Ly =1i(b2)Di(a) — Ii(a1)D(by),
C1 = L(by)D3(ay) — L(a1)D3(by), Cy = Ii(a1)D3(by) — I1(b2)D3(ay)
with D3(x) = [CI3(x) — I4(x) + (r/3)x]/A. Since y, has an integrable singularity at

the edges of the barrier, it is easy to see that the function g(u) is bounded at a; and
bj, j = 1,2. Therefore, the bounded solution g(u) of the integral equation (3.10) is

2Tv(w) (" 1f' () 2Tv(w) (7 1f' ()
ol f @ -0 "7 ), Tiow@ -, HEeh
- 2 YT () f (1) 2 b2 (T (1) f (1)
T () f w@-7 "Tnw ), - M ue@b)
provided that
2 (g 2 (P Oq®)
Ao—j—rj;l A dt+7—rfa2 000 i, (3.13)
2 (M 2 (@),
Al—;ful _Tl(t) dt+;fa2 _Tl(t) dt =0, (3.14)
2 2 ™
m—;f Wmnm@mm+;f tf (OT(Hgx(t) dt = 0, (3.15)
12 b 2 21?2
A1—;f tf'(t)Tl(t)dt+;f tf (T (1) dt =0, (3.16)
where

(t2 _ aZ)(ZZ _ b2) 1/2
1 | . e =r-a-b}, @0)=r-a-b.

A ey
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Therefore, the conditions (3.13)—(3.16) can be expressed as a system of linear
equations for the unknowns 7y, 172, P1, Q1 and Q5 as

run + riam2 + rizPr+ 14 Q1 + 11502 = 0, (3.17)
ram + roana + 3Py + ruQr + 1150z = 0, (3.18)
r3im + ran + 3P+ 13401 + 11502 = 0, (3.19)
raim + raon + ra3Py + raaQr + 11502 = 0, (3.20)

where the coefficients r;; fori = 1,2,3,4 and j = 1,2,3,4,5 are given in the Appendix.

Since ¢§.’X and ¢;X both have an integrable singularity at the edges of the barrier, it
may be observed from (3.1) that /; -also has the same behaviour at the edges. Thus, in
view of relation (3.4), the solid wave solution potentials ¢ (x, y) and ¢, (x, y) are found
to be y(x,y), x >0, with n; = R}, m = R;, and y(—x,y), x <0, with ; = R%, M= R%,
respectively.

By following the solution procedure that is demonstrated above, the potentials
¢j(x, y), j = 1,2, that are associated with wave scattering by the solid vertical barrier
with two gaps in it may be obtained as

$00y) = (R=1)¢'x.y) + fo B()[€ cos (&y) — K sin (€v)] &5 d¢

for (=1)/*'x >0, j=1,2. Here the unknown reflection amplitude R is determined
from the system of linear equations

riR +ri3Py + raQ1 + risQs2 = 51,
R +13P1 + 1401 + 11502 = 52,
3R + 3Py + 13401 + 1150 = 53,

Fa R +143P1 + 14401 + 11502 = 54

with s;, j=1,2,3,4, as listed in the Appendix. The function B(§) is determined
appropriately from the method. Thus, the linear equations (3.5)—(3.6) and (3.17)—
(3.20) are solved to find explicit expressions for all the unknowns involved.

4. Numerical results

For the computation of the numerical results, a gap parameter u is introduced such
that a, = by + h(1 — u/2) and by = by + h(1 + p/2) with h + by = (ap + b,)/2. Then h
is the mean depth of the second gap from the first gap, and u is the ratio of the second
gap width to 2 with 0 < u < 2.

In Figure 2, the reflection coefficient is plotted against the nondimensional
wavenumber K& in the case of the vertical solid barrier with two gaps in it. The
reference (a;, b;) of the first gap on the barrier is fixed at various depths, and y is
taken from the set {0, 0.4,0.8, 1.2, 1.8}, where u = O refers to the absence of a second
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a1=0.3, b;=0.4, =0 a1=0.5, b1=0.6, =0
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FiGure 2. Reflection coeflicient |R| against Kh.

gap in the vertical barrier. As expected, an introduction of the second gap, that is,
(>0, induces transmission of waves through the gap, which causes a decrease in
the reflection coefficient as shown in Figure 2(a)—(d). It is observed from Figure 2(a)
that zero reflection occurs near K4 = 0.6 when the first gap is fixed at (0.3,0.4) and
p = 1.8. It shows that the second gap plays a significant role in the transmission of
waves when the first gap is relatively small and it is near the free surface. Moreover,
a critical wavenumber exists at which complete transmission is possible when yu is
sufficiently large and the first gap near the surface is sufficiently small. It may be
seen from Figure 2(a) and (b) that the reflection of long waves increases when the
depth of submergence of the first gap (a;, b;) increases from (0.3, 0.4) to (0.5, 0.6),
while the reflection of very short waves is unaffected by the position of the gaps in the
barrier. This may be attributed to the fact that wave energy mostly concentrates near
the surface. This fact can also be observed in Figure 2(a), (c) and (d), since an increase
in the width of the first gap causes a uniform reduction in the reflection across all
wavenumbers. Moreover, the presence of the second gap is insignificant, as expected,
when the first gap in the barrier is sufficiently large.

In Figure 3, reflection and total energy curves are plotted against K# for the case of
the vertical porous barrier with two gaps in it when the first gap (a;, b;) = (0.3,0.4).
In Figure 3(a) and (b), reflection coefficients are plotted for various values of 4 when
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FiGure 3. Reflection coeflicient [R,| and total energy \R,,l2 + \T,,l2 against Kh.

the porous effect parameter I' = 0.5 and I' = 0.5 + i. Note that the overall reflection
reduces due to the resistance and the inertial effects of the porous barrier. Energy
curves are shown in Figure 3(c) and (d). A significant dissipation of wave energy is
seen for moderate values of the gap parameter u. More than 30% or 40% of wave
energy has been dissipated for all Kh > 1.6 when I" is 0.5 or 0.5 + i. In other words,
the inertial effect causes significant loss of energy in short waves. Interestingly, the
energy dissipation is relatively smaller for the intermediate range of 0.5 < Kh < 1.0
when the second gap is larger.

In Figures 4 and 5, the inertial and the resistance effects of the porous barrier on the
reflection and the total energy curves are shown. Here the first gap (a;, b;) = (0.3,0.4)
and u = 0.4 or 1.2 are fixed. For the moderate value of I' = 0.5, we observe that 25%
of the incident wave energy is getting reflected by the porous barrier at most of the
frequencies, and double the amount of the energy is getting dissipated by the porous
barrier. As the resistance effect in the barrier increases, the ability of the barrier to
reflect the incident wave energy goes down while its ability to dissipate the wave
energy goes up. The magnitude of reduction in the reflected energy is the same as
the magnitude of dissipation in the total energy. However, the magnitude of the energy
dissipation is significantly higher as compared to that of the wave reflection by the
inertial effects of the porous barrier.
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FiGure 5. Reflection coeflicient |R,| and total energy |R,,|2 + \T,,F against Kh when pu = 1.2.

5. Conclusions

Scattering of water waves by a complete vertical porous barrier with two gaps of
finite length is solved analytically. The required porous wave potential is explicitly
obtained by decomposing the original problem into two resolvable problems. They
are associated with scattering or bi-directional radiation of waves by a solid barrier
of the same configuration. The decomposed problems are solved explicitly by the
aid of a tested weakly singular integral equation method. The scattering quantities of
the original problem are explicitly found in terms of the similar quantities involved
in the decomposed problems. We also present numerical results for the reflection and
the total energy. We find that the position of the second gap of the barrier does play
a significant role in the wave reflection when the first gap is relatively small and is
placed near the free surface for waves of moderate frequency. The present method can
be extended to scattering problems involving a complete vertical porous barrier with
many gaps or many barriers of finite length placed in a vertical line.
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